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POOLING: ASSIGNMENT WITH PROPERTY RIGHTS

Jos A.M. Potters and Stef H. Tijs
Nijmegen, The Netherlands

ABSTRACT: Pooling situations and two cooperative games related
to them are considered.

Pooling situations are assignment problems under the presence
of property or option rights. The Owen vectors of the two
cooperative games related to a pooling situation exhibit a
kind of consistency which makes both methods of evaluating

the pooling situation equivalent.

An example shows that this does not hold for the core, the
Shapley value, the nucleolus and the t-value.

1. INTRODUCTION

The subject of this paper is the question what can be
gained by pooling option or property rights and how the joint
profit, earned by this way of cooperation, should be divided
among the pooling partners. A pooling situation occurs, when
owners of mutually replaceakle commodities are willing to
give up, for the time being, their property rights in order
to reach a more profitable reallocation of the commodities.

In this context replaceability includes that it is possible to
ccmpensate a person by means of money for the replacement of

a quantity of one commodity by the same quantity of another
commodity. This places the paper into the domain of transferable
utility. Once, when the optimal allocation has been found, the
joint profit is divided in a way which takes the original
property rights into account. In this paper it does not matter
whether the commodities considered are infinitely divisible or
are only available in indivisible quantities.

Permutation games as studied in [3] and [18] provide good
examples of pooling situations. They describe a situation in
which n persons all have one job to be processed and possess
one machine on which each job can be processed. No machine 1s
allowed to process more than one job. If player 1 processes
his job on the machine of player j, the earnings will be
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The players look for a permutation of the machines
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which maximizes the total earnings and so, in fact, they are
pooling their machines.

Another example is provided by a firm with several divisions,
each of which has its own secretarial staff. By pooling the
secretaries, there can be made a more efficient use of the
services of the secretaries.

Pooling situations give rise to two rather independent
problems. The first problem asks for an optimal allocation of
the commodities involved. This turns out to be a real- or
integer-valued linear programming problem (L.P. problem). Since
real-valued linear programs attain their optimal value also
in extreme points of the set of feasible points, it is
interesting to know these extreme points exactly. In section
2 we shall give a procedure to find, in the case of pooling
situations, all the extreme points of the feasible set. The
second problem, how to divide the joints profit, we attack
with tools provided by cooperative game theory. To each
pooling situation we define a cooperative game (with side
payments) in such a way that the worth of a coalition is the
maximal earnings which the coalition can gain by pooling only
the commodities of its members. The cooperative game, obtained
in this way, turns out to have a non-empty core. Since core
elements are defined by the property that no subcoalition can
strictly gain by dividing the maximal earnings of the coalition
over the members,they provide an answer to the second problem.
But we can do better; after minor changes the cooperative
games related to pooling situations fit perfectly well into
the framework of linear production games as initiated by
Owen in [11] (for more general results see Granot [6] and
Dubey/Shapley [4]). Owen proves the non-emptiness of the core
Oof production games by showing that divisions of the joint
profit according to the value of the resources of the players
under so-called shadow prices are core elements. We shall call
the core elements obtained by the use of shadow prices, the
Owen vectors of the pooling situation and these will have
our special attention. There can also be defined another

cooperative game related to pooling situations. In fact this







































