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1

Introduction

In this paper we consider the problem to find the set of Pareto efficient solutions in case either there
is one individual who has multiple objectives, or, there is more than one person affecting the system
and, in order to minimize their cost, these persons decide to coordinate their actions. The system
is described by a (set of) differential equation(s) and the information structure of the game is of
the open-loop type (see e.g. [4]). Every player i may choose his control trajectory, ui (.), arbitrarily
from the set U of piecewise continuous functions1 . Formally, the players are assumed to minimize
the performance criteria:
Z T
Ji (t0 , u1, u2 ) :=
gi (t, x(t), u1 (t), u2 (t))dt + hi (x(T )), i = 1, 2,
(1)
t0

(or in shorthand Ji (u1, u2 ) if t0 = 0) where x(t) is the solution of the differential equation
ẋ(t) = f (t, x(t), u1(t), u2 (t)), x(t0 ) = x0 .

(2)

To have a well-posed problem we make the assumptions that f (t, x, u) and gi (t, x, u) are continuous
functions on IR1+n+m ; for both f and gi all partial derivatives w.r.t. x and u exist and are continuous;
and hi (x) is continuously differentiable.
∗
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1
see e.g. [8] (or [4, p.134]) for a generalization.
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By cooperation, in general, the cost a specific player incurs is not uniquely determined anymore.
We consider only solutions that are such that they can not be improved upon by all players simultaneously. The so-called Pareto efficient solutions. Formally, a set of control actions û (in the sequel:
a control) is called Pareto efficient if the set of inequalities Ji (u) ≤ Ji (û), i = 1, · · · , N, where at
least one of the inequalities is strict, does not allow for any solution u ∈ U. The corresponding point
(J1 (û), · · · , JN (û)) ∈ IRN is called a Pareto solution. The set of all Pareto solutions is called the
Pareto frontier.
In literature a well-known way to find Pareto solutions is to solve a parameterized optimal control
problem (see e.g. [9], [14]). However, in general, it is unclear whether in this way one obtains all
Pareto solutions. Here, in Section 2, we present for problem (1,2) necessary conditions for a control
to be Pareto efficient and discuss additional conditions from which one can conclude that these
necessary conditions are sufficient too. As far as we know these conditions have not been stated
explicitly in the literature before. The closest reference we could track is [1] where, using geometric
properties of Pareto surfaces, under different assumptions about the cost and admissible strategies
also necessary conditions in the spirit of the maximum principle are derived. Our results are of this
type too and resemble the corresponding results for the static optimization problem as reported,
e.g., in [12]. Section 3 considers the regular, non-convex, indefinite finite-planning horizon linear
quadratic differential game. The corresponding convex case was recently solved for an arbitrary
planning horizon in [5]. Most results presented in Section 3 are for a finite planning horizon. An
algorithm is provided to compute all Pareto efficient solutions when the system is scalar. Section 4
concludes and mentions a number of open problems.

2

Necessary and Sufficient Conditions for the General Case

PN
In the subsequent analysis the ”unit-simplex”, A := {α = (α1 , · · · , αN ) | αi ≥ 0 and
i=1 αi = 1},
plays a crucial role. Lemmas 2.1 and 2.2 provide a characterization of Pareto efficient controls. A
proof of them can be copied from the finite dimensional case as considered, e.g., in [12, Chapter 22]
or [6].
Lemma 2.1 (see also [9] or [14]) Let αi ∈ (0, 1), with
û ∈ arg min{
u∈U

Then û is Pareto efficient.

N
X

N
X
i=1

αi = 1. Assume û ∈ U is such that

αi Ji (u)}.

(3)

i=1



Lemma 2.2 û ∈ U is Pareto efficient if and only if for all i û(.) minimizes Ji on the constrained
set
Ui := {u | Jj (u) ≤ Jj (û), j = 1, · · · , N, j 6= i}, for i = 1, · · · , N.
(4)
Corollary 2.3 If û[0, T ] ∈ U is a Pareto efficient control for x(0) = x0 in (1,2), then for any t0 > 0,
û[t0 , T ] is a Pareto efficient control for x(t0 ) = x̂(t0 ) in (1,2). Here x̂(t0 ) = x(t, 0, û[0, t0 ]) is the
value of the state at time t0 induced by û[0, t0 ].
2

Proof. Consider for x(0) = x0 (see (4)) U1 (0) := {u | J2 (u) ≤ J2 (û[0, T ])}.
Let t0 > 0. We will next show (see Lemma 2.2) that û[t0 , T ] minimizes J1 (t0 , u) on the constrained
set
Ũ1 (t0 ) := {u | J2 (u) ≤ J2 (t0 , û[t0 , T ]), subject to (21) with x(t0 ) = x̂(t0 ).
To that end we first note that û[t0 , T ] ∈ Ũ1 (t0 ).
Next we show that every element u ∈ Ũ1 (t0 ) can be viewed as an element ue ∈ U1 (0) restricted to
the time interval [t0 , T ]. That is, ∀u ∈ Ũ1 (t0 ) there exists ue ∈ U1 (0) such that ue [t0 , T ] = u. For,
let ue [0, T ] be the concatenation of û[0, t0 ) with u[t0 , T ]. Then, clearly, ue is such that x(t0 ) = x̂(t0 ).
Furthermore,
Z T
Z t0
Z T
e
e
J2 (u ) =
g2 (t, x(t), u (t))dt + h2 (x(T )) =
g2 (t, x̂(t), û(t))dt +
g2 (t, x(t), u(t))dt
0

+ h2 (x(T )) ≤

Z

t0

g2 (t, x̂(t), û(t))dt +
0

Z

0
T

t0

g2 (t, x̂(t), û(t))dt + h2 (x̂(T )) = J2 (û).

t0

So, by definition, ue ∈ U1 (0). From the dynamic programming principle it follows now directly that
û[t0 , T ] has to minimize J1 (t0 , u) on Ũ1 (t0 ). In the same way one can show that û[t0 , T ] also minimizes
J2 (t0 , u) on the corresponding constrained set Ũ2 (t0 ), which proves the claim.

Corollary 2.4 Assume J1 (u) has a minimum which is uniquely attained at û. Then (J1 (û), · · · , JN (û))
is a Pareto solution.
Proof. Using the notation of Lemma 2.2 it follows directly from the fact that the minimum of J1 (u)
is uniquely attained at û that Ui = {û}, for i = 2, · · · , N. Furthermore, it is clear that û ∈ U1 .
Consequently, minu∈Ui Ji = Ji (û), i = 2, · · · , N and, since J1 (u) ≥ J1 (û) for arbitrary u, minu∈U1 J1 (u) =
J1 (û) too. Lemma 2.2 yields then the advertized result.

Remark 2.5 From Lemma 2.1 it follows now that in case Ji (u) has a unique minimum location for
N
X
P
all i, then every control such that for some αi ∈ [0, 1], with
αi = 1, û ∈ arg minu∈U { N
i=1 αi Ji (u)}
i=1

is Pareto efficient.



Theorem 2.6 Let T < ∞. Assume (J1 (û), J2 (û)) is a Pareto solution for problem (1,2). Then,
there exists an α ∈ [0, 1], a costate function λT (t) : [0, T ] → IRn (which is continuous and piecewise
continuously differentiable) such that, with H(t, x, u, λ) := αg1 (t, x, u)+(1−α)g2(t, x, u)+λf (t, x, u),
û satisfies
H(t, x̂(t), û(t), λ(t)) ≤ H(t, x̂(t), u(t), λ(t)), at each t ∈ [0, T ],
∂g1
∂g2
∂f
∂(αh1 + (1 − α)h2 )
λ̇(t) = −[α
+ (1 − α)
+ λ(t) ]; λ(T ) =
,
∂x
∂x
∂x
∂x
˙
x̂(t)
= f (t, x̂(t), û1 (t), û2(t)), x̂(0) = x0 .
3

(5)
(6)
(7)

RT
Proof. Introduce the state variable ẋ2 := g2 (t, x, u), x2 (0) = 0, and x∗2 := 0 g2 (t, x̂, û)dt+h2(x̂(T )),
where x̂ solves x̂˙ = f (t, x̂, û), x̂(0) = x0 . From Lemma 2.2 we have then that in particular
Z T
min
g1 (t, x, u)dt + h1 (x(T )) such that x2 (T ) + h2 (x(T )) − x∗2 ≥ 0
u

0

subject to



ẋ
ẋ2



=



f (t, x, u)
g2 (t, x, u)

 
 

x(0)
x0
,
=
,
x2 (0)
0

has a solution. From the maximum principle we conclude next (see e.g. [10] and [11, p.61]) that
there exist (continuous, piecewise continuously differentiable) costate functions λi (t) and a constant
p1 ∈ {0, 1} (with [p1 , λ1 (t), λ2 (t)] 6= [0, 0, 0] for all t ∈ [0, T ] (i)) such that the Hamiltonian H 1 :=
p1 g1 (t, x, u)+λ1 (t)f (t, x, u)+λ2 (t)g2 (t, x, u) is minimized at u = û. Furthermore the costate variables
satisfy:


 1  
 

′
′
λ̇1
Hx
λ1 (T )
p1 h1 (x(T )) + α1 h2 (x(T ))
=−
;
=
,
(8)
Hx12
λ2 (T )
α1
λ̇2
where α1 ≥ 0, and α1 (x2 (T ) + h2 (x(T )) − x∗2 ) = 0. Since Hx12 = 0, it follows that λ2 (t) = α1 , for all
t ∈ [0, T ]. Substitution of this into the ”first-order” condition of H 1, gives then
p1 g1 (t, x̂, û)+λ1 (t)f (t, x̂, û)+α1 g2 (t, x̂, û) ≤ p1 g1 (t, x̂, u)+λ1 (t)f (t, x̂, u)+α1 g2 (t, x̂, u), t ∈ [0, T ]. (9)
In a similar way it follows also from Lemma 2.2 that
Z T
min
g2 (t, x, u)dt + h2 (x(T )) such that x1 (T ) + h1 (x(T )) − x∗1 ≥ 0
u

0

subject to



ẋ
ẋ1



=



f (t, x, u)
g1 (t, x, u)

 
 

x(0)
x0
,
=
,
x1 (0)
0

RT
has a solution, where x∗1 := 0 g1 (t, x̂, û)dt + h1 (x̂(T )). Analogously one obtains then from the
necessary conditions the existence of an α2 ≥ 0, a costate function µ1 (t) and a constant p2 ∈ {0, 1}
that satisfy:
α2 g1 (t, x̂, û) + p2 g2 (t, x̂, û) + µ1 (t)f (t, x̂, û) ≤ α2 g1 (t, x̂, u) + p2 g2 (t, x̂, u) + µ1 (t)f (t, x̂, u), t ∈ [0, T ],(10)
µ̇1 = −(α2

∂g2
∂f
∂g1
′
′
+ p2
+ µ1 (t) ); µ1 (T ) = α2 h1 (x(T )) + p2 h2 (x(T )).
∂x
∂x
∂x

(11)

Adding (9) and (10) yields
(p1 + α2 )g1 (t, x̂, û) + (p2 + α1 )g2 (t, x̂, û) + (λ1 (t) + µ1 (t))f (t, x̂, û) ≤
(p1 + α2 )g1 (t, x̂, u) + (p2 + α1 )g2 (t, x̂, u) + (λ1 (t) + µ1 (t))f (t, x̂, u).

(12)

Addition of λ1 (t) from (8) to µ1 (t) from (11) shows that λ̃(t) := λ1 (t) + µ1 (t) satisfies
∂g1
∂g2
∂f
′
′
˙
λ̃(t)
= −[(p1 + α2 )
+ (p2 + α1 )
+ λ̃(t) ]; λ̃(T ) = (p1 + α2 )h1 + (p2 + α1 )h2 .
∂x
∂x
∂x
4

(13)

Next notice that if p1 = α1 = 0 it follows straightforwardly from (8) that λ1 (t) = λ2 (t) = p1 = 0,
which violates the maximum principle condition (i). So either p1 or α1 differs from zero (and similarly
either p2 or α2 is larger than zero too). Therefore d := p1 + p2 + α1 + α2 > 0. Introducing finally
2
and λ(t) := λ̃(t)
, one obtains directly by division of (12) and (13) by d the conditions
α := p1 +α
d
d
(5-7).

Remark 2.7 The necessary conditions from Theorem 2.6 are closely related to the minimization of
αJ1 + (1 − α)J2 subject to (21). By considering the Hamiltonian for this problem H := αJ1 + (1 −
α)J2 + λf , we obtain from the maximum principle the conditions stated in Theorem 2.6. Unfortunately the maximum principle conditions just provide necessary conditions. So, in case all conditions
from Theorem 2.6 are met, we still can not conclude that this parameterized problem has a solution.

Remark 2.8 From the proof of Theorem 2.6 it is clear that without any complications one can
also consider problem (1,2) subject to inequality constraints mj (x(t), u1 (t), u2(t)) ≤ 0, where mj is
continuously differentiable in all its arguments, j = 1, · · · , k. By restricting the set of admissible
controls to those for which these inequalities are satisfied and under the assumption that the constraint qualification2 is met, the following necessary conditions result.
Assume (J1 (û), J2 (û)) is a Pareto solution for this problem. Then, there exists an α ∈ [0, 1], a
(continuous and piecewise continously differentiable) costate function λT (t) : [0, T ] → IRn and (continuous) nonnegative Lagrange parameters µi (t) such that, with the Hamiltonian H as in Theorem
2.6, û satisfies
H(t, x̂(t), û(t), λ(t)) ≤ H(t, x̂(t), u(t), λ(t)), at each t ∈ [0, T ] for all
u satisfying mj (x̂(t), u1 (t), u2 (t)) ≤ 0;

(14)

k

0 = α

∂g1
∂g2
∂f X
∂mj
+ (1 − α)
+ λ(t)
+
µj (t)
;
∂u
∂u
∂u j=1
∂u

(15)

k

∂g1
∂g2
∂f X
∂mj
∂(αh1 + (1 − α)h2 )
λ̇(t) = −[α
+ (1 − α)
+ λ(t)
+
µj (t)
], λ(T ) =
;
∂x
∂x
∂x j=1
∂x
∂x
˙
x̂(t)
= f (t, x̂(t), û1 (t), û2 (t)), x(0) = x0 .
µj (t) ≥ 0; µj (t)mj (x̂(t), û1 (t), û2(t)) = 0; mj (x̂(t), û1 (t), û2(t)) ≤ 0.

(16)

(17)
(18)


2

The most convenient constraint qualification is the following rank condition. If p of the inequalities are satisfied
with equality then the matrix of partial derivatives of these p constraints w.r.t. u(t) must have rank p.

5

Next we derive some sufficient conditions for a control function to be Pareto efficient. The first wellknown result, proved by [7], states that under convexity assumptions on the performance functions
one can derive all Pareto efficient controls from the minimization of a parameterized optimal control
problem. This property was used in [5] to obtain for a specific class of linear quadratic differential
games both necessary and sufficient conditions for existence of Pareto efficient controls.
Theorem 2.9 If U is convex and Ji (u) is convex
P for all i = 1, · · · , N, then for all Pareto efficient
û there exist α ∈ A, such that û ∈ arg minu∈U { N

i=1 αi Ji (u)}.
Theorem 2.10 gives sufficient conditions under which one can conclude from a solution of (5-7) that
it will be Pareto efficient. The conditions and proof are inspired by Arrow’s theorem. Since a formal
proof is along the lines of that of Arrow’s theorem we skip the proof here. A detailed proof can be
found in [6].
T

Theorem 2.10 Let T < ∞. Assume there exist an α ∈ (0, 1), a costate function λ∗ (t) : [0, T ] →
IRn , u∗ and x∗ that satisfy (5-7). Introduce the Hamiltonian H(t, x, u, λ∗) := αg1 + (1 − α)g2 + λ∗ f .
Assume that H(t, x, u, λ∗) has a minimum w.r.t. u for all x. Let H 0 (t, x, λ∗ ) := minu H(t, x, u, λ∗ ).
Then, if both H o (t, x, λ∗ ) and h(x) := αh1 (x) + (1 −α)h2 (x) are convex in x, u∗ is Pareto efficient. 
Remark 2.11 For the constrained problem considered in Remark 2.8 the conditions (15-18) are also
sufficient to conclude that û is Pareto efficient if h(x) is convex and either i) H 0 (x, λ, t) :=
min{u|mj (x,u)≤0} H(t, x, u, λ) (as defined in Theorem 2.10) exists and is convex on the convex hull of
the set B := {x | for some u, mj (x, u) ≤ 0, j = 1, · · · , k} or ii) the Hamiltonian H(t, x, u, λ∗) is
simultaneously convex in (x, u) and the constraints mj (x, u) are simultaneously (quasi-)convex in
(x, u). Details and extensions on this point can be found in [10, Chapter 4.3] or [11].

Example 2.12 Consider the following advertising game of two competing divisions in a conglomerate company which wish to maximize their individual profits by choosing an optimal advertising
policy (see [9, Example 3.5]). Being divisions of a parent company, they are not out to ”hurt” each
other; thus, a cooperative game solution seems reasonable. With xi the gross revenue of the ith division (with the initial revenue xi (0) = xi0 given) and ui ≥ 0 the rate of expenditure for advertising
it is assumed that the changes in the gross revenues are given by
ẋ1 (t) = 12u1 (t) − 2u21(t) − x1 (t) − u2 (t); ẋ2 (t) = 12u2(t) − 2u22 (t) − x2 (t) − u1 (t)
(19)
R1 1
The profits, to be maximized, are Ji = 0 { 3 xi (t) − ui(t)}dt, i = 1, 2.
The with this problem corresponding Hamiltonian is
x1
x2
H := −α( − u1 ) − (1 − α)( − u2 ) + λ1 (12u1 − 2u21 − x1 − u2 ) + λ2 (12u2 − 2u22 − x2 − u1 ).
3
3
From Theorem 2.6 we conclude that every Pareto efficient control û ≥ 0 satisfies for some α ∈ [0, 1]
H(t, x̂(t), û(t), λ1 (t), λ2 (t)) ≤ H(t, x̂(t), u(t), λ1(t), λ2 (t)), at each t ∈ [0, 1],
α
1−α
λ̇1 (t) = λ1 (t) + , λ1 (1) = 0; λ̇2 (t) = λ2 (t) +
, λ2 (1) = 0.
3
3
6

It is straightforwardly verified that for α ∈ (0, 1) we obtain all the actions from which Leitmann
showed in [9, Example 3.5] that they are Pareto efficient. Next consider α = 0. Then λ1 (t) = 0 and
t−1
λ2 (t) = 1−e3 . Consequently, H is minimized for û1 (t) = 0 and û2 (t) = max{0, 34 (et−1 − 1)−1 + 3}.
Obviously, the minimized Hamiltonian H 0 is linear in the state variables xi . So in particular H 0 is a
convex function of these variables. Therefore, by Theorem 2.10, additional to the above mentioned
solutions the case α = 0 yields an appropriate solution too. Similarly also α = 1 yields a Pareto
efficient solution û1 (t) = max{0, 43 (et−1 − 1)−1 + 3} and û2 (t) = 0. From Theorem 2.6 again we
conclude finally that with these additional two strategies we found all Pareto efficient controls for
this game.


3

The General Linear Quadratic Case

In this section we consider the finite planning horizon linear quadratic differential game. That is

Ji (u1 , u2) :=

Z

0



T

[xT (t), uT1 (t), uT2 (t)]Mi [xT (t), uT1 (t), uT2 (t)]T dt + xT (T )QiT x(T ), i = 1, 2,

Qi Vi
where Mi =  ViT R1i
WiT NiT
the solution of the linear

(20)




Wi
R
N
1i
i
Ni  is symmetric, Ri :=
≥ 0, i = 1, 2, T < ∞ and x(t) is
NiT R2i
R2i
differential equation
ẋ(t) = Ax(t) + B1 u1 (t) + B2 u2 (t), x(0) = x0 .

(21)

Notice that we make no definiteness assumptions w.r.t. matrix Qi . For notational convenience we
introduce for α ∈ [0, 1] the next matrices and vectors M := αM1 + (1 − α)M2 , Q := αQ1 + (1 − α)Q2 ,
R := αR1 + (1 − α)R2 , V := αV1 + (1 
− α)V2 , W := αW1 + (1− α)W2 , QT := αQ1T + (1 − α)Q2T ,
VT
−1
A
−
BR
−BR−1 B T 
T

W
.
 T 
B := [B1 B2 ], uT := [uT1 uT2 ] and G := 


V
−(Q + [V W ]R−1
)
−AT
T
W
For this special case Theorem 2.6 can be specialized as follows.
Corollary 3.1 If (J1 (û), J2 (û)) is a Pareto solution for problem (20,21) then there exists an α ∈ [0, 1]
such that




x̂(t)
x̂(t)
T
T
T
T
[x̂ (t), û (t)]M
+ λB û ≤ [x̂ (t), u (t)]M
+ λBu
(22)
û(t)
u(t)
 T 
V
T
T
λ̇(t) = −2x̂ (t)Q − 2û
− λA; λ(T ) = 2x̂T (T )QT ; (23)
WT
˙
x̂(t)
= Ax̂(t) + B û(t), x̂(0) = x0 .
(24)
In case α is such that Ri > 0, i = 1, 2, (i.e. Ri is positive definite), the above formulae
 T  can be
V
equivalently rephrased as that every Pareto efficient control satisfies û(t) = −R−1 (
x(t) +
WT
7

B T λ̃(t)), where λ̃(t) is the solution of the set of linear differential equations:
"
#

 
 

ẋ(t)
x(t)
x(0)
x0
=G
,
=
.
QT x(T )
λ̃T (t)
λ̃T (T )
λ̃˙ T (t)

(25)


In case R > 0, for all α ∈ [0, 1], it follows directly from this Corollary 3.1 that (0, 0) is the only
potential Pareto solution if x0 = 0. For in that case (x(.), λ(.)) = (0, 0) always solves (25).
Another property which follows from (25) is that if for some α for both the initial states x0 and x1
there exists a λi (t) satisfying (25) then also for every linear combination of x0 and x1 (25) has a
solution.
This property hints to the property that if for both the initial states x0 and x1 there exists a
Pareto solution also for every linear combination of these initial states a Pareto solution will exist.
Unfortunately this result does not hold, as will be demonstrated in Example 3.12. However, the
following linearity property does hold.
Lemma 3.2 Assume û is a Pareto efficient control for (20,21). Then λû is a Pareto efficient
solution for (20,21) with x(0) = λx0 .
Proof. Let x(t, x0 , u) denote the solution of (21). Then elementary calculations show that x(t, λx0 , λu) =
λx(t, x0 , u) and, consequently, Ji (λx0 , λu) = λ2 Ji (x0 , u).
By Lemma 2.2, û is Pareto efficient if and only if û minimizes Ji (x0 , u) on the constrained set
Ui (x0 , û) := {u | Jj (x0 , u) ≤ Jj (x0 , û), j = 1, 2, j 6= i}, for i = 1, 2.

(26)

We will next show that λû minimizes J1 (λx0 , u) on the constrained set
Ũ1 := {u | J2 (λx0 , u) ≤ J2 (λx0 , λû)}.

(27)

Let u ∈ Ũ1 . Then according (27) J2 (λx0 , u) ≤ J2 (λx0 , λû) or, equivalently, J2 (x0 , λ1 u) ≤ J2 (x0 , û).
So, by (26), λ1 u ∈ U1 . But this implies that J1 (x0 , λ1 u) ≥ J1 (x0 , û) or, equivalently, J1 (λx0 , u) ≥
J1 (λx0 , λû).
Similarly one can show that λû also minimizes J2 (λx0 , u) on the corresponding constrained set Ũ2 .

It is well-known that existence of a solution of the linear quadratic control problem for an arbitrary initial state is equivalent to the existence of a solution of an associated Riccati equation. For
that reason we consider below the problem under which conditions for an arbitrary initial state
(20,21) has a Pareto solution. We have the following two preliminary results. A proof of Lemma 3.3
can be found, e.g., in [6], whereas more details on Lemma 3.4 can be found in [4, Corollary 5.13].
Lemma 3.3 Consider the two-point boundary value problem



 
 

ẋ(t)
x(t)
x(0)
x0
=G
,
=
.
λ(t)
λ(T )
QT x(T )
λ̇(t)

(28)

Let [W1 W2 ] := [I 0]e−GT . Then, (28) has a solution for every x0 if and only if U := W1 + W2 QT is
invertible.
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G(T −t)

Lemma 3.4 Let G be as introduced before and U(t) := [I 0]e
corresponding Riccati differential equation



I
QT



. Consider the with G

K̇(t) = −AT K(t) − K(t)A + (K(t)B + [V W ])R−1 (K(t) + [V W ]T ) − Q, K(T ) = QT .
Then, (29) has a solution on [0, T ] if and only if U(t) is invertible on [0, T ].

(29)


Remark 3.5 According to the fundamental existence-uniqueness theorem of differential equations
there exists a maximum time interval [0, T1 ) where equation (29) has a unique solution. So by Lemma
2.1 and [4, Theorem 5.1] for a planning horizon T < T1 for every initial state x0 the game has a
Pareto solution.

Using the above lemmas we obtain for the scalar case, that is the case that the dimension of the
state variable x(t) is one, the following result.
Theorem 3.6 Consider the scalar system with Ri > 0, i = 1, 2. Let x0 6= 0. Then,
1. if (20,21) has a Pareto efficient control û(x0 ) there exists an α ∈ [0, 1] such that min αJ1 + (1 −
α)J2 subject to (21) has a solution for all initial states x0 ∈ IR.
2. if Ji , i = 1, 2, attains a minimum i) for all α ∈ [0, 1], min αJ1 + (1 − α)J2 exists for all x0 ; ii)
all Pareto efficient controls of (20,21) are given by {û | û = arg min αJ1 +(1−α)J2 , α ∈ [0, 1]}.
Proof. ”1.” Assume (J1 (û), J2 (û)) is a Pareto solution for problem (20,21) for some x0 6= 0. Then,
according to Lemma 3.2, for every initial state problem (20,21) has a Pareto solution. Let x0 6= 0
be fixed and α, x(t) and λ(t) a with û(x0 ) corresponding solution that satisfies (25). Then it is
easily verified that for the initial state µx0 , α, µx(t) and µλ(t) satisfy (25). In other words, for this
I
α, ∀x0 (25) has a solution. So, by Lemma 3.3, U(t) := [I 0]eG(T −t)
is invertible at t = 0.
QT
Furthermore, by Corollary 3.1, û[t0 , T ] is Pareto efficient for problem (20,21) if we consider Ji on
the interval [t0 , T ], instead of [0, T ], with initial state x(t0 ) = eGt0 x0 . Again it is easily verified that
also in this case α, x(t) and λ(t) satisfy (25). So similar as before it follows that U(t0 ) is invertible
too. Since t0 ∈ [0, T ] was chosen arbitrarily by Lemma 3.4 the Riccati differential equation (29)
has a solution on [0, T ]. But this implies (see e.g. [4, Theorem 5.1]) that the optimization problem
min αJ1 + (1 − α)J2 subject to (21) has a solution for all initial states x0 . It is easily verified that
this solution is actually attained by û(x0 ).
”2.” Since Ji (λx0 , λu) = λ2 Ji (x0 , u) and by assumption J1 and J2 have a minimum, it follows
¯ 0 , α) such that
immediately that for all α ∈ [0, 1] there exists a J(x
¯ 0 , α).
αJ1 (λx0 , λu) + (1 − α)J2 (λx0 , λu) = λ2 (αJ1 (x0 , u) + (1 − α)J2 (x0 , u)) ≥ λ2 J(x
From this it follows that for all α ∈ [0, 1], for all x0 inf αJ1 (x0 , u) + (1 − α)J2 (x0 , u) exists. But this
implies (see e.g. [4, p.182,183]) that actually the optimization problem min αJ1 + (1 − α)J2 subject
to (21) has a unique solution for all x0 . Part ii) follows then directly from Part i) and Remark 2.5. 
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Remark 3.7
1. As already noticed in the proof of Theorem 3.6.1 it follows directly from Lemma 3.2 that, in
case the scalar game has a Pareto solution for some initial state different from zero, the game
(20,21) has a Pareto solution for every initial state.
2. From the proof of Theorem 3.6 we can in fact conclude the following result. If for x0 6= 0
there exists a Pareto solution and for α0 ∈ [0, 1] (25) has a solution with x(0) = x0 , then
min α0 J1 + (1 − α0 )J2 subject to (21) has a solution for all initial states x0 ∈ IR.
3. The assumption that the minimum of Ji exists in Theorem 3.6.2 implies that Ji is convex.
Therefore, this part of the theorem is a special case of those dealt with in [5, Theorems 2.8,
2.9]).

Example 3.8 This example illustrates some of the subtleties of Theorem 3.6. We consider
Z π/2
min Ji =
{−x2 + βi u2 }dt subject to ẋ = u, x(0) = x0 , i = 1, 2.
u

0

To that end we first consider the minimization of

J1 subject to ẋ = u, x(0) = x0 .

(30)

In case β1 = 1, it is well-known (see e.g. [4, Example 5.1]) that this problem (30) has a solution if
and only if x0 = 0. In case x0 = 0, u(.) = γ cos(t) yields for every γ the optimal value 0.
If β1 > 1, the Riccati differential equation (29), k̇(t) = β11 k 2 (t) + 1; k( π2 ) = 0, has a solution on [0, π2 ].
So in that case problem (30) has for every initial state x0 a solution.
Finally, in case β1 < 1 one can use e.g. the control sequence from [2, Remark 3.1.4] (which was used
to show that for β1 = 1 this example has no solution in case x0 6= 0) to construct also for x0 = 0
a control sequence for which J1 becomes negative (implying that inf J1 does not exist), yielding the
conclusion that for β1 < 1 for all initial states problem (30) has no solution.
Next we consider the cooperative game with βi = 1, i = 1, 2. Then, obviously, for every α ∈ [0, 1]
αJ1 + (1 −α)J2 = J1 . From the above considerations we have that for all x0 6= 0, for all α ∈ [0, 1], this
problem has no solution. So according Theorem 3.6.1 this cooperative game has no Pareto solution
if x0 6= 0. On the other hand we conclude from Lemma 2.1 and the above considerations that for
x0 = 0, u(t) = γ cos(t) yield the Pareto solution (0, 0).

Theorem 3.9 Consider the scalar system with Ri > 0, i = 1, 2. Then for every x0 (20,21) has a
Pareto efficient control û(x0 ) if and only if there exists an α ∈ [0, 1] such that for every x0 min αJ1 +
(1 − α)J2 subject to (21) has a solution.
Proof. ” ⇒ ” In particular it follows that (20,21) has a Pareto efficient solution for some x0 6= 0.
Theorem 3.6 yields then the advertized result.
” ⇐ ” Since the minimum exists for all x0 it is well-known that the argument at which this minimum
is attained is unique (see e.g. [4, Theorem 5.1]). Remark 2.5 yields then directly the conclusion. 
From Theorem 3.9 and Remark 3.7.2 we obtain the next procedure to find all Pareto efficient solutions for the scalar game.
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Algorithm 3.10 Using the notation introduced in the beginning of this section, consider the scalar
system with Ri > 0, i = 1, 2. Let Û be the set of all Pareto efficient controls for which (20,21) has a
Pareto solution. Next consider for α ∈ A the Riccati differential equation
K̇(t) = −AT K(t) − K(t)A + (K(t)B + [V (α) W (α)])R−1 (α)(B T K(t) + [V (α) W (α)]T ) − Q(α),
K(T ) = QT (α).
(31)
Then all Pareto efficient controls û ∈ Û are obtained as follows:
1) If x0 6= 0, determine I(α) := {α ∈ A | (31) has a solution Kα (t) on [0, T ]}. Then for every û there
exists an α ∈ I(α) such that
û(t) := −R−1 (α)([V (α) W (α)]T + B T Kα (t))x̂(t),
where x̂(t) solves the differential equation ẋ(t) = (A−BR−1 (α)([V (α) W (α)]T +B T Kα (t))x(t), x(0) =
x0 . The corresponding Pareto solution is (J1 (û), J2 (û)).
2) If x0 = 0 and I(α) in item 1) is not empty, û = (0, 0) is the unique Pareto efficient control. If
I(α) = ∅, (0, 0) is the only candidate Pareto solution. If in this case (0, 0) turns out to be a Pareto
solution there may exist more than one Pareto efficient control.

Example 3.11 Consider the cooperative game with
Z π
Z π
2
2
9 2
1
1 2
9
2
{−x + u1 + u2 }dt and J2 =
{−x2 + u21 + u22 }dt
J1 =
10
10
10
10
0
0
subject to the system ẋ =

4
(u1 + u2 ), x(0) = x0 .
10

Here player i controls ui. According to Algorithm 3.10 this game has a Pareto efficient solution
precisely for those α ∈ [0, 1] for which
π
16
π
, has a solution on [0, ].
k̇ = sk 2 + 1, k( ) = 0, where s :=
2
(1 + 8α)(9 − 8α)
2
√
The solution of this differential equation is k(t) = √1s tan s(t − π2 ). So, k(t) exists on [0, π2 ] if and
√
only if s < 1. It is easily verified that this is equivalent to the condition α ∈ ( 18 , 78 ).
 10
 
0
1
4k(t)
1+8α
So, the set of all Pareto efficient controls is given by û(t) = − 10
x̂(t), where
10
0
1
9−8α
x̂(t) solves ẋ(t) = −sk(t)x(t), x(0) = x0 , and α ∈ ( 18 , 78 ).

The following example illustrates a two-dimensional state game where for all initial states in the
interior of the second and fourth quadrant and the point (0, 0) a Pareto solution exists whereas for
all other initial states there exists no Pareto solution.
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Example 3.12 Consider the cooperative minimization of




Z π/2
Z π/2
−1 1
−3 2
T
2
T
J1 =
{x (t)
x(t) + u (t)}dt and J2 =
{x (t)
x(t) + u2 (t)}dt
1
−2
2
−2
0
0
subject to ẋ1 = u, x1 (0) = p, ẋ2 = u, x2 (0) = q.

(32)

Next consider the minimization of
αJ1 + (1 − α)J2 =

Z

0

π
2

T

{x (t)



−3 + 2α 2 − α
2−α
−2



x(t) + u2 (t)}dt

(33)

subject to (32). From (32) it follows directly that x1 (t) = x2 (t) + p − q. Substitution of this into (33)
shows that the minimization of (33) subject to (32) is equivalent to the minimization of
Z π
2
αJ1 + (1 − α)J2 =
{−(x2 (t) + (1 − α)(p − q))2 + u2 (t) + (−2 + α2 )(p − q)2 }dt
0

subject to x˙2 (t) = u(t); x2 (0) = q.
From Example 3.8 it follows that this problem has a solution if and only if the initial state satisfies
−(1 − α)(p − q) = q or, equivalently, (1 − α)p = −αq. From this it is easily verified that for every
initial state (p, q) of (32) there is exact one α ∈ [0, 1] such that the minimization of (33) has a
solution if (p, q) is located either in the second quadrant, the fourth quadrant, on the line p = 0
(which corresponds with α = 0) or on the line q = 0 (which corresponds with α = 1). So by Lemma
2.1 for all the initial states (p, q) which are located in the interior of the second and fourth quadrant
there is a Pareto solution.
Next consider the initial state (p, 0). Then x1 (t) = x2 (t) + p and we can rewrite J1 as follows:
Z π
Z π
2
2
2
2
2
J1 =
{−(x1 (t) − x2 (t)) − x2 (t) + u (t)}dt =
{−p2 − x22 (t) + u2 (t)}dt.
0

0

From Example 3.8 we recall again that the minimum value of J1 is 0. Furthermore, u2(t) := γ cos(t)
belongs to the with this problem corresponding constrained set U2 (see Lemma 2.2). Using this
control we see that
Z π
2
J2 =
{−2(x1 (t) − x2 (t))2 − x21 (t) + u22 (t)}dt
0
Z π
2
3p2 π
=
{−2p2 − (γ sin(t) + p)2 + cos2 (t)}dt = −
+ 2pγ.
2
0
Since γ is an arbitrary number it is clear from this that minu∈U2 J2 does not exist if p 6= 0. So, by
Lemma 2.2, for the initial state (p, 0), there exists no Pareto efficient solution. Similarly it follows
that also for the initial state (0, q) the problem has no Pareto efficient solution. Finally, it is easily
verified that for the initial state (0, 0), for every γ, û = γ cos(t) is a Pareto efficient control yielding
the same Pareto solution (0, 0).
Obviously, the with problem (33,32) corresponding Riccati differential equation has for every α ∈
12

[0, 1] not a solution on [0, π2 ].
Finally, for the initial state x0 = [p; q]T there exists an α ∈ [0, 1], x(.), and λ(.) satisfying (25)
π
if and only if there exists an α ∈ [0, 1] and λ¯1 , λ¯2 such that the equation eG 2 [p; q; λ¯1 ; λ¯2 ]T =
[x1 ( π2 ); x2 ( π2 ); 0; 0]T has a solution. An elementary spelling of these equations shows that there
exists a solution if and only if p(1 −α) = −αq. So, in particular we conclude from this that for all initial states located in either the interior of the first or third quadrant there exists no Pareto solution. 
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Concluding Remarks

In this note we derived necessary conditions for the existence of a Pareto solution in a cooperative
dynamic differential game. These conditions are in the spirit of the maximum principle conditions.
Furthermore we presented some conditions, in line with Arrow’s conditions, under which the necessary
conditions are sufficient too. Finally we indicated the effects on the necessary conditions if the
problem setting includes inequality constraints.
We elaborated these necessary conditions for the regular indefinite linear quadratic control problem.
For the scalar case we presented an algorithm to calculate all Pareto efficient outcomes. Basically
this proceeds by solving the corresponding well-known parameterized optimal control problem over
the unit simplex. The generalization of these results to non-scalar systems remains an open problem.
We illustrated in an example some pecularities that may occur. Within this context we recall that
if the performance criteria of the players are convex, then such a generalization exists (see [5]), both
for a finite and infinite planning horizon.
Finally, we believe that without too many complications the presented theory can be extended for
an infinite planning horizon. The elaboration of the herewith involved technical problems remains
however a point for future research. Another open problem that remains to be solved is the case
that the performance criteria of both players are not directly affected by the control efforts used by
the other player (giving rise to singular control problems).
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