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CHAPTER I.

INTRODUCTION.

In these few introductory pages, we shall try to shed light on some basic ideas
that lurk behind the title, and on the purpose of this study.
Finally we shall give the main conclusions, details of which will be given in
a later chapter.

1.1. Forecastin~.

When speaking about forecasting, one has to make a distinction between
naive and causal prediction. The latter is performed by using a model composed
of a set of equations, every such equation relating a dependent variable to one
or more explanatory variables.

The former only takes time into account as explanatory variable, be it
explicitly or implicitly by relating the series to one or more of it's lagged
versions.
The assumption behind this is in fact statior~arity. One presumes the dependent
variable to behave in the future as it did in the pa.st.
Defining this reasoning more precisely, the depend~nt variable is in fact correlated with hidden variables, that are on their turn correlated with time. The
assumption therefore is that the correlation of these unknown variables with
time will stay the same.
As a consequence, naive forecasts will always miss turning-points.
The advantage of naive models is, despite the fact that they don't give information concerning the underlying structure, that they are, relatively speaking,
computationally much easier and faster to perform.
One could however expect causal predictions to outperform naive forecasts.

We write deliberately "could expect", since building a causal model is
a difficult and longwinded task, behind which many risks

lurk.

One has to overcome problems, such as the choice of the functional form, specification of the variables and often complicated estimation procedures.
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When this matter is carried to a succesful conclusion, the even more difficult
task of prediction stands to be solved. Indeed, one is usually obliged to use
forecasts of exogenous variables, that are based on subjective grounds.
It therefore could well be that the resulting causal forecasts are worse than
the naive predictions.

1.2.

The purpose of this studY-Simulation.

As the title leads to believe, the purpose of this study is to compare
forecasts made by exponentia.ï smoothing, the Box and Jenkins pr.ocedure and by
spectral analysis. Bhansali (1) has made a similar study with ai;her methods,
except for the spectral technique. His main conclusion is that the latter performs quite well, especially when predicting more than one step ahead.

There are, to our opinion, however two drawbacks in his paper.
First of all, he simu.lates samples of size

1.000. Theoretically, in order to

prove asymptotic properties this is necessary, but conclusions concerning prediction, drawn out of such a, study are of little importance to economists,

since

they ~ill never be confronted with time series of that length.
It is then very much the question wether the spectral method will do equally
well, using short series, since it is a well known fact that spectral analysis
needs quite large samples.
Secondly, the underlying genérating processes are of simple form.
Indeed,

the processes

(MA) type.

used are of the autoregressive (AR) and moving average

Therefore he can make use of a regression technique called the

"Regression - Akaike Method", which is computationally straightforward.
If however, as we did, a slight complication is introduced, such as autocorrelation of the disturbance term in an AR-scheme, a mixture of both previously
mentioned types results. These so called mixed autoregressive moving average
(ARMA) processes however, according to Box and Jenkins

(3), are very often

encountered in reality, and do not lend themselves to such a simple estimation
procedure.
The Box and Jenkins procedure, which is applicable to this kind of models, does
in fact involve s~bjectiYre reasonine at some stages.
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This already explains our intention to use the Box and Jer.kins and
the spectral method.
Both methods are statistically refined, but involve a great deal of computation.
It could therefore be argued whether tlie game is worth the candle.
That is why we have planned to compare these two pr.ocedures with exponential
smoothing, which is, we believe the most simple and commonly used method for
forecasting.

If indeed it should turn out to be only slightly worse, then one

might question those more complicated methods.

A word has to be said about the method used for compari.ng these procedures, namely simulation.
~Pfore resorting to simulation, one has to be certain that the problem cannot
be solved analytically,

since the former is expensive and involves a great deal

of work.

It can be shown (3, p.

107) that the constant model underlying the first

order exponential smoothing, is equivalent to an integrated moving average of
first order (IMA (1,1)), if the disturbance terms are uncorrelated.
Therefore expor.ential smoothing will do worse or equally well as the Box and
Jenkins procedure, according to wether the generating proce5s is or is not an
IMA (1,1).
In the case under study however, the disturbance terms are correlated as will
be sYiown in a later chapter. This being the ease,it is impossible to draw conclusions from analytical arguements.
As for the Box and Jenkins procedure, compar~d to spectral analysis, it can be
shown (1,2) that the asymptotic mean squared error of the former is, in general,
smaller than the asymptotic mean squared error of the latter, if the coefficients
of the ARMA process are exactly known.

In practice however, these are rarely

known, and are generally estimated from the data.

The above reasoning implies that for the general case no analytical
comparison is possible, such that one is obliged to resort to simulation.

1.3. Main conclusions.

Before going over to the s~.,dc`;;

.

;,~oul.d like to state

the main conclusions.
Although we were quite critical with ï ~,~.r ..

:?-. r :....,.,...-

, 1; results , in the

particular ARMA ( 1,1) model we tested, ha.ving Y s~-~l s„mUl.. size and a more
complicated generating process,

they seem :::,~ r~~~ain v~iG.

Although we cannot generalize to other modols -;:, rian ,.rf, one tested, in the light
of Bhansali's ( 1) study, we are inclir -,, ~,

--: r~

-. -

,..` r~~sults hold for

other simple processes.
However, only further research can co~~Ï'i r.~;. '~ .

;.. :~~-~~;-~. ;~ ~.~~-.

Indeed, we found one of the two tested spectral r~.e~-',hodG to be t?~e best method
to put forFrard.

It was superior or s.t leas ;:~~ ., :~ ?;r. ~ ~.~.~ :; io the other methods .

Only for larger forecasting periods (~:~-,~.~.-~

,;.

~-

,'~ Bos and Jerd:in.s

procedure proved to be superior.
Fxponential smoothing is clearly infex~ïor

~.,~~

,c~: .~ ;.z~v- r.et,hods, since for all

tested forecasting periods at least one m~,:i,~lo~3 ~,~~~w:,s tc be better or at least
equivalent.
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CHAPTER II. Theoretical Aspects of the Various Forecasting Techniques.

Preliminary remarks.

1. Since there is contradiction in the literature concerning certain definitions,
in order to avoid all misunderstanding, we shall define some concepts as they
are used in this study.
Let {yt, t-...,1,0,1,...} be a stochastic process with discrete time parameter.
Assuming that this process has been observed over the period T-11,2,...,t},
following definitions can be set forward.
Forecast error (FE) eing the point forecast for period tfr
Yttr - ytfr' yttr b
made at time t, yt}r being the observed value
of the stochastic process.
Expected squared error (ESE) - E(y

tfr

- y

)2
ttr

n
Mean squared error (MSE) -

n

~(ytfr,j - ytfr,j)2
j-1

The MSE is the simulated value fcr the ESE.
We therefore simulate the process n times over a period {1,2,...,ttr} and take
the average of the values

2.

(ytfr-yttr)

over the r: realisations.

(Covariance) Stationar.y Time Series.

In what follows we shall consider a generating process which is

(covariance)

stationary.
The stochastic process

{xt, t E T} is called covariance stationary, if for

m- 1,2, E{xt} exists and E{~tt
t1,...,tm,T E T.

,xt
1

2

,...,xt }- E{xt }T,...,xt ~,T} for all
1
m
m

One could argue whether stationarity of the data is a reasonble assumption, since most economic time series are not stationary.
However,

as Box and Jenkins state (3, chapter 4), many, if not most, series are

nonstationary but homogeneous, which means that they are non-stationary only in
level and~or slope, but that they can be transformed to stationary series by
simple diff.erencing.
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E~ren non-stationarity of the variance can sometimes be accounted for by taking a
logaritmic transformation.
Anyway,

leaving the question undecided, neither of the three methods

applies to series that cannot be transformed into stationary time series by
one of the two previously mentioned methods.
Therefore we can state that non-stationarity is not a relevant factor in the
comparison between the different methods. This being the case, we have not built
in non-stationarity in the generating process.

3. Autocorrelation function.

The autocorrelation function for a covariance stationary process
~ xt}k ul [ xt-u]
pk -

Var x

~ u- E{xt}
t

is defined as:

7

~

1.

Exponential smoothing.

2.1.1.

Introduction.

By using exponential smoothing one assumes the true value of an observation to be the sum of two components: the process value f(t) and a disturbance
term ut:

yt-f(t) fut.

f(t) is assumed, in general, to be a polynomial of order n of time;
u

t

are stochastic variables, correlated or not, with expected value equal to zer.o.
We want to predict the process value at time tfr, f(tfr) by smoothing

smooth curve
the time series. It can be interpreted as an attempt to adjust a
tries to acthrough a number of dispersed observations. Exponential smoothing
complish this by exponentially weighing the observations in the past.
the far past will
As a result of this exponential weighing, observations in
ones.
have less influence on the value of the estimate, than more recent
2.1.2. The first order exponential smoothin~ model: the constant model.
a:
In the constant model f(t) is assumed to be equal to a constant

y

t

- a f ut.

made on the
The forecast for r periods ahead, made at time t, St(y) - ytfr, is
smoothing
basis of the most recent observation, the previous forecast and a
constant a:

St(y) - ayt f(1-a) St-1(Y)~

~~ a~ 1

For simplicity in the theoretical exposition, we sht~l]

(I)
asc~tun~~ the observat,i c~n

horizon to be infinite.
sample.
The results obtained remain valid for a relaiively large but finite

8

Writing the same expression for S

t-1
pression (I), one finally becomes:

St(Y) - a

t-2

,..., and substituting these in ex-

E (1-a)k
Yt-k
k-0

It can be shown (27;

E I st(y)~

, S

11, p.

3) that (II) provides an unbiased forecast:

- a- E
.
IYtfr~

The expression for the ESE is dependent of the fact wether the disturbance term is autocorrelated or not.

Since in our study they are correlated,

we shall only consider this case~
It can be shown (27) that the expected squared error for a forecast r periods
ahead is:

( 2. 1. 1)

ESE - E I St (Y )-yt~rj 2Qu ~ 1 } 2aa }( 2aa )( 1 adfda

- 2dr 1-dfda

d being the autocorrelation coefficient of the disturbance terms.
In the case of correlated disturbance terms,

it is actually possible to find

a value of a that minimizes the ESE for given d and r.

~ 2. The Box and Jenkins procedure.

2.2.1. The autore~ressive~movin~ avera~e process of order A,g: ARMA(p,g).

Let {xt, t-...,-1,0,1,...} and {ut, t-...,-1,0,1,...} be stochastic processes,
that satisfy:

(2.2.1)

P
q
E ak
E bj ut-j
xt-k
k-0
j-0

with p,q - 0,1,...,

a0 - b0 -

,a

p

1.

~ 0, a~ 0
q

9

If {xt} is stationary,

{ut} white noise, {xt} is called an ARMA(p,q) process.

According to Nelson (21), these processes are capable of accounting for a wide
range of behaviour in stationary time series, and very useful for representing
mar~y time series encountered in practice.

The sufficient condition for (2.2.1) to have precisely one stationary solutíon
is that the roots of the equation A(z) -~ ak zk - 0 lie outside the unit
k-0
.
circle.
The solution is given by:

xt -

with E
E
Ickl
ck ut-k'
k-0
k-0

~~,

where the ck can be found out:
q
E

b ,

z~
~ 1
~ z ~-

C(z) - B(z) -~-Q
J
A(z) - p
k
E
ak z
k-0

Conversely,
circle, then

if {xt} is stationary and the roots of B(z) - 0 lie outside the unit
(2.2.1)

can be uniquely represented by:

uE
d. x
, with E
t-j
j-Q
~
t
j-0

where d,
J

If q T 0 in

can be found out:

(2.2.1)

~d.l
~

~~

A(z)
D(z) B(z).

and A(z) ~ Q on (z) - 1, then {xt}

is. called an autoregres-

sive process of order p.
If p- 0, then the resulting process is called moving average of order q.
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2.2.2. The autocorrelation and partial autocorrelation function.

As seen above the ARMA(p,q) process, under certain assumptions, can be written
as:

ut -

E dj xt-j
j-0

Thus, the autocorrelation function has the following form:

pk - -d1

pk-1 - d2 Pk-2

- .

This expression can be approximated by:

pk --

dl Pk-1

- d2 Pk-2

-... -~
Pk-N

We can write this system of equations for kr

ti

p

1

pk

1

P1

Pk-1

P1

1

Pk-2

Pk-1

i

,N sufficiently large.

1,2,...N as follows:

-d1

1

The kth component of D is called the kth partial correlation coefficient, and
is denoted by d~.
The series {d~, k-

1,2,...} is called the partial correlation function.

Replacing p~,...,pN-1 by the estimated autocorrelations r1,...,rN-1, and solving
the system for k-

1,2,..., we get the estimated partial autocorrelation func-

tion {d~, k - 1,2,...}.

Some properties of the autocorrelation and partial autocorrelation functions
are useful for identifying the underlying generating process.

- 11 -

1o

It is a property of an AR(k) process that the aatocorrelation function

decays exponentially (or alternating) or as a damped sine wave to zero, and
the partial autocorrelation function cuts off after k lags. If the data, satisfy
this property, we classify the data as belonging to an AR(k) process.

2o

Property of a MA(q) process: the autocorrelation function cuts off after

q lags, but the partial autocorrelation function now behaves as an exponential
or damped sine function.

If the data conform to this property we can then put

forward a MA(q) model.

3o

Both the autocorrelation and the partial autocorrelation f`~a.nction decay

to zero.
This clearly points to an ARMA model. To define the order of the mixed process
however, there do not exist precisely defined rules. Therefore one must resort
the most
to a trial and error method. One usually starts out by putting forward
simple model, namely the ARMA(1,1).
After estimating the model and putting it through the diagnostic check, one must
decide wether the model is appropriate. If no~-,, one tries a more complicated model and so on.

2.2.3. The Box and Jenkins procedure.
The Box and Jenkins procedure, which is a technique for fitting an
ARMA model to the observed data, consists of three stages:
i)

the identification stage, as described above;

ii)

the estimation stage, which serves to estimate the parameters of the pre-,
viously identified model; it ís followed by a diagnostic check to see
wether the model is a fair representation of the data;

iii)

finally, the specified model is used to make predictions.

a) Estimation.
Once one or more models are set forward, the parameters have to be estimated.

- 12 -

We shall not go into the details of the estimation procedure, since this would
lead us to far. For interested readers we refer to Box and Jenkins (3),

chap-

ter 7. We shall restrict ourselves to the outline of the method.

The general ARMA(p,q) model can be written, under certain assumptions
mentioned above,

as:

ut - xt - a 1

xt-1

-...

- ap xt-p f b1

ut-1

}...

t bq ut-q

The method used is a least squares estimation, which minimizes:

S(A,B) -

E
E(utIA,B,x)2
t--~

A - {a1,a2,...,a }
P
B - {b1,... bq}

In practice, the infinite sum can be replaced by a finite sum

n
E

E(ut)2.

t-1-Q
Once the model is estimated, one has to check the "goodness of fit".
Two possible checks can be performed, which are based on the normality of the
estimated autocorrelations of the residuals.
If the estimated model passes these two tests, one is now ready for prediction.

b) Forecastin~.

As seen on page
as

9, under certain assumptions, we can write an ARMA(p,q)

follows:

xt - ut t c1 ut-1
(2.2.1)

, which gives for t- t f l:

}...

xtfl - utfl t c1 uttl-1

}...

model

- 13 -

1o

What we are aiming for is to obtain forecasts

, which have minimum ESE.

Suppose this best forecast for xt}1 made at time t is,analogous to expression
(2.2.1), a linear combination of present and past random disturbances and given
by:

(2.2.2)

xt(1) - si ut }

s1t1 ut-1

}.

Using expression (2.2.1), one can compute the expected squared error for this
forecast:
~
t
1 t s1 f... t
ESE - E [xtfl
- xt(1)]2 -(
sl-1) Qu

r(sl}j-si}j)2 ou

j-0

The ESE is clearly minimized for sltj - slfj'
Therefore

xt(1) - sl ut } slfl ut-1

}...

(2.2.3)

We have then:
u
' .. f s
u
) f(s u t s
1-1
tt1
1 t
lf1
t-1
xttl - (utfl } s1 uttl-1 }

f..

- et(1) ~ Xt(1)

where et(1) is the error of the forecast xt(1).

the conditional expected value of xt}l, given
E[xt}llxt, xt-1,...],
knowledge of all x's up to time t, by Et(xt}1), then clearly from (2.2.1) it
2o

Denote

follows that:

xt(1) - Et(xt}1), since Et(ut}1) - 0.

From (2.2.3) we thus know:

Et [et(1)]

- 0, which means the forecast is unbiased.

3

0

The variance of the forecast error is given by:

V(1) - var [et(1)]

4o

-(1 t
c1

ESE
}"' } cl-1) ou -

From ( 2.2.3) we can notice that the one step ahead forecast error is nothit:g

else than the residual:

et( 1) - xttl - xt( 1)- utfl
This is a very important conclusion for the prediction procedure.
Indeed, since xt(1) - sl ut t

sltl ut-1 }"'

we need observations on ut, ut-1, etc...

But these are now just the one period ahead forecast errors:

et-1(1), et-2(1),

etc...

So if we have kept track of the forecast errors, expression (2.2.3)

ïr~ ~N

completely operational formula for computation of the forecasts.
There exists however a starting-value problem, since there was a moment ir~ tim~.,
when the first forecasts were made, we did not have observations on previo~zs
forecast errors at hand. The most logical way-out is of course to set these
unknown disturbance terms equal to their unconditional expected value of zero.
This being an approximation of their true values, the first and subsequen`
forecasts will be distorted.
Fortunately, according to Nelson ( 21, p.

11~5 -

11~6), this distortion becomos

smaller the further away we are from the starting point.
Therefore, even if we are only interested in the value xt(1), it is desir:~.b-~
to begin the prediction procedure at time t - T, in order for the startin,~ err,
to have died out in our forecast xt(1).

15
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3.

Spectral Analysis.

So far we discussed two of the three considered techniques in forecasting.

So the spectral method stands to be explained. Since this forecasting

technique uses an estimate of the spectrum in it's calculations, we shall first
go into some aspects of the spectral theory, such as definition and estimation
of the spectral distribution function.
Once this is completed, we are able to discuss the spectral forecasting method.
The interested reader can find a more detailed description than will be given
here, in the references (10),

(6),

(26),

(1),

(2),

(29).

2.3.1. Spectral representation of a(covariance) stationar,y process.

The following theorems can be found in TIGELAAR (26).

Theorem-1.

If {xt, t-... ,-1,0,1...} is a stationary process, then there exists
exactly one measure F on [-~r,~r]

(2.3.1)

E[xt xt-n]

- f~

eina F(d~)

with F(-~r) - 0 and:

n, t- 0, t 1,...

The measure F is called the spec~tral-measure of the process {xt} and the distribution function of this measure is called the spectral distribution function.
-----------------------------Theorem-2. Let {xt, t-...,-1,0,1,...} be a stationary process with spectral
measure F. Then there exïsts a process
ments , on [ -~r,~r]

(2.3.2)

~r
ita
xt - t~ e
z(d~)

{z(J~)} with arthogonal incre-

such that :

t- 0, t 1,...

Expression (2.3.2) is called the spectral representation of the stationary process {xt}.

- 16 -

2.3.2. The autocovariance function and the spectral densitY form a pair of
Fourier transforms.

Under the assumption E(xt) - 0
(2.3.1)

t- 0, t 1,...

is the spectral representation of the autocovariance function C(n),

For real processes this becomes:

(2.3.3)

C(n) - IÓ cos na G(da) with

G(0) - F(0)
G(~) - F(~)
G(a) - 2F(a)

0 ~ a ~ n.

'I'he measure F can be decomposed in the following way:
F- Fc t Fd f Fsc' where Fc, Fd and Fsc are respectively the absolute
corrtinuous, the discrete and the singular-continuous component of F. For practical purposes F

can be assumed to be zero.
sc
'1'he discrete spectral distribution can be written as:

Fd(A) -

A C[-~r ,~r] , with p( ~) being the spectral

E P(aj)
a jEA

mass concentrated at frequenc,y ~.

For economic processes p(a) is normally zero for all a, since they don't eon~
tain exact periodic components.
We are then left with the continuous component F. Let f be the density ~aii:t~
c
respect to this measure, then:

C(n) - I~

Assuming I~

(2.3.~)

IC(n)I

eina

f(a)

da.

dn ~~, we can write

(see 29, p. 24):

~
f(a) - 2~ I~ C(n) e-l~n dn.

'Phe density function is then called the Fourier transform of the autocev~3.i. i-.r~c
function. This function can be shown to be bounded

For real-valued processes (2.3.~} becomes:

(~-'.3,5)

f(a) - 2~ {2 !~ C(n) cos na dn}

(29},
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2.3.3. Decomposition of the variance.

From relation (2.3.3) it follows:

C(0) - Q2 - 2!~ f(a) da -!~ f1(a) da

f1(a) - 2f(~)

This means we can write the variance of the process as the integral (which is
in fact an infinite sum) of the contributions of sinoids with frequency in the
neighbourhood of a.
Conversely, we can consider the spectrum as the decomposition of the variance
of the series in components, that belong to various frequencies.
It is by examinating the magnitude of these contributions to the total variance,
that we can distinguish the important cycles.
As such the spectrum is interpreted as the decomposition of the variance of the
time series.

2.3.~. Estimation of the spectrum.

Considering expression (2.3.5), the most logícal estimator of the spectrum would
be:
M
f(~.) -~ {C(0) f 2
E
J
2~
k-1

„
C(k) cos ka.}
J

j - 0,1,...,M,

witli C(k) an estimator of the covariance C(k),
M being the cut-off point or maximal lag,
f(a.) the "raw" estimates of the spectrum.
J
The failing of the above mentioned estimator~) has lead researchers to weigh the
covariance function:
1
f1(aj) - 2~ {WC C(0) f 2

~) It is shown in Dh-rymes

M
E Wk C(k) cos ka.j}
k-1

j- 0,1,...,M.

(7, p. ~25) that the estimates are ir~consistent.

8

The weighing function we used is called the "Tukey-Hanning" window:

Wk - 2(

1 f cos M~ )

k ~ M

- 0
It can be shown~) that the weighing of the covariance function

in the

time domain is equivalent to the weighing of the raw spectral estimates f(aj)
in the frequency domain by a"spectral window":

f1 (~j )- 0.25 f(~j-1 ) t 0.50 f(aj ) t 0.25 f(ajfl )~
where

f(~Mt1) - f(~M-1)

f(a-1) - f(a}1),

It is customary to estimate the spectrum at the equi-distant points aj

- M

j- 0,1,...,M, with 6 ~ M ~ 3, n being the number of observations.
We have done this in what we call spectral method 1.

Bhansali (2) however suggests to estimate the spectrum at N-~ points: aj - N
j- 0,1,...,N. We refer to this as spectral method 2.

2.3.5. The spectral forecasting method.

The spectral estimates, the derivation of which was explained in the
previous paragrapYi, are nów useci in a forecasting method, elaborated by Bhansali.
Since a complete description would lead us into too many complex digressions,
we shall only give the important formula's needed for prediction.
Fu11 details can be found in Bhansali

(2).

As we have seen in ~ 2, urider certain assumptions a stochastic process
can be written as:

(2.3.5)

E a(u)
- ut
xt-u
u-0

ie) GRANGER 8~ HATANAKA ( 10, p.

a(o) - 1.

60 ).

1

9

It is these coefficients a(u) we are interested in, since they make prediction
nossible.

If we dispose of M"windowed" estimates of the spectrum:

~j - M

~r

~

J - 0,1,...,M-1,

and observations on xt upto time t,

it is possible to estimate M-1

of the coef-

ficients a(u) in the following way.

át(u) ' 2M

A(l.) - A

t

J

t

M-1
E
At(aj) exp(iuaj)
j--M

a.

-J

M-1
- exp {- E
c(v) exp(-iva.)}

v-~

t

1 M-1
ct(v) - M E
log f1(aj) cos vaj
j-0
2
2~

- eXp {ct(G)}

u - 1,2,...,M-1, with

-{f1(~0)

J

j - G,1,...,M-1

v- 0,1,...,M-1

'~~ f1(~M-1)}1jM

being ar. estimate of

the residual variance.

Using (2.3.5) and the estimates át(u), it ïs now possible to make
forecas-ts :

where x

xt(1) - -

M-1
E át(u)
xt~1-u
u-1

Xt(1) --

1-1
E
u-1

át(u) xt(1-u) -

M-1
E
át(u) xtfl-u
u-1

1 - 2,3,...

, j- 0,1,...,M-2 are a new set of observations not used in estimating
t-j
the spectra]. density function f1(a.).
.
J
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It is shown in Bhansali

(2) that the forecast errors are asymptoti-

cally normally distributed with mean zero and given variance.
Since we work with a finite sample, - and even a small one -, nothing can be
said about the distribution.
We are not even sure to get unbiased estimates. We can therefore not build
significance limits for the forecast errors, nor for the mean squared error,
since they requíre knowledge of the distribution.
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Chapter III:

~

1.

The Experiment and the Forecasting Results.

The Results.

3.1. The experiment.

We have applied the three techniques to data generated by the following underlying process:

xt - 0.5

ut f 0.6 ut-1
xt-1 -

We thus generated a realisation {xt, t- 1,...,80} of the time series
{xt, t -

...,-1,0,1,...}.

In order to be able to draw statistical meaningful conclusions, one has to have
a sample containing several of such realisations.
We generated 50 replicates, each replicate being different by using a different
stream of stochastic variates ut.
From each replicate we used 75 observations to predict x76 up to x80.
Some characteristics.
-------------------1o

The ut are uncorrelated normal stochastic variates with expected value equal

to zero, and variance equal to one (~; 20, p. 90).

2o

Since, because of stationarity, E(xt) - E(xt-1) and E(ut) - 0, E(xt) - 0.

For every series we have put the starting value equal to it's expected value:
x0 - 0.

3

0

The variance.

cX - E[xt - E(xt)]2, which, after some computation,gives:

2
Qx - 2.61
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3.2.

Exponential smoothing.

We applied the constant model xt - a f vt to the data.

p- E(xt2xt-1) - 0.73
Q

Qv - oX - 2.61

x

Using expression

(2.1.1), with p- 0.73, we found optimal a's of approximately

0.83, 0.55, 0.1,

0.1, and 0.1

for respectively r- 1,2,3,~ and 5.

Substituting these a's in ( 2.1.1), we find

Since the ut are normally distributed, we can assume xt}r, the forecast for
made at time t,
Then

EO (Xt}r,~IESExttr,7)
j-1

~ P{ESE X2
50

xtfr

to be norMally distributed.
2

2~~9

ls X2-distributed with ~9 degrees` of freedom.

50
~ ~~( x
50 j-1

t}r~j

- x

In other words, with a probability of 95q,

tfr~j

0.89 ~ MSE ~ 1.98

r- 2

1.1~8 ~ MSE ~ 3.29

r- 3

1.70 ~ MSE ~ 3.76

r-~

1.81

r- 5

1.88 ~ MSE ~ 4.18

~ MSE ~ 3.99

50

1-2,49

}- 1-a

in order for the model to be appro-

priate the MSE should fall within the regiores:

r- 1

)2 ~ ESE X 2 a

- 2 3 --

3.3. The Box and Jenkins procedure.

On page 11~ we found:

ESE(r) -(1 f c~ t... t
cr-1)ou'
which gives for the consecutive forecasting periods:

ESE -

1

r - 1

2.21

2

2.51

3

2.59

4

2.61

5

Again we can find the 95~ confidence interval on the MSE:

r- 1

0.6~ ~ MSE ~

1.42

2

1.1~ 1

~ MSE ~ 3. 11~

3

1.61

~ MSE ~ 3.56

~

1.66 ~ MSE ~ 3.68

5

1.67 ~ MSE ~ 3.71

After running through the three stages of the Box and Jenkins procedure, we
finely computed the MSE, which can be found in Table-a.

3.4.

Spectral anal,ysis.

As we abready mentioned in chapter II, the distribution of the forecast errors
of the spectral prediction method is only known asymptotically.
TYierefore, working wïth a finite sample, we cannot set up confidence intervals
for the MSE.

- 2~t

Applying the forecasting formula's on page 19, we obtained the MSE for
both spectral methods

(see Table-a).

Given the mean squared errors for the consectitive forecasting periods of the
three considered methods, we are now ready to make a comparison between them.

~ 2. Comparison of the results.

3.5.

Introduction.

We give the results for the applied methods.

Smoothin~

Box and Jenkins

Spectral

1

Spectral 2

r- 1

1.96

1.59

0.92

1.55

r- 2

3.21

2.06

1.01

0.17

r- 3

3.55

2.28

~.73

2.17

r- 4

3.25

2.82

2.1~9

0.32

r- 5

3.21~

2.82

3.3~

4.23

Table-a.

MSE for the various forecasting techniques.-

Clearly we could make a, comparison between the results

in the above

table.

Since the MSE's are random variables however, the question arises
wether the observed differences between the methods are significant or due
to pure chance.
To answer this question, we shall have to apply certain statistical techniques.
Some problems arise.

2l

1o

-

For the unbiased forecasting methods, - exponential smoothing and the Box

and Jenkins procedure -, the mean squared error is equal to the estimated variance of the forecast errors.

2
ns1
2 is appropriate for comparing
This would lead us to believe the F-statistic
these methods.

ns2

However, since both methods apply a kind of weighted average to past observations to derive the forecasts, it is very likely the MSE's will be correlated.
2
X
Therefore
is a ratio of two correlated X2-distributions, the distribuMSE2 - 2
X2
tion of which is not known. As a consequence we have to look for another method
cf ccmparison.

The Pitman-test (22;

15, p. ~51~-1~63) is appropriace for setting

up confidence intervals for the distribution of the ratio of the variances of
two related normal distributions.

2o

For comparing the spectral techníque with other methods, another problem

arises.

Indeed,

since the forecast errors using the spectral method are biased,

the MSE is no longer an estimate of the variance, but of the variance plus ~the
bias squared.

Indeed:

E(xt}r -

xttr)L - a2 } ~E(xttr)

- xt}r~2

Since the MSE is an estimate of E(xtfr - xtfr)2, it is not an estimate of the
variance.
Therefore the Pitman-test cannot be applied.

In this case we shall use the sign

test (25).

3.6. Comparison.
In order not to burden the text with unnecessary comparisons, we shall
go to work in the following way.
First we shall compare the Box and Jenkins procedure with exponential smocthing
using the Pitman-test.

If the Box and Jenkins procedure proves tó be, as suspec-

ted, superior or at least as good, we drop the smoothing technique for further
competition.
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Secondly, we do the same with the two spectral methods, using the sign test.
Finally we compare the techniques left-over.

3.6.1. Exponential smoothin~ versus Box and Jenkins.

Q2
The Pitman-test provides us with confidence limits on 1- 2, where
a2
Q2 are the variances of two correlated normal distributions.
i
The confidence limits for
are given in Table-b for a- 5~.
oSM00TH,oBB~J
a - 5q

UPPER LIMIT

LOWER LIMIT
r - 1

0.86

1.77

2

1.10

2.20

3

1.17

2.05

~

0.92

1. 41~

5

0.93

1.44

Table-b. Confidence limits for 62
~a2
SMOOTH B8cJ '
As one can see, only for r- 2,3 is o~~Q2 significantly different from 1.
For these cases the Box and Jenkins procedure is superior. But even for r- 4,5
the lower limit is seen to be close to 1,

implying that the Box and Jenkins me-

thod is almost better.
If no general ranking can be made, one thing we can certainly state, is that the
BaJ procedure is superior or at least equivalent to smoothing.
This justifies our dropping of the exponential smoothing technique in the search
of the best forecasting method.

3.6.2.

Spectral method 1 versus spectral method 2.

As explained above, we can no longer apply the Pitman-test for this comparison. Instead we used the sign test

(25).

This test compares two methods by counting the number of times one method was
closer to the true value than the other.

Under the hypothesis that the methods

are equivalent, with 5~ significance, and n - 50, the confidence limits for the
number of times that method 2 forecasts closer to the true value than method 1,
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within the region [ 18, 32] .

lie

The actual comparison is given in table-c.

Table-c. Number of times spectral method 2 was closer than method 1.
Comparison method 2~ method 1.

r - 1

1It

worse

r - 2

38

better

r - 3

29

equivalent

r - 4

28

equivaler,:

r - 5

10

worse

One must bear in mind that the sign test does not account for the magnitude of
the difference between the two methods, only for the sign.
Therefore we must kind of subjectively consider the information contained in
both tables a and c.

3.6.3.

Spectral methods versus Box and Jenkins.

Here again we are obliged to resort to the sign test, The results are
given iri Tables d and c.

Tabl.e-d. Number of times spectral method 1 was closer than BáJ.
Comparison Spectral

1~B8~J

1

26

equivalent

r - 2

3~

better

r - 3

16

worse

r - 4

37

better

r - 5

17

worse

r -

28

Table-e. Number of times spectral method 2 was closer than B8~J.
Comparison spectral 2~B8~J

equivalent
better
equivalent
better
worse

3.6.~. Summary.
Summarizing the information contained in tables a, c, d, and e, we would
be inclined to set up the following table.

Second best

r

Best

1

-

2

spectral 2

3

spectral 2~BF~J

4

spectral 2~spectral 1

5

BBoJ~ smoothi ng

~

3.

spectral 1

Conclusions and Final remarks.

3.7.

Conclusions.

1)

The exponential smoothing technique is clearly inferior to the other methods,

since for all forecasting periods at least one method proves to be better or at
least equivalent.

2)

For small forecasting periods the second spectral method would seem to us the

best method to put forward.

It is superior or at least equivalent to the other

methods.
A drawback however is the fact that the forecast errors are biased. This bias
will most probably decrease, the larger the sample at hand, since Bhansali
proved the forecast errors to be as~mptotica],ly iznbiased.

(2)

29

Another possible improvement due to a larger sample could be the fact that
M- number of lags we estimate the covariance function for would be larger.
As a consequence N-~- the number of spectral estimates and forecasting
coefficients would be greater too. Bhansali

(2) proved that the asymptotic

variance of the forecast errors decreases for N increasïng, as long as N ~~.
Therefore it seems reasonable that the MSE would decrease too.
Therefore we suggest the spectral method 2 to be an excellent forecasting
technique for time series with daily data, sir:ce a large sample is then already obtained with one year of observations.

3)

For larger forecasting periods

(r ~~), we would stick to the Box and

~enkins procedure.

3.8. Final remarks.

1)

One must bear in mind that the conclusions drawn, are obtained from a

simulation study.

Therefore these conclusions hold only for the model studied.

It is not possible to make extensions to allow for other generating processes.
This doesn't mean that a simulation study has no value.

Indeed,

it was mentio-

ned that simple ARMA-processes may represent many economic time series.
Therefore the conclusions drawn are not so specific after all.
But one might investigate the influence on the results of for example other
valizes of r2, larger ARMA-schemes with greater

lags, or another starting value.

Due to lack of time, this has not been done in this study.
All these are parameters that the experimenter has under his control, and might
influence the results.

2)

Another parameter that has to be supplied is the number of replicatés.

For some simulation experiments stopping rules exist (c0).
In the study at hand the number of replicates only influences the degree of
accuracy of the mean squared error. Indeed, the mean squared error (for the unESE 2
SS X~9 distributed, the variance of which is solely dependent
biased cases) is
replicates.
on the nu.mber of degrees of freedom, and hence on the number of
Bf a desired level of accuracy of S~, we mean that (1-a)q, e.g. 95q, of the
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sampled MSE's fall withing the interval:

[E(MSE) - (~2S) E(MSE), E(MSE) f (~2S) E(MSE)]

From the desired level of accuracy, one can derive the number of replicates needed.
For 50 replicates,

S- 20q.

Taking into account the expensiveness of computer time, we have felt the increase
in the level of accuracy, and hence the simplification obtained for comparing the
methods, not to be offset by the increase in costs and time.
Indeed,

if the level of precisison was say 80q, the figures in table-a would be

subject to little or no variation. Hence, the figures would be suitable for a
direct comparison, without running ar~y further statistical tests.
Running the statistical tests made our comparison more longwinded and the conclusions less firm, but we saved costs of computer time.
As always, a balance must be reached between additional costs and additional
revenue.

- 31 -

BIBLIOGRAPHY.

1. BHANSALI, R.: A Monte Carlo comparison of the regression method and the
spectral methods of prediction, Journal of the American
Statistical Association,

2.

1973, 68, p.

621-625.

BHANSALI, R.: Asymptotic properties of the Wiener-Kolmogorov predictor I,
Journal of the Royal Statistical Society, Series B,
36, p.

3.

BOX, G.E.P.

1974,

61-72.

8~ JENKINS, G.:

Time series Analysis, Forecasting and Control,

Holden-Day, San Francisco,

1970, 553p.

4. BOX, G.E.P. 8~ MULLER, M.E.: A note on the generation of random normal
deviates, Annals of Mathematical Statistics, 1958, 29(2),
p.

610-611.

5, BROWN, R.G.: Smoothing, Forecasting and Prediction, Pnentice Hall, London,
1962, 467 p.

6. COLE, F.:

Theoretische Aspekten van de Spectraalana.lyse van Economische
Tijdreeksen,
Antwerp,

7.

DHRYPdES, Ph.:

(unpublished) license thesis, University of

1974, 61 p.

Econometrics. Statistical Foundations and Applications,
Harper 8~ Row, New-York,

1970, 591 p.

8. FISHMAN, G.S.: Spectral Methods in Econometrics, Harvard University Press,
Cambridge, Massachusetts,

9.

1969, 210 p.

GRANGER, C.W.J.: The typical spectral shape of an economic variable,
Econometrica,

1966, 34(1), p.

150-161.

-32-

10.

GRANGER, C.41.J.

Spectral Analysis of Economic Time Series,

8~ HATANAKA:

Princeton University Press, Princeton, New Yersey,

1964,

299 p.

11.

HEUTS, R.:

Uitbreidingen in Exponential Smoothing Modellen, course,
Katholieke Universiteit Tilburg,

12. HEUTS, R.:

1974, 120 p.

Aanvullende opmerkingen bij het Boek van Charles Nelson:
Applied Time Series Analysis for Managerial Forecasting,
course, Katholieke Universiteit Tilburg,

13. JENKINS, G.

8~ WATTS, D.G.:

1975, 58 p.

Spectral Analysis and its Applicatïons,

Holden Day, San Francisco, 1968.

14. JOHNSTON, J.:

Econometric Methods, Mc Graw Hill, New-York, 1972, ~37 p.

15. KENDALL, M.G.dc STUART, A.: The Advanced Theory of Statistics, Griffin,
London, 1966, 3, p. ~5~-~63.
16. KLEYNEN, J.P.: Design and Analysis of Simulation: Practical Statistical
Techniques, Reeks ter Discussie, Katholieke Universiteit
Tilburg,

1975,

28 p.

17. MOOD, A.M.: On the asymptotic efficiency of certain non-parametric two
sample tests, Annals of Mathematical Statistics,

195~,

25(3)~ P. 511~-522.

18. MORTIER: Mechanica,

course, Rijksuniversiteit Gent, Standaard Wetenschap-

peli j ke Uitgeveri j, Antwerpen,

19.

MONRO, D.M.:

1967 , p. 71t-75 .

Complex discrete fast Fouriertransform, Applied Statistics,
1975, 2~(1), P~

153-160.

- 33 -

20.

NAYLOR, Th. H., BALINTFY, J.K., BURDICK, D.S.

8~ CHU, K.: Computer Simulation

Techniques, J. Wiley 8e Sons, New-York,

21.

NELSON, Ch.: Applied Time Series Analysis for Managerial Forecasting,
Holden Day,

22.

1966.

San Francisco,

1973, 231 p.

PITMAN: A note on normal correlation, Biometrika,

23. PLASMANS, J.:

1939.

Complementen van Wiskundige Statistiek, course, Unïversity
of Antwerp,

1973,

190 p.

Z4. PROTTER 8~ MORREY: Modern Mathematical Analysis, Addison Wesley, Reading,
Massachusetts,

25.

SIEGEL, S.:

1966, p. ~35-~78.

Nonparametric Statistics for the Behavioural Sciences, Mc Graw
H~11, New-York,

26.

TIGELAAR, H.H.:

1956, 311 p.

Spectraalanalyse en Stochastische Lineaire Differentiever-

gelijkingen, Reeks ter Discussie, Katholieke Universiteit
Tilburg,

2'l. VANDENBORRE, R.:

28. VERHELST, M.:

1975, 41 p.

Forecasting,

course, Katholieke Universiteit Leuven, 197~.

Simulation Theory and Applicatior.s, course, Katholieke
Universiteit Leuven,

197~.

29. KGOPMANS, L.H.: Spectral Analysis of Time Series, Academic Press, New York,
197~~ 366 p.
30. van der GENUGTEN, B.B.: Statistics, course, Katholieke University
1976.

Tilburg,

-34In de Reeks ter Discussie zijn verschenen:

1.H.H. Tiggelaar
2.J.P.C.Kleijnen
3.J.J. Kriens
4.L.R.J. Westermann
S.W. van Hulst
J.Th. van Lieshout

6.M.H.C.Paardekooper
7.J.P.C. Kleijnen
B.J.

Kriens

9.L.R.J.
10.B.C.J.

Westermann
van Velthoven

11.J.P.C. Kleijnen

12.F.J.

Vandamme

13.A. van Schaik
14.J.vanLieshout
J.Ritzen
J.Roemen
15.J.P.C.Kleijnen

16.J.P.C.

Kleijnen

17.J.P.C.

Kleijnen

18.F.J.

Vandamme

19.J.P.C.

Kleijnen

20.H.H. Tigelaar
21.J.P.C.

Kleijnen

22.W.Derks
23.B. Diederen
Th. Reijs
W. Derks
24.J.P.C. Kleijnen
25.B.

van Velthoven

Spectraalanalyse en stochastische
lineaire differentievergelijkingen.
De rol van simulatie in de algemene econometrie.
A stratification procedure for
typical auditing problems.
On bounds for Eigenvalues

juni '75

Investment~financial planning
with endogenous lifetimes:
a heuristic approach to
mixed integer programming.
Distxibution of errors among
input and output variables.
Design and analysis of simulation
Practical statistical techniques.
Accountantscontrole met behulp
van steekproeven.
A note on the regula falsi
Analoge simulatie van ekonomische
modellen.
Het ekonomisch nut van nauwkeurige
informatie: simulatie van ondernemingsbeslissingen en informatie.
Theory change,,incompatibility
and non-deductibility.
De arbeidswae,rdeleer onderbouwd?
Input-auputanalyse en gelaagde
plarining.

jul.i '75

Robustness of multiple ranking
procedures: a Monte Carlo experiment illustrating design
and analysis techniques.
Computers and operations
research: a survey.
Statistical prablems in the
simulation of computer systems.
Towards a more natural deontic
logi c .
Design and analysis of simulation:
practical, statistical techniques.
Identifiability in models with
lagged variables.
Quantile estimation in regenerative
simulation: a case study.
Inleiding tot econometrische modellen van landen van de E.E.G.
Econometrisch model van België.

februari '76

Principles of Economics for computers.
Hybriede simulatie van ekonomische
modellen.

juni '75
j~i '75
juni '75

augustus '75
augustus '75
september '75
september '75
november '75
november '75

december '75
januari '76
februari '76

februari '76
april '76
mei

' 76

juni '76
juli

' 76

augustus '76
augustus '76
september '76
augustus '76
augustus '76.

V I ~ N~~IÍ~~V II IÍIÍ WNY~ VqYVl l l ~

