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Chapter 1
Introduction
This dissertation consists of ve chapters and covers three topics, all in the broader eld
of game theory. Game theory is a collective name of mathematical models that describe
social interactions between actors. Depending on whether the actors can make binding
and enforceable commitments, game theory is split into two main branches, cooperative
and non-cooperative game theory. Cooperative game theory considers situations where
actors are working together to generate a joint worth in groups. It mainly focuses on
determining how much actors matter in these groups and how we can or should split the
surplus resulting from the cooperation of the actors. Non-cooperative game theory deals
with describing the choices of actors in strategic interactions, situations where the private
decisions of some actors aect the well-being of others. It serves as a tool to nd out what
decisions actors should make in such situations.
The basic model in cooperative game theory is called a cooperative game, or a transferable utility game, TU-game in short. A TU-game is dened by a set of actors, called
players, and a characteristic function that assigns a real number to every set of players,
representing the worth that is generated by the set when its members work together. Sets
of players are called coalitions. Transferable utility refers to the underlying assumption
that the entries of the characteristic function are expressed in units that are valued by
the players in the same way and can be freely transferred between them. One can imagine
these units as money.
One of the main questions in cooperative game theory is to nd out how much players
are contributing by their presence in coalitions. There are many dierent ways to answer
this question, a possibility is the introduction of single-valued solution concepts. A singlevalued solution, or in short a value, for TU-games is a function that assigns to every
player in every TU-game a value representing the player's importance in the game. The
most famous value is the Shapley value, introduced by Shapley (1953). The Shapley value
of a player in a TU-game is dened as the expected marginal contribution of the player
to all coalitions with members who enter before the player according to an order of the
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players, given that every possible order of the players has the same probability. Another
well-studied concept is the Banzhaf value. Originally, it is introduced by Banzhaf (1965) to
measure voting power in voting games. In the context of voting games it is often referred
to as the Banzhaf power index or Banzhaf-Coleman index. The concept is generalized
by Owen (1975b) and Dubey and Shapley (1979) for TU-games. The Banzhaf value of
a player in a TU-game is dened as the expected marginal contribution of the player in
all coalitions containing the player, when all of these coalitions have equal probabilities.
Axiomatic characterizations, collections of simple properties that when assumed together
are dening the concept, are typically given for values. An axiomatic characterization of
the Shapley value is in Shapley (1953), while a characterization of the Banzhaf value can
be found in Lehrer (1988).
The underlying assumption in a TU-game is that any coalition can be formed and its
worth can be generated and realized by its members. However, in many socio-economic
and political situations not every set of actors can work together and form a coalition.
One of the most well-known types of restrictions on coalition formation is the restriction of communication, as introduced by Myerson (1977). Restrictions are modeled by
a communication network dened on the set of players. If a set of players is connected
in the network, then the players in the coalition can communicate with each other, the
coalition is feasible, and its worth can be realized. If it is not connected, then its members
cannot communicate with each other, the coalition is not feasible, and its worth cannot
be realized. In Myerson (1977) a communication network is represented by a graph, with
its set of nodes being equal to the set of players of the cooperative TU-game. A TU-game
with a graph communication structure is called a graph game. In a graph game the entries
of the characteristic function are representing the economic capabilities of coalitions of
players that can only be realized if the coalition is connected in the graph (Owen, 1986).
For non-connected coalitions, in line with the interpretation of a communication network,
Myerson (1977) assumes that in a graph game non-connected coalitions can only realize
the sum of the worths of their components according to the communication graph. This
assumption leads to the denition of the (Myerson) restricted game of a graph game.
As any restricted game is a TU-game, any solution dened for TU-games can be used
on restricted games as well, like the Shapley and Banzhaf values. In general, a singlevalued solution, or value in short, of a graph game is a function that assigns a vector to
every graph game that contains the values of the players in the graph game. The most
widely studied value for graph games is the Myerson value, introduced by Myerson (1977)
as the Shapley value of the restricted game. A similar concept based on the Banzhaf value
is called the restricted Banzhaf value, introduced by Owen (1986) as the Banzhaf value
of the restricted game. It is also sometimes referred to as graph Banzhaf value (AlonsoMeijide and Fiestras-Janeiro, 2006). There are many other solution concepts for graph
games that are not dened with the help of restricted games. The gravity center solution
2

is introduced in Koshevoy and Talman (2014) and the average tree solution is dened
in Herings, van der Laan, and Talman (2008) for cycle-free graph games and generalized
for the class of graph games in Herings, van der Laan, Talman, and Yang (2010). The
advantage of these solutions is that the possibility of counting the same marginal vectors
multiple times is eliminated. Some additional concepts are Harsanyi power solutions,
dened in van den Brink, van der Laan, and Pruzhansky (2011) and Harsanyi solutions,
a generalization of which for line-graph games is in van den Brink, van der Laan, and
Vasil'ev (2006). Axiomatic characterizations of the Myerson value, the restricted Banzhaf
value, and the average tree solution can be found in van den Brink (2009).
The analysis of the importance of nodes in networks is closely related to cooperative
game theory. In graph theory, there are many dierent measures of node importance, see
e.g. Borgatti and Everett (2006). A power measure is a function that assigns a power to
every node in any graph. The most widely used power measures are the following: the
degree measure, the closeness measure (Bavelas, 1950; Sabidussi, 1966), the betweenness
measure (Freeman, 1977), and the eigenvector measure (Bonacich, 1972). Axiomatic characterizations of some power measures are in Bloch, Jackson, and Tebaldi (2017). A power
measure based on the connectivity of nodes, called the connectivity degree, is introduced
in Khmelnitskaya et al. (2016). The connectivity degree is a generalization of binomial
coecients for graphs. It is characterized by three axioms, single node normalization, the
ratio property, and the extreme node property. Power measures are related to cooperative
games in two ways. On the one hand, solution concepts for graph games can be introduced
based on power measures. Examples for this are Harsanyi power solutions (van den Brink
et al., 2011). On the other hand, solution concepts for TU-games or graph games can be
used as power measures on graphs. An example for this is the Shapley value that is used
to rank terrorists in networks in Lindelauf, Hamers, and Husslage (2013), Husslage, Borm,
Burg, Hamers, and Lindelauf (2015), and van Campen, Hamers, Husslage, and Lindelauf
(2018).
The standard model in non-cooperative game theory is called a non-cooperative game.
One possibility to represent a non-cooperative game is to give it in a so-called normal,
or strategic form. A non-cooperative game in normal form is dened by a set of players,
their sets of strategies, and payo functions. The strategy sets of the players contain
all the possible ways the players can make decisions. The main interest is on predicting
what decisions players would make in a non-cooperative game. We call such a prediction
a solution concept for non-cooperative games. Based on the concept of dominance, the
strategies that yield a worse payo to a player than some other strategies irrespective of the
choices of the other players are assumed to be irrational and thus are eliminated. The most
well-known solution concept is the Nash equilibrium, introduced in Nash (1950) and Nash
(1951). The concept of a Nash equilibrium is based on the idea that when the opponents of
a player are choosing a combination of given strategies, the player should choose a strategy
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such that it maximizes his payo. In a Nash equilibrium none of the players can gain a
higher payo by unilateral deviations. The concept of a Berge equilibrium is introduced
in Berge (1957). A Berge equilibrium of a game is similar to a Nash equilibrium, as it also
depends on the players' willingness to maximize their payos, but the maximization is
done with respect to the strategies of the opponents and not the player's own strategies.
A Berge equilibrium is therefore stable against deviations of groups of players. Colman,
Körner, Musy, and Tazdaït (2011) discuss some properties of Berge and Nash equilibria
and show how these two concepts are related to each other.
Decision problems like non-cooperative games may be described to decision makers in
many dierent, but objectively equivalent ways. These dierent representations are called
frames. A framing eect is the dierence in the choices of the decision makers under the
dierent frames. The most common frames are gain-loss frames, related to prospect theory
(Kahneman and Tversky, 1979, 1981). Valence framing eects are arising from describing
the same critical choice in a positive and a negative light (Levin, Schneider, and Gaeth,
1998). In the case of the non-cooperative game called the prisoner's dilemma game, the
most common frames include representing the game in a social dilemma or a commons
dilemma form (Brewer and Kramer, 1986), gain-loss framing (de Heus, Hoogervorst, and
van Dijk, 2010), and calling the game `Community Game' or `Wall Street Game' (Batson
and Moran, 1999; Liberman, Samuels, and Ross, 2004; Ellingsen, Johannesson, Mollerstrom, and Munkhammar, 2012).
The dissertation is organized as follows. In Chapter 2 we introduce well-known concepts
and standard notations, used throughout the dissertation. We introduce notions in graph
theory, cooperative game theory, and non-cooperative game theory.
In Chapter 3 we focus on power measures on graphs. We introduce the connectivity
power measure that assigns to every node in any graph the number of connected sets
the node is a part of. This power measure is similar to the connectivity degree dened
in Khmelnitskaya, van der Laan, and Talman (2016). The connectivity power measure
is uniquely characterized on any reducible subclass of graphs by two axioms, isolated
node normalization and neighbor separability. Isolated node normalization requires the
power of every isolated node to be one, while neighbor separability requires the power of
any node with a neighbor to be equal to the power the node has without its neighbor
plus the power what the node has when it is merged with its neighbor. The axiom of
neighbor separability is intuitive, but rather strong as it characterizes the connectivity
power measure up to the normalization of isolated nodes. Isolated node normalization
implies single node normalization. Based on its properties, some formulas are also provided
to calculate the connectivity power measure for any graph. In particular, we give closed
form formulas for component complete and component linear graphs. The connectivity
power measure is further explored on linear graphs and it is shown that when the powers
are arranged in a triangular shape, similar to Pascal's triangle, we get interesting patterns.
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When the powers of the nodes of linear graphs are transformed into probabilities, we
show that the corresponding limiting distribution is a symmetric, vertically inverted Uquadratic distribution on [0, 1]. At the end of the chapter we calculate the connectivity
power measure for ve dierent networks. The rst is the operational network of the
hijackers of the 9/11 attacks as given in Lindelauf et al. (2013) and Husslage et al. (2015).
We compare their rankings based on the Shapley values in some related games to the
connectivity power measure and nd that the measures and the induced rankings correlate
with each other. The ranking based on the connectivity power measure shares the most
similarities with the ranking from Lindelauf et al. (2013). In the other four examples we
illustrate on networks with dierent characteristics that the connectivity power measure
and its induced rankings correlate with the degree, closeness, betweenness, and eigenvector
measures and their induced rankings. The examples hint that bottlenecks and nodes that
are close to bottlenecks are ranked high according to the connectivity power measure.
In Chapter 4 we turn to cooperative game theory, more precisely to graph games. We
show that the interpretation of the Myerson and restricted Banzhaf values are not perfectly
analogous to the interpretations of the Shapley and Banzhaf values. Since they are dened
as values of restricted games, it can happen that they count some marginal contributions
or vectors of some players multiple times. In relation to the Myerson value, the gravity
center (Koshevoy and Talman, 2014) and the average tree solution (Herings et al., 2008,
2010) are introduced to overcome the possibility of counting the same marginal vectors
many times. We introduce the average connected contribution value that also eliminates
the possibility of multiple counting, but it is related to the Banzhaf value. The average
connected contribution value of a player is the non-weighted average of the player's added
worths in all of the connected coalitions according to the graph. As the concept is based
on connected sets in the communication network, most of the results in this chapter are
based on the properties of the connectivity power measure, discussed in Chapter 3. A
larger family of values, called power values is also introduced in this chapter for graph
games. A power value is a single-valued solution concept for graph games that corresponds
to an extended power measure dened on the graph. If we choose the connectivity power
measure, then the corresponding power value coincides with the average connected contribution value. It is also shown that if we choose the exponential power measure with base

2, then the corresponding power value coincides with the restricted Banzhaf value, while if
we choose the size power measure, then the corresponding power value coincides with the
Myerson value. The family of power values have some resemblance to the Harsanyi power
solutions dened in van den Brink et al. (2011). On the class of graph games, power values
are axiomatized using four axioms, comparable to the classical axioms used to characterize
the Shapley value. Linearity and the superuous player property are well-known axioms.
The other two axioms, ϑ-symmetry and ϑ-eciency are new concepts. If a value satises

ϑ-symmetry, then in the graph game with a characteristic function equal to the character5

istic function of the unanimity game of a connected coalition, all players in the coalition
get the same value, normalized by their powers according to the extended power measure

ϑ. A value satises ϑ-eciency if in the graph game with a characteristic function equal to
the characteristic function of the unanimity game of a connected coalition, the weighted
average of the values of the players in the coalition, where the weights are equal to the
powers of the players, is equal to the power of the coalition, according to the extended
power measure ϑ. The main theorem states that on the class of graph games there is a
unique value that satises the four axioms for any given strictly positive extended power
measure, and this value is equal to the power value corresponding to the extended power
measure. As the restricted Banzhaf, Myerson, and average connected contribution values
are power values corresponding to specic extended power measures, the main theorem
implies that they are all characterized uniquely by the axioms, given the extended power
measures that are dening them. At the end of the chapter we calculate the average connected contribution values for parties in the 2017 German federal elections and compare
them with the Banzhaf and restricted Banzhaf values for some dierent graphs. We nd
that the average connected contribution value correlates well with the restricted Banzhaf
value, and that the choice of the graph has a large eect on the values.
In Chapter 5 we introduce a new framing of nite symmetric two-player one-shot
games motivated by the concept of Berge equilibrium (Berge, 1957). In the conventional
representation of a symmetric two-player game, the two players are called row and column
players, the actions of the row player are called rows, while the actions of the column
player are called columns. The payos are given in a bimatrix, where the rst numbers
correspond to the row player and the second numbers to the column player. The new
framing is achieved by describing the game as a situation where we still have the same
two players, called row and column players, rows and columns are still labeled as the
actions corresponding to the row and column players, respectively, and payos are still
given in a bimatrix with entries ordered the same way as in the conventional description.
However, the payo matrices of the players in this situation are the interchanged matrices
of the game and the row player is told to choose from the columns and the column player
is told to choose from the rows. As the two descriptions of the game are theoretically
equivalent, theory predicts that there is no framing eect. We test this prediction for the
prisoner's dilemma game in a laboratory experiment and nd that there is a signicant
framing eect, subjects tend to cooperate more under the framing. The eect is estimated
to be an increase in the cooperation rate by 11 to 24 percentage points. The result seems
to be robust under dierent model choices (parametric and non-parametric), variable
settings, and the inclusion of noisy subjects.
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Chapter 2
Preliminaries
2.1

Introduction

The purpose of this chapter is to introduce the basic concepts and notations used in the
dissertation. Denitions and results presented in this chapter are well-known and wellused in the literature. Most of the notation introduced in this chapter is inspired by the
notation in Bloch et al. (2017), Khmelnitskaya et al. (2016), and van den Brink (2009).
Graphs are objects in mathematics that can represent connections. The measure of
node importance is one of the key goals of network analysis. Many dierent such measures
have been proposed, see e.g. Borgatti and Everett (2006). The most widely used power
measures are the following: the degree measure, the closeness measure (Bavelas, 1950;
Sabidussi, 1966), the betweenness measure (Freeman, 1977), and the eigenvector measure
(Bonacich, 1972).
Game theory is a mathematical model to describe social interactions. It can be split
into two branches, cooperative and non-cooperative game theory, depending on whether
commitments between agents are binding. Cooperative game theory considers situations
where actors are working together to generate a joint worth in groups and mainly focuses
on determining how much actors matter in the groups, while non-cooperative game theory
deals with describing the choices of actors in strategic interactions, situations when the
private decisions of some actors aect the well-being of others. In both of these branches
of game theory the main interest is to dene solution concepts. For non-cooperative games
we look at dominance, the Nash equilibrium (Nash, 1950, 1951), and the Berge equilibrium
(Berge, 1957). For cooperative games, we focus on single-valued concepts like the Shapley
value (Shapley, 1953) and the Banzhaf value (Banzhaf, 1965). A well-studied restriction
on cooperative games is to restrict the communication of the agents by a communication network (Myerson, 1977). Such games are called graph games. Solution concepts are
also proposed for graph games, we focus on the Myerson value (Myerson, 1977) and the
restricted Banzhaf value (Owen, 1986).
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The chapter is organized as follows. In Section 2.2 we introduce concepts and notations regarding graphs. Section 2.3 discusses power measures, functions that are assigning
numbers to the nodes of graphs. Four of the most well-known power measures are also
introduced. In Section 2.4 cooperative games are introduced, while in Section 2.5 it is
shown how cooperative games can be restricted by a communication network. In these
two sections the most well-known single-valued solution concepts and their properties
are also discussed. Finally, in Section 2.6 we introduce non-cooperative games and dene
dominance, the Nash equilibrium, and the Berge equilibrium.

2.2

Notions in graph theory

For a given nite, nonempty set N , a graph on N is a pair (N, E), with N as the set
of nodes and E ⊆ {{i, j} : i, j ∈ N, j 6= i} a set of edges between nodes. The elements
of set N can be anything, for example sets. The elements of E are also called links. The
set of graphs is denoted by G G . If there is a link in E between two nodes i, j ∈ N , then
we call the nodes neighbors. We denote the set of neighbors of node i ∈ N in graph

(N, E) as Bi (N, E) = {j ∈ N : {i, j} ∈ E}. If a node i ∈ N has no neighbors in graph
(N, E), i.e. Bi (N, E) = ∅, then node i is isolated. A graph (N, E) ∈ G G is complete if
E = {{i, j} : i, j ∈ N, j 6= i}.
A path in a graph (N, E) ∈ G G is a sequence of dierent nodes i1 , . . . , ik for some

k ≥ 2, such that {ih , ih+1 } ∈ E for every h = 1, . . . , k − 1. Two distinct nodes i, j ∈ N are
connected in graph (N, E) if there is a path i1 , . . . , ik in (N, E) with i1 = i and ik = j .
Graph (N, E) is connected if |N | = 1 or if |N | ≥ 2 then any two distinct nodes in N
are connected in (N, E). A connected graph (N, E) is a linear graph if every node has at
most two neighbors, i.e. |Bi (N, E)| ≤ 2 for every i ∈ N , and |E| = |N | − 1. For some
subset of nodes S ⊆ N of graph (N, E), graph (S, ES ), with ES = {{i, j} ∈ E : i, j ∈ S},
is called a subgraph of (N, E) on set S . Set S is connected in graph (N, E) when the
subgraph (S, ES ) is connected. For a subset of the nodes S ⊆ N , LS (N, E) denotes the
set of connected subsets of S in (N, E). The distance between a connected pair of nodes

i, j ∈ N , i 6= j , in a graph (N, E), is dened as the number of edges on a shortest path in
(N, E) between them, and denoted as ri,j (N, E). The number of shortest paths between i
and j in (N, E) is denoted as νi,j (N, E), while νk:i,j (N, E) is the number of shortest paths
between i and j in (N, E) containing node k .
A subset K ⊆ N is a component of graph (N, E) ∈ G G if the subgraph (K, EK ) is
a maximal connected subgraph in graph (N, E), i.e., subgraph (K, EK ) is connected and
for any j ∈ N \ K subgraph (K ∪ {j}, EK∪{j} ) is not connected. For a given subset of the
nodes S ⊆ N , Lm
S (N, E) is the set of components of subgraph (S, ES ). Ki (N, E) denotes
the unique component in graph (N, E) that contains node i ∈ N .
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A cycle in a graph (N, E) ∈ G G is a sequence of nodes i1 , . . . , ik+1 for some k ≥ 3, such
that i1 = ik+1 , and both i1 , . . . , ik and i2 , . . . , ik+1 are paths in (N, E). A graph (N, E) is
cycle-free if it contains no cycles. A cycle-free graph is called a forest. The set of cycle-free
graphs is denoted by G F . If a graph is both connected and cycle-free, it is called a tree.
A graph (N, E) is a tree if and only if |N | = 1 or there exists exactly one path in (N, E)
between any two distinct nodes in N . The set of trees is denoted by G T .
If in a graph (N, E) ∈ G G all components are complete graphs, i.e. subgraph (Ki (N, E),

EKi (N,E) ) is complete for every i ∈ N , then we call graph (N, E) component complete.
The set of component complete graphs is denoted by G C . If for a graph (N, E) ∈ G G all
connected components are linear graphs, i.e. graph (Ki (N, E), EKi (N,E) ) is linear for every

i ∈ N , then we call graph (N, E) component linear. The set of component linear graphs
is denoted by G L .
Let (N, E) ∈ G G be a given graph and S ⊆ N a given set of nodes. Then, graph

(N, E−S ) with E−S = EN \S = {{i, j} ∈ E : i, j ∈
/ S} denotes the graph where the edges
connecting at least one node in S to any other node are deleted. This means that in graph

(N, E−S ) every node in S is isolated. For a singleton set S = {k} for some k ∈ N , instead
of E−{k} , we write E−k . We denote the complement of a set S ⊆ N as S { = N \ S . When

S ∈ LN (N, E), |S| ≥ 2, graph (N S , E S ) denotes the graph that we get by merging the
nodes in S as one node. In graph (N S , E S ), the set of nodes is N S = (N \S)∪{S} and the
set of edges is E S = {{i, j} ∈ E : i, j ∈
/ S} ∪ {{i, S} : i ∈
/ S, ∃j ∈ S such that {i, j} ∈ E}.
When S ∈ LN (N, E) such that |S| = 1, we dene (N S , E S ) = (N, E).
Let (N, E) ∈ G G be a given graph. The adjacency matrix of graph (N, E) is a matrix

X(N, E) ∈ RN ×N such that xi,j (N, E) = 1 for every {i, j} ∈ E and xi,j (N, E) = 0
otherwise. The adjacency matrix of a graph is a (0, 1) symmetric matrix and its main
diagonal consists of zeros.

2.3

Power measures

A power measure σ is a function that assigns to every graph (N, E) ∈ G G a nonnegative
vector σ(N, E) ∈ RN
+ . The entry of the vector σ(N, E) corresponding to node i ∈ N is
the nonnegative power of node i in graph (N, E), denoted by σi (N, E).
The denition used in this dissertation slightly diers from denitions of power or
centrality measures in the literature. In van den Brink (2009) and van den Brink et al.
(2011) a power measure assigns a nonnegative vector to every subgraph (S, ES ) of any
graph (N, E) ∈ G G . This means that one could compare the power of a node in one
subgraph to its power in another subgraph. Since we dene power measures on G G , they
are dened for every subgraph of any graph. The most common name in the literature
for functions assigning numbers to the nodes of a graph is centrality measure. In Jackson
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(2008) and Bloch et al. (2017) a centrality measure is a function that assigns a number
to every node of every graph with a given set of nodes. As we dene a power measure on
the set of all graphs, the numbers assigned to a given graph can be seen as if they were
the numbers assigned by a centrality measure. Thus, when a given graph is analyzed, the
three above denitions can be used interchangeably. Note that although mathematically
centrality measures and power measures are similar objects, the word centrality refers to
the fact that centrality measures are capturing how central nodes are in a given graph,
while power measures may dene power based on other ideas.
The most well-known, or classical, centrality measures are the degree, closeness, betweenness, and eigenvector measures. In Bloch et al. (2017) these are referred to as some
of the key centrality measures, amongst some others outside the scope of this dissertation.
From now on we refer to them as simply measures and not centrality measures and give
their denitions in line with the rst denition of power measures above.
The degree measure, or degree in short, is one of the simplest examples of power
measures. The degree of a node i ∈ N in a graph (N, E) ∈ G G , denoted as di (N, E), is
dened as the number of neighbors of node i, i.e. di (N, E) = |Bi (N, E)|. The degree has
the advantage of being rather simple, but its disadvantage is that there may be many
nodes with the same number of neighbors but still in completely dierent parts of the
graph. The degree measure can only dier for two nodes if they locally look dierent. It
is important to note that the degree measure has a global interpretation as well because
it is proportional to the time spent at each node by a random walk on the graph.
The closeness measure is based on the distances between a given node and every other
node. It is introduced in Bavelas (1950) and Sabidussi (1966). The form used in this
dissertation is based on the form in Sabidussi (1966), but to deal with the possibility
of two nodes not being connected, we use the form used in Matlab version R2017a as a
built-in function.1 For any graph (N, E) ∈ G G , the closeness centrality measure of node

i ∈ N is dened as

cli (N, E) =

|Ki (N, E)| − 1
|N | − 1

2

1
P

ri,j (N, E)

.

j∈Ki (N,E)\{i}

Thus, in a connected graph the closeness measure is the inverse of the sum of the distances
between node i and every other node. In a non-connected graph, we only look at the
distances in components, and multiply the inverse of the sum of them by a factor that
depends on the number of nodes in the component. If a node is isolated, then its closeness
measure is dened to be 0. As the closeness measure is dened based on distances to
reachable nodes, it takes into account both a node's local and global positions in the
graph. A disadvantage, however, is the fact that when the graph is not connected, we
1 See

https://nl.mathworks.com/help/matlab/ref/graph.centrality.html.
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have to use seemingly arbitrary normalizations to compare the measures on the dierent
components of the graph.
The betweenness measure is originally proposed in Freeman (1977). It captures the
ability for a node to connect to other nodes. It depends on the number of shortest paths a
specic node is on between any two other nodes. In other words, it assigns a higher number
to nodes that occupy a position on one of the shortest paths between other nodes. The
betweenness power measure of a node i ∈ N in a graph (N, E) ∈ G G is dened as

bi (N, E) =

X νi:j,k (N, E)
.
ν
j,k (N, E)
j,k∈N
j,k6=i

The advantage of the betweenness measure is that it takes into account the importance
of nodes throughout the whole graph, not only locally. However, as it is dened based
on shortest paths, it can happen that a node has many neighbors, but if it is not on a
shortest path between any other pair of nodes, its betweenness measure is zero, which is
equal to the number assigned to any of the isolated nodes.
Finally, the eigenvector measure, introduced by Bonacich (1972). The general idea
behind this measure is that the number assigned to a node depends on the numbers
assigned to its neighbors. The eigenvector measure in a connected graph (N, E) is dened
as the right-hand-side eigenvector of the adjacency matrix of the graph that corresponds
to the largest eigenvalue of the matrix. Matlab version R2017a normalizes the sum of the
entries of the eigenvector to be one. Let e(N, E) ∈ RN denote the eigenvector measure of
graph (N, E) ∈ G G , then e(N, E) is such that

λe(N, E) = X(N, E)e(N, E),
where λ is the largest eigenvalue of the adjacency matrix X(N, E) and

P

i∈N

ei (N, E) =

1. If the graph is not connected, then the built-in algorithm in Matlab computes the
eigenvector measure separately for each component and scales the outcomes with the
number of nodes in each component. Note that this can lead to counter-intuitive rankings
as the number assigned to an isolated node could be higher than the number assigned to
a connected node.

2.4

Cooperative TU-games

A cooperative transferable utility game, or in short a (cooperative) TU-game is a pair

(N, v), where N is a nite set of players and v : 2N → R is a characteristic function that
assigns a worth v(S) to every set S ∈ 2N . Elements of N are called players, while sets
of players are called coalitions. A set that contains only one player is referred to as a
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singleton coalition or a singleton in short, while the set of all players is called the grand
coalition. The coalition with no players is the empty coalition. In this dissertation we only
consider TU-games where the worth of the empty coalition is equal to zero, i.e. v(∅) = 0.
A special class of TU-games are the unanimity games. The unanimity game of coalition

T ⊆ N , is the TU-game (N, uT ), where the characteristic function uT has the form

1, if T ⊆ S,
uT (S) =
0, otherwise.
It is well-known that every TU-game (N, v) can be written as a linear combination of
unanimity games (N, uS ), S ⊆ N , S 6= ∅, such that

v=

X

∆S (N, v)uS ,

S⊆N
S6=∅

where

∆S (N, v) =

X

(−1)|S|−|T | v(T )

T ⊆S

is the Harsanyi dividend of coalition S ⊆ N in TU-game (N, v), see Harsanyi (1959).
For a singleton coalition {i}, we write ∆i (N, E). For a TU-game (N, v), the marginal
contribution of player i ∈ N in a coalition S ⊆ N , i ∈ S , is dened by v(S) − v(S \ {i}).2
A single-valued solution, or in short a value, for TU-games is a function f that assigns
to every TU-game (N, v) a vector f (N, v) ∈ RN , where fi (N, v) ∈ R is the number assigned to player i ∈ N by value f . The most famous value is the Shapley value, introduced
by Shapley (1953). The Shapley value of player i ∈ N in a TU-game (N, v) is denoted
as ϕi (N, v) and dened as the expected marginal contribution of player i to all coalitions
with members who enter before player i according to an order of the players, given that
every order on N has equal probability. In order to have a simple parallel between the
Shapley value and other values later on, we use the following equivalent denition. The
Shapley value of player i ∈ N in a TU-game (N, v) is dened as the expected marginal
contribution of player i in all coalitions S containing player i, when coalition S ⊆ N ,

i ∈ S , has probability (|S| − 1)!(|N | − |S|)!/|N |!. Thus, the Shapley value of a player
i ∈ N in a TU-game (N, v) can be written as
ϕi (N, v) =

1 X
(|S| − 1)!(|N | − |S|)!(v(S) − v(S \ {i})).
|N |! S⊆N
i∈S

2 These

numbers must not be confused with the player's marginal contribution to a coalition S , that
is dened as v(S ∪ {i}) − v(S) for any coalition S ⊆ N \ {i}.
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The Shapley value can be written using Harsanyi dividends as

ϕi (N, v) =

X 1
∆S (N, v)
|S|
S⊆N
i∈S

for every player i ∈ N and TU-game (N, v).
Another well-studied concept is the Banzhaf value. Originally, it is introduced by
Banzhaf (1965) to measure voting power in voting games. In the context of voting games it
is often referred to as the Banzhaf power index or Banzhaf-Coleman index. The concept is
generalized by Owen (1975b) and Dubey and Shapley (1979) for TU-games. The Banzhaf
value of player i ∈ N in a TU-game (N, v) is denoted as βi (N, v) and dened as the
expected marginal contribution of player i in all coalitions S containing player i, when all
of these coalitions have equal probability. Thus, the Banzhaf value of a player i ∈ N in
a TU-game (N, v) is the average of the player's marginal contributions in every coalition
the player is a possible member of,

βi (N, v) =

1

X

2|N |−1


v(S) − v(S \ {i}) .

S⊆N
i∈S

The Banzhaf value can be written using Harsanyi dividends as

βi (N, v) =

1

X
S⊆N
i∈S

2|S|−1

∆S (N, v)

for every player i ∈ N and TU-game (N, v).

2.5

Graph games

The underlying assumption in a TU-game (N, v) is that any coalition S ⊆ N can be
formed and worth v(S) can be generated and realized. However, in many socio-economic
and political situations not every set of actors can work together and form a coalition.
For example, two political parties with opposing views may never vote yes at the same
time, or in a company certain groups of workers are not qualied to form a team and
work on a specic project. One of the most well-known types of restrictions on coalition
formation is the restriction of communication, introduced by Myerson (1977). Restrictions
are modeled by a communication network dened on the set of players. If a set of players
is connected in the network, then the players in the coalition can communicate with each
other and thus the coalition is feasible and can obtain its worth. If it is not connected,
then the players cannot communicate with each other, the coalition is not feasible, and
its worth is not obtainable. In Myerson (1977) a communication network is represented
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by a graph (N, E), with N being the set of players of the cooperative TU-game (N, v).
Edges in set E represent binary communication links between the players. A TU-game

(N, v) with communication graph (N, E) is called a graph game and is denoted as the
triple (N, v, E). The set of graph games is denoted by ΓG . When for some graph game

(N, v, E) ∈ ΓG , the communication graph (N, E) is a forest, i.e. (N, E) ∈ G F , we call the
graph game a cycle-free graph game. Set ΓF consists of all cycle-free graph games.
In a graph game (N, v, E) ∈ ΓG the interpretation of worth v(S) of a coalition S ⊆ N
is the following. If S ∈ LN (N, E), then v(S) is the worth obtained by coalition S when
it is formed. If S ∈
/ LN (N, E), then worth v(S) is the amount coalition S would get if
they could cooperate with each other. The amount v(S) therefore represents the economic
capabilities of the players in the coalition, and it can only be realized if the set is connected
(Owen, 1986). As a result of this interpretation, the edges in the communication network
can be altered without the necessity to redene the characteristic function.
Since the characteristic function is interpreted as the worth generated by a coalition
only for connected coalitions, we still need to dene what worth is realized by a nonconnected coalition. In line with the interpretation of a communication network, Myerson
(1977) assumes that in a graph game (N, v, E) ∈ ΓG a non-connected coalition S ∈
/

LN (N, E) can only realize the sum of the worths of its components in graph (S, ES ). This
assumption leads to the denition of the (Myerson) restricted game (N, v E ) of a graph
game (N, v, E) ∈ ΓG , given by

v E (S) =

X

v(T )

T ∈Lm
S (N,E)

for every S ⊆ N . An interesting result for unanimity games is that for every graph
G
(N, E) ∈ G G and T ∈ LN (N, E) we have that uE
be a given
T = uT . Let (N, E) ∈ G

graph and T ∈ LN (N, E). By the denition of the restricted game, for every S ⊆ N we
P
0
m
have that uE
T (S) =
K∈Lm (N,E) uT (K). If T ⊆ S , then there is exactly one S ∈ LS (N, E)
S

0
such that T ⊆ S 0 , therefore uE
T (S) = uT (S ) = 1 = uT (S). If T * S , then there is no
0
E
S 0 ∈ Lm
S (N, E) such that T ⊆ S , thus uT (S) = 0 = uT (S). As any restricted game is a

TU-game, any solution dened for TU-games can be used on them, like the Shapley and
Banzhaf values.
A single-valued solution, or value in short, of a graph game is a function f that assigns
a vector f (N, v, E) ∈ RN to every graph game (N, v, E) ∈ ΓG . The most widely studied
value of graph games is the Myerson value, introduced by Myerson (1977). The Myerson
value of a graph game is dened as the Shapley value of its restricted game, i.e., for a
graph game (N, v, E) ∈ ΓG the Myerson value is dened by µ(N, v, E) = ϕ(N, v E ). Thus,
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for every graph game (N, v, E) ∈ ΓG and player i ∈ N we have that

µi (N, v, E) =

1 X
(|S| − 1)!(|N | − |S|)!(v E (S) − v E (S \ {i})).
|N |! S⊆N
i∈S

The Myerson value can also be written using the Harsanyi dividends of the restricted
game as

µi (N, v, E) =

X 1
∆S (N, v E )
|S|
S⊆N
i∈S

for every player i ∈ N and graph game (N, v, E).
A similar concept based on the Banzhaf value is the restricted Banzhaf value, introduced by Owen (1986). It is also sometimes referred to as graph Banzhaf value (AlonsoMeijide and Fiestras-Janeiro, 2006). The restricted Banzhaf value of a graph game is
dened as the Banzhaf value of its Myerson restricted game, i.e., for a graph game

(N, v, E) ∈ ΓG the restricted Banzhaf value is dened by ρ(N, v, E) = β(N, v E ). Therefore, for every (N, v, E) ∈ ΓG and player i ∈ N we have that

ρi (N, v, E) =

1
2|N |−1

X


v E (S) − v E (S \ {i}) .

S⊆N
i∈S

The restricted Banzhaf value can also be written using the Harsanyi dividends of the
restricted game as

ρi (N, v, E) =

1

X
S⊆N
i∈S

2|S|−1

∆S (N, v E )

for every player i ∈ N and graph game (N, v, E).

2.6

Non-cooperative games

A non-cooperative game in normal or strategic form, or a game in short, is a tuple G =

(N, {Si }i∈N , {ui }i∈N ), where N is a nite set of players, Si is a nonempty strategy set of
player i ∈ N , and ui : S → R, with S = ×j∈N Sj , is a payo function of player i ∈ N .
The denition above is given in a general way using the strategy sets of the players.
Those can be viewed as general sets containing all of the possible ways a player can make
a decision, including mixed strategies. However, as in this dissertation the focus is on one
specic non-cooperative game, the two-player one-shot prisoner's dilemma, and only on
pure strategies, one could imagine the strategy sets given in the denition as action sets
with nitely many possible actions. The Cartesian product of the individual strategy sets
is denoted by S , and the elements of it are called strategy proles. If the strategy sets
are interpreted as action sets, then the elements of S are referred to as outcomes. For a
15

player i ∈ N we denote the set of strategies of the other players by S−i = ×j∈N \{i} Sj , and
an arbitrary element of this set by s−i .
A central interest of non-cooperative game theory is on predicting what choices players
would make in a game. Such a prediction is called a solution concept. There are many
solution concepts and renements in the literature. In this dissertation, we focus on three
concepts.
First, the concept of dominance. If a player i ∈ N has a pair of strategies si , ti ∈ Si
such that irrespective of the choices of the other players he can guarantee himself a higher
payo by choosing si over ti , we say that strategy si dominates strategy ti . More formally,
a strategy si ∈ Si of player i ∈ N dominates ti ∈ Si , if for every s−i ∈ S−i we have that

ui (si , s−i ) > ui (ti , s−i ). The iterative elimination of dominated strategies is a process,
where in every step we eliminate the dominated strategies of some players from the game.
We repeat the steps on the resulting games until there are no more dominated strategies.
The second concept is the Nash equilibrium. It is the most famous and well-studied
solution concept in the literature of non-cooperative games. The concept is introduced
in Nash (1950) and Nash (1951). It is based on the idea that when the opponents of a
player are choosing a given strategy prole, the player should choose a strategy such that
it maximizes his payo. These strategies are called best responses. Formally, a strategy
prole s∗ ∈ S is a Nash equilibrium if for every player i ∈ N we have that ui (s∗ ) ≥

ui (si , s∗−i ) holds for every si ∈ Si . In a Nash equilibrium none of the players can gain a
higher payo by unilateral deviations. As it is well-known, the mixed extension of any
nite game always has at least one Nash equilibrium.
Finally, the concept of Berge equilibrium. This concept is rst dened in Berge (1957)
in a general form, the denition we use is from Colman et al. (2011). The concept of
Berge equilibrium is similar to the Nash equilibrium in the sense that it also depends on
the players' willingness to maximize their payos. This time however, the maximization
is done with respect to the opponents' strategies and not player's own strategies. In other
words, a player is nding the strategy prole of his opponents such that it maximizes
his payo given a strategy of his own. Formally, a strategy prole s∗ ∈ S is a Berge
equilibrium if for every player i ∈ N we have that ui (s∗ ) ≥ ui (s∗i , s−i ) holds for every

s−i ∈ S−i . Therefore, in a Berge equilibrium none of the players can gain a higher payo
if any of the other players are deviating, but the player keeps his equilibrium strategy.
Berge equilibria represent an idealistic outcome for the players. From a player's point
of view, a Berge equilibrium is stable against deviations of any group of other players, but
it may be the case that it is not a best response. As pointed out in Colman et al. (2011),
a Berge equilibrium is not consistent with the standard rationality assumptions. One way
to see this is that Berge equilibria may not survive the iterated elimination of dominated
strategies. Another issue is that if there are more than two players, Berge equilibria may
not exist even under the most common assumptions on the payo functions and strategy
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sets, see e.g. Nessah, Larbani, and Tazdaït (2007) and Larbani and Nessah (2008). It is
easy to imagine a three-player situation, where a dierent strategy of one of the players
is maximizing the payos of the other two. However, such inconsistency cannot happen
in two-player games, and in the mixed extension of any nite two-player games Berge
equilibria always exist.
The prisoner's dilemma game is probably one of the most-studied non-cooperative
games. It is commonly described with the following story. Imagine that two criminals
are arrested by the police. When questioned, they are put in separate cells so that they
cannot communicate with each other. There is not enough evidence to convict both of
them on the principal charge, but there is enough to sentence them for a short-time (say,
one year) imprisonment for some lesser charges. The prisoners are simultaneously oered
the following bargain. Either they betray their fellow criminal by testifying against him,
or they refuse and remain silent. If both of them decide to testify, then they both get
imprisoned for a longer time (say, two years), if however only one of them chooses to do
so, then he will be set free and the other one gets imprisoned for a much longer time
(say, ve years). If they both remain silent, they get the baseline short imprisonment
(one year). Assume that the number of years spent in prison represents the payos of the
criminals. The payos can be represented in a payo bimatrix, see Table 2.1.
Table 2.1: Payo bimatrix of a prisoner's dilemma game

Prisoner 1

Prisoner 2
Testify Remain silent
Testify
-2,-2
0,-5
Remain silent
-5,0
-1,-1

In each cell the rst number represents the payo of the rst prisoner, while the second
number is the payo of the second prisoner. As more years in prison is considered to be
worse, the payos are represented as negative numbers.
We can clearly see that remaining silent is dominated by testifying for both prisoners.
Thus, after applying the iterated elimination of dominated strategies we get that testifying
is the only action left. This outcome is also the Nash equilibrium of the game. However,
the outcome when both prisoners remain silent is better for both of them as then they
only get imprisoned for one year instead of two years. This is called Pareto dominance,
the outcome when both of the prisoners testify is Pareto dominated by the one when
they both remain silent. The fact that the Nash equilibrium is not Pareto optimal in
this game is one of the reasons why the prisoner's dilemma has been studied widely. The
Berge equilibrium in the game is the outcome when both prisoners remain silent. It is a
coincidence that the Berge equilibrium coincides with the Pareto optimal outcome, such
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a statement is not true in general.
In economics many problems are built around prisoner's dilemma type situations.
Examples include the analysis of public goods and Cournot oligopolies. In most of the cases
the two possible actions are referred to as cooperation (remaining silent) and defection
(testifying). The word cooperation in this context should not be confused with its meaning
in a cooperative game, here it merely refers to the fact that the players are helping each
other with their decisions and not that they are making a decision together.
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Chapter 3
The connectivity power measure
3.1

Introduction

One of the most crucial questions in graph theory is to measure the importance of the
nodes of graphs and to have a tool to rank them. Bloch et al. (2017) discuss a large
variety of dierent power measures. As discussed in Chapter 2, the four classical power
measures for undirected graphs are the degree, closeness (Bavelas, 1950; Sabidussi, 1966),
betweenness (Freeman, 1977), and eigenvector (Bonacich, 1972) measures.
We start the chapter by introducing the notion of separable subclasses of graphs and
by discussing how the power of sets can be interpreted and dened. One possibility is to
dene the power of a connected set to be equal to the sum of the powers of the individual
nodes in the set. In a setting like that, the resulting power measures would be ideal
to dene Harsanyi power solutions for graph games, introduced in van den Brink et al.
(2011). We rather dene the power of a connected set as the power of the set when it
is merged in the corresponding merged graph. We also introduce the notion of extended
power measures that are more general than power measures as dened in Chapter 2 as
they allow for the power of sets to be dened in any way.
In Khmelnitskaya et al. (2016) the connectivity degree is introduced. It assigns to every
node in every connected graph the number of dierent ways the graph can be constructed
by starting at the node and adding connected nodes one-by-one. The connectivity degree is
a generalization of binomial coecients for graphs, and on linear graphs the connectivity
degree coincides with the binomial coecients. The power measure introduced in this
chapter, called the connectivity power measure, is based on some similar ideas as the
connectivity degree. It is dened as the number of connected sets of nodes a given node is
a part of in a given graph. While the connectivity degree is a generalization of binomial
coecients, the connectivity power measure is exponential in nature.
We characterize the connectivity power measure on any reducible subclass of graphs.
The characterization is done with two axioms, isolated node normalization and neighbor
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separability. Isolated node normalization requires the power of any isolated node in any
graph to be 1. This axiom is similar to single node normalization in Khmelnitskaya et al.
(2016) that requires the power of a single node to be 1. Isolated node normalization is not
a common axiom, as it is not satised by any of the classical power measures. The other
axiom, neighbor separability requires the power of any node that has at least one neighbor
to be the sum of two parts, the rst of which is the power the node gets without its neighbor
(when the neighbor is isolated), and the second is the power that the node gets together
with its neighbor (when they are merged together). Neighbor separability is a simple and
intuitive axiom, but it is rather strong as in itself it characterizes the connectivity power
measure on any reducible subclass of graphs up to the normalization of isolated nodes.
When neighbor separability is satised by a power measure on a reducible subclass of
graphs, the power measure also satises the total, isolation, and merging power rules.
These rules serve as baseline formulas to calculate the connectivity power measure.
The connectivity power measure satises some classical properties, like anonymity,
symmetry, component independence, and strong component independence. These properties are also satised by most of the other measures discussed in this dissertation. It is
also shown that the connectivity power measure satises some new properties, like strict
positivity, multiplicative separability, the product property, and the isolation property.
The product property, when combined with the total, isolation, and merging power rules
yields more compact recursive formulas to calculate the connectivity power measure. The
isolation property serves as a sucient condition for a property in Chapter 4. When a
power measure satises the isolation property, then by isolating a set of neighbors of a
node that are in the same component when the original node is isolated, the power of any
connected set in the resulting graph that contains the node changes in the same proportion
as the power of the node. This proportionality connects the power of nodes to the power
of sets in a less restrictive way than neighbor separability. We show that in addition to
the connectivity power measure any uniform power measure and any exponential power
measure also satisfy this property.
We look at three special subclasses of graphs, cycle-free graphs, component complete
graphs, and component linear graphs. For cycle-free graphs we simplify the recursive
formulas, while for component complete and component linear graphs we give closed form
formulas to calculate the connectivity power measure. Similar to the binomial coecients
in Khmelnitskaya et al. (2016), we look at the connectivity power measures of the nodes of
linear graphs, and nd interesting patterns when the numbers are organized in a triangle
similar to Pascal's triangle. When the entries of the resulting triangle are divided by
the respective row totals, we get a probability distribution, the limiting distribution of
which is a symmetric, vertically inverted U-quadratic distribution on [0, 1]. The resulting
distribution gives us the probability that a given node in a linear graph is chosen if every
connected set of nodes has the same probability and every node in every set also has
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the same probability. In the limiting case, the cumulative distribution function at a point

m ∈ [0, 1] can be interpreted as the probability that we choose a number smaller than
m if we choose line segments of [0, 1] with uniform distribution and points from the line
segment with a uniform distribution as well.
By using the recursive formulas we calculate the connectivity power measure on several
examples. First, we look at the network of the hijackers of the 9/11 attacks used in
Lindelauf et al. (2013) and Husslage et al. (2015). In these papers new ranking methods
are introduced and used to rank the hijackers and thus give a tool to counter-terrorism
organizations to decide where to put surveillance eorts. The connectivity power measure
can also be used for this purpose, if we assume that information in a terrorist network is
kept in connected sets. Then, the person with the highest connectivity power is the one
that most likely has the most information and thus should be the number one priority for
surveillance. Four other examples are included to illustrate how the connectivity power
measure looks on dierent graphs and to demonstrate its computational complexity. We
nd that bottlenecks have high connectivity powers, while in well-connected graphs the
nodes with the most neighbors are given large values. The complexity of the problem of
calculating the connectivity power measure by using the formulas seems to depend on the
structure of the graphs. For graphs with few or no cycles the computation is rather quick
for smaller graphs (a few seconds for graphs with around 50 nodes), while for graphs with
a net-like structure with a similar number of nodes the computation can easily take many
years.
The chapter is organized as follows. In Section 3.2 we introduce the concept of reducible
subclasses of graphs. In Section 3.3 we discuss how in a graph the power of sets of nodes
can be dened and introduce the concept of extended power measures. In Section 3.4 we
introduce the connectivity power measure and in Section 3.5 we give an axiomatic characterization of it on any reducible subclass of graphs, by using isolated node normalization
and neighbor separability. Section 3.6 shows several classical and some new properties of
the connectivity power measure. In Section 3.7 we give three dierent recursive formulas
to calculate the connectivity power measure for any graph. In Section 3.8 we simplify the
formulas for cycle-free graph games and give closed form formulas for the connectivity
power measure of nodes in component connected and component linear graphs. For linear
graphs we organize the connectivity powers of the nodes in a triangular pattern and show
what limiting distribution we get by transforming the connectivity powers of the nodes
to probabilities. In Section 3.9 we illustrate on the operational network of the hijackers of
the 9/11 attacks how and under what assumptions the connectivity power measure could
be used to identify key members in the network. On four other examples we demonstrate
how the connectivity powers of nodes are changing with the structures of graphs and also
discuss the computational complexity of the examples. Finally, Section 3.10 concludes.
This chapter is based on joint work with Khmelnitskaya and Talman.
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3.2

Reducible subclasses of graphs

In Chapter 2 two graph transformations are introduced. The rst is to take a connected
set of nodes and merge them together to form a new graph, and the second is to isolate
nodes by removing edges. These transformations are crucial to the concepts and proofs in
this chapter and in Chapter 4. It is important to see if by doing these transformations we
leave a specic subclass of graphs. Thus, we introduce the concept of a reducible subclass
of graphs.
A subclass of graphs G ⊆ G G is closed under merging of connected sets if for every
graph (N, E) ∈ G and connected set S ∈ LN (N, E), we have that graph (N S , E S ) ∈ G . A
subclass of graphs G ⊆ G G is closed under isolation of nodes if for every graph (N, E) ∈ G
and node i ∈ N we have that graph (N, E−i ) ∈ G . If a subclass of graphs G ⊆ G G is closed
under both merging of connected sets and isolation of nodes, we say that subclass G is
reducible. The restriction of reducibility is essential in the use of merging and isolation
transformations, so we need to see which subclasses of graphs are reducible.
We start by showing that in any nonempty reducible subclass of graphs, as there is a
smallest number such that all graphs in the subclass have at least that many nodes, for
the graphs that have the smallest amount of nodes all nodes are isolated.

Lemma 3.2.1. Let

G ⊆ G G be a reducible subclass of graphs and k ∈ N is such that

|N | ≥ k for every graph (N, E) ∈ G . Then for any graph (N, E) ∈ G , |N | = k implies
E = ∅.

Proof. Let (N, E) ∈ G be such that |N | = k . If k = 1, then as there are no other nodes
and possibility for having any edges, E = ∅ holds. If k ≥ 2, suppose that E 6= ∅. Then,
there exists a pair of nodes i, j ∈ N such that {i, j} ∈ E . As G is reducible, it holds that
graph (N {i,j} , E {i,j} ) ∈ G . But |N {i,j} | = k − 1 which contradicts with the assumption that
there are no graphs in G with less nodes than k .



In Chapter 2, three important subclasses of graphs are discussed. The set of cycle-free
graphs, denoted by G F , the set of component complete graphs, denoted by G C , and the
set of component linear graphs, denoted by G L . Now, we show that all of these subclasses
and also the set of all graphs are reducible.

Lemma 3.2.2. The class of graphs is reducible.
Proof. For every graph (N, E) ∈ G G we have that (N S , E S ) ∈ G G for every S ∈ LN (N, E)
and (N, E−i ) ∈ G G for every i ∈ N as the merging of connected sets of nodes and isolating
nodes are well-dened for every graph.



Lemma 3.2.3. The class of cycle-free graphs is reducible.
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Proof. Let (N, E) ∈ G F be an arbitrary cycle-free graph. First, let S ∈ LN (N, E) be a
connected set of nodes. Suppose that graph (N S , E S ) ∈
/ G F , which means that (N S , E S )
contains a cycle. If the cycle consists of nodes from N S \ {S}, then it is a cycle in graph

(N, E) as well which contradicts with (N, E) being a forest. If the cycle contains node
S as well, then graph (N, E) has a cycle that contains at least one node from the set S .
This again contradicts with (N, E) being a forest.
Finally, let i ∈ N be an arbitrary node. Suppose that graph (N, E−i ) ∈
/ G F , which
means that it contains a cycle. Clearly, any cycle in graph (N, E−i ) is a cycle in graph

(N, E) as well, thus (N, E−i ) having a cycle contradicts with graph (N, E) being a forest.


Lemma 3.2.4. The class of component complete graphs is reducible.
Proof. Let (N, E) ∈ G C be an arbitrary component connected graph. First, let S ∈
LN (N, E) be a connected set of nodes. Suppose that graph (N S , E S ) ∈
/ G C , which means
S
S
S
that there is a component K ∈ Lm
N S (N , E ) such that (K, EK ) is not a complete graph.
S
If S ∈
/ K , then (K, EK
) = (K, EK ) which contradicts with graph (N, E) being component
S
complete. If S ∈ K , then there is a pair of nodes i, j ∈ K such that {i, j} ∈
/ EK
. If i, j 6= S ,

then {i, j} ∈
/ E , which again contradicts with (N, E) being component complete. If either
S
i = S or j = S , then suppose without loss of generality that i = S . Then, {S, j} ∈
/ EK

implies that {k, j} ∈
/ E for every k ∈ S , which contradicts with (N, E) being component
complete once more.
Finally, let i ∈ N . Suppose that graph (N, E−i ) ∈
/ G C , which means that there is a
component K ∈ Lm
N (N, E−i ) such that (K, EK\{i} ) is not a complete graph. As any graph
with only one node is complete, K = {i} cannot happen. Thus, K ⊆ N \ {i}. But then,
there is a pair of nodes j, k ∈ N \{i} such that {j, k} ∈
/ E−i which implies that {j, k} ∈
/ E.
However, this contradicts with (N, E) being component complete.



Lemma 3.2.5. The class of component linear graphs is reducible.
Proof. Let (N, E) ∈ G L be an arbitrary component linear graph. First, let S ∈ LN (N, E)
be a connected set of nodes. Suppose that graph (N S , E S ) ∈
/ G L , which mens that there
S
S
S
is a component K ∈ Lm
N S (N , E ) such that (K, EK ) is not a linear graph. By denition
S
S
(K, EK
) is a connected graph. If S ∈
/ K , then (K, EK
) = (K, EK ), which contradicts

with graph (N, E) being component linear. If S ∈ K , then we have two cases. Either
S
S
there exists a node i ∈ K such that |Bi (K, EK
)| ≥ 3, or |Bi (K, EK
)| ≤ 2 for every
S
S
i ∈ K and |EK
| =
6 |K| − 1. If there is a node i ∈ K such that |Bi (K, EK
)| ≥ 3, then
S
if i 6= S we get that |Bi (N, E)| ≥ |Bi (K, EK
)| ≥ 3, which contradicts with (N, E) being
S
component linear. If i = S , then as (S, ES ) is a linear graph |BS (K, EK
)| ≥ 3 implies that

there exists j ∈ S such that |Bj (N, E)| ≥ 3, which again contradicts with (N, E) being
S
S
component linear. If |Bi (K, EK
)| ≤ 2 for every i ∈ K and |EK
|=
6 |K| − 1, then again we
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S
have two cases. If |EK
| < |K| − 1, then (K, EK ) cannot be connected which contradicts
S
S
with the denition of a component. If |EK
| > |K| − 1, then |Bi (K, EK
)| ≤ 2 for every
S
i ∈ K implies that |Bi (K, EK
)| = 2 for every i ∈ K . This means that for the component

K 0 = (K \ {S}) ∪ S of the original graph we have that |EK 0 | = |K| + |S| − 1 > |K 0 | − 1,
which contradicts with (N, E) being component linear once more.
Finally, let i ∈ N . Suppose that graph (N, E−i ) ∈
/ G L , which means that there is a
component K ∈ Lm
N (N, E−i ) such that (K, EK ) is not a linear graph. As any graph with
only one node is linear, K = {i} cannot happen. Thus, K ⊆ N \{i}. By denition (K, EK )
is a connected graph. If K ∪ {i} ∈
/ LN (N, E), then (K, EK ) not being a linear graph
contradicts with graph (N, E) being a component linear graph. If K ∪ {i} ∈
/ LN (N, E),
then we have two cases. Either there exists a node j ∈ K such that |Bj (K, EK )| ≥ 3, or

|Bj (K, EK )| ≤ 2 for every j ∈ K and |EK | =
6 |K| − 1. If there is a node j ∈ K such that
|Bj (K, EK )| ≥ 3, then we get that |Bj (N, E)| ≥ |Bj (K, EK )| ≥ 3, which contradicts with
(N, E) being component linear. If |Bj (K, EK )| ≤ 2 for every j ∈ K and |EK | =
6 |K| − 1,
then again we have two cases. If |EK | < |K| − 1, then (K, EK ) cannot be connected which
contradicts with the denition of a component. If |EK | > |K| − 1, then |Bj (K, EK )| ≤ 2
for every j ∈ K implies that |Bj (K, EK )| = 2 for every j ∈ K . This means that for the
component Ki (N, E) of the original graph we have that |EKi (N,E) | > |Ki (N, E)|−1, which
contradicts with (N, E) being component linear once more.



As the set of all graphs and the three important subclasses are all reducible, we can
be sure that if we are restricted to any of those subclasses, by merging a connected set of
nodes, or by isolating nodes, we always get a graph that is still in these subclasses. Note
that the class of trees is not reducible as by isolating some nodes in a tree the resulting
graph may have multiple components.

3.3

Extended power measures

According to the denition of power measures in Chapter 2, a power measure σ assigns
G
a vector σ(N, E) ∈ RN
+ to every graph (N, E) ∈ G , and consequently a number to every

node i ∈ N . In some cases it is important to assign a power to sets of nodes as well. The
denition can be extended so that a power measure assigns a number to every set of nodes
in a graph. We call such a function an extended power measure. Thus, an extended power
N

measure ϑ is a function that assigns to every graph (N, E) ∈ G G a vector ϑ(N, E) ∈ R2 .
The element corresponding to the set S ⊆ N in graph (N, E) ∈ G G is denoted as ϑS (N, E)
and is interpreted as the extended power of set S in graph (N, E). The extended power
of a single node i ∈ N in graph (N, E) is denoted as ϑi (N, E).
The concept of extended power measures is a generalization of power measures. If
we connect the power of sets to powers of some individual nodes, then the denition
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of extended power measures becomes redundant and by dening a power measure, we
immediately dene the power of sets as well, and consequently an extended power measure.
This idea is important as when we impose this requirement of consistency on extended
power measures, it allows us to dene the more general concept in a simpler way.
One natural way to connect the power of a set to the power of individual nodes is to
dene the power of a set of nodes as the sum of the powers of the nodes in the set. Like
this we would have a setting that leads to powers that could be used to dene Harsanyi
power solutions for graph games (van den Brink et al., 2011). However, the choice of such
denition may result in a change of the interpretation of the power measure for sets. For
example, in the case of the degree measure, the sum of the individual degrees in a set
cannot be interpreted as the number of neighbors of the set itself. In other words, the
sum of the degrees of a set of nodes is not equal to the degree of the set. So, if we want
to keep the interpretation for the power of sets, we need to use a dierent way to connect
them to the powers of individual nodes.
We propose a connection between the power of sets with the help of the merging
transformation of graphs. Because merging a non-connected set of nodes is not dened
in this dissertation, and as it would be problematic to do so, we give the connection for
connected sets only. It is important to note that it is possible to extend the connection for
non-connected sets, but we do not do it in general, only for specic power measures. Let

(N, E) ∈ G G and S ∈ LN (N, E) be a connected set of nodes and σ a power measure. The
power of set S in graph (N, E) is denoted as σS (N, E), and it is dened as the power of
the merged node S ∈ N S in graph (N S , E S ), σS (N S , E S ). Thus, σS (N, E) = σS (N S , E S )
holds by denition for every S ∈ LN (N, E) and the notation can be seen as a shorthand
for the latter. The advantage of this denition is that the power of connected sets is linked
to the power of the merged set in a graph with less nodes and consequently this allows
us to give recursive denitions of power measures and to use induction on the number of
nodes in graphs. A disadvantage, however, is that this also means that the power of a set
could be smaller than the power of the nodes in it, depending on the form of the measure.
With this denition the meaning of the power measure is preserved for sets as well.
For example, in the case of the degree measure, the degree of a connected set of nodes is
dened to be the degree of the merged set in the corresponding merged graph, where the
number of neighbors of the merged set is equal to the number of nodes that are not in the
set and neighboring at least one node in the set in the original graph. A similar argument
can be made regarding the closeness and betweenness measures as well.
As power measures are dened for every graph in G G , and the class of graphs is
reducible, power measures are also dened for every merged graph that results by merging
any connected set in the graph. Thus, the above denition of the power of connected sets
is well-dened.
In some special cases it is possible to dene the power of non-connected sets as well.
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In the case of non-connected sets merging may be problematic, but given a specic power
measure it is possible to implement the meaning of the power measure for non-connected
sets. In the case of the degree measure for example, the number of nodes neighboring
non-connected sets is still a well-dened concept.
The four dierent denitions for functions that are measuring the importance of nodes
in graphs are related to each other. The least general concept is the concept of centrality
measures. They are functions that assign a number to every node in a graph. The concept
of power measures in van den Brink et al. (2011) is more general as they assign a power
to every node in every subgraph of a graph. The denition in Chapter 2 is one level above
the previous as it allows power measures to be dened for every node in every graph.
Finally, extended power measures are even more general as they assign a power to every
set of nodes in every graph. In this chapter we focus on power measures and assume that
the power of connected sets is given by the powers of the merged sets in the corresponding
merged graphs, as discussed above.
As extended power measures are dened as functions that assign to every graph
N

(N, E) ∈ G G a vector ϑ(N, E) ∈ R2 , for a given graph (N, E) ∈ G G , the vector ϑ(N, E)
can be interpreted as a characteristic function on the player set N to form the TU-game

(N, ϑ(N, E)). Note that as ϑ∅ (N, E) = 0 does not necessarily hold, when we interpret an
extended power measure on a graph as a characteristic function, the normalization we
assumed for the worth of the empty set may not hold. Some properties of extended power
measures are explored in Chapter 4, where we also point out how some of the properties
relate to properties of TU-games.

3.4

The connectivity power measure

In Khmelnitskaya et al. (2016) as the result of a generalization of binomial coecients,
the connectivity degree is introduced. It is a power measure dened on connected graphs
that assigns to every node in any connected graph the number of ways the whole graph
can be constructed starting from the specic node and adding one connected node at a
time. It is shown that the connectivity degrees of nodes in a line graph coincide with
binomial coecients.
The connectivity degree is characterized on the class of cycle-free connected graphs
(trees) by three axioms. Single node normalization sets the power of single nodes to be one.
A single node is the unique node in a graph with only one node. The ratio property requires
the ratio of the power of two neighboring nodes to be equal to the number of nodes they are
connecting, including themselves, with their presence. More formally, a power measure σ
satises the ratio property on the class of cycle-free connected graphs if for every graph in

(N, E) ∈ G T and {i, j} ∈ E we have that σi (N, E)/σj (N, E) = |Ki (N, E−j )|/|Kj (N, E−i )|.
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Thus, the ratio property ensures that the ratio between the powers of two neighbors only
depends on the number of nodes they are connecting (and themselves) and not on the
structure of the two parts they connect. If we alter the edges of other nodes in a way to
keep the number of nodes in sets Ki (N, E−j ) and Kj (N, E−i ) the same, then the ratio
is unaected. Finally, the extreme node property requires the power of a node that has
exactly one neighbor to be equal to its neighbor's power in a graph where the original
node is deleted.
The connectivity degree captures a node's ability to connect to other nodes in a graph.
However, this ability can be measured dierently. Instead of counting the number of ways
we can construct a graph starting from a node, we may measure how connected a given
node is by counting the number of connected sets of nodes the given node is a part of.
Clearly, if this number is higher, it means that the node is better in connecting to other
nodes. We propose the connectivity power measure based on this idea.
At rst, we need to introduce the set of connected sets containing a certain node. Let

(N, E) ∈ G G be a graph and i ∈ N a given node. Then, the set that contains all of the
connected sets of nodes that include node i is dened by Ci (N, E) = {S ∈ LN (N, E) :

i ∈ S}. The connectivity power measure is then simply dened as the cardinality of such
sets for all of the nodes.

Denition 3.4.1.

Let (N, E) ∈ G G be a graph. The connectivity power measure is given

as

ci (N, E) = |Ci (N, E)|
for every node i ∈ N .
The following example illustrates the denition of the connectivity power measure.

Example 3.4.1. Let (N, E) ∈ G G be the graph depicted in Figure 3.1. The connectivity
Figure 3.1: Graph in Example 3.4.1
1

2

3

4

power measure of node 2 is c2 (N, E) = |C2 (N, E)|. Set C2 (N, E) contains all connected
sets of nodes in graph (N, E) that contain node 2, which are the following: {2}, {1, 2},

{2, 3}, {1, 2, 3}, {2, 3, 4}, and {1, 2, 3, 4}. As there are six sets in C2 (N, E), we have that
c2 (N, E) = 6.
In line with the denition of the power of connected sets, for any given graph (N, E) ∈

G and connected set S ∈ LN (N, E), cS (N, E) denotes the connectivity power measure of
G

27

set S that is dened as the power of the merged set S in the merged graph (N S , E S ). As
discussed above, it is a crucial question whether the interpretation of the power of a set
is the same as the interpretation of the power of a node. In the case of the connectivity
power measure, the power of a node is dened as the number of connected sets of nodes
the node is a part of, therefore to ensure consistency, the power of a set must be the
number of connected sets the given set is a part of. As it is well-known in the context
of upper and lower hemicontinuities of correspondences, there are two dierent ways to
represent the idea that a set is a part of another set. We can require the set to be a subset
of the other set, or we can require their intersection to be nonempty. Let (N, E) ∈ G G be
a graph and S ∈ LN (N, E) a connected set of nodes. The set that contains all connected
sets that set S is a subset of is dened as CS (N, E) = {T ∈ LN (N, E) : S ⊆ T }.
The set that contains all connected sets that set S has a nonempty intersection with
is dened as C̄S (N, E) = {T ∈ LN (N, E) : S ∩ T 6= ∅}. These two ideas are related,
T
S
as CS (N, E) = i∈S Ci (N, E) and C̄S (N, E) = i∈S Ci (N, E). The rst set contains
connected sets that all of the nodes in S are a part of, while the second one contains
connected sets that contain at least one of the nodes in S . As we show in the following
lemma, the rst of these concepts is consistent with the denition that the power of a
connected set is equal to the power assigned to the connected set when it is merged as
one node.

Lemma 3.4.1. For any graph (N, E) ∈ G G it holds that
cS (N, E) = |CS (N, E)|

for every S ∈ LN (N, E).
Proof. Let (N, E) ∈ G G be a graph and S ∈ LN (N, E). By denition,
cS (N, E) = cS (N S , E S )
= |CS (N S , E S )|.
Now, we show that |CS (N S , E S )| = |CS (N, E)|. Let T ∈ CS (N, E) be a connected set in
graph (N, E) containing set S . Then, (T \ S) ∪ {S} ∈ CS (N S , E S ) as {S} ∈ (T \ S) ∪ {S}
and (T \ S) ∪ {S} ∈ LN S (N S , E S ). Conversely, let T 0 ∈ CS (N S , E S ) be a connected set
containing node S in graph (N S , E S ). Then, S ⊆ (T 0 \ {S}) ∪ S and (T 0 \ {S}) ∪ S ∈

LN (N, E) as S ∈ LN (N, E). Therefore, |CS (N S , E S )| = |CS (N, E)| and consequently
cS (N, E) = |CS (N, E)|.



As an illustration of Lemma 3.4.1, consider again the graph from Example 3.4.1.

Example 3.4.2. Let (N, E) ∈ G G be the graph depicted in Figure 3.1. Let us calculate
the power of the connected set {1, 2}. Set C{1,2} (N, E) is the set that contains every
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connected set of nodes of graph (N, E) that contains set {1, 2}. This set has the following
members: {1, 2}, {1, 2, 3}, and {1, 2, 3, 4}. As there are three members of it, we get that

|C{1,2} (N, E)| = 3. By Lemma 3.4.1, we have that this number is equal to the number
of connected sets that contain the merged set {1, 2} in the merged graph (N {1,2} , E {1,2} ).
The merged graph is depicted in Figure 3.2. In the merged graph we need to nd the
Figure 3.2: Merged graph in Example 3.4.2
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members of set C{1,2} (N {1,2} , E {1,2} ). As the set contains all connected sets of nodes in the
merged graph that contain node {1, 2}, the members of the set are the following: {{1, 2}},

{{1, 2}, 3}, and {{1, 2}, 3, 4}. There are three members, thus |C{1,2} (N {1,2} , E {1,2} )| =
c{1,2} (N {1,2} , E {1,2} ) = 3, which is indeed equal to c{1,2} (N, E).
Even if the power of non-connected sets is not dened in general, as by Lemma 3.4.1
we have that the connectivity power measure of a connected set is equal to the number
of connected sets the original set is a subset of, we can extend the denition of the
connectivity power measure to non-connected sets as well. By doing so, we raise the
connectivity power measure to the level of an extended power measure. Let (N, E) ∈ G G be
a graph and S ⊆ N a set of nodes. Then, the (extended) connectivity power measure of the
set is dened as cS (N, E) = |CS (N, E)|, where CS (N, E) = {T ∈ LN (N, E) : S ⊆ T } is the
set of connected sets of nodes in graph (N, E) that contain set S . If there is no component

K ∈ Lm
N (N, E) such that S ⊆ K , then there are no connected sets in LN (N, E) that
contain set S and consequently cS (N, E) = 0. If there exists such a component, then there
are some connected sets that contain set S , therefore cS (N, E) > 0. Thus, the connectivity
power measure is well-dened for every set of nodes in every graph. The connectivity power
measure of the empty set is c∅ (N, E) = |LN (N, E)|, as C∅ (N, E) = LN (N, E).
The following example shows how the connectivity power measure is extended to the
level of extended power measures.

Example 3.4.3. Let (N, E) ∈ G G be the graph depicted in Figure 3.1. Let us calculate the
power of the non-connected set {2, 4}. As the set is not connected, we cannot use Lemma
3.4.1, but we can use the extended denition. The power of the set {2, 4} is dened as the
cardinality of the set C{2,4} (N, E). Set C{2,4} (N, E) contains all connected sets in graph

(N, E) that contain the set {2, 4}, which are the following: {2, 3, 4} and {1, 2, 3, 4}. As
there are only two such sets, we get that c{2,4} (N, E) = 2.
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3.5

Axiomatic characterization

An axiomatization of the connectivity power measure allows us to understand what basic
properties are characterizing the measure uniquely. In Bloch et al. (2017) centrality measures are axiomatized based on dierent nodal statistics. In Khmelnitskaya et al. (2016) an
axiomatic characterization of the connectivity degree is given. The axioms we introduce
in this section are based on the ones in Khmelnitskaya et al. (2016).

Axiom 3.5.1

(Isolated node normalization). On a subclass G ⊆ G G of graphs, a power

measure σ satises isolated node normalization if for every graph (N, E) ∈ G and i ∈ N
such that Bi (N, E) = ∅, it holds that σi (N, E) = 1.
Isolated node normalization requires the power of any isolated node to be one. As
the node in a graph with only one node is isolated, this axiom implies the single node
normalization axiom of Khmelnitskaya et al. (2016). The choice of the number 1 in the
denition is arbitrary, any other number could be chosen in the axiom. However, as long
as the number chosen is positive, it would only scale the power measure up or down.
Isolated node normalization is not satised by any of the classical power measures. In the
case of the degree, closeness, and betweenness measures the power of an isolated node
is always zero. It is possible to redene these measures by adding one to them for every
node, but then other properties may be harmed. The connectivity degree satises the
axiom, but as it is only dened for connected graphs, the axiom translates to the single
node normalization on the class of connected graphs.

Axiom 3.5.2 (Neighbor separability). On a subclass G ⊆ G G of graphs, a power measure
σ satises neighbor separability if for every graph (N, E) ∈ G and {i, j} ∈ E it holds that
σi (N, E) = σi (N, E−j ) + σ{i,j} (N, E).
Neighbor separability requires for every edge {i, j} ∈ E the power of node i to be
equal to the sum of the power of node i in graph (N, E−j ) and the power of set {i, j}
in graph (N, E). This means that the power of node i can be expressed in two parts.
The rst part is the power that is assigned to the node when node j gets isolated. This
can be viewed as the part of the power of node i in graph (N, E) that is independent of
its neighbor, node j . The second part is the power of the set that contains only nodes i
and j . This is interpreted as the power that the two nodes get together in graph (N, E).
As discussed earlier, we equate the power of connected sets of nodes to the power of the
merged sets in their corresponding merged graphs. This means, that the second term is
also interpreted as the power that is assigned to the node that we get by a merger of
nodes i and j . Therefore, neighbor separability simply states that the power of any node
with a neighbor is equal to the power the node has without the neighbor plus the power
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what the node has when it is merged with the neighbor. Alternatively, we can interpret
the axiom by using the merging and isolation transformation on the graph. When node j
gets isolated and thus every node including node i loses the ability to connect to it, node

i loses the part of its original power that it received together with node j . When nodes i
and j are merged, then the power that the merged set gets is equal to what the nodes get
before the merger, but the part of their power that is independent of the other node is
lost. This is reasonable, as when two neighboring nodes are merged they lose the ability
to get power independently of the node they are merged with.
Now, we show that the connectivity power measure satises the two axioms on the
class of graphs.

Lemma 3.5.1. On the class of graphs, the connectivity power measure satises isolated
node normalization.
Proof. Let (N, E) ∈ G G be a graph and i ∈ N an isolated node, i.e. Bi (N, E) = ∅. As
node i is isolated, Ci (N, E) = {{i}}. Thus, ci (N, E) = 1.



Lemma 3.5.2. On the class of graphs, the connectivity power measure satises neighbor
separability.
Proof. Let (N, E) ∈ G G be a graph and {i, j} ∈ E an arbitrary edge. We want to show
that

ci (N, E) = ci (N, E−j ) + c{i,j} (N, E).
Since for every set S ∈ Ci (N, E) it holds that either j ∈
/ S or j ∈ S , we have that
either S ∈ Ci (N, E−j ) or S ∈ C{i,j} (N, E) for every S ∈ Ci (N, E). Thus, Ci (N, E−j ) ∩

C{i,j} (N, E) = ∅ and Ci (N, E) = Ci (N, E−j ) ∪ C{i,j} (N, E). Therefore, |Ci (N, E)| =
|Ci (N, E−j )| + |C{i,j} (N, E)|. As {i, j} ∈ E , we have that {i, j} ∈ LN (N, E). Thus,
by Lemma 3.4.1 it holds that |C{i,j} (N, E)| = c{i,j} (N, E). Consequently, ci (N, E) =

ci (N, E−j ) + c{i,j} (N, E).



By Lemmas 3.5.1 and 3.5.2 it follows that the connectivity power measure also satises the
axioms on any nonempty subclass of graphs as well. By going back to the graph depicted
on Figure 3.1, we illustrate the fact that the connectivity power measure satises neighbor
separability.

Example 3.5.1. Let (N, E) ∈ G G be the graph depicted in Figure 3.1. As we have already
seen in Examples 3.4.1 and 3.4.2 it holds that c2 (N, E) = 6 and c{1,2} (N, E) = 3. Now,
we calculate the power of node 2 in graph (N, E−1 ), when node 1 gets isolated. Figure 3.3
shows graph (N, E−1 ).
The power of node 2 in graph (N, E−1 ) is the number of connected sets node 2 is
a part of. Set C2 (N, E−1 ) contains these sets, which are the following: {2}, {2, 3}, and

{2, 3, 4}. As there are three such sets, we have that c2 (N, E−1 ) = 3. As nodes 1 and 2 are
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Figure 3.3: Graph with node 1 being isolated in Example 3.5.1
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connected in graph (N, E) and by Lemma 3.5.2 the connectivity power measure satises
neighbor separability, we have that c2 (N, E) = c2 (N, E−1 ) + c{1,2} (N, E), which is indeed
true as 6 = 3 + 3. Thus, the connectivity power of nodes 1 and 2 together is 3 and the
power that node 2 gets independent of node 1 is also 3.
The two axioms are clearly independent of each other. For example, bc, where b > 0,

b 6= 1, satises neighbor separability as for every graph (N, E) ∈ G G and {i, j} ∈ E we
have that

bci (N, E) = b(ci (N, E−j ) + c{i,j} (N, E))
= bci (N, E−j ) + bc{i,j} (N, E)
because by Lemma 3.5.2 the connectivity power measure satises neighbor separability.
However, it does not satisfy isolated node normalization as bci (N, E) = b 6= 1 for every
graph (N, E) ∈ G G and isolated node i ∈ N , because by Lemma 3.5.1 the connectivity
power measure satises isolated node normalization. The power measure that assigns a
power of 1 to every node in every graph is an example for a power measure that satises
isolated node normalization, but does not satisfy neighbor separability.
Neighbor separability also connects the power of a node to powers of nodes in smaller
graphs. If a power measure satises neighbor separability on a nonempty reducible subclass of graphs, then as the subclass is closed under merging of connected nodes and the
isolation of nodes, we can repeat neighbor separability on those transformed graphs to
get a recursive formula for the power of every node. This can be done in three dierent
ways. According to neighbor separability, the power of every non-isolated node can be
split into two parts, one being the node's power in a graph where one of its neighbors is
isolated, and the other being the power of the node merged with the same neighbor. If the
subclass on which neighbor separability is satised by a power measure is reducible, we
can use neighbor separability on both of the parts, only the merged part, or only on the
isolation part. We can repeat this until there are no more nodes to merge or to isolate.
The following theorem uses these three dierent approaches to give three formulas for
the power of every node in every graph according to any power measure that satises
neighbor separability on a nonempty and reducible subclass of graphs.
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Theorem 3.5.2. On a nonempty reducible subclass G ⊆ G G of graphs, if a power measure
σ satises neighbor separability, then for every i ∈ N and bijection g : Bi (N, E) →
{1, . . . , |Bi (N, E)|} it holds that

(i)
σi (N, E) =

X

σS∪{i} (N, EB { (N,E)∪S ),
i

S⊆Bi (N,E)

(ii)
σi (N, E) = σi (N, E−Bi (N,E) ) +

X

σ{i,j} (N, E{k∈Bi (N,E):g(k)<g(j)}{ ),

j∈Bi (N,E)

(iii)
X

σi (N, E) = σBi (N,E)∪{i} (N, E) +

σ{k∈Bi (N,E):g(k)<g(j)}∪{i} (N, E−j ).

j∈Bi (N,E)

Proof. Let (N, E) ∈ G be a graph, i ∈ N a node, and g : Bi (N, E) → {1, . . . , |Bi (N, E)|}
a bijection.
(i): If Bi (N, E) = ∅, then for node i we have that

X

σS∪{i} (N, EB { (N,E)∪S ) = σi (N, E).
i

S⊆Bi (N,E)

If Bi (N, E) 6= ∅, then we start by showing that

σi (N, E) =

X

σS∪{i} (N, ET { ∪S )

S⊆T

for every T ⊆ Bi (N, E), T 6= ∅. If Bi (N, E) = {j} for some j ∈ N , then as σ satises
neighbor separability on subclass G , we have that

σi (N, E) = σi (N, E−j ) + σ{i,j} (N, E)
X
=
σS∪{i} (N, E{j}{ ∪S ).
S⊆{j}

If |Bi (N, E)| ≥ 2 we prove the statement by induction. As σ satises neighbor
separability on subclass G , we have that for every j ∈ Bi (N, E) it holds that

σi (N, E) = σi (N, E−j ) + σ{i,j} (N, E)
X
=
σS∪{i} (N, E{j}{ ∪S ).
S⊆{j}

Assume that the statement holds for every T ⊆ Bi (N, E) such that |T | ≤ n for some

1 ≤ n < |Bi (N, E)|. Let T ⊆ Bi (N, E) be such that |T | = n + 1 and let T 0 = T \ {j}
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for an arbitrary j ∈ T . As |T 0 | = n, by the induction assumption we have that

σi (N, E) =

X

σS∪{i} (N, ET 0{ ∪S ).

S⊆T 0

S∪{i}

As subclass G is reducible, for every S ⊆ T 0 , we have that graph (N S∪{i} , ET 0{ ∪S ) ∈ G ,
and consequently neighbor separability is satised for the latter graph as well. Thus,
for every S ⊆ T

σS∪{i} (N, ET 0{ ∪S ) = σS∪{i} (N, E(T 0{ ∪S)\{j} ) + σS∪{i,j} (N, ET 0{ ∪S ).
Therefore,

σi (N, E) =

X


σS∪{i} (N, E(T 0{ ∪S)\{j} ) + σS∪{i,j} (N, ET 0{ ∪S )

S⊆T 0

=

X

σS∪{i} (N, E(T 0{ ∪S)\{j} ) +

S⊆T 0

=

X

X

σS∪{i,j} (N, ET 0{ ∪S )

S⊆T 0

σS∪{i} (N, ET { ∪S ) +

S⊆T
j ∈S
/

=

X

X

σS∪{i} (N, ET { ∪S )

S⊆T
j∈S

σS∪{i} (N, ET { ∪S ).

S⊆T

As the statement holds for every T ⊆ Bi (N, E), it also holds for T = Bi (N, E),
which means that

X

σi (N, E) =

σS∪{i} (N, EB { (N,E)∪S ).
i

S⊆Bi (N,E)

(ii): If Bi (N, E) = ∅, then for node i we have that

σi (N, E−Bi (N,E) ) +

X

σ{i,j} (N, E{k∈Bi (N,E):g(k)<g(j)}{ ) = σi (N, E).

j∈Bi (N,E)

If Bi (N, E) 6= ∅, then we start by showing that

σi (N, E) = σi (N, E−T ) +

X

σ{i,j} (N, E{k∈T :g(k)<g(j)}{ )

j∈T

for every T ⊆ Bi (N, E), T 6= ∅. If Bi (N, E) = {h} for some h ∈ N , then as σ
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satises neighbor separability on subclass G , we have that

σi (N, E) = σi (N, E−h ) + σ{i,h} (N, E)
X
= σi (N, E−h ) +
σ{i,j} (N, E{k∈T :g(k)<g(j)}{ ).
j∈{h}

If |Bi (N, E)| ≥ 2 we prove the statement by induction. As σ satises neighbor
separability on subclass G , we have that for every h ∈ Bi (N, E) it holds that

σi (N, E) = σi (N, E−h ) + σ{i,h} (N, E)
X
= σi (N, E−h ) +
σ{i,j} (N, E{k∈T 0 :g(k)<g(j)}{ ).
j∈{h}

Assume that the statement holds for every T ⊆ Bi (N, E) such that |T | ≤ n for some

1 ≤ n < |Bi (N, E)|. Let T ⊆ Bi (N, E) be such that |T | = n + 1 and T 0 = T \ {h},
with h ∈ T such that g(h) ≥ g(j) for every j ∈ T . As |T 0 | = n, by the induction
assumption we have that

σi (N, E) = σi (N, E−T 0 ) +

X

σ{i,j} (N, E{k∈T 0 :g(k)<g(j)}{ ).

j∈T 0

As subclass G is reducible, we have that graph (N, E−T 0 ) ∈ G and h ∈ Bi (N, E−T 0 ),
therefore neighbor separability is satised for the graph with the isolated set as well.
Thus,

σi (N, E−T 0 ) = σi (N, E−(T 0 ∪{h}) ) + σ{i,h} (N, E−T 0 ).
Therefore, as g(h) ≥ g(j) for every j ∈ T , we have that

σi (N, E) = σi (N, E−T 0 ) +

X

σ{i,j} (N, E{k∈T 0 :g(k)<g(j)}{ )

j∈T 0

= σi (N, E−(T 0 ∪{h}) ) + σ{i,h} (N, E−T 0 ) +

X

σ{i,j} (N, E{k∈T 0 :g(k)<g(j)}{ )

j∈T 0

= σi (N, E−T ) +

X

σ{i,j} (N, E{k∈T :g(k)<g(j)}{ ).

j∈T

As the statement holds for every T ⊆ Bi (N, E), it also holds for T = Bi (N, E),
which means that

σi (N, E) = σi (N, E−Bi (N,E) ) +

X
j∈Bi (N,E)
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σ{i,j} (N, E{k∈Bi (N,E):g(k)<g(j)}{ ).

(iii): If Bi (N, E) = ∅, then for node i we have that

σBi (N,E)∪{i} (N, E) +

X

σ{k∈Bi (N,E):g(k)<g(j)}∪{i} (N, E−j ) = σi (N, E).

j∈Bi (N,E)

If Bi (N, E) 6= ∅, then we start by showing that

X

σi (N, E) = σT ∪{i} (N, E) +

σ{k∈T :g(k)<g(j)}∪{i} (N, E−j )

j∈T

for every T ⊆ Bi (N, E), T 6= ∅. If Bi (N, E) = {h} for some h ∈ N , then as σ
satises neighbor separability on subclass G , we have that

σi (N, E) = σi (N, E−h ) + σ{i,h} (N, E)
X
= σ{i,h} (N, E) +
σ{k∈T :g(k)<g(j)}∪{i} (N, E−j ).
j∈{h}

If |Bi (N, E)| ≥ 2 we prove the statement by induction. As σ satises neighbor
separability on subclass G , we have that for every h ∈ Bi (N, E) it holds that

σi (N, E) = σi (N, E−h ) + σ{i,h} (N, E)
X
= σ{i,h} (N, E) +
σ{k∈T :g(k)<g(j)}∪{i} (N, E−j ).
j∈{h}

Assume that the statement holds for every T ⊆ Bi (N, E) such that |T | ≤ n for some

1 ≤ n < |Bi (N, E)|. Let T ⊆ Bi (N, E) be such that |T | = n + 1 and T 0 = T \ {h},
with h ∈ T such that g(h) ≥ g(j) for every j ∈ T . As |T 0 | = n, by the induction
assumption we have that

X

σi (N, E) = σT 0 ∪{i} (N, E) +

σ{k∈T 0 :g(k)<g(j)}∪{i} (N, E−j ).

j∈T 0

As subclass G is reducible, we have that graph (N T

BT 0 ∪{i} (N

T 0 ∪{i}

,E

T 0 ∪{i}

0 ∪{i}

, ET

0 ∪{i}

) ∈ G and h ∈

), therefore neighbor separability is satised for the merged

graph as well. Thus,

σT 0 ∪{i} (N, E) = σT 0 ∪{i} (N, E−h ) + σT 0 ∪{i,h} (N, E).
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Therefore, as g(h) ≥ g(j) for every j ∈ T , we have that

σi (N, E) = σT 0 ∪{i} (N, E) +

X

σ{k∈T 0 :g(k)<g(j)}∪{i} (N, E−j )

j∈T 0

= σT 0 ∪{i} (N, E−h ) + σT 0 ∪{i,h} (N, E) +

X

σ{k∈T 0 :g(k)<g(j)}∪{i} (N, E−j )

j∈T 0

= σT ∪{i} (N, E) +

X

σ{k∈T :g(k)<g(j)}∪{i} (N, E−j ).

j∈T

As the statement holds for every T ⊆ Bi (N, E), it also holds for T = Bi (N, E),
which means that

X

σi (N, E) = σBi (N,E)∪{i} (N, E) +

σ{k∈Bi (N,E):g(k)<g(j)}∪{i} (N, E−j ).

j∈Bi (N,E)


The results in Theorem 3.5.2 show that neighbor separability, when it is satised on
a nonempty and reducible subclass of graphs by a power measure, is a rather strong
assumption. All of the three formulas almost dene the power measure σ , except for
isolated nodes for which they simply yield a tautology. Based on the process through
which these formulas are derived, we name them the total, isolation, and merging power
rules. These rules are bearing a lot of similarity to the algorithm introduced in Maxwell,
Chance, and Koyutürk (2014) to enumerate connected sets that contain a given node in
graphs, which is the same problem as nding the connectivity power measure of the node
in the graph. The main dierence between these formulas and the algorithm is that in
the algorithm connected sets through neighbors are enumerated with a dierent grouping
strategy, but the basic idea to somehow separate the power that a node gets through its
neighbors is the same.

Denition 3.5.1 (Total power rule).

On a subclass G ⊆ G G of graphs, a power measure

σ satises the total power rule if for every graph (N, E) ∈ G and node i ∈ N it holds that
σi (N, E) =

X

σS∪{i} (N, EB { (N,E)∪S ).
i

S⊆Bi (N,E)

The total power rule can be interpreted as follows. An arbitrary element in the summation
on the right hand side is the power node i has together with a set of its neighbors in a
graph, where all other neighbors not involved in the set are isolated. These elements
are therefore representing the parts of the total power of node i that are coming purely
through a given set of neighbors, independently of every other neighbors of the node. So,
we can see the total power rule as the requirement for the power of every node in every
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graph (in a nonempty subclass) to be the sum of the powers that the node gets purely
through every possible subset of its neighbors. The connectivity power measure satises
the total power rule on the class of graphs.

Lemma 3.5.3. On the class of graphs, the connectivity power measure satises the total
power rule.
Proof. By Lemma 3.2.2 the class of graphs is reducible. Thus, as by Lemma 3.5.2 the
connectivity power measure satises neighbor separability on the class of graphs, we can
use part (i) of Theorem 3.5.2 to prove the statement.



In order to use the isolation and merging power rules, we need to dene a bijection on
the set of neighbors for every node that serves as an ordering on the neighbors. The
merging and isolation power rules are independent of the choice of these functions, but
the bijections are essential as in the isolation power rule we need to isolate nodes in a
given order, while for the merging power rule we need to merge nodes in a given order.

Denition 3.5.2

(Isolation power rule). On a subclass G ⊆ G G of graphs, a power

measure σ satises the isolation power rule if for every graph (N, E) ∈ G , node i ∈ N ,
and bijection g : Bi (N, E) → {1, . . . , |Bi (N, E)|} it holds that

σi (N, E) = σi (N, E−Bi (N,E) ) +

X

σ{i,j} (N, E{k∈Bi (N,E):g(k)<g(j)}{ ).

j∈Bi (N,E)

The isolation power rule mainly uses the node isolation transformation on graphs. The
right hand side of the formula consists of two parts. The rst part is the power of node

i, when all of its neighbors are isolated. This of course means that then node i is also
isolated in the resulting graph. The second part is a summation over the neighbors of node

i. A general entry of the sum is the power of node i together with its respective neighbor
in a graph where all neighbors earlier in the order are isolated. Thus, the isolation power
rule can be seen as a requirement that a node's power is equal to the power it has
alone (when it is isolated), plus all the power that the node has together with each of
its neighbors separately, and independently of every neighbor that has a lower number
assigned according to an arbitrary ordering. When we look at the neighbors in the reverse
order, the rule can also be seen as the description of how a node that starts with no
connections in a graph obtains its power by connecting to other nodes. In the beginning
the node starts alone and isolated and obtains a power. Then it forms a rst connection
with the neighbor with the highest number assigned to it by the bijection. We add back
all of the connections of the neighbor and the node gets an additional power that is equal
to the power the two nodes get together in the resulting graph. Then, it connects to
another node, and the additional power increase is again equal to what the node and its
new neighbor get together in the graph where the two neighbors are connected back. In
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general, these power increments represent the power that the node gets if we reconnect its
neighbors according to the order. The connectivity power measure satises the isolation
power rule on the class of graphs.

Lemma 3.5.4. On the class of graphs, the connectivity power measure satises the isolation power rule.
Proof. By Lemma 3.2.2 the class of graphs is reducible. Thus, as by Lemma 3.5.2 the
connectivity power measure satises neighbor separability on the class of graphs, we can
use part (ii) of Theorem 3.5.2 to prove the statement.



Denition 3.5.3 (Merging power rule). On a subclass G ⊆ G G of graphs, a power measure
σ satises the merging power rule if for every graph (N, E) ∈ G , node i ∈ N , and bijection
g : Bi (N, E) → {1, . . . , |Bi (N, E)|} it holds that
σi (N, E) = σBi (N,E)∪{i} (N, E) +

X

σ{k∈Bi (N,E):g(k)<g(j)}∪{i} (N, E−j ).

j∈Bi (N,E)

The merging power rule mainly uses the merging of connected sets transformation on
graphs. The right hand side of the formula consists of two parts. The rst part is the
power of node i, together with all of its neighbors. According to the denition of the
power of connected sets, this is the power of the node merged with all of its neighbors.
The second part is a summation over the neighbors of node i. A general entry of the
sum that corresponds to a given neighbor is the power of node i together with all of its
neighbors that come earlier according to the order than the given neighbor, in the graph
where the given neighbor is isolated. Again, as the power of a connected set of nodes is the
same as the power of the merged set, the entry for a given neighbor is the power of the node
when it is merged with all previous neighbors independent of the given neighbor. Similar
to the isolation power rule, we can see this as a description of what happens when a node
merged with all of its neighbors loses them one-by-one according to the reverse order.
At rst, the node gets a power when it is merged with its neighbors. Then, the neighbor
with the highest order is separated (gets unmerged) and the power of the merged node
increases by the power that it gets together with the remaining neighbors, independently
of the node that got unmerged. In other words, with the separation of the neighbor, it is
possible for the remaining nodes to obtain power separately from the neighbor. We repeat
the separation of neighbors until there are no neighbors left, and the power increase in
every step is due to the new possibility that the remaining nodes can obtain new power
without the inclusion of the node that is separated at that step. The connectivity power
measure satises the merging power rule on the class of graphs.

Lemma 3.5.5. On the class of graphs, the connectivity power measure satises the merging power rule.
39

Proof. By Lemma 3.2.2 the class of graphs is reducible. Thus, as by Lemma 3.5.2 the
connectivity power measure satises neighbor separability on the class of graphs, we can
use part (iii) of Theorem 3.5.2 to prove the statement.



By going back to the graph in Example 3.4.1, we show how the three power rules can
be used to calculate the connectivity power of nodes.

Example 3.5.3. Let (N, E) ∈ G G be the graph depicted in Figure 3.1. As we know from
Example 3.4.1, the power of node 2 is c2 (N, E) = 6, Now, we validate this number
by the total, merging, and isolation power rules. According to the total power rule as

B2 (N, E) = {1, 3}, we have that
c2 (N, E) = c2 (N, E14 ) + c{1,2} (N, E{1,2,4} ) + c{2,3} (N, E{2,3,4} ) + c{1,2,3} (N, E).
Thus, we need to calculate c2 (N, E{1,4} ), c{1,2} (N, E{1,2,4} ), c{2,3} (N, E{2,3,4} ), and c{1,2,3} (N,

E). Figure 3.4 shows the graphs (N, E{1,4} ), (N, E{1,2,4} ), (N, E{2,3,4} ), and (N, E) from
left to right and top to bottom, respectively.
Figure 3.4: Graphs for the total power rule in Example 3.5.3
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In graph (N, E{1,4} ), as every node i is isolated, we have that c2 (N, E{1,4} ) = 1. In graph

(N, E{1,2,4} ), the power of set {1, 2} is c{1,2} (N, E{1,2,4} ) = 1, as C{1,2} (N, E{1,2,4} ) =
{{1, 2}}. In graph (N, E{2,3,4} ), the power of set {2, 3} is c{2,3} (N, E{2,3,4} ) = 2, as
C{2,3} (N, E{2,3,4} ) = {{2, 3}, {2, 3, 4}}. Finally, in graph (N, E), the power of set {1, 2, 3}
is c{1,2,3} (N, E) = 2, as C{1,2,3} (N, E) = {{1, 2, 3}, {1, 2, 3, 4}}. If we sum these numbers
up, we indeed get 6 = 1 + 1 + 2 + 2.
For the isolation and merging power rules we need to have an order on the set of
neighbors of node 2. As the nodes are already numbered, we can use the order of the
labels of nodes, so node 1 comes rst and then node 3. According to the isolation power
rule, we have that

c2 (N, E) = c2 (N, E−{1,3} ) + c{1,2} (N, E) + c{2,3} (N, E−1 ).
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So, we need to calculate c2 (N, E−{1,3} ), c{1,2} (N, E), and c{2,3} (N, E−1 ). Figure 3.5 shows
graphs (N, E−{1,3} ) and (N, E−1 ) from left to right, respectively.
Figure 3.5: Graphs for the isolation power rule in Example 3.5.3
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In graph (N, E−{1,3} ), node 2 is isolated, therefore c2 (N, E−{1,3} ) = 1. From Example
3.4.2 we know that c{1,2} (N, E) = 3. Finally, in graph (N, E−1 ), the power of set {2, 3} is

c{2,3} (N, E−1 ) = 2, as C{2,3} (N, E−1 ) = {{2, 3}, {2, 3, 4}}. By summing up the powers we
again get that 6 = 1 + 3 + 2.
According to the merging power rule, we have that

c2 (N, E) = c{1,2,3} (N, E) + c2 (N, E−1 ) + c{1,2} (N, E−3 ).
So, we need to calculate c{1,2,3} (N, E), c2 (N, E−1 ), and c{1,2} (N, E−3 ). Figure 3.6 shows
graph (N, E−3 ).
Figure 3.6: Graph for the merging power rule in Example 3.5.3
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In graph (N, E), the power of set {1, 2, 3} is c{1,2,3} (N, E) = 2, as C{1,2,3} (N, E) =

{{1, 2, 3}, {1, 2, 3, 4}}. In graph (N, E−1 ), the power of node 2 is c2 (N, E−1 ) = 3, as
C2 (N, E−1 ) = {{2}, {2, 3}, {2, 3, 4}}. Finally, in graph (N, E−3 ), the power of set {1, 2} is
c{1,2} (N, E−3 ) = 1 as C{1,2} (N, E−3 ) = {{1, 2}}. By summing the powers up we get that
6 = 2 + 3 + 1 once more.
As by Lemmas 3.5.3, 3.5.4, and 3.5.5 the connectivity power measure satises the
total, isolation, and merging power rules on the class of graphs, we have that it also
satises these rules on any nonempty reducible subclass of graphs. Now, we formulate the
main theorem of this chapter. This theorem states that the connectivity power measure is
uniquely characterized by isolated node normalization and neighbor separability on any
nonempty and reducible subclass of graphs.
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Theorem 3.5.4. On any nonempty reducible subclass G ⊆ G G of graphs, the connectivity
power measure is the unique power measure that satises isolated node normalization and
neighbor separability.
Proof. From Lemmas 3.5.1 and 3.5.2 it is clear that the connectivity power measure
satises isolated node normalization and neighbor separability on any nonempty reducible
subclass G ⊆ G G .
Assume that there is a power measure σ that satises isolated node normalization and
neighbor separability on some nonempty reducible subclass G ⊆ G G of graphs. We show
that for every graph (N, E) ∈ G , σ(N, E) = c(N, E). To show uniqueness, we use a proof
by induction on the number of nodes in the graph. Let k ∈ N be such that for every graph

(N, E) ∈ G , |N | ≥ k holds.
Let (N, E) ∈ G be such that |N | = k . As subclass G is reducible, by Lemma 3.2.1
we have that E = ∅. Therefore, as every node i ∈ N is isolated in graph (N, ∅) ∈ G
and σ satises isolated node normalization on subclass G , we have that σi (N, E) = 1
for every i ∈ N . By Lemma 3.5.1, the connectivity power measure satises isolated node
normalization on the class of graphs and consequently on subclass G , therefore σi (N, E) =

ci (N, E) = 1. Thus, σ(N, E) = c(N, E) for every graph (N, E) ∈ G such that |N | ≤ k .
Let n ∈ N, n ≥ k , be a given number. Assume that σ(N, E) = c(N, E) for every graph

(N, E) ∈ G such that |N | ≤ n. Let (N, E) ∈ G be a graph such that |N | = n + 1. If
there is no such graph in subclass G , then σ(N, E) = c(N, E) for every graph (N, E) ∈ G
such that |N | ≤ n + 1. If such a graph (N, E) ∈ G exists, then let i ∈ N be an arbitrary
node. If Bi (N, E) = ∅, then as σ satises isolated node normalization on G , we have that

σi (N, E) = 1. As the connectivity power measure satises isolated node normalization on
G , we get that σi (N, E) = ci (N, E) = 1. If Bi (N, E) 6= ∅, then as σ satises neighbor
separability on G and subclass G is reducible, by part (i) of Theorem 3.5.2 σ satises the
total power rule and consequently we have that

X

σi (N, E) =

σS∪{i} (N, EB { (N,E)∪S )
i

S⊆Bi (N,E)

X

= σi (N, EB { (N,E) ) +
i

σS∪{i} (N, EB { (N,E)∪S ).
i

S⊆Bi (N,E)
S6=∅

As we get graph (N, EB { (N,E) ) by isolating the nodes in Bi (N, E) and subclass G is rei

ducible, we have that (N, EB { (N,E) ) ∈ G as well. As σ satises isolated node normalization
i

on G and node i is isolated in (N, EB { (N,E) ), we have that σi (N, EB { (N,E) ) = 1. By the defi

i

inition of the power of a connected set of nodes, for every S ⊆ Bi (N, E) such that S 6= ∅,
S∪{i}

we have that σS∪{i} (N, EB { (N,E)∪S ) = σS∪{i} (N S∪{i} , EB { (N,E)∪S ), as S ∪ {i} ∈ LN (N, E)
i

i

S∪{i}

for every S ⊆ Bi (N, E). As subclass G is reducible, graph (N S∪{i} , EB { (N,E)∪S ) ∈ G for
i

every S ⊆ Bi (N, E). As |N S∪{i} | < n + 1 for every S ⊆ Bi (N, E) such that S 6= ∅ and by
42

the induction assumption σ(N 0 , E 0 ) = c(N 0 , E 0 ) for every graph (N 0 , E 0 ) ∈ G satisfying

|N 0 | ≤ n, we get that
S∪{i}

S∪{i}

σS∪{i} (N S∪{i} , EB { (N,E)∪S ) = cS∪{i} (N S∪{i} , EB { (N,E)∪S )
i

i

= cS∪{i} (N, EB { (N,E)∪S )
i

for every S ⊆ Bi (N, E), S 6= ∅. Thus, as by Lemma 3.5.1 the connectivity power measure
satises isolated node normalization on G , we get that

σi (N, E) = 1 +

X

σS∪{i} (N, EB { (N,E)∪S )
i

S⊆Bi (N,E)
S6=∅

X

= ci (N, EBi (N,E){ ) +

cS∪{i} (N, EB { (N,E)∪S ).
i

S⊆Bi (N,E)
S6=∅

As by Lemma 3.5.3 the connectivity power measure satises the total power rule on G G
and consequently on subclass G as well, it holds that

X

σi (N, E) = ci (N, EB {(N,E) ) +

cS∪{i} (N, EB { (N,E)∪S )
i

i

S⊆Bi (N,E)
S6=∅

=

X

cS∪{i} (N, EB { (N,E)∪S )
i

S⊆Bi (N,E)

= ci (N, E).
Consequently, σi (N, E) = ci (N, E) for every i ∈ N . Therefore, we can conclude that

σ(N, E) = c(N, E) for every graph (N, E) ∈ G such that |N | ≤ n + 1.



Theorem 3.5.4 shows that isolated node normalization and neighbor separability uniquely
characterize the connectivity power measure on any nonempty reducible subclass of
graphs. This means that as the class of graphs, cycle-free graphs, component linear, and
component complete graphs are all reducible and nonempty, the characterization also
holds for these classes. The theorem also shows that although neighbor separability is a
simple and reasonable axiom, it is rather strong. In itself it characterizes the connectivity
power measure up to the normalization of isolated nodes.

3.6

Properties

In Bloch et al. (2017) and van den Brink et al. (2011) many classical properties of power
measures are highlighted. In the rst half of this section we show that the connectivity
power measure satises some of the most common requirements towards power measures,
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while in the second half we introduce three new concepts, strict positivity, multiplicative
separability, and the isolation property. We also show that similar to binomial coecients
and the connectivity degrees (Khmelnitskaya et al., 2016), if we sum up the connectivity
power measure for sets that contain a given set of nodes with alternating signs depending
on the size of the sets, we get either one or zero, depending on whether the given set is
connected.
3.6.1

Classical properties

The rst classical property we consider is anonymity.

Denition 3.6.1

(Anonymity). On a subclass G ⊆ G G of graphs, a power measure σ

is anonymous if for every pair of graphs (N, E), (N 0 , E 0 ) ∈ G such that there exists a
bijection g : N → N 0 satisfying E 0 = {{g(i), g(j)} : {i, j} ∈ E}, it holds that

σi (N, E) = σg(i) (N 0 , E 0 )
for every i ∈ N .
If a power measure is anonymous on a subclass of graphs, then the power of any of
the nodes is independent of the labeling of the nodes. Thus, we can freely rename the
elements in the set of nodes, the power of all of the nodes remain unchanged. Anonymity
also ensures that when a connected set of nodes is merged, the resulting node can be given
any label.
Two nodes are in a symmetric position in a graph if the set of neighbors, excluding
the nodes themselves, are the same for both of the nodes. In other words, a symmetric
position means that the two nodes are connected to the same nodes in the graph and
possibly, but not necessarily, to each other. If a power measure satises anonymity, then
we can interchange the labels of nodes that are in a symmetric position in any graph
without changing the structure of the graph and the power of any of the nodes. This leads
to the related property of symmetry.

Denition 3.6.2

(Symmetry). On a subclass G ⊆ G G of graphs, a power measure σ is

symmetric if for every graph (N, E) ∈ G and pair of nodes i, j ∈ N such that Bi (N, E) \

{j} = Bj (N, E) \ {i}, it holds that
σi (N, E) = σj (N, E).
Symmetry therefore requires that whenever two nodes are in a symmetric position, they
have the same power. We show that anonymity implies symmetry on the class of graphs.

Lemma 3.6.1. On the class of graphs, if a power measure is anonymous, then it is
symmetric.
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Proof. Let (N, E) ∈ G G be a graph, i, j ∈ N a pair of nodes such that Bi (N, E) \ {j} =
Bj (N, E) \ {i}, and σ an anonymous power measure. Let g : N → N be a bijection such
that g(i) = j , g(j) = i, and g(k) = k for every k 6= i, j . Consider the graph (N, g(E)) ∈ G G
with g(E) = {{g(k), g(h)} : {k, h} ∈ E}. Clearly, as Bi (N, E) \ {j} = Bj (N, E) \ {i}, it
holds that g(E) = E . As σ is anonymous and g is a bijection such that g : N → N , we
have that

σi (N, E) = σg(i) (N, g(E))
= σj (N, E).

The connectivity power measure is anonymous on the class of graphs.

Theorem 3.6.1. On the class of graphs, the connectivity power measure is anonymous.
Proof. Let (N, E), (N 0 , E 0 ) ∈ G G be such that there exists a bijection g : N → N 0 satisfying E 0 = {{g(i), g(j)} : {i, j} ∈ E}, and let i ∈ N be an arbitrary node.
S
Let S ∈ Ci (N, E). Then, g(S) = j∈S {g(j)} is connected in graph (N 0 , E 0 ) and

g(i) ∈ g(S), thus g(S) ∈ Cg(i) (N 0 , E 0 ).
Let S 0 ∈ Cg(i) (N 0 , E 0 ). As g is a bijection, its inverse, g −1 : N 0 → N exists. Then,
S
g −1 (S 0 ) = j 0 ∈S 0 {g −1 (j 0 )} is connected in graph (N, E) and i = g −1 (g(i)) ∈ g −1 (S 0 ), thus

g −1 (S 0 ) ∈ Ci (N, E).
Therefore, |Ci (N, E)| = |Cg(i) (N 0 , E 0 )| and consequently ci (N, E) = cg(i) (N 0 , E 0 ).



Corollary 3.6.1. On the class of graphs, the connectivity power measure is symmetric.
Next, we focus on the components of graphs and how they change the power of the
nodes.

Denition 3.6.3 (Strong component independence).

On a subclass G ⊆ G G of graphs, a

power measure σ satises strong component independence if for every graph (N, E) ∈ G
it holds that σi (N, E) = σi (Ki (N, E), EKi (N,E) ) for every i ∈ N .
If a power measure satises strong component independence on a subclass of graphs, then
when we want to nd the power of any given node, we can delete every other component
that do not contain the node. This property therefore denes the power of all isolated
nodes to be equal to the power of a single node.
The idea of strong component independence can be made weaker by requiring that
the power of a node in a component is unaected by the edges in other components, but
not necessarily the number of nodes in other components. This weaker concept is called
component independence.
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Denition 3.6.4 (Component independence).

On a subclass G ⊆ G G of graphs, a power

measure σ satises component independence if for every graph (N, E) ∈ G it holds that

σi (N, E) = σi (N, EKi (N,E) ) for every i ∈ N .
If a power measure satises component independence on a subclass of graphs, then the
powers of the nodes in one component of a graph are unaected by the connections in
other components of the graph. This property ensures that the power of a given node is
only dened by the connections of the nodes it is connected with directly or indirectly.
Thus, the power of a node in a component cannot increase or decrease if some other
nodes in an other component gain or lose connections. We show that strong component
independence implies component independence on the class of graphs.

Lemma 3.6.2. On the class of graphs, if a power measure satises strong component
independence, then it satises component independence.
Proof. Let (N, E) ∈ G be a graph, i ∈ N a node, and σ a power measure that satises
strong component independence. Consider the graph (N, EKi (N,E) ) ∈ G G . As Ki (N, E) =

Ki (N, EKi (N,E) ) and σ satises strong component independence, we have that
σi (N, EKi (N,E) ) = σi (Ki (N, E), EKi (N,E) )
= σi (N, E).

The connectivity power measure satises strong component independence on the class
of graphs.

Theorem 3.6.2. On the class of graphs, the connectivity power measure satises strong
component independence.
Proof. Let (N, E) ∈ G G be a graph and i ∈ N a node. If the graph is connected, then
σi (N, E) = σi (Ki (N, E), EKi (N,E) ) holds as Ki (N, E) = N . If the graph is not connected,
then Ki (N, E) ⊂ N . As no connected set of nodes can have nonempty intersections with
both Ki (N, E) and N \ Ki (N, E), and node i ∈ Ki (N, E), we have that S ⊆ Ki (N, E)
for every S ∈ Ci (N, E). Thus, Ci (N, E) = Ci (Ki (N, E), EKi (N,E) ) and consequently

ci (N, E) = ci (Ki (N, E), EKi (N,E) ).



Corollary 3.6.2. On the class of graphs, the connectivity power measure satises component independence.
Theorems 3.6.1 and 3.6.2 and Corollaries 3.6.1 and 3.6.2 show that the connectivity
power measure shares many classical properties with other power measures. Anonymity

46

and symmetry are satised by the degree, closeness, betweenness, and eigenvector measures, and by the connectivity degree. Component independence and strong component
independence are satised by the degree and betweenness measures. The closeness measure
does not satisfy strong component independence, but it satises component independence.
As the connectivity degree is dened only for connected graphs, the concept of component
independence is irrelevant.
3.6.2

Other properties

The connectivity power measure satises some further interesting properties. The properties introduced in this section are not usual in the literature, in fact up to our best
knowledge, multiplicative separability and the isolation property are new concepts.
In van den Brink (2009) and van den Brink et al. (2011) positivity of power measures
is dened. According to the denition of power measures in these references, a positive
power measure assigns a nonnegative number to every node, and the power of a node is
zero if and only if the node is isolated. In our case, we depart from the second part of the
denition and require the power of every node to be positive, including isolated nodes.

Denition 3.6.5

(Strict positivity). On a subclass G ⊆ G G of graphs, a power measure

σ satises strict positivity if for every graph (N, E) ∈ G it holds that σi (N, E) > 0 for all
i ∈ N.
If a power measure is strictly positive on a subclass of graphs, then every node has a
positive power. Strict positivity is not satised by any of the classical power measures
discussed in Chapter 2. For example, the degree measure is zero for isolated nodes. It is
possible to redene these measures by adding an arbitrary positive number to them to
satisfy strict positivity. The connectivity degree is strictly positive. As we dene the power
of connected sets of nodes as the power of the merged set in the respective merged graph,
strict positivity implies that the power of every connected set is also positive. When a
power measure is strictly positive, we can freely multiply and divide by the power of every
node and connected set. The connectivity power measure is strictly positive on the class
of graphs.

Theorem 3.6.3. On the class of graphs, the connectivity power measure is strictly positive.
Proof. Let (N, E) ∈ G G be a graph and i ∈ N an arbitrary node. By denition, ci (N, E) =
|Ci (N, E)|. As {i} ∈ Ci (N, E), we have that ci (N, E) ≥ 1.



The three power rules (total, isolation, and merging) show how the power of a given
node can be broken into parts. These parts represent the bits of power that are coming
through a specic set of nodes and reaching the given node, independently of other nodes.
This independence is further explored in the property of multiplicative separability.
47

Denition 3.6.6 (Multiplicative separability). On a subclass G ⊆ G G of graphs, a power
measure σ satises multiplicative separability if for every graph (N, E) ∈ G , node i ∈ N ,
and connected sets S1 , S2 ∈ LN (N, E) such that S1 ∩ S2 = {i}, S1 ∪ S2 = Ki (N, E), and

{k, h} ∈
/ E for every k ∈ S1 \ {i} and h ∈ S2 \ {i}, it holds that
σi (N, E) = σi (N, ES1 )σi (N, ES2 ).
If a power measure satises multiplicative separability, then the power of any given node
can be calculated as the product of the power of the node in two graphs that we get by
covering the component which contains the given node by two connected sets that are
only connected through the node. Thus, according to multiplicative separability, if a node
is the only connecting node between two connected sets of nodes that are covering the
component where the node is in, then the power of the node is simply the product of the
powers what the node has when the connections to one of the two sets are broken, and
only the connections to the other set are kept. This idea is similar to how we calculate the
probabilities of independent events. As the two sets are only connected through the given
node, all of the power by which the presence of the nodes in one of the sets increases the
power of the bridging node, is independent of the nodes in the other set. In other words,
as the only connection between the two sets is the node, there is no other possible way
for nodes in one set to aect the power of the nodes in the other set, except through the
node.

Theorem 3.6.4. On the class of graphs, the connectivity power measure satises multiplicative separability.
Proof. Let (N, E) ∈ G G be a graph, i ∈ N , and S1 , S2 ∈ LN (N, E) such that S1 ∩
S2 = {i}, S1 ∪ S2 = Ki (N, E), and {k, h} ∈
/ E for every k ∈ S1 \ {i} and h ∈ S2 \
{i}. Then, for every T ∈ Ci (N, E), we have that T ∩ S1 ∈ Ci (N, ES1 ) and T ∩ S2 ∈
Ci (N, ES2 ). Moreover, for every T1 ∈ Ci (N, ES1 ) and T2 ∈ Ci (N, ES2 ) we have that
T1 ∪ T2 ∈ Ci (N, E). As T1 and T2 can be chosen independently of each other, we have
that ci (N, E) = ci (N, ES1 )ci (N, ES2 ).



Similar to the axiom of neighbor separability, multiplicative separability, when satised
together with isolated node normalization, implies a formula to calculate the power of any
given node.

Theorem 3.6.5. On a nonempty reducible subclass G ⊆ G G of graphs if a power measure
σ satises multiplicative separability and isolated node normalization, then for every graph
(N, E) ∈ G it holds that
σi (N, E) =

Y
K∈Lm
N (N,E−i )
K⊆Ki (N,E)
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σi (N, EK∪{i} )

holds for every i ∈ N .
Proof. Let (N, E) ∈ G be a graph and i ∈ N . If Bi (N, E) = ∅, then there are no
components K ∈ Lm
N (N, E−i ) such that K ⊆ Ki (N, E). Therefore, as σ satises isolated
node normalization on G , we have that

σi (N, E) = 1
=

Y

σi (N, EK∪{i} ).

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

If Bi (N, E) 6= ∅, then there are two cases. If there is
m
LN (N, E−i ) such that K ⊆ Ki (N, E), then Ki (N, E) \ {i}.

only one component K ∈
Thus, as σ satises multi-

plicative separability and isolated node normalization on G , and graph (N, Ei ) ∈ G as
subclass G is reducible, we have that

σi (N, E) = σi (N, EKi (N,E) )σi (N, Ei )
= σi (N, EKi (N,E) )
Y
=
σi (N, EK∪{i} ).
K∈Lm
N (N,E−i )
K⊆Ki (N,E)

If there are multiple components K ∈ Lm
N (N, E−i ) such that K ⊆ Ki (N, E), then we
proceed by a recursive argument. Let K1 be a component such that K1 ∈ Lm
N (N, E−i )
and K1 ⊆ Ki (N, E). We focus on the pair of sets S1 = K1 ∪ {i} and S2 = Ki (N, E) \ K1 .
Clearly, S1 , S2 ∈ LN (N, E), S1 ∩ S2 = {i}, S1 ∪ S2 = Ki (N, E), and {k, h} ∈
/ E for every

k ∈ S1 \ {i} and h ∈ S2 \ {i}. Thus, as σ satises multiplicative separability on G , we
have that

σi (N, E) = σi (N, EK1 ∪{i} )σi (N, EKi (N,E)\K1 ).
Let K2 ∈ Lm
N (N, E−i ) be another component such that K2 ⊆ Ki (N, E) and K2 6= K1 .
Consider the graph (N, EKi (N,E)\K1 ) ∈ G and the sets S1 = K2 ∪ {i} and S2 = Ki (N, E) \

(K1 ∪K2 ). Then, S1 , S2 ∈ LN (N, EKi (N,E)\K1 ), S1 ∩S2 = {i}, S1 ∪S2 = Ki (N, EKi (N,E)\K1 ),
and {k, h} ∈
/ EKi (N,E)\K1 for every k ∈ S1 \{i} and h ∈ S2 \{i}. Consequently, as σ satises
multiplicative separability on G , we get that

σi (N, EKi (N,E)\K1 ) = σi (N, E(Ki (N,E)\K1 )∪K2 ∪{i} )σi (N, EKi (N,E)\(K1 ∪K2 ) )
= σi (N, EK2 ∪{i} )σi (N, EKi (N,E)\(K1 ∪K2 ) ).
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Therefore,

σi (N, E) = σi (N, EK1 ∪{i} )σi (N, EKi (N,E)\K1 )
= σi (N, EK1 ∪{i} )σi (N, EK2 ∪{i} )σi (N, EKi (N,E)\(K1 ∪K2 ) ).
As the above step can be repeated for every other component K ∈ Lm
N (N, E−i ) such that

K ⊆ Ki (N, E), we get that
Y

σi (N, E) = σi (N, Ei )

σi (N, EK∪{i} ).

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

As G is reducible, graph (N, Ei ) ∈ G , which means that as σ satises isolated node
normalization, we have that σi (N, Ei ) = 1, we get that

Y

σi (N, E) =

σi (N, EK∪{i} ).

K∈Lm
N (N,E−i )
K⊆Ki (N,E)


The formula in Theorem 3.6.5 can be seen as a direct extension of multiplicative separability. As for every node the component where the node is a member of is covered by the
union of the node and the components in the graph where the node is isolated, and the
power that the node gets from these parts are independent of each other in the same sense
as the two sets for multiplicative separability, the power of the node can be calculated as
the product of the node's power in these separate parts. When for a power measure the
above theorem holds on a subclass of graphs, we say that the power measure satises the
product property on the subclass.

Denition 3.6.7 (Product property). On a subclass G ⊆ G G of graphs, a power measure
σ satises the product property if for every graph (N, E) ∈ G and node i ∈ N it holds
that

Y

σi (N, E) =

σi (N, EK∪{i} ).

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

The connectivity power measure satises the product property on the class of graphs.

Theorem 3.6.6. On the class of graphs, the connectivity power measure satises the
product property.
Proof. By Lemma 3.2.1 the class of graphs is reducible, and as a consequence of Lemma
3.5.1 and Theorem 3.6.4 the connectivity power measure satises isolated node normalization and multiplicative separability on any subclass of graphs. Therefore, we can use
Theorem 3.6.5 to prove the statement.
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We illustrate both multiplicative separability and the product property on the following
example.

Example 3.6.7. Let (N, E) ∈ G G be the graph depicted in Figure 3.1. Let us calculate
the connectivity power of node 3. As by Theorem 3.6.4 the connectivity power measure
satises multiplicative separability, we can simply calculate the connectivity power of
node 3 by nding a pair of sets that are only connected through node 3 and are covering
the graph. There is only one option to do this, by choosing sets {1, 2, 3} and {3, 4}. As
these sets are also the unions of node 3 and the components in the graph when node

3 is isolated, they are the only two options to choose for the product property as well.
As by Theorem 3.6.6 the connectivity power measure also satises the product property,
we can illustrate this property together with multiplicative separability. According to
multiplicative separability and the product property, we have that

c3 (N, E) = c3 (N, E{1,2,3} )c3 (N, E{3,4} ).
In order to calculate c3 (N, E{1,2,3} ) and c3 (N, E{3,4} ), we need to nd connected sets in
graphs (N, E{1,2,3} ) and (N, E{3,4} ). These graphs are shown in Figure 3.7 from left to
right.
Figure 3.7: Graphs for the product property in Example 3.6.7
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In graph (N, E{1,2,3} ), the connectivity power of node 3 is c3 (N, E{1,2,3} ) = 4, as C3 (N,

E{1,2,3} ) = {{3}, {1, 3}, {2, 3}, {1, 2, 3}}, while in graph (N, E{3,4} ), the connectivity power
of node 3 is c3 (N, E{3,4} ) = 2 as C3 (N, E{3,4} ) = {{3}, {3, 4}}. Therefore, in graph (N, E)
the connectivity power of node 3 c3 (N, E) = 2 · 4 = 8. We can check whether this number
is indeed correct by enumerating all connected sets that contain node 3 in graph (N, E).
These sets are {3}, {1, 3}, {2, 3}, {3, 4}, {1, 2, 3}, {1, 3, 4}, {2, 3, 4}, and {1, 2, 3, 4}. As
there are eight such sets, the connectivity power of node 3 in graph (N, E) is indeed

c3 (N, E) = 8.
For a strictly positive power measure we can freely divide by the power of any node or
connected set of nodes. Thus, we can look at properties of ratios of powers in graphs. The
ratio property in Khmelnitskaya et al. (2016) is requiring that for every link in every tree
the ratio of the connectivity degrees of the nodes connected by the link equals the ratio
between the number of nodes they are connecting. The ratio property is further extended
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for all graphs, when the property holds for every bridge, being a link such that by the
removal of that link the graph breaks into two components. In order not to connect the
powers of nodes to the number of nodes in some sets, we rather focus at the merging and
isolation transformations on graphs.

Denition 3.6.8 (Isolation property). On a subclass G ⊆ G G of graphs, a strictly positive
power measure σ satises the isolation property if for every graph (N, E) ∈ G it holds
that

σi (N, E)
σi (N, E−(Kj (N,E−i )∩Bi (N,E)) )

=

σS (N, E)
σS (N, E−(Kj (N,E−i )∩Bi (N,E)) )

for every {i, j} ∈ E and S ∈ LN (N, E−Kj (N,E−i ) ) such that i ∈ S .
If a strictly positive power measure satises the isolation property on a subclass of graphs,
then for every node that has at least one neighbor we have that the ratio between the
power of the node in the original graph and its power in the graph where all of its neighbors
such that they are in the same component when the node itself is isolated are isolated, is
the same as the ratio between the power of any connected set containing the node, but
not the subset of its neighbors, and the power of the same set in the graph where the set
of neighbors is isolated. In other words, the isolation property requires that when for a
node a set of neighbors that are in the same component when the node is isolated gets
isolated, the power of the node is changing in the same proportion as the power of any
connected set that contains the node but not the set of neighbors. The connectivity power
measure satises the isolation property on the class of graphs.

Theorem 3.6.8. On the class of graphs, the connectivity power measure satises the
isolation property.
Proof. Let (N, E) ∈ G G be a graph, {i, j} ∈ E an edge, and S ∈ LN (N, E−Kj (N,E−i ) ),
with i ∈ S , a connected set. By Theorem 3.6.3 the connectivity power measure is strictly
positive. Consider the sets S1 = Kj (N, E−i ) ∪ {i} and S2 = Ki (N, E) \ Kj (N, E−i ).
Then, S1 , S2 ∈ LN (N, E), S1 ∩ S2 = {i}, S1 ∪ S2 = Ki (N, E), and {k, h} ∈
/ E for every

k ∈ S1 \{i} and h ∈ S2 \{i}. As by Theorem 3.6.4 the connectivity power measure satises
multiplicative separability on the class of graphs, we have that

ci (N, E) = ci (N, EKj (N,E−i )∪{i} )ci (N, EKi (N,E)\Kj (N,E−i ) ).
By Corollary 3.6.2 the connectivity power measure satises component independence on
the class of graphs, therefore

ci (N, EKi (N,E)\Kj (N,E−i ) ) = ci (N, E−Kj (N,E−i ) )
= ci (N, E−(Kj (N,E−i )∩Bi (N,E)) ).
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Thus,

ci (N, E)
ci (N, E−(Kj (N,E−i )∩Bi (N,E)) )

(3.1)

= ci (N, EKj (N,E−i )∪{i} ).

Now, we repeat the above derivation for graph (N S , E S ) ∈ G G . Consider sets S1 =
S
S
Kj (N S , E−S
)∪{S} and S2 = KS (N S , E S )\Kj (N S , E−S
). As before, S1 , S2 ∈ LN S (N S , E S ),

S1 ∩ S2 = {S}, S1 ∪ S2 = KS (N S , E S ), and {k, h} ∈
/ E S for every k ∈ S1 \ {S} and
h ∈ S2 \ {S}. As by Theorem 3.6.4 the connectivity power measure satises multiplicative
separability on the class of graphs, we have that
S
cS (N S , E S ) = cS (N S , EK
S
S
j (N ,E

−S )∪{S}

S
)cS (N S , EK
S ) ).
S
S
S
S (N ,E )\Kj (N ,E
−S

By denition, cS (N S , E S ) = cS (N, E) and as by Corollary 3.6.2 the connectivity power
measure satises component independence on the class of graphs, we get that
S
S
S
cS (N S , EK
S ) ) = cS (N , E−K (N S ,E S ) )
S
S
S
j
S (N ,E )\Kj (N ,E
−S

−S

= cS (N

S

S
, E−(K
S
S
S
S ).
j (N ,E−S )∩BS (N ,E ))

S
As S ∈ LN (N, E−Kj (N,E−i ) ) and i ∈ S , it holds that Kj (N S , E−S
) = Kj (N, E−i ) and
S
) ∩ BS (N S , E S ) = Kj (N, E−i ) ∩ Bi (N, E). Consequently,
Kj (N S , E−S
S
cS (N S , E−(K
S
S
j (N ,E

−S )∩BS (N

S ,E S ))

S
) = cS (N S , E−(K
)
j (N,E−i )∩Bi (N,E))

= cS (N, E−(Kj (N,E−i )∩Bi (N,E)) ).
Thus,

cS (N, E)
cS (N, E−(Kj (N,E−i )∩Bi (N,E)) )

S
= cS (N S , EK
S
S
j (N ,E

−S )∪{S}

).

(3.2)

S
) = Kj (N, E−i ), we get that
As Kj (N S , E−S
S
cS (N S , EK
S
S
j (N ,E

−S )∪{S}

S
) = cS (N S , EK
).
j (N,E−i )∪{S}

S
S
In graph (N S , EK
), KS (N S , EK
) = Kj (N, E−i ) ∪ {S} and by Thej (N,E−i )∪{S}
j (N,E−i )∪{S}

orem 3.6.2, the connectivity power measure satises strong component independence on
the class of graphs, therefore
S
cS (N S , EK
S
S
j (N ,E

−S )∪{S}

S
) = cS (Kj (N, E−i ) ∪ {S}, EK
).
j (N,E−i )∪{S}

Consider the bijection g : Kj (N, E−i ) ∪ {S} → Kj (N, E−i ) ∪ {i} such that g(k) = k for
S
every k 6= S and g(S) = i. Then, g(EK
) = EKj (N,E−i )∪{i} . By Theorem 3.6.1,
j (N,E−i )∪{S}
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the connectivity power measure is anonymous on the class of graphs, therefore
S
) = ci (Kj (N, E−i ) ∪ {i}, EKj (N,E−i )∪{i} ).
cS (Kj (N, E−i ) ∪ {S}, EK
j (N,E−i )∪{S}

By using the fact that the connectivity power measure satises strong component independence on the class of graphs one more time, we conclude that

ci (Kj (N, E−i ) ∪ {i}, EKj (N,E−i )∪{i} ) = ci (N, EKj (N,E−i )∪{i} ).
Therefore, the left hand sides of equations (3.1) and (3.2) are equal.



We illustrate the isolation property on the following example.

Example 3.6.9. Let (N, E) ∈ G G be the graph depicted in Figure 3.1. We check the
isolation property for edge {3, 4}, by focusing on node 3. First, we have to determine
whether there are some neighbors of node 3 that are in the same component as node 4,
when node 3 is isolated. The set of neighbors of node 3 is B3 (N, E) = {2, 4}. When we
isolate node 3, we get graph (N, E−3 ), shown in Figure 3.6. As in graph (N, E−3 ) the
components are {1, 2}, {3}, and {4}, there are no other neighbors of node 3 in graph

(N, E) that are in the same component as node 4 in graph (N, E−3 ). Thus, we only need
to isolate node 4. Let us choose the connected set that contains node 3, but not node 4
to be set {2, 3}. Then, as by Theorem 3.6.8 the connectivity power measure satises the
isolation property, we get that

c{2,3} (N, E)
c3 (N, E)
=
.
c3 (N, E−4 )
c{2,3} (N, E−4 )
Graph (N, E−4 ) is depicted in Figure 3.8.
Figure 3.8: Graph for the isolation property in Example 3.6.9
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From Example 3.6.7 we know that c3 (N, E) = 8 and c{2,3} (N, E−4 ) = c3 (N, E{1,2,3} ) =

4. We need to calculate c3 (N, E−4 ) and c{2,3} (N, E). In graph (N, E), the connectivity power of set {2, 3} is c{2,3} (N, E) = 4 as C{2,3} (N, E) = {{2, 3}, {1, 2, 3}, {2, 3, 4},

{1, 2, 3, 4}}. In graph (N, E−4 ), the connectivity power of set {2, 3} is c{2,3} (N, E−4 ) = 2
as C{2,3} (N, E−4 ) = {{2, 3}, {1, 2, 3}}. As 8/4 = 4/2 = 2, the isolation property indeed
holds.
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By Theorem 3.6.8 we know that the connectivity power measure satises the isolation
property, but it is interesting to see if there are other strictly positive power measures
that also satisfy the isolation property. We introduce the following two power measures.

Denition 3.6.9.

Let (N, E) ∈ G G be a graph. The uniform power measure with base

a > 0 is given as
(a)

αi (N, E) = a
for every node i ∈ N .

Denition 3.6.10.

Let (N, E) ∈ G G be a graph. The exponential power measure with

base x > 0 is given as
(x)

ξi (N, E) = x|Ki (N,E)|−1
for every node i ∈ N .
The uniform power measure (with base a) is the simplest one could imagine. It assigns the
same positive constant a to every node in every graph. For the exponential power measure,
the choice of the base can lead to interesting cases. In particular, if the base is chosen
(2)

to be 2, then the exponential power measure with base 2 takes the form of ξi (N, E) =

2|Ki (N,E)|−1 , which is the number of all nonempty subsets of the nodes in component
Ki (N, E) for every node i ∈ N . If the base is chosen to be 1, then the exponential power
measure with base 1 coincides with the uniform power measure with base 1. Clearly,
as the bases are dened to be positive, these power measures are both strictly positive
irrespective of the choice of the bases.
For both the uniform and the exponential power measures, irrespective of the choice
of the bases, the power of connected sets of nodes is dened as the power of the merged
sets. However, it is possible to extend the denitions for every set, similar to how it is
done for the connectivity power measure. This is done in Chapter 4. Now we show that
they both satisfy the isolation property on the class of graphs.

Theorem 3.6.10. On the class of graphs, the uniform power measure with any base a > 0
satises the isolation property.
Proof. Let (N, E) ∈ G G be a graph, {i, j} ∈ E an edge, S ∈ LN (N, E−Kj (N,E−i ) ), i ∈ S a
connected set, and a > 0 an arbitrary positive number. By the denition of the uniform
power measure with base a, we have that the uniform power of every node and connected
set is a. Consequently, we have that
(a)

αi (N, E)
(a)
αi (N, E−(Kj (N,E−i )∩Bi (N,E)) )

=

a
a
(a)

=

αS (N, E)
(a)

αS (N, E−(Kj (N,E−i )∩Bi (N,E)) )
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holds.



Theorem 3.6.11. On the class of graphs, the exponential power measure with any base
x > 0 satises the isolation property.

Proof. Let (N, E) ∈ G G be a graph, {i, j} ∈ E an edge, S ∈ LN (N, E−Kj (N,E−i ) ), i ∈ S , a
connected set, and x > 0 an arbitrary positive number. By the denition of the exponential
power measure with base x, we have that
(x)

ξi (N, E)

x|Ki (N,E)|−1

=

(x)

x

ξi (N, E−(Kj (N,E−i )∩Bi (N,E)) )

|Ki (N,E−(Kj (N,E−i )∩Bi (N,E)) )|−1

x|Ki (N,E)|−|S|+1−1

=
x

|Ki (N,E−(Kj (N,E−i )∩Bi (N,E)) )|−|S|+1−1

x|KS (N

=
x

S ,E S )|−1

S
|KS (N S ,E−(K

j (N,E−i )∩Bi (N,E))

)|−1

(x)

=

ξS (N, E)
(x)

ξS (N, E−(Kj (N,E−i )∩Bi (N,E)) )
as according to the merging transformation |KS (N S , E S )| = |Ki (N, E)| − |S| + 1 and
S
)| = |Ki (N, E−(Kj (N,E−i )∩Bi (N,E)) )| − |S| + 1.
|KS (N S , E−(K
j (N,E−i )∩Bi (N,E))



The isolation property simplies signicantly when stated on the subclass of cycle-free
graphs. In forests there is at most one path between any pair of nodes, therefore when
a given non-isolated node gets isolated, in every component of the resulting graph there
can be at most one former neighbor of the node. A given strictly positive power measure

σ satises the isolation property on the class of cycle-free graphs if for every cycle-free
graph (N, E) ∈ G F , {i, j} ∈ E , and S ∈ LN (N, E−j ) such that i ∈ S , we have that

σi (N, E)
σS (N, E)
=
.
σi (N, E−j )
σS (N, E−j )
Therefore, power measure σ satises the isolation property on the class of cycle-free graphs
if for every non-isolated node we have that by isolating one of its neighbors, the power
of the node changes in the same proportion as the power of any connected set containing
the node, but not the neighbor.
Binomial coecients have many interesting properties. One of these is the fact that
when if we sum them up with alternating signs in the order that corresponds to the
ordering of the rows of Pascal's triangle, then we get 0, except in the case of row 0, when we
get 1. This happens as the sum with the alternating signs is equal to (1−1)n in row n ≥ 1.
As binomial coecients are the connectivity degrees of linear graphs (Khmelnitskaya et al.,
2016), and the connectivity power measure represents a similar idea, we may obtain a
similar property for the connectivity power measure.
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Theorem 3.6.12. For any (N, E) ∈ G G and T
X
S⊆N : T ⊆S

⊆ N it holds that


1, if T ∈ L (N, E),
N
(−1)|S|−|T | cS (N, E) =
0, otherwise.

Proof. If T = ∅, then by denition we have that C∅ (N, E) = LN (N, E). Notice that
LN (N, E) =

[

CS (N, E)

S⊆N

=

[

Ci (N, E).

i∈N

By using some identities from set theory and using the fact that for any given i, j ∈ N
we have that Ci (N, E) ∩ Cj (N, E) = C{i,j} (N, E), we can calculate

[

|LN (N, E)| −

Ci (N, E) = |LN (N, E)| −

i∈N

X

(−1)|S|−1

S⊆N
S6=∅

= |LN (N, E)| −

X

\

Ci (N, E)

i∈S

(−1)|S|−1 |CS (N, E)|

S⊆N
S6=∅

= |LN (N, E)| +

X

(−1)|S| cS (N, E)

S⊆N
S6=∅

=

X

(−1)|S| cS (N, E)

S⊆N

= 0.
If T 6= ∅ and |N | = 1, let T = N = {i}. Then,

P

|S|−|T |
cS (N, E)
S⊆N :T ⊆S (−1)

=

ci (N, E) = 1 by Lemma 3.5.1.
If T 6= ∅ and |N | ≥ 2, notice that

!
\

CS{ (N, E)

S⊆N : T ⊂S


{T }, if T ∈ L (N, E)
N
∩ CT (N, E) =
∅,
otherwise.

Since |{T }| = 1 and |∅| = 0, it is sucient to show that

!
\

CS{ (N, E)

∩ CT (N, E) =

S⊆N : T ⊂S

X

(−1)|S|−|T | cS (N, E).

(3.3)

S⊆N : T ⊆S

Using some identities from set theory, rewriting the set on the left hand side of equation
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(3.3) yields

!{

!
\

CS{ (N, E)

[

∩ CT (N, E) =

S⊆N : T ⊂S

∩ CT (N, E).

CS (N, E)

(3.4)

S⊆N : T ⊂S

The cardinality of the intersection on the right hand side of equation (3.4) can be calculated as

!{
[

CS (N, E)

!{
[

∩ CT (N, E) = |CT (N, E)| +

S⊆N : T ⊂S

CS (N, E)

S⊆N : T ⊂S

!{
[

−

CS (N, E)

∪ CT (N, E) . (3.5)

S⊆N : T ⊂S

The formula on the left hand side of equation (3.5) consist of three parts. We proceed by
calculating these parts one-by-one. As CS (N, E) ⊆ CT (N, E) for every S ⊆ N such that
S
T ⊆ S , S⊆N :T ⊂S CS (N, E) = CT (N, E) \ {T } holds and consequently

!{
[

CS (N, E)

∪ CT (N, E) = (CT (N, E) \ {T }){ ∪ CT (N, E)

S⊆N : T ⊂S

= LN (N, E).
{
C
(N,
E)
∪ CT (N, E) = |LN (N, E)|. The last part to calculate is
S
S⊆N :T ⊂S
{
. It holds that
S⊆N :T ⊂S CS (N, E)

Thus,
S

S

!{
[

CS (N, E)

CS (N, E) .

S⊆N : T ⊂S

S⊆N : T ⊂S

As

[

= |LN (N, E)| −

CS (N, E) = CT (N, E)\{T } and CS (N, E) ⊆ CT (N, E) whenever T ⊆ S , we
S
also have that CT (N, E) \ {T } = i∈N \T CT ∪{i} (N, E). Using an identity from set theory
S

S⊆N :T ⊂S

we get that

[
i∈N \T

CT ∪{i} (N, E) =

X

(−1)|B|−1

B⊆N \T
B6=∅

\

CT ∪{b} (N, E) .

b∈B

For any given i, j ∈ N \ T we have that CT ∪{i} (N, E) ∩ CT ∪{j} (N, E) = CT ∪{i,j} (N, E)
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and thus

[

CT ∪{i} (N, E) =

i∈N \T

X

(3.6)

(−1)|B|−1 CT ∪B (N, E).

B⊆N \T
B6=∅

As any set S ⊆ N such that T ⊂ S can be written uniquely as S = T ∪ B , where

B ⊆ N \ T , B 6= ∅, and vice versa, we can rewrite the right hand side of equation (3.6)
to get

[

X

CT ∪{i} (N, E) =

(−1)|S|−|T |−1 |CS (N, E)|

S⊆N : T ⊂S

i∈N \T

X

=

(−1)|S|−|T |−1 cS (N, E)

S⊆N : T ⊂S

=−

X

(−1)|S|−|T | cS (N, E).

S⊆N : T ⊂S

Combining the three parts yields

!{

!{
[

CS (N, E)

[

∩ CT (N, E) = |CT (N, E)| +

CS (N, E)

S⊆N : T ⊂S

S⊆N : T ⊂S

!{
−

[

CS (N, E)

∪ CT (N, E)

S⊆N : T ⊂S

= cT (N, L) + |LN (N, E)|
X
− |LN (N, E)| +

(−1)|S|−|T | cS (N, E)

S⊆N : T ⊂S

=

X

(−1)|S|−|T | cS (N, E).

S⊆N : T ⊆S

Consequently,

X
S⊆N : T ⊆S


1, if T ∈ L (N, E)
N
(−1)|S|−|T | cS (N, E) =
0, otherwise.


Theorem 3.6.12 states that if in a graph we choose a set of nodes, and sum up the
connectivity powers of every set that contains the set with signs that alternate depending
on how many more nodes the larger sets have, then we get 1 if the chosen set is connected,
and 0 if the set is not connected. It is important to note that for this theorem we need
the connectivity power of every set that contains the chosen set, not only the connected
ones. As discussed earlier, the connectivity power measure can be seen as an extended
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power measure as the sets that contain a given set of nodes are always well-dened. In
the following example we demonstrate the statements of the theorem.

Example 3.6.13. Let (N, E) ∈ G G be the graph depicted in Figure 3.1. Let set {2, 3} be
chosen rst. The sets that contain set {2, 3} are the following: {2, 3}, {1, 2, 3}, {2, 3, 4},
and {1, 2, 3, 4}. As {2, 3} is connected in graph (N, E), according to Theorem 3.6.12

c{2,3} (N, E) − c{1,2,3} (N, E) − c{2,3,4} (N, E) + c{1,2,3,4} (N, E) = 1.
From Example 3.6.9 we know that c{2,3} (N, E) = 4 and from Example 3.5.3 that c{1,2,3} (N,

E) = 2. So we need to calculate c{2,3,4} (N, E) and c{1,2,3,4} (N, E). The power of set
{2, 3, 4} is c{2,3,4} (N, E) = 2 as C2,3,4 (N, E) = {{2, 3, 4}, {1, 2, 3, 4}}, and the power of
set {1, 2, 3, 4} is c{1,2,3,4} (N, E) = 1 as C{1,2,3,4} (N, E) = {{1, 2, 3, 4}}. If we combine these
numbers we indeed get that 4 − 2 − 2 + 1 = 1. Now we choose set {2, 4}. The sets that
contain this set are the following: {2, 4}, {1, 2, 4}, {2, 3, 4}, and {1, 2, 3, 4}. As this set is
not connected in graph (N, E), by Theorem 3.6.12 we have that

c{2,4} (N, E) − c{1,2,4} (N, E) − c{2,3,4} (N, E) + c{1,2,3,4} (N, E) = 0.
From Example 3.4.3 we have that c{2,4} (N, E) = 2, thus we need to calculate c{1,2,4} (N, E).
In graph (N, E), the connectivity power of the non-connected set of nodes {1, 2, 4} is

c{1,2,4} (N, E) = 1, as C{1,2,4} (N, E) = {{1, 2, 3, 4}}. Therefore, we indeed have that 2 −
2 − 1 + 1 = 0.

3.7

Recursive formulas

By Lemmas 3.5.1, 3.5.3, 3.5.4, and 3.5.5, and Theorem 3.6.6 we know that the connectivity
power measure satises isolated node normalization, the total, isolation, and merging
power rules, and the product property. By putting these properties together we can give
recursive formulas to calculate the connectivity power measure on any graph without the
need to enumerate the connected sets one-by-one. The rst formula is based on the total
power rule.

Theorem 3.7.1. For any (N, E) ∈ G G and node i ∈ N it holds that

ci (N, E) =

Y
K∈Lm
N (N,E−i )
K⊆Ki (N,E)


1 +



X
S⊆Bi (N,E)∩K
S6=∅


cS∪{i} (N, E(K\Bi (N,E))∪S∪{i} )
.

Proof. As the connectivity power measure satises the product property by Theorem
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3.6.6, we have that

ci (N, E) =

Y

ci (N, EK∪{i} ).

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

Let K ∈ Lm
N (N, E−i ), K ⊆ Ki (N, E), be an arbitrary component and consider the graph

(N, EK∪{i} ) ∈ G G . As by Lemma 3.5.3 the connectivity power measure satises the total
power rule on the class of graphs, we get that

X

ci (N, EK∪{i} ) =

cS∪{i} (N, E((K∪{i})\Bi (N,EK∪{i} ))∪S ).

S⊆Bi (N,EK∪{i} )

As Bi (N, EK∪{i} ) = Bi (N, E) ∩ K and ((K ∪ {i}) \ Bi (N, EK∪{i} )) ∪ S = (K \ Bi (N, E)) ∪

S ∪ {i} for every S ⊆ Bi (N, EK∪{i} ), we can reduce the formula to get
ci (N, EK∪{i} ) =

X

cS∪{i} (N, E(K\Bi (N,E))∪S∪{i} )

S⊆Bi (N,E)∩K

X

= ci (N, E(K\Bi (N,E))∪{i} ) +

cS∪{i} (N, E(K\Bi (N,E))∪S∪{i} ).

S⊆Bi (N,E)∩K
S6=∅

As node i is isolated in graph (N, E(K\Bi (N,E))∪{i} ) ∈ G C and by Lemma 3.5.1 the connectivity power measure satises isolated node normalization on the class of graphs,

ci (N, E(K\Bi (N,E))∪{i} ) = 1 and consequently
X

ci (N, EK∪{i} ) = 1 +

cS∪{i} (N, E(K\Bi (N,E))∪S∪{i} ).

S⊆Bi (N,E)∩K
S6=∅

As this holds for every K ∈ Lm
N (N, E−i ), K ⊆ Ki (N, E), we conclude that


ci (N, E) =

Y
K∈Lm
N (N,E−i )
K⊆Ki (N,E)


1 +



X
S⊆Bi (N,E)∩K
S6=∅


cS∪{i} (N, E(K\Bi (N,E))∪S∪{i} )
.


The formula in Theorem 3.7.1 shows that the connectivity power of a node in any graph
can be calculated in the following way. First, we choose a node and isolate it in the graph.
We identify the components that we get and nd the ones that have nodes in the same
component as the chosen node in the original graph. For every such component we need
to nd and sum up the connectivity powers of the node added to every possible nonempty
set that can be formed by using nodes that are both neighbors of the chosen node in
the original graph and are also in the chosen component in the graph where every node
not included in the component and every neighbor not picked for the set are isolated.
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Once all of these sums are calculated, we add one to all of them separately and multiply
them. A disadvantage of this formula is that in graphs with a large number of nodes the
number of these subsets of neighboring nodes is increasing exponentially. As the isolation
and merging power rules require summations over the neighbors of nodes and not on the
power set of the neighbors, the formulas based on those two rules might work better for
larger networks.

Theorem 3.7.2. For any

(N, E) ∈ G G , node i ∈ N , and bijection g : Bi (N, E) →

{1, . . . , |Bi (N, E)|}, it holds that

ci (N, E) =

Y



1 +

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

X

c{i,j} (N, E(K\{k∈Bi (N,E)∩K:g(k)<g(j)})∪{i} ) .

j∈Bi (N,E)∩K

Proof. As by Theorem 3.6.6 the connectivity power measure satises the product property,
we have that

Y

ci (N, E) =

ci (N, EK∪{i} ).

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

Let K ∈ Lm
N (N, E−i ), K ⊆ Ki (N, E), be an arbitrary component and consider the graph

(N, EK∪{i} ) ∈ G G . As by Lemma 3.5.4 the connectivity power measure satises the isolation power rule on the class of graphs, we get that

ci (N, EK∪{i} ) = ci (N, E(K∪{i})\Bi (N,EK∪{i} ) )
X
+

c{i,j} (N, E(K∪{i})\{k∈Bi (N,EK∪{i} ):g(k)<g(j)} ).

j∈Bi (N,EK∪{i} )

As Bi (N, EK∪{i} ) = Bi (N, E) ∩ K , (K ∪ {i}) \ Bi (N, EK∪{i} ) = (K \ Bi (N, E)) ∪ {i},
and (K ∪ {i}) \ {k ∈ Bi (N, EK∪{i} ) : g(k) < g(j)} = (K \ {k ∈ Bi (N, E) ∩ K : g(k) <

g(j)}) ∪ {i}, we can reduce the formula to get
X

ci (N, EK∪{i} ) = ci (N, E(K\Bi (N,E))∪{i} )+

c{i,j} (N, E(K\{k∈Bi (N,E)∩K:g(k)<g(j)})∪{i} ).

j∈Bi (N,E)∩K

As node i is isolated in graph (N, E(K\Bi (N,E))∪{i} ) ∈ G C and by Lemma 3.5.1 the connectivity power measure satises isolated node normalization on the class of graphs,

ci (N, E(K\Bi (N,E))∪{i} ) = 1 and consequently
ci (N, EK∪{i} ) = 1 +

X

c{i,j} (N, E(K\{k∈Bi (N,E)∩K:g(k)<g(j)})∪{i} ).

j∈Bi (N,E)∩K
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As this holds for every K ∈ Lm
N (N, E−i ), K ⊆ Ki (N, E), we conclude that


ci (N, E) =

Y


X

1 +

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

c{i,j} (N, E(K\{k∈Bi (N,E)∩K:g(k)<g(j)})∪{i} ) .

j∈Bi (N,E)∩K


Based on the formula in Theorem 3.7.2 we can calculate the connectivity power of any
node in every graph by applying the following steps. First, we need to dene an order on
all of the nodes. This order restricted on the set of neighbors of a node can be used as the
bijection in the theorem. Then, we choose a node and isolate it in the graph to identify
the components in the resulting graph. We collect the components that are subsets of the
component of the original graph the chosen node is in. For all such components we need to
calculate the sum of the connectivity powers of the node and one of its neighbors together
for every of its neighbors that are also in the chosen component. The connectivity powers
of the node and its neighbor are calculated in the graph where all of the neighbors of the
node in the same component that come earlier according to the order are isolated. Once
these sums are calculated, we add one to all of them separately and multiply them. The
process described here is implemented in a Matlab code that calculates the connectivity
power measure on any graph. The connectivity power measures of the graphs in Section
4.9 are calculated by using the code. In Section 4.9 the limitations of the formula are
discussed.

Theorem 3.7.3. For any

(N, E) ∈ G G , node i ∈ N , and bijection g : Bi (N, E) →

{1, . . . , |Bi (N, E)|} it holds that

ci (N, E) =

Y

c(Bi (N,E)∩K)∪{i} (N, EK∪{i} )

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

!
+

X

c{k∈Bi (N,E)∩K:g(k)<g(j)}∪{i} (N, EK\{j} ) .

j∈Bi (N,E)∩K

Proof. As by Theorem 3.6.6 the connectivity power measure satises the product property,
we have that

ci (N, E) =

Y

ci (N, EK∪{i} ).

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

Let K ∈ Lm
N (N, E−i ), K ⊆ Ki (N, E), be an arbitrary component and consider the graph

(N, EK∪{i} ) ∈ G G . As by Lemma 3.5.5 the connectivity power measure satises the merg-
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ing power rule on the class of graphs, we get that

ci (N, EK∪{i} ) = cBi (N,EK∪{i} )∪{i} (N, EK∪{i} )
X
+

c{k∈Bi (N,EK∪{i} ):g(k)<g(j)}∪{i} (N, EK\{j} ).

j∈Bi (N,EK∪{i} )

As Bi (N, EK∪{i} ) = Bi (N, E) ∩ K , we can reduce the formula to get

ci (N, EK∪{i} ) = c(Bi (N,E)∩K)∪{i} (N, EK∪{i} )
X
+

c{k∈Bi (N,E)∩K:g(k)<g(j)}∪{i} (N, EK\{j} ).

j∈Bi (N,E)∩K

As this holds for every K ∈ Lm
N (N, E−i ), K ⊆ Ki (N, E), we conclude that

ci (N, E) =

Y

c(Bi (N,E)∩K)∪{i} (N, EK∪{i} )

K∈Lm
N (N,E−i )
K⊆Ki (N,E)

!
+

X

c{k∈Bi (N,E)∩K:g(k)<g(j)}∪{i} (N, EK\{j} ) .

j∈Bi (N,E)∩K


The third and nal recursive formula is based on the merging power rule. Its interpretation
is similar to the interpretation of the formula based on the isolation power rule, but this
time instead of merging the chosen node with one of its neighbors and isolating the others,
we merge it with the other neighbors and isolate the chosen one. Because of this similarity,
we do not explain the formula any further.

3.8

Special cases

So far, we have three dierent ways to calculate the connectivity power measure on any
graph. However none of the given formulas are in a closed form, they are all recursive. In
general, on the class of graphs it is not possible to give a closed form formula that tells
us the connectivity power of any node in any graph. However, by restricting ourselves to
special subclasses of graphs, it may be possible to do so. On the class of cycle-free graphs
we can simplify the formulas, and on the class of component complete and component
linear graphs a closed form formula exists.
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3.8.1

Cycle-free graphs

Cycle-free graphs are special, as by the removal of any of the edges in a cycle-free graph
the resulting graph has more components than we started with. In other words, when a
node gets isolated in a cycle-free graph, then in every component of the new graph there
is either exactly one former neighbor of the node or there are no former neighbors at all.
The components that contain exactly one of the former neighbors are called satellites of
the original node. As the total, isolation, and merging power rules and consequently our
recursive formulas are all depending on the neighbors of nodes in these components, we
can simplify them for cycle-free graphs.
According to the formula in Theorem 3.7.1, for any cycle-free graph (N, E) ∈ G F we
have that

Y

ci (N, E) =


1 + c{i,j} (N, EKj (N,E−i )∪{i} )

j∈Bi (N,E)

for every node i ∈ N . In this form the formula is much simpler to interpret. It simply tells
us that the connectivity power of a given node in a cycle-free graph is the product over the
neighbors of the node of the connectivity power of the node together with its neighbor in
the graph when we isolate every node except the ones in the satellite corresponding to the
neighbor and the original node. The formula can be further simplied by realizing that
for every j ∈ Bi (N, E) we have that c{i,j} (N, EKj (N,E−i )∪{i} ) = cj (N, E−i ) as the graph is
cycle-free. Thus, the nal simplest formula for the connectivity power of every node i ∈ N
in cycle-free graph (N, E) ∈ G F is

ci (N, E) =

Y

(1 + cj (N, E−i )) .

j∈Bi (N,E)

If we do the same simplication to the formulas in Theorems 3.7.2 and 3.7.3, we get
exactly the same form.
3.8.2

Component complete graphs

On the subclass of component complete graphs, the connectivity power measure takes a
simple form.

Theorem 3.8.1. Let

(N, E) ∈ G C be a component complete graph. Then, ci (N, E) =

2|Ki (N,E)|−1 for every i ∈ N .

Proof. Let i ∈ N . As the graph is component complete, node i is directly connected to
every node in Ki (N, E). Thus, Ci (N, E) consists of every possible combination of nodes
in Ki (N, E) that include node i. As there are 2|Ki (N,E)|−1 such possible sets, we get that

ci (N, E) = 2|Ki (N,E)|−1
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holds.



Thus, for component complete graphs the connectivity power of a node is equal to the
number of all nonempty subsets of the nodes of the component where the node is, containing the node itself. Notice that in the proof we do not use the fact that the neighbors of
node i are also connected to each other, as their connections through node i are sucient
for all subsets of them to form a connected set with i. In particular, for a complete graph
we get the following formula. If (N, E) ∈ G C is a complete graph, then ci (N, E) = 2|N |−1
for every i ∈ N .
In general, the connectivity power of a node in large graphs can be an extremely large
number. This may cause problems in the calculation of the powers for large graphs. In
any graph (N, E) ∈ G G , the maximum connectivity power a node can have is 2|N |−1 , while
the minimum is 2|Bi (N,E)| . As the connectivity power measure satises strict component
independence, this maximum number can be made more precise. The connectivity power
of any node i ∈ N in a graph (N, E) ∈ G G cannot be greater than 2|Ki (N,E)|−1 . This fact
is useful to dene a normalization of the connectivity power measure. Let κ denote the
normalized connectivity power measure. Then, we dene

κi (N, E) = 1 + log2 ci (N, E)
for every graph (N, E) ∈ G G and node i ∈ N . As the normalization does not depend
directly on the parameters of the graphs, the comparison of the normalized connectivity
powers of nodes in dierent graphs is still possible and may be meaningful. The normalized
connectivity power measure of a given node in a graph shows how many nodes a complete
graph should have such that the power of a node in that graph is equal to the given node's
power in the original graph. Of course, as the normalized number might not be an integer,
we have to be careful with the interpretation. If the normalized number is not an integer,
then it means that the node's power is somewhere between the powers of any of the nodes
in a complete graph with their number of nodes being equal to the integer part and one
plus the integer part of the normalized connectivity power.
Other normalizations are also possible, for example we can divide the connectivity
power of every node by 2|Ki (N,E)|−1 , or the sum of the connectivity powers of every node
in a graph, but both of these normalizations depend directly on the graphs themselves
and thus are aecting many properties, including neighbor separability and the isolation
property. In the analysis of a given graph, however, it might be useful to look at these
normalizations as they might show dierences or could be interpreted better than the
original numbers or the normalization proposed above.

66

3.8.3

Component linear graphs

The subclass of component liner graphs is another subclass where we can give a closed form
formula for the connectivity power measure. In order to do so, we need two lemmas. The
rst lemma tells us how to calculate the connectivity power in component linear graphs
for nodes that have one or no neighbors, while the second lemma gives us a formula for
every node with exactly two neighbors.

Lemma 3.8.1. For any component linear graph

(N, E) ∈ G L it holds that ci (N, E) =

|Ki (N, E)| for every node i ∈ N such that |Bi (N, E)| ≤ 1.

Proof. We give a proof by induction on the number of nodes in graphs. Let (N, E) ∈ G L
be a component linear graph such that N = {i}. Then, as Bi (N, E) = ∅, we have that

Ki (N, E) = {i}. As by Lemma 3.5.1 the connectivity power measure satises isolated
node normalization on the class of graphs, we get that ci (N, E) = |Ki (N, E)| = 1.
Now, assume that for every graph (N, E) ∈ G L such that |N | ≤ n for some n ≥ 1
we have that ci (N, E) = |Ki (N, E)| for every i ∈ N such that |Bi (N, E)| ≤ 1. Then,
let (N, E) ∈ G L be a linear graph such that |N | = n + 1 and i ∈ N a node such
that |Bi (N, E)| ≤ 1. If Bi (N, E) = ∅, then again as by Lemma 3.5.1 the connectivity
power measure satises isolated node normalization on the class of graphs, we get that

ci (N, E) = |Ki (N, E)| = 1. If |Bi (N, E)| = 1, then there exists a unique j ∈ N such that
Bi (N, E) = {j}. As by Lemma 3.5.2 the connectivity power measure satises neighbor
separability on the class of graphs, we get that

ci (N, E) = c{i,j} (N, E) + ci (N, E−j ).
As in graph (N, E−j ) node i is isolated and by Lemma 3.5.1 the connectivity power
measure satises isolated node normalization on the class of graphs, ci (N, E−j ) = 1 holds.
By denition, c{i,j} (N, E) = c{i,j} (N {i,j} , E {i,j} ). Graph (N {i,j} , E {i,j} ) ∈ G L as by Lemma
3.2.5 the class of component linear graphs is reducible. In graph (N {i,j} , E {i,j} ) node {i, j}
has at most one neighbor, i.e., |B{i,j} (N {i,j} , E {i,j} )| ≤ 1, and |N {i,j} | = n < n + 1.
Therefore, by the induction assumption we get that

c{i,j} (N, E) = |K{i,j} (N {i,j} , E {i,j} )|.
As |K{i,j} (N {i,j} , E {i,j} )| = |Ki (N, E)| − 1, by combining the two parts we get that

ci (N, E) = c{i,j} (N, E) + ci (N, E−j )
= |Ki (N, E)| − 1 + 1
= |Ki (N, E)|
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holds.



For every component linear graph the power of any given node that has one or zero
neighbors is equal to the number of nodes in the component where the node is.

Lemma 3.8.2. For any component linear graph (N, E) ∈ G L it holds that
ci (N, E) = |Ki (N, E−k )| · |Ki (N, E−j )|
for every node i ∈ N such that Bi (N, E) = {j, k} for some j, k ∈ N .

Proof. Let i ∈ N be such that Bi (N, E) = {j, k} for some j, k ∈ N . Consider the sets
S1 = Kj (N, E−i ) ∪ {i} and S2 = Kk (N, E−i ) ∪ {i}. Clearly, S1 , S2 ∈ LN (N, E), S1 ∩ S2 =
{i}, S1 ∪ S2 = Ki (N, E), and {h, l} ∈
/ E for every h ∈ S1 \ {i} and l ∈ S2 \ {i}. Therefore,
as by Theorem 3.6.4 the connectivity power measure satises multiplicative separability,
we have that

ci (N, E) = ci (N, ES1 )ci (N, ES2 ).
As by Lemma 3.2.5 the class of component linear graphs is reducible, both (N, ES1 ) ∈ G L
and (N, ES2 ) ∈ G L . In graphs (N, ES1 ) and (N, ES2 ) node i has exactly one neighbor,

j and k , respectively, and by Lemma 3.8.1 we have that ci (N, ES1 ) = |Ki (N, ES1 )| and
ci (N, ES2 ) = |Ki (N, ES2 )|. As graph (N, E) is cycle-free, we can write the components as
Ki (N, EKj (N,E−i )∪{i} ) = Ki (N, E−k ) and Ki (N, EKk (N,E−i )∪{i} ) = Ki (N, E−j ), and consequently

ci (N, E) = |Ki (N, E−k )| · |Ki (N, E−j )|.

Thus, for component linear graphs the power of any given node with exactly two neighbors
is the product of the number of nodes in the components that contain the node in the
component linear graphs that we get by isolating the neighbors of the node separately.
By combining the results in Lemmas 3.8.1 and 3.8.2, we get the following corollary.

Corollary 3.8.1. For any component linear graph (N, E) ∈ G L and i ∈ N it holds that
Y

ci (N, E) =

|Ki (N, E−j )|.

j∈Bi (N,E)

The formula in Corollary 3.8.1 is very similar to the product property and the simple
formula we derived for cycle-free graphs.
In Khmelnitskaya et al. (2016) the connectivity degree is shown to coincide with the
binomial coecients. By focusing on linear graphs, we can show some similar results. Let

(N, E) ∈ G L be a linear graph with N = {0, . . . , n} and E = {{k, k + 1} : k = 0, . . . , n}
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for some n ≥ 0. We arrange the nodes in an ascending order based on their labels from
left to right, see Figure 3.9.
Figure 3.9: Labeling of a linear graph
...
0

n

1

In order to arrange the connectivity powers of linear graphs in a similar pattern to the
one used in Pascal's triangle, let tkn = ck (N, E) denote the power of the node in position

k , k = 0, . . . , n, in the linear graph with n + 1 nodes as seen in Figure 3.9. According to
the formula for component linear graphs, we can calculate the connectivity power of any
node as follows.

Theorem 3.8.2. Let

(N, E) ∈ G L be a linear graph with N = {0, . . . , n} and E =

{{k, k + 1} : k = 0, . . . , n}. For every node k ∈ N it holds that tkn = (k + 1)(n − k + 1).

Proof. As every linear graph is a component linear graph, the statement is a consequence
of Corollary 3.8.1.



According to Theorem 3.8.2, the connectivity power of the node in position k in the
linear graph with n + 1 nodes as seen in Figure 3.9 is the number of nodes to the left
of the node, including the node itself, multiplied by the number of nodes to the right of
the node, again including the node itself. For the nodes on the sides this number thus
becomes t0n = tnn = n + 1. Now that we have a general formula for every tkn , we can show
how similar the resulting numbers are to the ones in Pascal's triangle. The rst eight rows
of the triangular arrangement are shown in Figure 3.10.
Figure 3.10: A triangular arrangement of the connectivity power measure on linear graphs
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By observing the pattern, we see that the numbers indeed show some similarities to
the binomial coecients, but they grow faster on the sides and slower in the middle.
This is due to the fact that binomial coecients are dened by permutations, while the
connectivity powers for linear graphs are polynomial. It is possible to give a recursive
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construction rule for the triangle, similar to the well-known rule for Pascal's triangle that
the sum of two consecutive entries is equal to the number below them.

Theorem 3.8.3. For any n ≥ 0 and 0 ≤ k ≤ n it holds that tkn = tkn−1 + tkk .
Proof. As tkn = ck (N, E) in the linear graph (N, E) ∈ G L such that N = {0, . . . , n} and
E = {{k, k + 1} : k = 0, . . . , n}, and by Lemma 3.5.2 the connectivity power measure
satises neighbor separability, we have that ck (N, E) = ck (N, E−{k+1} ) + c{k}∪{k+1} (N, E).
By denition, ck (N, E−{k+1} ) = tkk and c{k}∪{k+1} (N, E) = tkn−1 .



It is well-known that when the entries of a row of Pascal's triangle is divided by 2n , the
sum of the entries in the row, we get a symmetric binomial probability distribution. If we
scale the thus achieved probabilities properly and calculate the limit of the distribution
when the number of entries in the rows converge to innity, we get a standard normal
distribution. By doing a similar calculation for the connectivity powers of nodes in linear
graphs with the arrangement as seen in Figure 3.9, the limiting distribution is a symmetric,
vertically inverted U-quadratic distribution on the interval [0, 1]. In order to show this,
we rst need to calculate the row totals and dene the discrete distribution that arises by
dividing the entries by them.

Lemma 3.8.3. For any n ≥ 0, it holds that
n
X

tkn =

k=0

(n + 1)(n + 2)(n + 3)
.
6

Proof. From Theorem 3.8.2 we have that tkn = (k + 1)(n − k + 1). By plugging this formula
in, we get
n
X

tkn

=

n
X

(k + 1)(n − k + 1)

k=0

k=0

=

(n + 1)(n + 2)(n + 3)
.
6


The row totals are showing another interesting result. As it is known, the sum of n + 1
consecutive numbers starting from 1 is ((n+1)(n+2))/2, while the sum of n+1 consecutive
squares starting from 1 is ((n + 1)(n + 2)(2n + 3))/6. The row total given above is between
these two numbers for every n ≥ 0, which means that the increase in the row totals
between rows is more than in the linear case, but less than in the quadratic case.
The probability associated with entry tkn is the entry divided by the row total. Let

ηn be the random variable that can take values 0, . . . , n and let pkn = P(ηn = k) denote
the associated probability in row n and position 0 ≤ k ≤ n. So, pkn = (6(k + 1)(n − k +
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1))/((n + 1)(n + 2)(n + 3)). Then, pkn is the probability that we choose node k by choosing
any connected set on graph (N, E) with equal probabilities, and any node of the set, again
with equal probabilities. Using the thus normalized entries as probabilities for choosing
node k , we can calculate the cumulative probability of choosing a value smaller or equal
P
than a given number k . Let us denote this by Pnk = P(ηn ≤ k) = ki=0 pin . The calculation
is similar to the calculation of the row totals,

Pnk

=

=

k
X
i=0
k
X
i=0

=

pin
6(i + 1)(n − i + 1)
(n + 1)(n + 2)(n + 3)

(k + 1)(k + 2)(3n + 3 − 2k)
.
(n + 1)(n + 2)(n + 3)

We can also calculate the expected value and variance of this discrete distribution. Let

µn denote the expected value and ςn the standard deviation for a given n ≥ 0. Then,

µn =
=

n
X

kpkn

k=0
n
X
k=0

6k(k + 1)(n − k + 1)
(n + 1)(n + 2)(n + 3)

n
=
2
and

ςn2

=−

µ2n
2

=−
=

+

n
X

k 2 pkn

k=0
n
X

6(k + 1)(n − k + 1)
n
+
k2
4
(n + 1)(n + 2)(n + 3)
k=0

n(n + 4)
.
20

In order to calculate the limiting distribution when n converges to innity, we need to
go back to the cumulative probabilities Pnk . If n approaches innity, the resulting limiting
distribution does not exist as the variance converges to innity. As the variance ςn2 is
quadratic in n, if we divide ηn by n, the variance of the resulting random variable is nite
in the limit. Let υn = ηn /n. Then, Pnk = P(ηn ≤ k) = P(υn ≤ k/n). Finally, let us dene
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m = k/n. Therefore, we can rewrite Pnk in terms of m by substituting mn for k , as
Pnk =

(k + 1)(k + 2)(3n + 3 − 2k)
(mn + 1)(mn + 2)(3n + 3 − 2mn)
=
.
(n + 1)(n + 2)(n + 3)
(n + 1)(n + 2)(n + 3)

Let Pnm = ((mn + 1)(mn + 2)(3n + 3 − 2mn))/((n + 1)(n + 2)(n + 3)) for 0 ≤ m ≤ 1.
We get the cumulative distribution function of the limiting distribution by calculating

lim Pnm = lim

n→∞

n→∞

(mn + 1)(mn + 2)(3n + 3 − 2mn)
(n + 1)(n + 2)(n + 3)

= m2 (3 − 2m),
with 0 ≤ m ≤ 1. Thus, the limiting cumulative distribution function is F (m) = m2 (3−2m)
for 0 ≤ m ≤ 1, and the probability density function is f (m) = 6m(1 − m) for 0 ≤ m ≤ 1.
The probability density function is depicted in Figure 3.11. The cumulative probability

F (m) = m2 (3−2m) at a point m ∈ [0, 1] is the probability that by choosing a line segment
on [0, 1] with a uniform distribution, and a point of the line segment, again with uniform
distribution, we pick a point that is below m. Note that the limiting probability density
function f has the property that the probability density at any given point 0 ≤ m ≤ 1, is
equal to a normalizing constant, 6, times the product of the lengths of the line segments

[0, m] and [m, 1]. These line segments are analogous in interpretation to the number of
nodes to the left and to the right of a given node, including the node itself, in a line graph.
To our best knowledge, the resulting distribution function does not have its own name,
but it can be described as a symmetric, vertically inverted U-quadratic distribution on

[0, 1]. We can also calculate the expected value and variance of the limiting distribution.
Let µ and ς denote the expected value and the standard deviation, respectively. Both can
be calculated in two ways. By using the limiting probability density function, we get that

Z1
µ=

mf (m) dm
0

Z1
=

6m2 (1 − m) dm

0

1
=
2
and

ς 2 = −µ2 +

Z1
0
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m2 f (m) dm

1
=− +
4

Z1

6m3 (1 − m) dm

0

1
= .
20
The other way is by calculating the limits of µn /n and ςn2 /n. We get that

µn
n
1
= lim
n→∞ 2
1
=
2

µ = lim

n→∞

and

ςn2
n→∞ n2
n+4
= lim
n→∞ 20n
1
= .
20

ς 2 = lim

Thus, the resulting limiting distribution has a smaller variance than the uniform distribution on [0, 1], which is 1/12, but it has a larger variance than the symmetric triangular
distribution on [0, 1], which is 1/24.
Figure 3.11: The probability density function of the limiting distribution
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3.9

Examples

In this section, we illustrate on ve examples how the connectivity power measure can
be used to rank nodes in real-life networks. Measuring the importance of nodes in networks is one of the most popular applications of dierent power measures. In Jackson
(2008) many dierent applications can be found, including the analysis of friendship networks in schools and the connections between inuential Florentine families during the
Renaissance. Another famous example for measuring importance in networks is the Erd®s
number.1 This concept is based on distances of people in networks and the ranking is
based on how far nodes are from some predetermined important nodes, in the case of the
Erd®s number from Paul Erd®s.
As the connectivity power measure assigns to every node the number of connected
sets the node is in, it can be used when connectivity and connected sets are important in
a network. The rst example, which is based on the operational network of the hijackers
during the 9/11 attacks, serves the purpose to show a setting in which the connectivity
power measure may be an important power measure to calculate and to base the ranking
of the nodes on. The network, together with another one, is analyzed in Lindelauf et al.
(2013) and Husslage et al. (2015), where a new method is introduced to measure the
centrality of nodes in networks based on the Shapley value of a corresponding game. The
novelty of the method is that it can incorporate information about the individual threat
levels of the terrorists and also about the strength of the connections in the network.
An advantage of the method is that compared to other ranking methods based on the
classical measures it gives fewer ties in the rankings. The resulting rankings are compared
with the degree, betweenness, and closeness measures. We compare their results with the
connectivity power measure.
The other four examples are illustrating the connectivity power measure and its relation to the classical measures on four dierent-looking graphs. They also demonstrate
how the computational complexity of calculating the connectivity power measure changes
with the structure of the graphs. We start with the metro network in Budapest, Hungary.
This network has a few hubs and several long sequences of nodes that are forming linear
subgraphs. The next example is based on the map of the board game Risk. The map has
42 territories that are connected to each other if troop movement is allowed between them.
As the map shows almost all of the major landmasses on Earth (excluding Antarctica), the
connections between the continents are serving as bottlenecks. Then, we continue with the
map of another board game called Power Grid. Its map shows connections between major
cities in the Netherlands, Belgium, and Luxembourg. The connections are representing a
power grid, which cannot be separated easily by removing connections. Finally, we look
at the countries of Europe and how they are connected to each other. This network is in
1A

similar concept is called the Erd®s-Bacon-Sabbath number.
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between the two board game examples, as there are some countries that are important in
connecting others, and there are regions where countries are well-connected.
We compare the top nodes (top 10 in the latter four examples) according to the different power measures informally. For a formal comparison we use two methods. First, we
give the correlation between the dierent power measures, and then we give the correlation between the rankings they induce. The latter is called Spearman's rank correlation.
The rankings are calculated in a way that in case of ties, the average of the should-be
ranks are allocated between the observations with the same values.
For the calculation of the connectivity power measure on the graphs the recursive
formula in Theorem 3.7.2 was implemented in a Matlab code. Matlab version R2017a was
used on a computer with an Intel Core i5-4590 CPU 3.30GHz. As the processor has four
cores and the formula can be parallelized, calculations were made in four parallel pools.
3.9.1

The 9/11 attacks

In Lindelauf et al. (2013) a method is proposed to measure the importance of members
of terrorist networks that not only takes into account the network itself, but also the
individual threat of the terrorists and the strength of the connections between them. Two
cases are analyzed, Jemaah Islamiyah's Bali bombing and the 9/11 attacks of Al-Quaeda.
The proposed measure is based on the Shapley value of a cooperative TU-game that
incorporates the network, the individual threat levels, and the strength of the links into
its characteristic function. In Husslage et al. (2015) a new method to construct the TUgame is introduced and the analysis of the 9/11 attacks is extended. In van Campen et al.
(2018) the method is applied to a larger network for the 9/11 attacks.
Analyzing a network of terrorists can have many dierent goals. The motivation given
in Lindelauf et al. (2013) and Husslage et al. (2015) is that counter-terrorism organizations
often have scarce resources and thus can only allow to put a few members of a terrorist
network under surveillance. Depending on what assumptions the counter-terrorism organizations have about the specic terrorist network in hand, and also on what they expect
to get out from the surveillance, many dierent power measures may serve their purposes
best. For example, if their goal is to intercept messages in the network sent from one
member to another, then if they assume that messages are sent by every member with
the same probabilities and the route of the messages is always the shortest path, then the
surveillance eorts should be put on the members with the highest betweenness measures
as they are the ones who are handling the most messages on average. If they assume
that members who are the closest to other members in the network are more likely to
be the organizers of events, meetings, and attacks, and their goal is to stop these or to
gather more intelligence about them, then they should make their decision based on the
closeness power measure. The connectivity power measure seems to be a good choice if
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the counter-terrorism organizations assume that information about the planned attacks
are scattered in connected sets in the network with equal probabilities. In other words,
the assumption is that for every piece of information relevant to the plans of the group
there is a set of members who know the information, and those members have to be connected in the network. By targeting the members with the highest connectivity power,
counter-terrorism organizations can put the members with the most information under
surveillance or interrogate them and thus can learn the most about the plans of the group.
We compare the results in Lindelauf et al. (2013) and Husslage et al. (2015) with the
connectivity power measure and the classical power measures for the 9/11 attacks. On
September 11 2001 four passenger airplanes were hijacked by 19 terrorists. Two planes
were crashed into the two towers of the World Trade Center in New York City, the third
into the Pentagon. The fourth plane was heading toward Washington, D.C., but crashed
in Pennsylvania after its passengers tried to overcome the hijackers.
Figure 3.12: Operational network of the hijackers
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The network of the hijackers can be seen in Figure 3.12. The numbers inside the nodes
correspond to the weights of the nodes. Otherwise, the graph is a copy of the one used
in Lindelauf et al. (2013) and Husslage et al. (2015). In Table 3.1 the names, threat
levels (weights), and two rankings are presented. The two columns to the right show the
rankings based on the proposed measures in Lindelauf et al. (2013) and Husslage et al.
(2015), respectively, while the weights are added to see how they aect the two rankings.
For the rst measure, the following TU-game is dened. Let (N, E) ∈ G G be a graph, and
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w ∈ RN a vector of weights. The worth of a coalition S ⊆ N is dened as
v wconn2,1 (S) =


P

 wi , if S ∈ LN (N, E),
i∈S

otherwise.


0,

For the second version, the worth of a coalition is dened as the largest worth of the
components of that coalition in the graph. So, for every S ⊆ N ,

v wconn2,2 (S) =

max

T ∈Lm
S (N,E)

v wconn2,1 (T ).

In Husslage et al. (2015) the second TU-game is dened in a slightly more general way,
as it can possibly also incorporate weights dened on the edges of the graph. Also, it is
denoted as v mwconn . However, in the case of the 9/11 attacks only the weights of the
nodes dier and not the weights of the edges, therefore we do not need the more general
form of the game. The last two columns of Table 3.1 contains the rankings of the hijackers
based on their Shapley values in these two games.
Table 3.1: Names, weights, and rankings of the hijackers
ID
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Name
Ahmed Alghamdi
Hamza Alghamdi
Mohand Alshehri
Fayez Ahmed
Marwan Al-Shehhi
Ahmed Alnami
Saeed Alghamdi
Ahmed Al-Haznawi
Ziad Jarrah
Salem Alhazmi
Nawaf Alhazmi
Khalid Al-Mihdhar
Hani Hanjour
Majed Moqed
Mohamed Atta
Abdul Aziz Al-Omari
Waleed Alshehri
Satam Suqami
Wail Alshehri

Weight
1
1
1
1
3
1
1
1
4
1
2
3
1
1
4
1
1
1
1

wconn2,1
18
2
5
12
6
15
14
11
8
13
7
10
4
19
9
1
3
16.5
16.5

wconn2,2
17
8
14
12
3
15
13
10
2
11
4
6
5
16
1
7
9
18.5
18.5

The classical power measures (degree, closeness, betweenness, and eigenvector) are
dened in a way that they give us information purely about the network, and thus regard
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the nodes as if they all have the same weights. These measures serve as a baseline for
comparison. The connectivity power measure, as dened in this chapter, also cannot take
into account the weights of nodes in a graph. For a given node, the connectivity power
measure is only the number of connected sets of nodes that contain the node. It would be
possible to incorporate some weights of the nodes into the measure, but this is outside of
the scope of this dissertation. The measures and their induced rankings are in Table 3.2.
As the graph in Figure 3.12 has only 19 nodes, the connectivity power measures of the
nodes are relatively small, 34,450 is the highest, while 13,784 is the lowest. Therefore, we
use the values and not the normalized connectivity power measure, as dened in Section
3.8.2.
As it can be seen in Table 3.1, in the two rankings from Lindelauf et al. (2013) and
Husslage et al. (2015) there are very few ties in the rankings, however the two methods
pinpoint dierent people in the top 5 positions. The second method seems to pick up the
threat levels of the terrorists better than the rst one. The only hijacker who is in the top 5
according to both of the rankings is Hani Hanjour (node 13). In Table 3.2 we see that most
of the classical power measures (all but the eigenvector measure) give more ties, while the
connectivity power measure only gives a tie for one pair of hijackers, Satam Suqami and
Wail Alshehri (nodes 18 and 19), who are symmetric in the graph. The classical power
measures seem to agree that Nawaf Alhazmi (node 11) is the most important member
of the network, while interestingly the connectivity power measure ranks him only third
and gives the rst position to Abdul Aziz Al-Omari (node 16), who also occupies the
rst position in the ranking of Lindelauf et al. (2013). The reasoning behind this result
is similar to the one presented in Lindelauf et al. (2013), namely node 16 serves as a
bottleneck in the graph. Bottlenecks are clearly prioritized by the connectivity power
measure as every connected set that contains nodes from the parts they are connecting
must include them as well. This also means that if information about the plans of the
network is indeed scattered in connected sets, Abdul Aziz Al-Omari should be the one
with the most information. The top 5 hijackers (nodes 16, 2, 11, 5, and 13) according to
the connectivity power measure are also in the top 5 according to at least one of the other
measures. By looking at their positions in the graph, we see that nodes 16, 2, and 13 are
bottlenecks, while nodes 11 and 5 are neighbors of at least one of them. It seems that
the connectivity power measures of nodes that are bottlenecks or close to bottlenecks are
high. These observations mean that the use of the connectivity power measure brings new
insight to the rankings, but it does not introduce major changes in the identities of the
most important members.
In order to quantify the similarities between the measures and the rankings, we look at
their correlations and rank correlations. The correlations and rank correlations between
the measures are in Figures 3.13 and 3.14, respectively. The order of the measures is the
following: degree, closeness, betweenness, eigenvector, CPM, the measure from Lindelauf
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et al. (2013), and the measure from Husslage et al. (2015).
Based on the results we can make the following observations. The correlations and
the rank correlations show similar results. The connectivity power measure correlates
well (above 0.65) with every power measure, including the ones proposed in Lindelauf
et al. (2013) and Husslage et al. (2015). The ranking from Lindelauf et al. (2013) has a
strong correlation (above 0.9) with the ranking based on the connectivity power measure,
which suggests that the method used in Lindelauf et al. (2013) is closer in nature to
the idea behind the connectivity power measure. The fact that the correlation between
the measures, even the ones that take the weights into account, is rather strong means
that if the surveillance decision is made based on one of the measures, then most likely
the picked members also have a high rank based on the other measures. However, as the
correlations are not too strong, we see that the dierent measures may prioritize dierent
characteristics.
Table 3.2: Classical power measures and CPM, power and rankings
ID
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

degree
1
6
2
2
6
3
4
3
5
3
7
2
6
1
5
3
3
2
2

closeness
0.0172
0.0244
0.0200
0.0217
0.0270
0.0217
0.0227
0.0222
0.0256
0.0244
0.0286
0.0213
0.0270
0.0185
0.0286
0.0238
0.0182
0.0141
0.0141

betweenness
0
28.78
5.15
7.9
32.08
0
1.53
4.55
11.48
2.1
47.05
0
25.6
0
32.77
45
32
0
0
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eigenvector
0.0154
0.0696
0.0211
0.0258
0.0956
0.0540
0.0630
0.0496
0.0916
0.0661
0.1113
0.0476
0.1036
0.0229
0.0991
0.0456
0.0116
0.0033
0.0033

CPM
17,017
34,032
22,698
21,922
31,704
20,839
21,788
23,705
25,012
22,101
32,364
20,389
30,892
15,447
26,130
34,450
27,564
13,784
13,784

ID
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

degree
18.5
3
15
15
3
10
7
10
5.5
10
1
15
3
18.5
5.5
10
10
15
15

closeness
17
6.5
14
11.5
3.5
11.5
9
10
5
6.5
1.5
13
3.5
15
1.5
8
16
18.5
18.5

betweenness
16.5
6
10
9
4
16.5
13
11
8
12
1
16.5
7
16.5
3
2
5
16.5
16.5

eigenvector
16
6
15
13
4
9
8
10
5
7
1
11
2
14
3
12
17
18.5
18.5

CPM
16
2
10
12
4
14
13
9
8
11
3
15
5
17
7
1
6
18.5
18.5

Figure 3.13: Correlation matrix between power measures, 9/11 attacks

1
0.8198

0.7084

0.8883
0.7849



0.8198
1
0.6287
0.9517
0.7763

0.7084
0.6287
1
0.5509
0.8799

0.8883
0.9517
0.5509
1
0.6788


0.7849
0.7763

0.8799

0.6788
1

Figure 3.14: Rank correlation matrix between power measures, 9/11 attacks

1
0.8709

0.7394

0.8636

0.7883

0.6253
0.7615



0.8709
1
0.7335
0.9657
0.7520
0.5286
0.8514

0.7394
0.7335
1
0.5803
0.9350
0.8263
0.7799

0.8636
0.9657
0.5803
1
0.6365
0.4118
0.7946
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0.7883
0.7520
0.9350
0.6365
1
0.9034
0.7752

0.6253
0.5286
0.8263
0.4118
0.9034
1
0.6945


0.7615
0.8514

0.7799

0.7946

0.7752

0.6945
1

3.9.2

Metro lines of Budapest

The rst example to demonstrate the connectivity power measure on dierent graphs is
the metro network of Budapest. As of 2018, Budapest has four metro lines (M1, M2, M3,
and M4), the rst of which (M1) was opened in 1896. From now on we refer to the lines
by only the numbers. Metro line 1, connecting stations S1 and E1, is the third oldest
underground railway in the World, and the rst one that was built in mainland Europe.
The network is depicted in Figure 3.15, where the digits inside the nodes indicate the
numbers of the line the station belongs to. The names of the stations are listed in Table
3.3.
Table 3.3: Stations in the metro network of Budapest
ID
S3
31
32
33
34
35
36
37
38
I123
39
I34
310
311
312
313
314
315
316
E3
S2
21
22
23

Name
Újpest-Központ
Újpest-Városkapu
Gyöngyösi utca
Forgách utca
Árpád híd
Dózsa György út
Lehel tér
Nyugati pályaudvar
Arany János utca
Deák Ferenc tér
Ferenciek tere
Kálvin tér
Corvin-negyed
Klinikák
Nagyvárad tér
Népliget
Ecseri út
Pöttyös utca
Határ út
K®bánya-Kispest
Déli pályaudvar
Széll Kálmán tér
Batthyány tér
Kossuth Lajos tér

Lines
3
3
3
3
3
3
3
3
3
1,2,3
3
3,4
3
3
3
3
3
3
3
2
2
2
2
2

ID
24
25
I24 -E4
26
27
E2
S1
11
12
13
14
15
16
17
18
E1
S4
41
42
43
44
45
46
47
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Name
Astoria
Blaha Lujza tér
Keleti pályaudvar
Puskás Ferenc Stadion
Pillangó utca
Örs vezér tere
Vörösmarty tér
Bajcsy-Zsilinszky út
Opera
Oktogon
Vörösmarty utca
Kodály körönd
Bajza utca
H®sök tere
Széchenyi fürd®
Mexikói út
Kelenföld vasútállomás
Bikás park
Újbuda-központ
Móricz Zsigmond körtér
Szent Gellért tér
F®vám tér
Rákóczi tér
II. János Pál pápa tér

Lines
2
2
2,4
2
2
2
1
1
1
1
1
1
1
1
1
1
4
4
4
4
4
4
4
4

Figure 3.15: Metro lines of Budapest
3 S3
3 31
3 32
3 33
1 E1
1 18
1 17
3 35
1 16
3 36
1 15
1 14
3 37
1 13
1 12
3 38
1 11 25 I24 26
23
27
E2
2
123
2
2
24
2
2
2
24
4 E4
1
3
39
S1
4 47
34 46
3 34

4
41

22
2

4
42

4
43

3

4
S4

21
2

2
I1

S2
2

4
44

4 I34 3 310
45
3 311
3 312
3 313
3 314
3 315
3 316
3 E3

A network such as the metro network of Budapest usually has a few hubs in the center,
several stations where passengers can transfer between the lines, and some long parts that
are spreading out of the hubs to reach the outer parts of the city. These characteristics of
the network make it easier to calculate the connectivity power measure, as the recursive
formulas from Section 3.7 are all depending on the components we get if we isolate a
given node. In this network, the isolation of hubs breaks the graph into smaller pieces,
thus making it possible to calculate the power of nodes by multiplying instead of summing
up powers. It took 0.296 seconds to calculate the connectivity power measure using the
formula from Theorem 3.7.2.
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Table 3.4 shows the top 10 stations according to the connectivity power measure,
and their powers based on the classical power measures. The normalized version of the
connectivity power measure is used, as the connectivity powers are ranging from 261,309
to 2,613,000. In Table 3.5 the rankings of the same 10 stations are given, based on the
same power measures. Table 3.6 shows the (normalized) connectivity power measure and
the ranking based on it for the remaining stations. According to the connectivity power
measure, the largest hub (node I123) has the highest power, and after that either other
hubs are following, or stations that are close to the largest hub. This again shows that the
connectivity power measure of bottlenecks and nodes that are close to the bottlenecks are
large. If we compare the rankings of the top 10 stations, we see that all of the measures
agree that station I123 is the most important, while the rest of the rankings are also similar. The degree measure yields many ties as most of the stations have only two neighbors,
but again the number of ties seems to be low for the connectivity power measure, and
also for the other classical measures. For every station in the top 10 according to the
connectivity power measure there is always at least one other measure for which the given
station has a rank below ten. This indicates that the rankings are aligned with each other.
Table 3.4: Top 10 metro stations, power measures
ID
I123
I34
38
11
39
310
45
37
12
23

degree
6
4
2
2
2
2
2
2
2
2

closeness
0.0046
0.0043
0.0040
0.0040
0.0044
0.0037
0.0037
0.0036
0.0036
0.0039

betweenness
754.00
550.50
312.00
312.00
419.00
280.00
210.00
280.00
280.00
132.00

eigenvector
0.1514
0.0607
0.0675
0.0675
0.0789
0.0271
0.0271
0.0301
0.0301
0.0674

CPM
22.32
22.30
22.17
22.17
22.16
22.13
22.08
22.00
22.00
22.00

Table 3.5: Top 10 metro stations, rankings
ID
I123
I34
38
11
39
310
45
7
12
23

degree
1
2
22.5
22.5
22.5
22.5
22.5
22.5
22.5
22.5

closeness
1
3
4.5
4.5
2
9
11
12.5
12.5
7

betweenness
1
2
4.5
4.5
3
7
13.5
7
7
24
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eigenvector
1
7
4.5
4.5
2
14
15
11.5
11.5
6

CPM
1
2
3.5
3.5
5
6
7
8.5
8.5
10

Table 3.6: Ranking of the remaining metro stations in Budapest based on CPM
ID
I24-E4
311
24
46
44
36
13
25
312
47
35
14
22

Rank
11
12
13
14
15
16.5
16.5
18
19
20
21.5
21.5
23

CPM
21.96
21.94
21.87
21.86
21.82
21.80
21.80
21.72
21.72
21.71
21.58
21.58
21.58

ID
26
43
313
34
15
S1
314
42
33
16
21
27
315

Rank
24
25
26
27.5
27.5
29
30
31
32.5
32.5
34
35
36

CPM
21.55
21.49
21.45
21.32
21.32
21.32
21.13
21.08
21.00
21.00
21.00
20.96
20.72

ID
32
17
41
316
31
18
S2
E2
S4
E3
S3
E1

Rank
37.5
37.5
39
40
41.5
41.5
43
44
45
46
47.5
47.5

CPM
20.58
20.58
20.49
20.13
20.00
20.00
20.00
19.96
19.49
19.13
19.00
19.00

The correlation matrix between the power measures and the rank correlation matrix
between the induced rankings are in Figures 3.16 and 3.17, respectively. For the correlation
matrix, the connectivity power measure is used and not its normalized form. The order
of the measures is the same as in Table 3.5.
Figure 3.16: Correlation matrix between power measures, metro lines of Budapest

1
0.5113

0.8082

0.6337
0.5749



0.5113
1
0.7202
0.8449
0.9360

0.8082
0.7202
1
0.7325
0.7965

0.6337
0.8449
0.7325
1
0.7049


0.5749
0.9360

0.7965

0.7049
1

Figure 3.17: Rank correlation matrix between power measures, metro lines of Budapest

1
0.4722

0.6559

0.4393
0.6391



0.4722
1
0.6922
0.9874
0.9305

0.6559
0.6922
1
0.6456
0.8768

0.4393
0.9874
0.6456
1
0.8944


0.6391
0.9305

0.8768

0.8944
1

Based on the correlation matrices, we see that the connectivity power measure has
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a medium-to-strong (above 0.55) correlation with every other power measure. The rank
correlation matrix shows slightly stronger correlations between the connectivity power
measure and the other measures. The strongest correlation is with the closeness measure
(above 0.9). The fact that the power measures correlate well with each other means that
the rankings are aligned, but we can also see that as sometimes the correlations are not
too strong, the dierent measures prioritize dierent nodes.
3.9.3

World map in the board game Risk

The second example to demonstrate the connectivity power measure on dierent graphs
is the World map from the board game Risk. In Risk the map of the World is split into
territories. Players are controlling these with their armies and they can attack, withdraw,
and move troops according to the adjacency rules of the map. The connections between
the territories are depicted in Figure 3.18, where the letters inside the nodes show which
continent the territory is on. The names of the territories are in Table 3.7.
Table 3.7: Territories in Risk
ID
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

Name
Alaska
Alberta
Central America
Eastern US
Greenland
Northwest Territory
Ontario
Quebec
Western US
Argentina
Brazil
Peru
Venezuela
Great Britain
Iceland
Northern Europe
Scandinavia
Southern Europe
Ukraine
Western Europe
Congo

Continent
N. America
N. America
N. America
N. America
N. America
N. America
N. America
N. America
N. America
S. America
S. America
S. America
S. America
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Africa
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ID
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42

Name
East Africa
Egypt
Madagascar
North Africa
South Africa
Afghanistan
China
India
Irkutsk
Japan
Kamchatka
Middle East
Mongolia
Siam
Siberia
Ural
Yakutsk
Eastern Australia
Indonesia
New Guinea
Western Australia

Continent
Africa
Africa
Africa
Africa
Africa
Asia
Asia
Asia
Asia
Asia
Asia
Asia
Asia
Asia
Asia
Asia
Asia
Australia
Australia
Australia
Australia

Figure 3.18: Connections of territories in Risk
9 NA
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NA
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20 EU
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AF

AS

37
EU
19

AS 34

AS
31
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40 AU

AF
24
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This graph contains more cycles than the previous, but because continents are only
connected through a few bottlenecks, it is still possible that by the isolation of some
nodes, the graph breaks into smaller components. Thus, we can still gain by applying
the formulas in Section 3.7. It took 17,707.479 seconds (4.919 hours) to calculate the
connectivity power measure using the formula from Theorem 3.7.2.
Table 3.8 shows the top 10 territories according to the connectivity power measure,
and their powers based on the classical power measures. The normalized version of the
connectivity power measure is used again, as the connectivity powers are ranging from
6,455,899,771 to 17,334,593,308. In Table 3.9 the rankings of the same 10 territories are
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given, based on the same power measures. Table 3.10 shows the (normalized) connectivity power measure and the ranking based on the measure for the remaining territories.
It seems that the connectivity power measure still gives a large power to nodes that are
forming bottlenecks or are close to bottlenecks. In this case, bottlenecks are the territories
that are connecting dierent continents. The strongest node, according to the connectivity power measure is North Africa (node 25), connecting Africa to both South America
and Europe, while the only territory in the top 10 according to the connectivity power
measure that is not a bottleneck is China (node 28), which is the neighbor of Siam (node

35), a bottleneck and the second strongest node according to the connectivity power measure. If we compare the rankings of the top 10 territories, we can see that there is some
dierence between the measures. North Africa is ranked rst based on the connectivity
power measure, but it is never the rst according to the other measures (its best position
is second, the worst is eighth). In addition, Alaska and Greenland (nodes 1 and 5) do not
have a rank below 10 according to any of the other measures. These observations indicate
that the rankings are still aligned with each other, but for this graph the connectivity
power measure dier more from the other measures.
Table 3.8: Top 10 territories, power measures
ID
25
35
28
11
32
40
5
19
22
1

degree
6
3
6
4
5
3
4
6
6
3

closeness
0.0070
0.0063
0.0071
0.0062
0.0062
0.0052
0.0060
0.0078
0.0068
0.0060

betweenness
170.05
148.00
159.66
129.34
116.45
114.00
86.63
143.02
104.00
107.89

eigenvector
0.0561
0.0190
0.0449
0.0146
0.0137
0.0046
0.0053
0.0714
0.0514
0.0042

CPM
35.01
35.00
34.91
34.89
34.82
34.81
34.73
34.72
34.72
34.71

Table 3.9: Top 10 territories, rankings
ID
25
35
28
11
32
40
5
19
22
1

degree
4
32
4
19
10
32
19
4
4
32

closeness
8
18
6.5
19
20
37.5
22
1
11.5
24.5

betweenness
2
4
3
6
7
8
14
5
12
11
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eigenvector
5
19
10
23
24
29
27
3
8
31

CPM
1
2
3
4
5
6
7
8
9
10

Table 3.10: Ranking of the remaining territories based on CPM
ID
33
13
3
15
34
7
36
29
6
18
2

Rank
11
12
13
14
15
16
17
18
19
20
21

CPM
34.71
34.65
34.65
34.62
34.62
34.61
34.56
34.52
34.51
34.50
34.49

ID
27
9
37
17
4
20
14
16
21
30
8

Rank
22
23
24
25
26
27
28
29
30
31
32

CPM
34.49
34.48
34.47
34.46
34.46
34.46
34.42
34.41
34.37
34.29
34.27

ID
23
38
26
12
31
10
41
42
24
39

Rank
33
34
35
36
37
38
39.5
39.5
41
42

CPM
34.27
34.23
34.18
34.13
34.10
34.01
34.00
34.00
33.97
33.59

The correlation matrix between the power measures and the rank correlation matrix
between the induced rankings are in Figures 3.19 and 3.20, respectively. Again, the entries
in the correlation matrix are given in the same order as they appear in Table 3.9. The
correlations of the connectivity power measure are calculated using the original measure,
not the normalized one.
Figure 3.19: Correlation matrix between power measures, Risk
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0.7268
1
0.5903
0.8638
0.5603

0.5888
0.5903
1
0.4343
0.8928

0.6954
0.8638
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1
0.2945


0.5726
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0.8928

0.2945
1

Figure 3.20: Rank correlation matrix between power measures, Risk

1
0.7496

0.5899

0.6189
0.5478



0.7496
1
0.6146
0.9075
0.4922

0.5899
0.6146
1
0.4125
0.9325

0.6189
0.9075
0.4125
1
0.2945


0.5478
0.4922

0.9325

0.2945
1

Based on the correlation matrices, we see that the connectivity power measure has
a medium-to-strong (above 0.55) correlation with every other power measure except the
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eigenvector measure. The rank correlation matrix shows similar correlations between the
connectivity power measure and the other measures. This time, the connectivity power
measure has the strongest correlation and rank correlation (above 0.9) with the betweenness measure. The fact that the power measures correlate well with each other means that
the rankings are aligned, but in this example the connectivity power measure seems to
give higher power to dierent nodes than the other power measures.
3.9.4

Map of the BeNeLux countries in the board game Power
Grid

The third example to demonstrate the connectivity power measure on dierent graphs
is the map of Belgium, the Netherlands, and Luxembourg, from the board game Power
Grid. In Power Grid players need to connect cities and supply them with electricity to
earn points. The connections between the cities determine how players can expand their
power networks. The connections between the cities are depicted in Figure 3.21, where the
letters inside the nodes show which country the given city is in. The names of the cities
are in Table 3.11. We used the local names for the cities, in case of Dutch and Flemish
cities, the names are in Dutch, while the names of Walloon cities are in French.
Table 3.11: Cities in Power Grid
ID
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

Name
Groningen
Leeuwarden
Den Helder
Apeldoorn
Enschede
Arnhem
Nijmegen
Haarlem
Zaanstad
Amsterdam
Leiden
Den Haag
Rotterdam
Utrecht
Middelburg
Breda
Tilburg
Den Bosch

Country
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands
Netherlands

ID
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
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Name
Eindhoven
Venlo
Maastricht
Oostende
Brugge
Antwerpen
Gent
Kortrijk
Brussel
Leuven
Liège
Namur
Bruxelles
Mons
Charleroi
Arlon
Luxembourg

Country
Netherlands
Netherlands
Netherlands
Belgium
Belgium
Belgium
Belgium
Belgium
Belgium
Belgium
Belgium
Belgium
Belgium
Belgium
Belgium
Belgium
Luxembourg

Figure 3.21: Connections between cities in Power Grid
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The graph used in this example looks like a net, as it has many cycles. We cannot
break the graph into smaller components by isolating a few nodes, thus using the formulas
from Section 3.7 are not helping as much as they do in the previous examples. For this
reason, we could not use the formula from Theorem 3.7.2 to calculate the connectivity
power measure in this example as it would have taken too much time. As in this case it
was quicker, we instead used a brute force algorithm that counted connected sets in the
network one-by-one. It took 141,172.745 seconds (1.634 days) to calculate the connectivity
power measure with the brute force algorithm.
Table 3.12 shows the top 10 cities according to the connectivity power measure,
and their powers based on the classical power measures. The normalized version of the
connectivity power measure is used again, as the connectivity powers are ranging from
732,016,712 to 1,401,211,336. In Table 3.13 the rankings of the same 10 cities are given,
based on the same power measures. Table 3.14 shows the (normalized) connectivity power
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measure and the ranking based on it for the remaining cities. Tilburg (node 17) is only
ranked as 27th based on the connectivity power measure. As in this graph there are no
clear bottlenecks, it is interesting to see which nodes have high connectivity powers. It
seems that the nodes with a more central position are occupying a higher position in the
ranking. The node with the highest ranking, Antwerpen (node 24) has 8 neighbors (also
the highest). Most of the measures seem to agree that Antwerpen is the most important
city in the game, and they also seem to agree in almost every member of the top 10. For
the connectivity power measure, every city in the top 10 has a rank at most 10 according to every other measure. Therefore, as in this case there are no clear bottlenecks, the
ranking based on the connectivity power measure is not much dierent from the rankings
based on the other measures.
Table 3.12: Top 10 cities, power measures
ID
24
14
19
18
28
13
11
6
4
26

degree
8
6
7
6
6
5
5
4
5
5

closeness
0.0114
0.0099
0.0118
0.0111
0.0106
0.0103
0.0087
0.0093
0.0083
0.0077

betweenness
166.01
101.30
161.09
112.59
105.80
87.09
49.34
71.60
39.87
25.06

eigenvector
0.0728
0.0373
0.0708
0.0580
0.0582
0.0373
0.0246
0.0216
0.0203
0.0227

CPM
31.38
31.22
31.15
31.15
31.12
31.10
31.09
31.08
31.08
31.07

Table 3.13: Top 10 cities, rankings
ID
24
14
19
18
28
13
11
6
4
26

degree
1
4
2
4
4
10
10
20.5
10
10

closeness
2
8
1
3
5
7
18
12
20
24.5

betweenness
1
5
2
3
4
6
10
9
14
20
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eigenvector
1
9
2
4
3
10
19
21
23
20

CPM
1
2
3
4
5
6
7
8
9
10

Table 3.14: Ranking of the remaining cities based on CPM
ID
29
10
7
31
16
2
30
21
5

Rank
11
12
13
14
15
16
17
18
19

CPM
31.06
31.05
31.04
31.02
31.02
31.00
31.00
30.91
30.90

ID
23
27
8
34
33
25
3
17
20

Rank
20
21
22
23
24
25
26
27
28

CPM
30.90
30.90
30.87
30.86
30.86
30.82
30.82
30.79
30.73

ID
32
9
15
12
22
35
1

Rank
29
30
31
32
33
34
35

CPM
30.70
30.66
30.59
30.53
30.48
30.46
30.45

The correlation matrix between the power measures and the rank correlation matrix
between the induced rankings are in Figures 3.22 and 3.23, respectively. Again, the entries
in the correlation matrix are given in the same order as they appear in Table 3.13. The
correlations of the connectivity power measure are calculated using the original measure,
not the normalized one.
Figure 3.22: Correlation matrix between power measures, Power Grid
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1
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Figure 3.23: Rank correlation matrix between power measures, Power Grid
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0.6147
1
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0.9420
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1
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0.9420
0.7414
1
0.6216


0.9324
0.6286

0.9338

0.6216
1

We see from the correlation matrices that the connectivity power measure has again
medium-to-strong correlation with the other measures (above 0.6), this time with every
other power measure, including the eigenvector measure. The rank correlation matrix
shows similar correlations between the connectivity power measure and the other measures. In this example, the ranking based on the connectivity power measure correlates
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strongly (above 0.9) with the rankings based on the degree and betweenness measures,
while the correlation with the other rankings is weaker, but still strong (above 0.6). The
fact that the correlations are rather strong between almost all of the measures means
that when the network has a net-like structure, most of the measures give similar results
and therefore the calculation of the connectivity power does not give much extra insight
about the importance of the nodes. This fact together with the long calculation time of
the connectivity power measure renders its use problematic for such graphs.
3.9.5

Map of Europe

The fourth and nal example to demonstrate the connectivity power measure on dierent
graphs is the map of Europe. All 51 European countries are included. The connections
in the graph in Figure 3.24 show which countries are sharing land borders with each
other. France and the United Kingdom are connected through the Channel Tunnel, while
Denmark and Sweden via the Øresund Bridge. Exclaves are treated as part of the core
territory of countries, for example Russia is connected with Poland through Kaliningrad
Oblast, and the United Kingdom is connected with Ireland through Northern Ireland.
The exceptions to this are the Netherlands and France that are sharing a land border on
the small Caribbean island of Saint Martin, but they are not connected in the graph, and
the United Kingdom and Spain that are bordering each other in Gibraltar, but again, the
connection is not added to the graph. The names of the countries are in Table 3.15.
Table 3.15: Countries of Europe
ID
ALB
AND
ARM
AUT
AZE
BEL
BLR
BOS
BUL
CRO
CYP
CZE
DEN
EST
FIN
FRA
GEO

Name
Albania
Andorra
Armenia
Austria
Azerbaijan
Belgium
Belarus
Bosnia
Bulgaria
Croatia
Cyprus
Czechia
Denmark
Estonia
Finland
France
Georgia

ID
GER
GRE
HUN
ICE
IRE
ITA
KAZ
KOS
LAT
LIE
LIT
LUX
MAC
MAL
MNC
MOL
MON

Name
Germany
Greece
Hungary
Iceland
Ireland
Italy
Kazakhstan
Kosovo
Latvia
Liechtenstein
Lithuania
Luxembourg
Macedonia
Malta
Monaco
Moldova
Montenegro
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ID
NET
NOR
POL
POR
ROM
RUS
SAN
SER
SPA
SVK
SVN
SWE
SWI
TUR
UK
UKR
VAT

Name
Netherlands
Norway
Poland
Portugal
Romania
Russia
San Marino
Serbia
Spain
Slovakia
Slovenia
Sweden
Switzerland
Turkey
United Kingdom
Ukraine
Vatican City

Figure 3.24: Countries of Europe
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There are many cycles and interconnected regions (like the Balkans), but there are
also chains of countries, especially in the west. This makes the formulas in Section 3.7 to
be more helpful in the calculation than in the previous case. It took 94,626.705 seconds
(1.095 days) to calculate the connectivity power measure using the formula from Theorem
3.7.2.
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Table 3.16 shows the top 10 countries according to the connectivity power measure,
and their powers based on the classical power measures. The normalized version of the
connectivity power measure is used again, as the largest connectivity power in the graph
is 4,502,833,751,016. In Table 3.17 the rankings of the same 10 countries are given, based
on the same power measures. Table 3.18 shows the (normalized) connectivity power measure and the ranking based on it for the remaining countries. It seems that bottlenecks,
countries that are close to bottlenecks, and countries with a more central position are
ranked higher. Russia and France are both connected to many neighbors and also serve
as bottlenecks to some other countries. Smaller, but central countries like Serbia, Austria,
and Hungary also have a high connectivity power as they are well-connected and are relatively close to other countries. According to the connectivity power measure France is the
strongest country in the network. If we compare the rankings of the dierent measures
we see that there is not much agreement between the measures on the most important
countries. The connectivity power measure is the only one that ranks France as the rst,
and Spain and the United Kingdom, which are ranked ninth and tenth according to the
connectivity power measure, do not have a rank below 10 according to the other measures.
This result may be again due to the fact that based on the connectivity power measure of
bottlenecks and nodes that are close to bottlenecks are usually ranked high. The United
Kingdom is a bottleneck towards Ireland, while Spain towards Portugal, and both of them
are neighbors of the strongest country, France.
Table 3.16: Top 10 countries, power measures
ID
FRA
RUS
ITA
GER
SER
UKR
AUT
HUN
SPA
UK

degree
9
11
6
9
8
7
8
7
3
2

closeness
0.0064
0.0068
0.0060
0.0074
0.0061
0.0072
0.0070
0.0072
0.0049
0.0048

betweenness
277.42
304.52
160.60
324.61
142.61
155.61
185.14
206.50
46.00
46.00
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eigenvector
0.0285
0.0470
0.0252
0.0441
0.0311
0.0471
0.0464
0.0441
0.0066
0.0054

CPM
43.03
43.02
42.81
42.70
42.55
42.54
42.48
42.47
42.45
42.45

Table 3.17: Top 10 countries, rankings
ID
FRA
RUS
ITA
GER
SER
UKR
AUT
HUN
SPA
UK

degree
2.5
1
9
2.5
4.5
7
4.5
7
32
39

closeness
11
6
16
1
15
3.5
5
3.5
36.5
38.5

betweenness
3
2
7
1
9
8
6
5
15.5
15.5

eigenvector
12
3
16
5
10
2
4
6
42
45

CPM
1
2
3
4
5
6
7
8
9
10

Table 3.18: Ranking of the remaining countries based on CPM
ID
TUR
POL
ROM
BUL
CRO
SVN
GEO
AZE
SWI
MON
MAC
GRE
SVK
FIN

Rank
11
12
13
14
15
16
17.5
17.5
19
20
21
22
23
24.5

CPM
42.40
42.39
42.36
42.33
42.33
42.29
42.26
42.26
42.24
42.24
42.23
42.21
42.19
42.19

ID
NOR
BEL
ALB
SWE
KOS
CZE
DEN
BLR
LAT
LIT
LUX
EST
AND
MNC

Rank
24.5
26
27
28
29
30
31
32
33
34
35
36
37
38

CPM
42.19
42.17
42.14
42.13
42.11
42.11
42.09
42.08
42.07
42.07
42.06
42.04
42.03
42.03

ID
KAZ
BOS
ARM
NET
MOL
LIE
SAN
VAT
POR
IRE
CYP
ICE
MAL

Rank
39
40
41
42
43
44
45.5
45.5
47
48
50
50
50

CPM
42.02
42.01
41.98
41.95
41.92
41.90
41.81
41.81
41.45
41.45
1
1
1

The correlation matrix between the power measures and the rank correlation matrix
between the induced rankings are in Figures 3.25 and 3.26, respectively. Again, the entries
in the correlation matrix are given in the same order as they appear in Table 3.17. The
correlations of the connectivity power measure are calculated using the original measure,
not the normalized one.
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Figure 3.25: Correlation matrix between power measures, Europe
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Figure 3.26: Rank correlation matrix between power measures, Europe
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0.7671
1
0.7080
0.7919
0.6692

0.8579
0.7080
1
0.6095
0.9550

0.7408
0.7948
0.6097
1
0.5313


0.8670
0.6692

0.9550

0.5307
1

We see from the correlation matrices that the connectivity power measure has strong
correlation (above 0.65) with the degree, closeness and betweenness measures and a weaker
one (below 0.5) with the eigenvector measure. The rank correlation matrix shows similar
correlations, a stronger one with the eigenvector measure (above 0.5) and the betweenness
measure (above 0.95) and a weaker one with closeness (around 0.65). We see that the
degree and betweenness measures correlate well with the connectivity power measure in
both the level and rank correlations. The strongest correlations are with the closeness
measure in the level and with the betweenness measure in the rank correlations. Based
on these observations we can say that in this case as there are some bottlenecks, the
connectivity power measure can prioritize them and the nodes close to them, and this
causes some dierences in the rankings and lower correlations. However, as the correlations
are still rather strong, we still see that the measures seem to agree on which nodes are
more important than the others.

3.10

Concluding remarks

In this chapter we propose a new power measure for graphs, called the connectivity power
measure. It is dened as the number of connected sets of nodes a given node is a part of.
It is similar to the connectivity degree introduced in Khmelnitskaya et al. (2016). While
the connectivity degree is a generalization of the binomial coecients for graphs, the
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connectivity power measure is related to the number of nonempty subsets of a set. For
complete graphs, the connectivity power of every node becomes the number of nonempty
subsets of the nodes of the graph.
On any reducible subclass of graphs, the connectivity power measure is uniquely characterized by two axioms, isolated node normalization and neighbor separability. As the
classes of graphs, cycle-free graphs, component complete graphs, and component linear
graphs are all reducible, the two axioms are characterizing the connectivity power measure
uniquely on these classes. Neighbor separability is a rather strong axiom as it characterizes the connectivity power measure up to the normalization of isolated nodes, and when
it is satised by a power measure on any reducible subclass of graphs, it implies the total,
isolation, and merging power rules.
The connectivity power measure satises some classical properties, like anonymity,
symmetry, component independence, and strong component independence, and several
new properties, like strict positivity, the multiplicative separability, the product property,
and the isolation property. The total, isolation, and merging power rules when combined
with the product property yield three dierent recursive formulas to calculate the connectivity power measure on any graph. On the class of cycle-free graphs the formulas
become simpler, and on the classes of component complete and component linear graphs,
we can give closed form formulas. For linear graphs, the connectivity power measures of
the nodes can be represented in a triangular pattern, similar to the binomial coecients.
The connectivity power measure is calculated and compared to other power measures
in ve examples, the 9/11 attacks, the metro lines of Budapest, the World map in the
board game Risk, the map of the BeNeLux countries in the board game Power Grid, and
the map of Europe. The rst example gives a scenario in which the connectivity power
measure may give useful information about terrorists who most likely have the most
information about the plans of the network. The other four examples are chosen to show
how the connectivity power behaves on a large variety of graphs. Based on the examples
we observe that the connectivity power measure prefers to give large powers to nodes that
serve as bottlenecks in the graphs and to nodes that are neighbors or are close to the
bottlenecks. The connectivity power measure correlates well with the degree, closeness,
and betweenness measures, but sometimes the correlation with the eigenvector measure
is weak. When the powers are translated to rankings, the rank correlation between them
show similar results, a strong correlation between the rankings based on the connectivity
power measure and the rst three classical measures, and sometimes only weak or no
correlation with the eigenvector measure. The fact that the rankings based on the power
measures correlate show that the identity of the important nodes are not changing much
with the choice of the measures. However, as the connectivity power measure prefers
bottlenecks, in graphs with such nodes the connectivity power measure may give dierent
results compared to other measures. A disadvantage of the connectivity power measure is
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that on large graphs and when there are many cycles (net-like structures) its calculation
time may take too long. However, as demonstrated, when there are less cycles and clear
bottlenecks in a graph, the connectivity power measure can be calculated rather fast. An
interesting direction for future research is to either nd a better calculation method, or
an approximation of the connectivity power measure. Another problem may be that the
connectivity powers of nodes can be extremely large numbers, so that the computation
may run into problems for very large graphs. This problem may be solved by introducing
an appropriate normalization of the measure.
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Chapter 4
The average connected contribution
value for graph games
4.1

Introduction

A general interest in cooperative game theory is to dene solution concepts. In the context
of graph games, a single-valued solution, or a value, is a function that assigns to every
player in any graph game a number. The most well-known value is the Myerson value
(Myerson, 1977), that is dened as the Shapley value of the restricted game. Another
concept is the restricted Banzhaf value (Owen, 1986), being the Banzhaf value of the restricted game. Sometimes, it is referred to as graph Banzhaf value, see Alonso-Meijide and
Fiestras-Janeiro (2006). As both of these values are dened on restricted games, they both
depend on marginal contributions in non-connected coalitions. As a result, the marginal
contributions in some connected coalitions are counted multiple times and the Myerson
and the restricted Banzhaf values are not the simple averages of the marginal vectors or
the marginal contributions in connected coalitions, but rather weighted averages. As for
TU-games the idea behind both the Shapley and the Banzhaf values is to calculate the
average of the marginal vectors or contributions, by ignoring the possibility of counting
some marginal vectors or contributions multiple times, the resulting solution concepts are
not representing a similar idea for connected coalitions in graph games. In Koshevoy and
Talman (2014), the gravity center solution is introduced that overcomes this phenomenon.
It considers marginal vectors that are not equal as the result of the denition of the restricted game. It counts every dierent marginal vector for every possible order to form
the grand coalition only once. The average tree solution, dened in Herings et al. (2008)
for cycle-free graph games, and generalized in Herings et al. (2010) for the class of graph
games, counts the marginal vectors only for specic orders, but still only once every dierent one. Both of these concepts are alternatives to the Myerson value. An axiomatization
of the Myerson value, the restricted Banzhaf value, and the average tree solution can be
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found in van den Brink (2009).
Despite the fact that some alternatives like the gravity center and the average tree
solution have been proposed to the Myerson value, a similar concept has not yet been
dened for the restricted Banzhaf value. In this chapter we propose a possible way to
ll this gap by introducing a new single-valued solution concept, the average connected
contribution value. The average connected contribution value of a player in a graph game
is dened as the average of the player's marginal contributions in connected coalitions the
player can be a part of. It does not depend on contributions in non-connected coalitions
and consequently counts the contribution in any connected, thus feasible, coalition only
once. This means that the average connected contribution value is similar in idea to the
Banzhaf value in the sense that the Banzhaf value of a player in a TU-game is also the
average of the marginal contributions of the player in feasible coalitions, which for a TUgame are all possible coalitions the player is part of. For complete graphs, the average
connected contribution value coincides with the Banzhaf value.
A larger family of values, called power values, is also introduced in this chapter for
graph games. Power values are single-valued solution concepts for graph games that depend on extended power measures dened on the graph. Any given extended power measure denes a power value. If we choose the connectivity power measure, then the corresponding power value coincides with the average connected contribution value. It is also
shown that if we choose the exponential power measure with base 2, then the corresponding power value coincides with the restricted Banzhaf value, while if we choose the size
power measure, then the corresponding power value coincides with the Myerson value.
The family of power values have some resemblance to Harsanyi power solutions dened
in van den Brink et al. (2011) and to Harsanyi solutions, a generalization of which for
line-graph games is in van den Brink et al. (2006). Harsanyi solutions and Harsanyi power
solutions are both ecient by denition, which is not always the case with power values.
However, by dropping the requirement of eciency, power values can be seen as special
Harsanyi solutions for graph games.
For any given strictly positive extended power measure ϑ, the corresponding power
value is axiomatized using four axioms, linearity, the superuous player property, ϑsymmetry, and ϑ-eciency. This set of axioms is similar to the classical set of axioms
used to characterize the Shapley value. Linearity and the superuous player property
are well-known axioms. Linearity means that the value of a graph game is linear in the
characteristic function, given that the graph is kept constant. A superuous player is a
player whose marginal contribution is zero in every connected coalition. A value satises
the superuous player property if it assigns zero to every superuous player. The remaining two axioms, ϑ-symmetry and ϑ-eciency depend on the choice of a strictly positive
extended power measure ϑ. A value satises ϑ-symmetry if in the graph game with the
characteristic function of the unanimity game of any connected coalition, the same value
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is assigned to every player in the coalition, normalized by the power of the players according to the extended power measure ϑ. A value satises ϑ-eciency if in the graph game
with the characteristic function of the unanimity game of any connected coalition, the
average of the values assigned to the players in the coalition, normalized by their powers
according to the extended power measure ϑ, is equal to the power of the set according
to the extended power measure ϑ. These two axioms are similar to the standard axioms
of symmetry and eciency. The main dierence is that in our case we only require the
axioms to hold for graph games with characteristic functions being equal to unanimity
games of connected coalitions, and the values need to satisfy the axioms in a normalized
form, where the normalization is done using a strictly positive extended power measure

ϑ. The axioms are shown to be logically independent.
The main theorem states that for any given strictly positive extended power measure

ϑ, the corresponding power value is uniquely characterized by linearity, the superuous
player property, ϑ-symmetry, and ϑ-eciency. As the restricted Banzhaf, Myerson, and
average connected contribution values are identical to the power values corresponding to
specic extended power measures, the main theorem implies that they are all characterized
uniquely by the axioms, given those extended power measures. In particular, on the class
of cycle-free graph games, the average connected contribution value is the unique value
that satises linearity, the superuous player property, c-symmetry, and c-eciency, where

c is the connectivity power measure.
Power values satisfy some additional properties. We show that the power value corresponding to any strictly positive extended power measure satises the isolated player
property. If an extended power measure satises the isolation property, then the corresponding power value satises the superuous neighbor property. Eciency is satised by
power values that correspond to strictly positive extended power measures that satisfy
reciprocal additivity, while symmetry is satised when the extended power measure is
symmetric.
The average connected contribution value is calculated and compared to other values
in an illustrative example about the parties in the 2017 German federal elections. We
look at four dierent communication structures, based on the left-right orientation of the
political parties and historical coalitions. A similar approach is used in Álvarez-Mozos,
Hellman, and Winter (2013) to introduce spectrum values for voting situations where the
voters are ordered along a linear graph (spectrum). We observe that the average connected
contribution value correlates well with the restricted Banzhaf value in all of the scenarios,
while it has a medium-to-large correlation with the nominal voting power of the parties
and the Banzhaf value in most of the scenarios. The example also illustrates that voting
powers may dier when calculated for graph games with dierent graphs.
This chapter is organized as follows. In Section 4.2 we introduce extended power measures, dene strict positivity, the isolation property, symmetry, and reciprocal additivity,
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and discuss some specic extended power measures. In Section 4.3 we dene the average connected contribution value and show that it can be written as a weighted sum of
Harsanyi dividends. We also show that for complete graphs the average connected contribution value coincides with the Banzhaf value. In Section 4.4 we introduce the family of
power values for graph games and show that the restricted Banzhaf, Myerson, and average
connected contribution values are all special power values, as they coincide with the power
values corresponding to the exponential power measure with base 2, the size power measure, and the connectivity power measure, respectively. In Section 4.5 for any given strictly
positive extended power measure we characterize the corresponding power value and show
in particular that the restricted Banzhaf, Myerson, and average connected contribution
values are the unique values satisfying the axioms given the exponential power measure
with base 2, the size power measure, and the connectivity power measure, respectively. In
Section 4.6 we show with examples that the four axiom used in the characterizations are
logically independent. In Section 4.7 we show that power values satisfy some other desirable properties. In Section 4.8 we show that power values can be written as a weighted
sum of marginal contributions and also show that the weights correspond to the Harsanyi
dividends of a game that we get by interpreting the extended powers of a graph as a
characteristic function. In Section 4.9 as an illustrative example we show how the average
connected contribution value can be used to analyze a real-life voting situation by calculating the value under several scenarios for the 2017 German federal elections. Finally,
Section 4.10 concludes.

4.2

Properties of extended power measures

In this chapter we use extended power measures to dene values and their properties for
graph games. As in Chapter 3 properties are only introduced for power measures, we need
to extend some of the properties for extended power measures. As discussed in Chapter
3, extended power measures of a given graph can be seen as characteristic functions of
TU- and graph games. Keeping this possibility of interpretation in mind, most of the
properties introduced here are familiar in the context of TU- and graph games.
An extended power measure ϑ, as dened in Chapter 3, is a function that assigns
N

to every graph (N, E) ∈ G G a vector ϑ(N, E) ∈ R2 . The connectivity, uniform, and
exponential power measures as dened in Section 3.3 can be redened as extended power
measures consistently with the assumption in Chapter 3 that the power of a connected set
is equal to the power of the merged set in the corresponding merged graph. Now, we dene
them as extended power measures. Note that in Chapter 4 the extended connectivity power
measure is already dened. We repeat the denition in a formal way for convenience.
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Denition 4.2.1. Let (N, E) ∈ G G be a graph. The extended connectivity power measure
is given as

cS (N, E) = |CS (N, E)|
for every S ⊆ N .

Denition 4.2.2.

Let (N, E) ∈ G G be a graph. The extended uniform power measure

with base a > 0 is given as
(a)

αS (N, E) = a
for every S ⊆ N .

Denition 4.2.3. Let (N, E) ∈ G G be a graph. The extended exponential power measure
with base x > 0 is given as

(|KK (N K ,E K )|−1)

P
(x)
ξS (N, E)

=x

K∈Lm (N,E)
S

for every S ⊆ N .
For connected sets the extended exponential power measure gets simpler. Let (N, E) ∈ G G
be a graph and S ∈ LN (N, E) a connected set of nodes. As S is connected, we have
that Lm
S (N, E) = {S}, which means that the extended exponential power measure with
(x)

base x of set S is ξS (N, E) = x|KS (N

S ,E S )|−1

. As by the denition of the merged graph

|KS (N S , E S )| = |Ki (N, E)| − |S| + 1 holds for any node i ∈ S , the extended exponential
(x)

power measure with base x of set S is simply ξS (N, E) = x|Ki (N,E)|−|S| , with i ∈ S .
We focus on four properties, strict positivity, the isolation property, symmetry, and
reciprocal additivity. The rst three of these properties are dened for power measures
in Chapter 3, while reciprocal additivity is only introduced for extended power measures.
First, we extend the denition of strict positivity.

Denition 4.2.4

(Strict positivity for extended power measures). On a subclass G ⊆

G G of graphs, an extended power measure ϑ satises strict positivity if for every graph
(N, E) ∈ G it holds that ϑS (N, E) ≥ 0 for every S ⊆ N , and ϑS (N, E) > 0 if S ∈
LN (N, E).
We only require the extended power of connected sets to be positive, the extended power of
non-connected sets are required to be nonnegative, thus they may be zero. It is clear that
the extended connectivity, extended uniform, and extended exponential power measures
are all strictly positive.
We extend the isolation property in the following way.

Denition 4.2.5 (Isolation property for extended power measures).

On a subclass G ⊆

G of graphs, a strictly positive extended power measure ϑ satises the isolation property
G
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if for every (N, E) ∈ G

ϑi (N, E)
ϑi (N, E−(Kj (N,E−i )∩Bi (N,E)) )

=

ϑS (N, E)
ϑS (N, E−(Kj (N,E−i )∩Bi (N,E)) )

holds for every {i, j} ∈ E and S ∈ LN (N, E−Kj (N,E−i ) ), i ∈ S .
The interpretation of the isolation property is exactly the same for extended power measures as for power measures as it does not depend on the extended powers assigned to
non-connected sets. If a strictly positive extended power measure satises the isolation
property, then if we change the denition of the measure for non-connected sets, but keep
it for every connected set, the isolation property still holds. Consequently, as by Theorems
3.6.8, 3.6.10, and 3.6.11 the connectivity, uniform, and exponential power measures satisfy the isolation property, by dening the power of non-connected nodes in any way, the
resulting extended power measures still satisfy the isolation property. Thus, the extended
connectivity, extended uniform, and extended exponential power measures with any bases
also satisfy the isolation property for extended power measures.
The extension of symmetry of power measures can be done similar to the other two
properties.

Denition 4.2.6

(Symmetry for extended power measures). On a subclass G ⊆ G G of

graphs, an extended power measure ϑ satises symmetry if for every (N, E) ∈ G and

i, j ∈ N such that Bi (N, E) \ {j} = Bj (N, E) \ {i},
ϑS∪{i} (N, E) = ϑS∪{j} (N, E)
holds for every S ⊆ N \ {i, j}, S ∪ {i} ∈ LN (N, E).
The extended denition of symmetry requires that whenever two nodes are in symmetric
positions in a graph, the power of any connected set containing exactly one of the nodes
does not change by replacing the node by the other. The denition of symmetry for power
measures in Chapter 3 requires that nodes in symmetric positions get the same power,
while the fact that connected sets containing only one of a pair of symmetric nodes are
not changing by replacing the node by the other one follows from the denition that
the power of a connected set is dened as the power of the node representing the set in
the graph where the set is merged. Consequently, as by Corollary 3.6.1 the connectivity
power measure is symmetric, we also have that the extended connectivity power measure
satises symmetry for extended power measures.
Now we show that both the extended uniform and extended exponential power measures are symmetric irrespective of the choice of their bases.

Theorem 4.2.1. On the class of graphs, the extended uniform power measure with any
base a > 0 is symmetric.
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Proof. Let (N, E) ∈ G G be a graph and i, j ∈ N such that Bi (N, E)\{j} = Bj (N, E)\{i}.
Then
(a)

αS∪{i} (N, E) = a
(a)

= αS∪{j} (N, E)
for every S ⊆ N \ {i, j}, S ∪ {i} ∈ LN (N, E).



Theorem 4.2.2. On the class of graphs, the extended exponential power measure with
any base x > 0 is symmetric.
Proof. Let (N, E) ∈ G G be a graph, i, j ∈ N such that Bi (N, E)\{j} = Bj (N, E)\{i}, and
S ⊆ N \ {i, j}, S ∪ {i} ∈ LN (N, E). Then Ki (N, E) = Kj (N, E) and S ∪ {j} ∈ LN (N, E),
therefore
(x)

ξS∪{i} (N, E) = x|Ki (N,E)|−|S∪{i}|
= x|Kj (N,E)|−|S∪{j}|
(x)

= ξS∪{j} (N, E).

In van den Brink et al. (2011) power measures are dened for every subgraph of a
graph. Harsanyi power solutions are dened as weighted sums of Harsanyi dividends,
where the weight of a set for a player is equal to the power of the players, divided by
the sum of the powers of the players in the set. This design ensures that Harsanyi power
solutions are ecient. In our case, as extended power measures assign power to every set
of nodes, if we introduce a form of an additive link between the power of sets and the
power of their elements, then such a restriction can help us to dene ecient solution
concepts based on extended power measures.

Denition 4.2.7

(Reciprocal additivity). On a subclass G ⊆ G G of graphs, a strictly

positive extended power measure ϑ satises reciprocal additivity if for every (N, E) ∈ G

X
1
1
=
ϑS (N, E)
ϑi (N, E)
i∈S
holds for every S ∈ LN (N, E).
Clearly, the extended connectivity, uniform, and exponential power measures are not
satisfying reciprocal additivity. We introduce one more extended power measure that is
strictly positive, symmetric, satises the isolation property, and is reciprocal additive.
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Denition 4.2.8.

Let (N, E) ∈ G G be a graph. The size power measure is given as

sS (N, E) =




1
,
|S|

if |S| ≥ 1,
otherwise.

0,
for every S ⊆ N .

The size power measure assigns to every set in a graph the inverse of the size of the set,
except for the empty set, to which it assigns zero. Singleton sets have power one. The
size power measure is not consistent with the denition of the power of connected sets in
Chapter 3. The size power of a connected set is not equal to the size power of the merged
set in the corresponding merged graph, as the rst is 1/|S|, while the latter is 1. Therefore,
the size power measure has to be dened as an extended power measure. Alternatively,
we could relax the assumption that the power of connected sets is equal to the power of
the sets merged together in the respective merged graph and dene the power of a set to
simply be the sum of the powers of the nodes in the set. Under such a denition we can
dene the inverse of the size power measure (the actual size of the coalitions) as a power
measure and use the sum to dene the power of sets.
The size power measure is clearly strictly positive, because it is dened as the inverse
of the number of elements of nonempty sets, and the empty set is not connected by
denition. Now we show that the size power measure satises the isolation property, is
symmetric, and reciprocal additive.

Theorem 4.2.3. On the class of graphs, the size power measure satises the isolation
property.
Proof. Let (N, E) ∈ G G be a graph, {i, j} ∈ E an edge, and S ∈ LN (N, E−Kj (N,E−i ) ),
i ∈ S , a connected set. By the denition of the size power measure, we have that
si (N, E)
si (N, E−(Kj (N,E−i )∩Bi (N,E)) )

=1
=
=

1
|S|
1
|S|

sS (N, E)
sS (N, E−(Kj (N,E−i )∩Bi (N,E)) )

.


Theorem 4.2.4. On the class of graphs, the size power measure is symmetric.
Proof. Let (N, E) ∈ G G be a graph and i, j ∈ N such that Bi (N, E)\{j} = Bj (N, E)\{i}.
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Then,

1
|S ∪ {i}|
1
=
|S ∪ {j}|

sS∪{i} (N, E) =

= sS∪{j} (N, E)
for every S ⊆ N \ {i, j}, S ∪ {i} ∈ LN (N, E).



Theorem 4.2.5. On the class of graphs, the size power measure is reciprocal additive.
Proof. Let (N, E) ∈ G G be a graph and S ∈ LN (N, E) a connected set. By the denition
of the size power measure, we have that

X
i∈S

X
1
=
1
si (N, E)
i∈S
= |S|
1
= 1
|S|

=

1
.
sS (N, E)


From now on, we refer to the extended connectivity, uniform, and exponential power
measures without the additional word extended. This simplication is only problematic
for the case of non-connected sets as power measures are well-dened for connected sets.
However, in most of the cases in this chapter we are not using the power of non-connected
sets. For the times when we use the name power measure to describe the power of a
non-connected set of nodes, we always mean the power according to the extended power
measure. Moreover, in the case of the connectivity, uniform, and exponential power measures, we mean the extended power measures dened in the beginning of this section.

4.3

The average connected contribution value

As the restricted Banzhaf value is dened with the use of the restricted game, it depends on
marginal contributions in non-connected coalitions. Because of this, the interpretation of
the restricted Banzhaf value is not exactly the same for a graph game as the interpretation
of the Banzhaf value for a TU-game. The Banzhaf value of a player in a TU-game is the
average of the player's marginal contributions in all of the possible coalitions the player
can be a part of. The restricted Banzhaf value however, is the average of all the player's
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contributions in the restricted game. By the denition of the restricted game, the worth of
a non-connected coalition is the sum of the worths of its connected components. Therefore,
the marginal contribution of a player in a non-connected coalition is equal to the player's
contribution in the component of the coalition the player is a part of. Consequently, some
marginal contributions in connected coalitions can be counted more than once. This means
that the restricted Banzhaf value of a player in a graph game is not the simple average of
the player's marginal contributions in the connected, thus feasible, coalitions, but rather a
weighted average. As the idea behind the Banzhaf value for TU-games is that we take the
average of the marginal contributions of the players, the restricted Banzhaf value seems
to be a bit further away from this idea than a concept that eliminates the possibility for
multiple counting. A similar property of the Myerson value is eliminated in the concepts
of the gravity center solution (Koshevoy and Talman, 2014) and the average tree solution
(Herings et al., 2008, 2010). The possibility of counting the same contribution multiple
times is illustrated in the following example.

Example 4.3.1. Let (N, v, E) ∈ ΓG be the following graph game. The set of players is
N = {A, B, C}, the characteristic function v is given in Table 4.1, and the set of edges in
graph (N, E) is E = {{A, B}, {B, C}}. Graph (N, E) is depicted in Figure 4.1.
Table 4.1: Characteristic function of the graph game of Example 4.3.1

S
{A}
{B}
{C}

v(S)
1
0
0

S
v(S)
{A, B}
2
{B, C}
0
{A, C}
2

S
{A, B, C}
∅

v(S)
3
0

Figure 4.1: Graph in the graph game of Example 4.3.1
A

B

C

The restricted game of game (N, v, E) is (N, v E ), with characteristic function v E given in
Table 4.2.
Table 4.2: Characteristic function of the restricted game of Example 4.3.1

S
v E (S)
{A}
1
{B}
0
{C}
0

S
{A, B}
{B, C}
{A, C}

v E (S)
2
0
1
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S
{A, B, C}
∅

v E (S)
3
0

Because A and C are not connected in graph (N, E), by the denition of the restricted
game we get that

v E ({A, C}) = v({A}) + v({C}).
This means that in the restricted game the marginal contribution of player A in coalition

{A, C} is identical to his marginal contribution in coalition {A}. As all other coalitions
involving player A are connected, v E (S) = v(S) for all S 6= {A, C}. Thus, when we
calculate the restricted Banzhaf value of player A, we get that

ρA (N, v, E) =

1
2|N |−1

X


v E (S) − v E (S \ {A})

S⊆N
A∈S

1 E
v ({A}) − v E (∅) + v E ({A, C}) − v E ({C})
4

+ v E ({A, B}) − v E ({B}) + v E ({A, B, C}) − v E ({B, C})
1
= (v({A}) − v(∅) + v({A}) + v({C}) − v({C})
4
+ v({A, B}) − v({B}) + v({A, B, C}) − v({B, C}))
1
= (v({A}) + v({A}) + v({A, B}) − v({B}) + v({A, B, C}) − v({B, C}))
4
7
= .
4
=

As the worth of the empty set is dened to be zero, we have that v({A}) − v(∅) = v({A}).
Therefore, in the restricted Banzhaf value, player A's marginal contribution in coalition

{A} is counted twice in the average.
A possible way to have a solution concept for graph games that matches the interpretation of the Banzhaf value for TU-games more closely, is to consider the players' marginal
contributions in connected coalitions only. By doing so we eliminate the possibility of
counting identical marginal contribution multiple times and we get a non-weighted average of the marginal contributions in the feasible (connected) coalitions. We therefore
propose the average connected contribution value, a single-valued solution concept for
graph games that is dened as the average of a player's marginal contributions in all of
the connected coalitions the player is a member of.

Denition 4.3.1. Let (N, v, E) ∈ ΓG be a graph game. The average connected contribution value is given as


ACCi (N, v, E) =

1
ci (N, E)

X
S∈LN (N,E)
i∈S

for every player i ∈ N .
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v(S) −


X
T ∈Lm
(N,E)
S\{i}

v(T )

The average connected contribution value does not depend on the players' marginal contributions in non-connected coalitions and thus marginal contributions in connected coalitions are only counted once. By the denition of the connectivity power measure, in a
graph game (N, v, E) ∈ ΓG , a player i ∈ N belongs to exactly ci (N, E) connected coalitions, as ci (N, E) = |{S ∈ LN (N, E) : i ∈ S}|. This means that the average connected
contribution value is an average over all of the possible connected coalitions a player can
be in. By continuing Example 4.3.1, we illustrate that the multiple counting is indeed not
present for the average connected contribution value.

Example 4.3.2. Let (N, v, E) be the graph game dened in Example 4.3.1. The connectivity power measure of player A in graph (N, E) is cA (N, E) = 3. Then, the average
connected contribution value of player A is given as


ACCA (N, v, E) =

=

1
cA (N, E)

X


X

v(S) −

v(T )

T ∈Lm
(N,E)
S\{A}

S∈LN (N,E)
A∈S

1
(v({A}) − v(∅)
3
+ v({A, B}) − v({B}) + v({A, B, C}) − v({B, C}))

= 2.
Notice that the non-connected coalition {A, C} is not present in the summation. If we look
at the characteristic function of the game in Table 4.1, we can see that 2 is the actual
average marginal contribution of player A in every connected coalition. The restricted
Banzhaf value of A is lower, 1.75, because player A's marginal contribution in coalition

{A} is counted twice. Since it is lower than the other two marginal contributions (1,
compared to 2 and 3), it makes the average to be smaller than the actual value. Depending
on the problem, the direction of the dierence between the restricted Banzhaf value and
the average connected contribution value can be of any sign.
Similar to the restricted Banzhaf value and the Myerson value, the average connected
contribution value can also be written with the help of Harsanyi dividends. At rst, we
need the following lemma based on Owen (1986), see also Borm, Owen, and Tijs (1992)
and Herings et al. (2008).

Lemma 4.3.1. For any

(N, v, E) ∈ ΓG it holds that ∆S (N, v E ) = 0 for every S ∈
/

LN (N, E).
Lemma 4.3.1 states that the Harsanyi dividends in the restricted game of any graph game
are equal to zero for non-connected coalitions. This lemma helps us to omit or add the
dividends of non-connected coalitions when needed.
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Lemma 4.3.2. For any (N, v, E) ∈ ΓG it holds that for every player i ∈ N
X

ACCi (N, v, E) =

S∈LN (N,E)
i∈S

cS (N, E)
∆S (N, v E ).
ci (N, E)

Proof. Let (N, v, E) ∈ ΓG be a graph game and i ∈ N a given player. By denition
ACCi (N, v, E) =

1
ci (N, E)

X


v(T ) − v E (T \ {i}) .

T ∈LN (N,E)
i∈T

We want to show that

1
ci (N, E)

X

X


v(T ) − v E (T \ {i}) =

T ∈LN (N,E)
i∈T

S∈LN (N,E)
i∈S

cS (N, E)
∆S (N, v E ).
ci (N, E)

(4.1)

As by Lemma 4.3.1 the Harsanyi dividends are zero for non-connected coalitions, we can
rewrite the right hand side of equation (4.1) as

X
S∈LN (N,E)
i∈S

X cS (N, E)
cS (N, E)
∆S (N, v E ) =
∆S (N, v E ).
ci (N, E)
ci (N, E)
S⊆N
i∈S

Using the denition of Harsanyi dividends we get

!
cS (N, E) X
(−1)|S|−|T | v E (T ) .
ci (N, E) T ⊆S

X
X cS (N, E)
∆S (N, v E ) =
ci (N, E)
S⊆N
S⊆N
i∈S

i∈S

So, it is left to show that

X

X
 X
v(T ) − v E (T \ {i}) =
cS (N, E)
(−1)|S|−|T | v E (T ).

T ∈LN (N,E)
i∈T

(4.2)

T ⊆S

S⊆N
i∈S

We show that for every coalition T ⊆ N , v E (T ) has the same coecient on both sides of
equation (4.2). There are four cases.
(i) i ∈ T , T ∈ LN (N, E): As T ∈ LN (N, E), v E (T ) = v(T ), and as i ∈ T , then i ∈ S
for every S ⊆ N such that T ⊆ S . If we collect v(T ) on both sides of equation (4.2),
we get

v(T ) = v(T )

X

cS (N, E)(−1)|S|−|T | .

(4.3)

S⊆N : T ⊆S

As T ∈ LN (N, E) we have that

P

S⊆N :T ⊆S

cS (N, E)(−1)|S|−|T | = 1 by Theorem

3.6.12, thus the right hand side of equation (4.3) is equal to v(T ).
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(ii) i ∈ T , T ∈
/ LN (N, E): As i ∈ T , then i ∈ S for every S ⊆ N such that T ⊆ S . If we
collect v E (T ) on both sides of equation (4.2), we get

X

0 = v E (T )

cS (N, E)(−1)|S|−|T | .

(4.4)

S⊆N : T ⊆S

As T ∈
/ LN (N, E) we have that

P

S⊆N :T ⊆S

cS (N, E)(−1)|S|−|T | = 0 by Theorem

3.6.12, thus the right hand side of equation (4.4) is equal to 0.
(iii) i ∈
/ T , T ∪ {i} ∈ LN (N, E): If we collect v E (T ) on both sides of equation (4.2), we
get

X

− v E (T ) = v E (T )

cS (N, E)(−1)|S|−|T | .

(4.5)

S⊆N : T ⊆S
i∈S

The domain of the summation on the right hand side of equation (4.5) can be
rewritten as {S ⊆ N : T ⊆ S, i ∈ S} = {S ⊆ N : T ∪ {i} ⊆ S}. Thus,

X

−v E (T ) = v E (T )

cS (N, E)(−1)|S|−|T |

S⊆N : T ∪{i}⊆S

X

E

= −v (T )

cS (N, E)(−1)|S|−(|T |+1)

S⊆N : T ∪{i}⊆S

X

= −v E (T )

cS (N, E)(−1)|S|−|T ∪{i}| .

(4.6)

S⊆N : T ∪{i}⊆S

As T ∪ {i} ∈ LN (N, E) we have that

P

S⊆N :T ∪{i}⊆S

cS (N, E)(−1)|S|−|T ∪{i}| = 1 by

Theorem 3.6.12, thus we get that the right hand side of equation (4.6) is equal to

−v E (T ).
(iv) i ∈
/ T , T ∪ {i} ∈
/ LN (N, E): If we collect v E (T ) on both sides of equation (4.2), we
get

0 = v E (T )

X

cS (N, E)(−1)|S|−|T | .

(4.7)

S⊆N : T ⊆S
i∈S

Using the same rearrangement on the right hand side of equation (4.7) as before,
we get

X

0 = v E (T )

cS (N, E)(−1)|S|−|T |

S⊆N : T ∪{i}⊆S

= −v E (T )

X

cS (N, E)(−1)|S|−(|T |+1)

S⊆N : T ∪{i}⊆S

= −v E (T )

X
S⊆N : T ∪{i}⊆S

114

cS (N, E)(−1)|S|−|T ∪{i}| .

(4.8)

As T ∪ {i} ∈
/ LN (N, E) we have that

P

S⊆N :T ∪{i}⊆S

cS (N, E)(−1)|S|−|T ∪{i}| = 0 by

Theorem 3.6.12, thus we get that the right hand side of equation (4.7) is equal to 0.
Thus, for every coalition T ⊆ N , v E (T ) has the same coecient on both sides of equation
(4.2).



Lemma 4.3.1 shows that the average connected contribution value can be written by
using the Harsanyi dividends similar to other well-known values like the Myerson and
restricted Banzhaf values for graph games and the Shapley and Banzhaf values for TUgames.
For complete graphs the average connected contribution value coincides with the
Banzhaf value and the restricted Banzhaf value, thus it can be viewed as another generalization of the Banzhaf value for graph games. Let (N, E) ∈ G G be the complete graph
with set of nodes N and (N, v, E) ∈ ΓG a graph game. Then, all coalitions are connected
and thus there are no restrictions on the coalition formation. Thus, (N, v E ) = (N, v),

LN (N, E) = {S ⊆ N : S 6= ∅}, and ci (N, E) = 2|N |−1 by Theorem 3.8.1 for every i ∈ N .
Consequently, for every i ∈ N ,


ACCi (N, v, E) =

=

1
ci (N, E)
1
2|N |−1

X
S∈LN (N,E)
i∈S

X


X

v(S) −

v(T )

T ∈Lm
(N,E)
S\{i}

v(S) − v(S \ {i})



S⊆N
i∈S

=ρi (N, v, E)
=βi (N, v).

4.4

Power values

According to Lemma 4.3.2, the average connected contribution value can be calculated
by using the Harsanyi dividends of the corresponding restricted game. This means that
the average connected contribution value is a member of a larger family of values.
Given the formula in Lemma 4.3.2, the weights of the dividends depend only on graph

(N, E) and not on the characteristic function v . More precisely, the weight of dividend
∆S (N, v E ) for player i ∈ N is equal to cS (N, E)/ci (N, E), the connectivity power measure
of set S divided by the connectivity power measure of node i in graph (N, E). Clearly,
one could use any other strictly positive extended power measure ϑ on graph (N, E) to
generate the same ratio and use that in the denition of a new solution concept. Of course,
then the interpretation of the value may change with the choice of the extended power
measure, but the resulting value is a member of the family.
115

Denition 4.4.1.

Let ϑ be a strictly positive extended power measure. For any graph

game (N, v, E) ∈ ΓG the power value corresponding to the extended power measure ϑ is
given as

X

Pϑi (N, v, E) =

S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, v E )
ϑi (N, E)

for every player i ∈ N .
As power values are dened by using only the power of connected sets, and the weight
on the dividends is a ratio between the power of a set and the power of an element of
the set, multiplying the extended power measure by a constant or changing the powers
of non-connected sets does not aect the resulting power value. More formally, if ϑ and

ϑ0 are strictly positive extended power measures such that for every (N, E) ∈ G G there is
0

q > 0 for which ϑ0S (N, E) = qϑS (N, E) for all S ∈ LN (N, E), then Pϑ = Pϑ .
The family of power values has some resemblance to Harsanyi power solutions dened
in van den Brink et al. (2011). The main dierences are that Harsanyi power solutions
are dened for positive and symmetric power measures and are ecient by denition,
while a power value corresponds to a strictly positive extended power measure and may
not be ecient. Another dierence is that in van den Brink et al. (2011), the weights are
inverted compared to their representation here, and in order to nd power values that are
also Harsanyi power solutions we need to assume that the power of a set is dened as the
sum of the powers of its elements.
Some examples of power values are the following.
1. The uniform power value:

X

(1)

Pi (N, v, E) =

∆S (N, v E )

S∈LN (N,E)
i∈S

= v E (N ) − v E (N \ {i})
for every i ∈ N and graph game (N, v, E) ∈ ΓG .
2. The exponential power value with base x > 0:
(x)

Pi (N, v, E) =

X
S∈LN (N,E)
i∈S

=

X
S∈LN (N,E)
i∈S

x|Ki (N,E)|−|S|
∆S (N, v E )
x|Ki (N,E)|−1
1
x|S|−1

for every i ∈ N and graph game (N, v, E) ∈ ΓG .
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∆S (N, v E )

3. The size power value:

X

Psi (N, v, E) =

S∈LN (N,E)
i∈S

1
∆S (N, v E )
|S|

for every i ∈ N and graph game (N, v, E) ∈ ΓG .
4. The connectivity power value

X

Pci (N, v, E) =

S∈LN (N,E)
i∈S

cS (N, E)
∆S (N, v E )
ci (N, E)

for every i ∈ N and graph game (N, v, E) ∈ ΓG , with c being the connectivity power
measure.
The uniform power value of a player i ∈ N is the sum of the Harsanyi dividends
for every connected coalition player i is a part of, which is equal to player i's marginal
contribution in the grand coalition in the restricted game. The uniform power value is
equivalent to the exponential power value with base 1. When the base is chosen to be 2,
the exponential power value coincides with the restricted Banzhaf value. The size power
value coincides with the Myerson value.

Lemma 4.4.1. For any (N, v, E) ∈ ΓG it holds that
P(2) (N, v, E) = ρ(N, v, E).
Proof. The restricted Banzhaf value can be written as
ρi (N, v, E) =

1

X
S⊆N
i∈S

2|S|−1

∆S (N, v E )

for every player i ∈ N , see Chapter 2. As by Lemma 4.3.1, the Harsanyi dividends of
non-connected coalitions are zero, we can rewrite the sum to get

ρi (N, v, E) =

X
S∈LN (N,E)
i∈S

1
2|S|−1

∆S (N, v E )

(2)

=Pi (N, v, E)
for every i ∈ N .



Lemma 4.4.2. For any (N, v, E) ∈ ΓG it holds that
Ps (N, v, E) = µ(N, v, E).
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Proof. The Myerson value can be written as
µi (N, v, E) =

X 1
∆S (N, v E )
|S|
S⊆N
i∈S

for every player i ∈ N , see Chapter 2. As by Lemma 4.3.1, the Harsanyi dividends of
non-connected coalitions are zero, we can rewrite the sum to get

µi (N, v, E) =

X
S∈LN (N,E)
i∈S

1
∆S (N, v E )
|S|

=Psi (N, v, E)
for every i ∈ N .



Thus, both the restricted Banzhaf value and the Myerson value are members of the family
of power values. By Lemma 4.3.2 the connectivity power value coincides with the average
connected contribution value, which means that the average connection contribution value
is also a member of the family. As discussed above, a given power value corresponds to
many dierent extended power measures. This means that the exponential power measure
with base 2, the size power measure, and the connectivity power measure are not the
only power measures for which their corresponding power values are coinciding with the
restricted Banzhaf, Myerson, and average connected contribution values, respectively. For
example, the power value corresponding to a constant q > 0, q 6= 1, times the connectivity
power measure, Pqc , is equal to Pc and thus it also coincides with the average connected
contribution value.

4.5

Axiomatization characterization

By Lemmas 4.4.1, 4.4.2, and 4.3.2 the family of power values contains the restricted
Banzhaf, Myerson, and average connected contribution values. If we dene axioms that
are characterizing the power value corresponding to any given strictly positive extended
power measure, then the same characterization can also be used for those values, given
that we dene the extended power measures accordingly.

Axiom 4.5.1

(Linearity). On a subclass Γ ⊆ ΓG of graph games, a value f satises

linearity if for every (N, v, E), (N, w, E) ∈ Γ and q, r ∈ R it holds that f (N, qv + rw, E) =

qf (N, v, E) + rf (N, w, E).
The linearity of a value on a subclass of graph games means that the value is a linear function of the characteristic function. Such a condition is usually assumed for values in both
TU- and graph games. The linearity of a solution concept in the characteristic function
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is reasonable as TU-games form a linear space. In van den Brink (2009) only additivity is
used as an axiom. It is possible to replace linearity by additivity in the characterization
given in this section, however using linearity does not make the characterization much
easier, but renders the notation and discussion much simpler.
Let (N, v, E) ∈ ΓG . Player i ∈ N is superuous in the graph game (N, v, E) ∈ ΓG
P
if v(S) − T ∈Lm (N,E) v(T ) = 0 for every S ∈ LN (N, E), i ∈ S . The denition of
S\{i}

a superuous player is usually requiring the marginal contributions of the superuous
player to be zero in every coalition, not only in connected ones. However, as a result
of the denition of a restricted game, the denition is equivalent to the more common
form. Therefore, it is sucient to dene a superuous player to be a player whose marginal
contribution in every connected coalition is zero. Similar concepts in TU-games are dummy
and null players. A dummy player is a player whose marginal contribution is the same in
every coalition, while it is always zero for a null player. Thus, a superuous player can be
seen as a null player with respect to his connections in the graph as we only require his
contribution to be zero in connected coalitions.

Axiom 4.5.2

(Superuous player property). On a subclass Γ ⊆ ΓG of graph games, a

value f satises the superuous player property if for every (N, v, E) ∈ Γ and superuous
player i ∈ N it holds that fi (N, v, E) = 0.
The superuous player property is another well-used axiom. In this form it is dened
in van den Brink (2009), while in van den Nouweland (1993) it is dened in a slightly
dierent way. The axiom is also used in Algaba, Bilbao, Borm, and López (2001) for
the axiomatization of the Myerson value for union stable structures. A value satisfying
the superuous player property yields a value of zero to every superuous player. This
requirement is appealing, as a superuous player's marginal contribution in any connected
coalition is zero.
Finally, we introduce two new axioms that are based on the classical axioms of symmetry and eciency. There are two main deviations. First, as in our case we are dealing with
graph games, both symmetry and eciency depend on the graph, which is captured by
an extended power measure. Thus, the properties of symmetry and eciency also depend
on the choice of the extended power measure. Second, we only require these two axioms
to hold for graph games with characteristic functions being equal to those of unanimity
games of connected coalitions.

Axiom 4.5.3 (ϑ-symmetry).

On a subclass Γ ⊆ ΓG of graph games and given extended

power measure ϑ, a value f satises ϑ-symmetry if for every (N, E) ∈ G G , T ∈ LN (N, E)
such that (N, uT , E) ∈ Γ, and i, j ∈ T , it holds that

fi (N, uT , E)ϑi (N, E) = fj (N, uT , E)ϑj (N, E).
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The axiom of ϑ-symmetry requires that in the graph game with a characteristic function
that is equal to the characteristic function of the unanimity game of a connected coalition,
all players in the coalition get the same value, normalized by their powers according to
the extended power measure ϑ. The axiom does not give any restrictions on the values
assigned to the players not in the coalition. In the spirit of the denition of power values,
the axiom of ϑ-symmetry is identical to the axiom of ϑ0 -symmetry whenever ϑ0 is such
that for every (N, E) ∈ G G there exists q > 0 for which ϑ0S (N, E) = qϑS (N, E) for all

S ∈ LN (N, E).

Axiom 4.5.4

(ϑ-eciency). On a subclass Γ ⊆ ΓG of graph games and given extended

power measure ϑ, a value f satises ϑ-eciency if for every graph (N, E) ∈ G G and

T ∈ LN (N, E) such that (N, uT , E) ∈ Γ, it holds that
P

fi (N, uT , E)ϑi (N, E)

i∈T

= ϑT (N, E).

|T |

The axiom of ϑ-eciency requires that in the graph game with a characteristic function
that is equal to the characteristic function of the unanimity game of a connected coalition,
the weighted average of the values of the players in the coalition, where the weights are
equal to the powers of the players, is equal to the power of the coalition, according to
the extended power measure ϑ. Similar to ϑ-symmetry, the axiom does not give any
restrictions on the values assigned to the players not in the coalition. We again have that
the axiom of ϑ-eciency is identical to the axiom of ϑ0 -eciency whenever ϑ0 is such
that for every (N, E) ∈ G G there exists q > 0 for which ϑ0S (N, E) = qϑS (N, E) for all

S ∈ LN (N, E).
The set of these four axioms, linearity, the superuous player property, ϑ-symmetry,
and ϑ-eciency is similar to the classical axiomatization of the Shapley value using linearity, the null player property, symmetry, and eciency, see for example Shapley (1953).
Now, we show that for any given strictly positive extended power measure ϑ the corresponding power value Pϑ satises linearity, the superuous player property, ϑ-symmetry,
and ϑ-eciency.

Lemma 4.5.1. On the class of graph games, the power value

Pϑ corresponding to any

strictly positive extended power measure ϑ, satises linearity.
Proof. Let (N, v, E), (N, w, E) ∈ ΓG be a pair of graph games, q, r ∈ R, and ϑ a strictly
positive extended power measure. By the denition of restricted games, we have that

(qv + rw)E = qv E + rwE . As the Harsanyi dividends of the sum of two TU-games is equal
to the sum of the Harsanyi dividends of the two TU-games and the Harsanyi dividends in
a TU-game multiplied by a constant are the Harsanyi dividends of the original TU-game
multiplied by the constant, we have that ∆S (N, (qv + rw)E ) = q∆S (N, v E ) + r∆S (N, wE )
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for every S ⊆ N . Therefore, for every i ∈ N

X

Pϑi (N, qv + rw, E) =

S∈LN (N,E)
i∈S

X

=

S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, (qv + rw)E )
ϑi (N, E)
ϑS (N, E)
(q∆S (N, v E ) + r∆S (N, wE ))
ϑi (N, E)

X

=q

S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, v E ) + r
ϑi (N, E)

X
S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, wE )
ϑi (N, E)

= q Pϑi (N, v, E) + rPϑi (N, w, E).


Lemma 4.5.2. On the class of graph games, the power value

Pϑ corresponding to any

strictly positive extended power measure ϑ, satises the superuous player property.
Proof. Let (N, v, E) ∈ ΓG be a graph game, i ∈ N a superuous player, and ϑ a strictly
positive extended power measure. As player i is superuous, v(S) − v E (S \ {i}) = 0 for
every S ∈ LN (N, E), i ∈ S . Consequently, ∆S (N, v E ) = 0 for every S ⊆ N , i ∈ S .
Therefore, Pϑi (N, v, E) = 0.



Lemma 4.5.3. On the class of graph games, the power value

Pϑ corresponding to any

strictly positive extended power measure ϑ, satises ϑ-symmetry.
Proof. Let (N, E) ∈ G G , T ∈ LN (N, E) and ϑ a strictly positive extended power measure.
Then, we have that uE
T = uT , see Chapter 2. Thus, for every S ⊆ N

∆S (N, uE
T ) = ∆S (N, uT )

1, if S = T,
=
0, otherwise.
Therefore, for every k ∈ N
Pϑk (N, uT , E) =

X
S∈LN (N,E)

ϑS (N, E)
∆S (N, uT )
ϑk (N, E)

 i∈S
 ϑT (N,E) , if k ∈ T,
= ϑk (N,E)
0,
otherwise.
Consequently, Pϑi (N, uT , E)ϑi (N, E) = Pϑj (N, uT , E)ϑj (N, E) = ϑT (N, E) for every i, j ∈

T.
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Lemma 4.5.4. On the class of graph games, the power value

Pϑ corresponding to any

strictly positive extended power measure ϑ, satises ϑ-eciency.
Proof. Let (N, E) ∈ G G , T ∈ LN (N, E), and ϑ a strictly positive extended power measure.
Then, we have that uE
T = uT , see Chapter 2. Thus, for every S ⊆ N

∆S (N, uE
T ) = ∆S (N, uT )

1, if S = T,
=
0, otherwise.
Therefore, for every i ∈ N
Pϑi (N, uT , E) =

X
S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, uT )
ϑi (N, E)


 ϑT (N,E) , if i ∈ T,
= ϑi (N,E)
0,
otherwise.
Thus, we have that

X

Pϑi (N, uT , E)ϑi (N, E) =

X ϑT (N, E)
i∈T

i∈T

ϑi (N, E)

ϑi (N, E)

= |T |ϑT (N, E).

As linearity, the superuous player property, ϑ-symmetry, and ϑ-eciency are satised by
the power value corresponding to an arbitrary strictly positive extended power measure

ϑ on the class of graph games, we do not need to restrict the set of possible graph games
in order to show that there is a unique power value that satises the axioms.

Theorem 4.5.1. Let ϑ be any strictly positive extended power measure. On the class of
graph games there is a unique value that satises linearity, the superuous player property,
ϑ-symmetry, and ϑ-eciency, and this value is equal to Pϑ .
Proof. As the extended power measure ϑ is strictly positive, from Lemmas 4.5.1, 4.5.2,
4.5.3, and 4.5.4 it follows that the power value Pϑ satises linearity, the superuous player
property, ϑ-symmetry, and ϑ-eciency on the class of graph games.
In order to show uniqueness, assume that on the class of graph games there is a value

f that satises linearity, the superuous player property, ϑ-symmetry, and ϑ-eciency.
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Let (N, v, E) ∈ ΓG be a graph game. By Lemma 4.3.1, we have that

X

vE =

∆T (N, v E )uT .

T ∈LN (N,E)

Following Suzuki (2015), in the graph game (N, w, E) ∈ ΓG , with

X

w=v−

∆T (N, v E )uT ,

T ∈LN (N,E)

every player i ∈ N is superuous as w(S) = 0 for every S ∈ LN (N, E). As f satises the
superuous player property, fi (N, w, E) = 0 for every i ∈ N . Thus, f (N, w, E) = 0. As f
satises linearity, we have that f (N, w, E) = f (N, v, E) − f (N, v E , E). Consequently,



X

f (N, v, E) = f N,


∆T (N, v )uT , E .
E

T ∈LN (N,E)

As f satises linearity, we have that


f (N, v, E) = f N,

X

∆T (N, v E )uT , E



T ∈LN (N,E)

=

X

f (N, ∆T (N, v E )uT , E)

T ∈LN (N,E)

=

X

f (N, uT , E)∆T (N, v E ).

T ∈LN (N,E)

Therefore, we can show uniqueness by showing that f coincides with Pϑ on the graph
game (N, uT , E) ∈ ΓG for every T ∈ LN (N, E).
Let T ∈ LN (N, E). As every player i ∈
/ T is superuous in the graph game (N, uT , E) ∈

Γ and f satises the superuous player property, we have that fi (N, uT , E) = 0 for every
G

i∈
/ T . As f satises ϑ-eciency, we have that
P

fj (N, uT , E)ϑj (N, E)

j∈T

= ϑT (N, E),

|T |
and as f also satises ϑ-symmetry, we have that

fi (N, uT , E)ϑi (N, E) = fj (N, uT , E)ϑj (N, E)
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for every i, j ∈ T . Then, for every i ∈ T

P
ϑT (N, E) =

fj (N, uT , E)ϑj (N, E)

j∈T

|T |
|T |fi (N, uT , E)ϑi (N, E)
=
|T |

= fi (N, uT , E)ϑi (N, E).
Thus, fi (N, uT , E) = ϑT (N, E)/ϑi (N, E) for every i ∈ T . Therefore, for every i ∈ N


 ϑT (N,E) , if i ∈ T,
fi (N, uT , E) = ϑi (N,E)
0,
otherwise.
As this holds for every T ∈ LN (N, E), we have that for every i ∈ N

fi (N, v, E) =

X

fi (N, uT , E)∆T (N, v E )

T ∈LN (N,E)

=

X
T ∈LN (N,E)
i∈T

ϑT (N, E)
∆T (N, v E )
ϑi (N, E)

= Pϑi (N, v, E).

As discussed above, if we have two strictly positive extended power measures ϑ and

ϑ such that for every (N, E) ∈ G G there exists q > 0 for which ϑ0S (N, E) = qϑS (N, E)
0

for all S ∈ LN (N, E), the axiom of ϑ-symmetry is identical to the axiom of ϑ0 -symmetry
and the axiom of ϑ-eciency is identical to the axiom of ϑ0 -eciency. This means that,
according to Theorem 4.5.1, the power values corresponding to ϑ and ϑ0 both satisfy
linearity, the superuous player property, ϑ-symmetry, and ϑ-eciency, which seems to
be in contradiction with the result in Theorem 4.5.1 stating that there is only one such
0

power value. However, this is not a contradiction as by denition Pϑ = Pϑ for such a pair
of extended power measures. This means that given the strictly positive power measure ϑ,
there is indeed only one power value satisfying linearity, the superuous player property,

ϑ-symmetry, and ϑ-eciency. As this value corresponds to many dierent extended power
measures, we can denote this power value in many dierent ways, one of which is Pϑ .
If we choose the extended power measure in a specic way, we can thus characterize
any power value corresponding to the chosen extended power measure. In particular, we
have three important cases.

Theorem 4.5.2. On the class of graph games, the restricted Banzhaf value is the unique
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value that satises linearity, the superuous player property, ξ (2) -symmetry, and ξ (2) eciency, where ξ (2) is the exponential power measure with base 2.
Proof. As the exponential power measure with base 2 is strictly positive, by Theorem 4.5.1
there is a unique power value that satises linearity, the superuous player property, ξ (2) symmetry, and ξ (2) -eciency and this value is equal to P(2) . By Lemma 4.4.1, P(2) = ρ.



Theorem 4.5.3. On the class of graph games, the Myerson value is the unique value that
satises linearity, the superuous player property, s-symmetry, and s-eciency, where s
is the size power measure.
Proof. As the size power measure is strictly positive, by Theorem 4.5.1 there is a unique
power value that satises linearity, the superuous player property, s-symmetry, and seciency and this value is equal to Ps . By Lemma 4.4.2, Ps = µ.



Theorem 4.5.4. On the class of graph games, the average connected contribution value
is the unique value that satises linearity, the superuous player property, c-symmetry,
and c-eciency, where c is the connectivity power measure.
Proof. As by Theorem 3.6.3 the connectivity power measure is strictly positive, by Theorem 4.5.1 there is a unique power value that satises linearity, the superuous player
property, c-symmetry, and c-eciency and this value is equal to Pc . By Lemma 4.3.2,
Pc = ACC.

4.6



Independence of the axioms

For any axiomatic characterization it is a crucial task to show that the axioms used are
independent of each other. In order to show that for every strictly positive extended power
measure ϑ linearity, the superuous player property, ϑ-symmetry, and ϑ-eciency is an
independent set of axioms, we construct a value f not identical to Pϑ for every axiom such
that the axiom is not satised by f , but the other three axioms are satised. In examples
4.6.1, 4.6.2, 4.6.3, and 4.6.4 such values are dened and shown to satisfy all but one of
the four axioms, in the order of ϑ-eciency, ϑ-symmetry, the superuous player property,
and linearity, respectively.

Example 4.6.1. Let ϑ be any strictly positive extended power measure and consider the
value f = bPϑ where b > 0 and b 6= 1. We show that f satises (i) linearity, (ii) the
superuous player property, and (iii) ϑ-symmetry, but it does not satisfy (iv) ϑ-eciency.
(i) Linearity: Let (N, v, E), (N, w, E) ∈ ΓG be a pair of graph games and q, r ∈ R.
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Then, as by Lemma 4.5.1 the power value Pϑ satises linearity, we have that

f (N, qv + rw, E) = bPϑ (N, qv + rw, E)
= b(q Pϑ (N, v, E) + rPϑ (N, w, E))
= bq Pϑ (N, v, E) + brPϑ (N, w, E)
= qf (N, v, E) + rf (N, w, E).
(ii) Superuous player property: Let (N, v, E) ∈ ΓG be a graph game and i ∈ N a
superuous player. As by Lemma 4.5.2 the power value Pϑ satises the superuous
player property, we have that fi (N, v, E) = bPϑi (N, v, E) = 0.
(iii) ϑ-symmetry: Let (N, E) ∈ G G be a graph, T ∈ LN (N, E), and consider the graph
game (N, uT , E) ∈ ΓG . As by Lemma 4.5.3 the power value Pϑ satises ϑ-symmetry,
for every i, j ∈ T we have that

fi (N, uT , E)ϑi (N, E) = bPϑi (N, uT , E)ϑi (N, uT , E)
= bPϑj (N, uT , E)ϑj (N, uT , E)
= fj (N, uT , E)ϑj (N, E).
(iv) ϑ-eciency: Let (N, E) ∈ G G be a graph, T ∈ LN (N, E), and consider the graph
game (N, uT , E) ∈ ΓG . As by Lemma 4.5.4 the power value Pϑ satises ϑ-eciency,
we have that

P

Pϑi (N, uT , E)ϑi (N, E)

i∈T

= ϑT (N, E).

|T |
Then,

P

P

fi (N, uT , E)ϑi (N, E)

i∈T

|T |

=

bPϑi (N, uT , E)ϑi (N, E)

i∈T

|T |

= bϑT (N, E).
As b 6= 1,

P

i∈T

fi (N, uT , E)ϑi (N, E) 6= |T |ϑT (N, E).

Example 4.6.2. Let ϑ and ϑ0 be any two strictly positive extended power measures such
that for every (N, E) ∈ G G

ϑi (N, E)
ϑj (N, E)
6= 0
0
ϑi (N, E)
ϑj (N, E)
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for all i, j ∈ N , j 6= i. Consider the value f , for any graph game (N, v, E) ∈ ΓG given by

fi (N, v, E) =

|S|ϑS (N, E)
E
P ϑk (N,E) ∆S (N, v )
0
ϑ (N, E)
ϑ0 (N,E)
S∈LN (N,E) i
X

k∈S

i∈S

k

for every i ∈ N . We show that f satises (i) linearity, (ii) the superuous player property,
and (iii) ϑ-eciency, but it does not satisfy (iv) ϑ-symmetry.
(i) Linearity: Let (N, v, E), (N, w, E) ∈ ΓG be a pair of graph games and q, r ∈ R. By
the denition of restricted games, we have that (qv + rw)E = qv E + rwE . As the
Harsanyi dividends of the sum of two TU-games is equal to the sum of the Harsanyi
dividends of the two TU-games and the Harsanyi dividends in a TU-game multiplied
by a constant are the Harsanyi dividends of the original TU-game multiplied by the
constant, we have that ∆S (N, (qv + rw)E ) = q∆S (N, v E ) + r∆S (N, wE ) for every

S ⊆ N . Therefore, for every i ∈ N
fi (N, qv + rw, E) =

|S|ϑS (N, E)
E
P ϑk (N,E) ∆S (N, (qv + rw) )
0
ϑ (N, E)
ϑ0 (N,E)
S∈LN (N,E) i
X
i∈S

=q

k

k∈S

|S|ϑS (N, E)
E
P ϑk (N,E) ∆S (N, v )
0
ϑ (N, E)
ϑ0 (N,E)
S∈LN (N,E) i
X

k∈S

i∈S

+r

k

|S|ϑS (N, E)
E
P ϑk (N,E) ∆S (N, w )
0
ϑ (N, E)
ϑ0 (N,E)
S∈LN (N,E) i
X
i∈S

k∈S

k

= qfi (N, v, E) + rfi (N, w, E).
(ii) Superuous player property: Let (N, v, E) ∈ ΓG be a graph game and i ∈ N a
superuous player. As player i is superuous, v(S) − v E (S \ {i}) = 0 for every

S ∈ LN (N, E), i ∈ S . Consequently ∆S (N, v E ) = 0 for every S ⊆ N , i ∈ S .
Therefore, we have that fi (N, v, E) = 0.
(iii) ϑ-eciency: Let (N, E) ∈ G G be a graph, T ∈ LN (N, E), and consider the graph
game (N, uT , E) ∈ ΓG . As we have that uE
T = uT (see Chapter 2), for every S ⊆ N
it holds that

∆S (N, uE
T ) = ∆S (N, uT )

1, if S = T,
=
0, otherwise.
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Therefore, for every i ∈ N we have that

fi (N, uT , E) =

|S|ϑS (N, E)
P ϑk (N,E) ∆S (N, uT )
0
ϑ
(N,
E)
i
ϑ0 (N,E)
S∈LN (N,E)
X

=





k

k∈S

i∈S
|T |ϑT (N,E)
P ϑk (N,E) ,

ϑ0i (N,E)

if i ∈ T,

ϑ0 (N,E)
k∈T k

otherwise.


0,
Thus, we have that

X

fi (N, uT , E)ϑi (N, E) =

i∈T

X
i∈T

|T |ϑT (N, E)
P ϑk (N,E) ϑi (N, E)
ϑ0i (N, E)
ϑ0 (N,E)
k

k∈T

P
i∈T

= |T |ϑT (N, E) P

k∈T

ϑi (N,E)
ϑ0i (N,E)
ϑk (N,E)
ϑ0k (N,E)

= |T |ϑT (N, E).
(iv) ϑ-symmetry: Let (N, E) ∈ G G and T ∈ LN (N, E), |T | ≥ 2. Consider the graph
game (N, uT , E) ∈ ΓG . As we have that uE
T = uT (see Chapter 2), for every S ⊆ N
it holds that

∆S (N, uE
T ) = ∆S (N, uT )

1, if S = T,
=
0, otherwise.
Therefore, for every i ∈ T we have that

fi (N, uT , E) =

|T |ϑT (N, E)
P ϑk (N,E) .
ϑ0i (N, E)
ϑ0 (N,E)
k∈T

As |T | ≥ 2, there exists i, j ∈ T such that

ϑi (N, E)
ϑj (N, E)
6= 0
.
0
ϑi (N, E)
ϑj (N, E)
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k

Then,

fi (N, uT , E)ϑi (N, E) =

ϑi (N, E) |T |ϑT (N, E)
P ϑk (N,E)
ϑ0i (N, E)
0
k∈T

6=

ϑk (N,E)

ϑj (N, E) |T |ϑT (N, E)
P ϑk (N,E)
ϑ0j (N, E)
0
k∈T

ϑk (N,E)

= fj (N, uT , E)ϑj (N, E).

Example 4.6.3. Let ϑ be any strictly positive extended power measure and consider the
value f , for any graph game (N, v, E) ∈ ΓG given by

X

fi (N, v, E) =

S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, v E ) +
ϑi (N, E)

X

ε∆S (N, v E )

S∈LN (N,E)
i∈S
/

for every i ∈ N , where ε > 0. We show that f satises (i) linearity, (ii) ϑ-symmetry, and
(iii) ϑ-eciency, but it does not satisfy (iv) the superuous player property.
(i) Linearity: Let (N, v, E), (N, w, E) ∈ ΓG be a pair of graph games and q, r ∈ R. By
the denition of restricted games, we have that (qv + rw)E = qv E + rwE . As the
Harsanyi dividends of the sum of two TU-games is equal to the sum of the Harsanyi
dividends of the two TU-games and the Harsanyi dividends in a TU-game multiplied
by a constant are the Harsanyi dividends of the original TU-game multiplied by the
constant, we have that ∆S (N, (qv + rw)E ) = q∆S (N, v E ) + r∆S (N, wE ) for every

S ⊆ N . Therefore, for every i ∈ N
X

fi (N, qv + rw, E) =

S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, (qv + rw)E )
ϑi (N, E)
X

+

ε∆S (N, (qv + rw)E )

S∈LN (N,E)
i∈S
/

=q

X
S∈LN (N,E)
i∈S

+r

ϑS (N, E)
∆S (N, v E ) + q
ϑi (N, E)

X
S∈LN (N,E)
i∈S

X

ε∆S (N, v E )

S∈LN (N,E)
i∈S
/

ϑS (N, E)
∆S (N, wE ) + r
ϑi (N, E)

X

ε∆S (N, wE )

S∈LN (N,E)
i∈S
/

= qfi (N, v, E) + rfi (N, w, E).
(ii) ϑ-symmetry: Let (N, E) ∈ G G be a graph, T ∈ LN (N, E), i, j ∈ T , and consider the
graph game (N, uT , E) ∈ ΓG . As we have that uE
T = uT (see Chapter 2), for every
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S ⊆ N it holds that
∆S (N, uE
T ) = ∆S (N, uT )

1, if S = T,
=
0, otherwise.
Therefore, we have that

fi (N, uT , E) =

ϑT (N, E)
ϑi (N, E)

fj (N, uT , E) =

ϑT (N, E)
.
ϑj (N, E)

and

Thus, fi (N, uT , E)ϑi (N, E) = fj (N, uT , E)ϑj (N, E) = ϑT (N, E).
(iii) ϑ-eciency: Let (N, E) ∈ G G be a graph, T ∈ LN (N, E), and consider the graph
game (N, uT , E) ∈ ΓG . As we have that uE
T = uT (see Chapter 2), for every S ⊆ N
it holds that

∆S (N, uE
T ) = ∆S (N, uT )

1, if S = T,
=
0, otherwise.
Therefore, for every i ∈ N we have that

fi (N, uT , E) =

X
S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, uT ) +
ϑi (N, E)

X

ε∆S (N, uT )

S∈LN (N,E)
i∈S
/


 ϑT (N,E) , if i ∈ T,
= ϑi (N,E)
ε,
otherwise

Pϑ (N, u , E), if i ∈ T,
T
i
=
ε,
otherwise.

As by Lemma 4.5.4 the power value Pϑ satises ϑ-eciency, we have that

P

P

fi (N, uT , E)ϑi (N, E)

i∈T

|T |

=

Pϑi (N, uT , E)ϑi (N, E)

i∈T

= ϑT (N, E).
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|T |

(iv) Superuous player property: Let (N, v, E) ∈ ΓG be a graph game such that i ∈ N
P
E
is a superuous player and
S∈LN (N,E), i∈S
/ ∆S (N, v ) 6= 0. As player i is superuous, v(S) − v E (S \ {i}) = 0 for every S ∈ LN (N, E), i ∈ S . Consequently

∆S (N, v E ) = 0 for every S ⊆ N , i ∈ S . Therefore, we have that fi (N, v, E) =
P
E
ε S∈LN (N,E), i∈S
/ ∆S (N, v ) 6= 0.

Example 4.6.4. Let ϑ be any strictly positive extended power measure and consider the
value f , for any graph game (N, v, E) ∈ ΓG given by

ϑ
 D{ (N,v,E) (N,E) v E (N ), if i ∈
/ D(N, v, E),
ϑi (N,E)
fi (N, v, E) =
0,
otherwise,
for every i ∈ N , where D(N, v, E) denotes the set of superuous players in graph game

(N, v, E). We show that f satises (i) the superuous player property, (ii) ϑ-symmetry,
and (iii) ϑ-eciency, but it does not satisfy (iv) linearity.
(i) Superuous player property: Let (N, v, E) ∈ ΓG be a graph game and i ∈ N a
superuous player. By denition of f , we have that fi (N, v, E) = 0.
(ii) ϑ-symmetry: Let (N, E) ∈ G G be a graph, T ∈ LN (N, E) and consider the graph
game (N, uT , E) ∈ ΓG . As we have that D(N, uT , E) = N \ T , it holds for every

k ∈ N that

 ϑT (N,E) , if k ∈ T,
fk (N, uT , E) = ϑk (N,E)
0,
otherwise
= Pkϑ (N, uT , E).
As by Lemma 4.5.3 the power value Pϑ satises ϑ-symmetry, we have for every

i, j ∈ T that
fi (N, v, E)ϑi (N, E) = Pϑi (N, v, E)ϑi (N, v, E)
= Pϑj (N, v, E)ϑj (N, v, E)
= fj (N, v, E)ϑj (N, E).
(iii) ϑ-eciency: Let (N, E) ∈ G G be a graph, T ∈ LN (N, E), and consider the graph
game (N, uT , E) ∈ ΓG . As we have that D(N, uT , E) = N \ T , it holds for every
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i ∈ N that

 ϑT (N,E) , if i ∈ T,
fi (N, uT , E) = ϑi (N,E)
0,
otherwise
= Piϑ (N, uT , E).
As by Lemma 4.5.4 the power value Pϑ satises ϑ-eciency, we have that

P

P

fi (N, uT , E)ϑi (N, E)

i∈T

i∈T

=

|T |

Pϑi (N, uT , E)ϑi (N, E)

|T |

= ϑT (N, E).
(iv) Linearity: Let (N, v, E), (N, w, E) ∈ ΓG be a pair of graph games such that
E

w (N ) 6=

!

ϑD{ (N,v,E) (N, E)
ϑD{ (N,v+w,E) (N, E)

− 1 v E (N )

and there exists a player i ∈ N such that i ∈
/ D(N, v, E) and i ∈ D(N, w, E), and
therefore, i ∈
/ D(N, v + w, E). Then, as (v + w)E (N ) = v E (N ) + wE (N ), we have
that

fi (N, v + w, E) = (v E (N ) + wE (N ))
6= v E (N )

ϑD{ (N,v+w,E) (N, E)
ϑi (N, E)

ϑD{ (N,v,E) (N, E)
ϑi (N, E)

= fi (N, v, E)
= fi (N, v, E) + fi (N, w, E).

4.7

Properties

Aside from the four axioms dened in Section 4.5, power values may also satisfy several
other desirable properties. As there are many known axiomatizations of the Myerson, and
restricted Banzhaf values (see for example van den Brink (2009)), there is a huge variety
of dierent properties that are satised by specic subsets of power values. In this section
we show under what restrictions do power values satisfy the isolated player property, the
superuous neighbor property, and the two classical properties of (graph) symmetry and
eciency.

Denition 4.7.1

(Isolated player property). On a subclass Γ ⊆ ΓG of graph games, a
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value f satises the isolated player property if for any (N, v, E) ∈ Γ and i ∈ N such that

Bi (N, E) = ∅ it holds that fi (N, v, E) = v({i}).
The isolated player property is a common property in the literature, often used as an
axiom. For example, in van den Brink (2009) it is used as an axiom in a characterization
of the restricted Banzhaf value for cycle-free graph games. It requires the value of every
isolated player to be equal to the worth that the player generates alone. This idea is in
line with the interpretation of a communication network and the denition of a restricted
game. Whenever an isolated player is part of a coalition, his marginal contribution in that
coalition is equal to his own worth, hence it is reasonable to assume that the value of
such a player is equal to that worth. In other words, an isolated player can be seen as a
dummy player in the restricted game whose marginal contribution to all of the coalitions
is the same. Clearly, if this number happens to be zero, then the isolated player is also a
superuous player.
Now we show that the isolated player property is satised by any power value.

Theorem 4.7.1. On the class of graph games, the power value Pϑ corresponding to any
strictly positive extended power measure ϑ, satises the isolated player property.
Proof. Let (N, v, E) ∈ ΓG be a graph game, i ∈ N such that Bi (N, E) = ∅, and ϑ a
strictly positive extended power measure. As node i is isolated in graph (N, E), {i} is the
only connected set of nodes in graph (N, E) that contains node i. Thus, we have that
Pϑi (N, v, E) =

ϑi (N, E)
∆i (N, v E ).
ϑi (N, E)

As ϑi (N, E) 6= 0 and ∆i (N, v E ) = v({i}), we get that
Pϑi (N, v, E) = v({i}).


As the isolated player property is satised by every power value and by Lemmas 4.3.2,
4.4.1, and 4.4.2 the average connected contribution, restricted Banzhaf, and Myerson
values coincide with the connectivity, exponential with base 2, and size power values,
respectively, we have that these values also satisfy the isolated player property.

Denition 4.7.2 (Superuous neighbor property). On a subclass Γ ⊆ ΓG of graph games,
a value f satises the superuous neighbor property if for any (N, v, E) ∈ Γ and edge

{i, j} ∈ E such that all players in Kj (N, E−i ) ∩ Bi (N, E) are superuous, we have that
fi (N, v, E) = fi (N, v, E−Kj (N,E−i )∩Bi (N,E) ).
The superuous neighbor property can be interpreted in the following way. If for a player
there is a group of players that are only reachable through a group of superuous neighbors
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of the player, then by isolating every member in the group of superuous neighbors, the
value assigned to the player in the resulting graph game is not changing. In other words,
if for a player there is a set of players he can only establish communications with through
some superuous neighbors of his, then the player has no incentive to keep the connections
to any of the superuous neighbors.
The superuous neighbor property is implied by the superuous link property of
van den Brink (2009). A superuous link in a graph game (N, v, E) ∈ ΓG is a link ` ∈ E
0

0

such that v E (N ) = v E \{`} (N ) for all E 0 ⊆ E , ` ∈ E 0 . The superuous link property requires that the value of a graph game does not change if a superuous link is removed from
the graph. As links to any superuous players are clearly superuous, and the superuous
link property ensures that the values of all players remain unchanged by the removal of
a superuous link, by isolating any group of superuous players the values of the players
remain unchanged, which includes the neighbors of the isolated superuous players. The
reverse implication is not true in general, as the superuous neighbor property only ensures that values of the neighbors of groups of superuous players remain unchanged and
it does not make any restrictions on the possible changes in the values of other players.
If we restrict ourselves to cycle-free graph games, the property becomes simpler as then
there is a unique path between any connected players in the graph. The interpretation of
the superuous neighbor property then becomes that if we create a new graph game by
isolating a superuous player, then the value assigned to any of his former neighbors does
not change in the new game. Therefore, players are indierent between having a link to a
superuous player and not having the link. In other words, on the class of cycle-free graph
games, the superuous neighbor property ensures that it is not individually benecial for
any of the players to have links to superuous players.
Now we show that the isolated player property is satised by the power value corresponding to any strictly positive extended power measure that satises the isolation
property.

Theorem 4.7.2. On the class of graph games, the power value Pϑ corresponding to any
strictly positive extended power measure ϑ satisfying the isolation property, satises the
superuous neighbor property.
Proof. Let (N, v, E) ∈ ΓG be a graph game, {i, j} ∈ E such that all players in Kj (N, E−i )∩
Bi (N, E) are superuous, and ϑ a strictly positive extended power measure that satises
the isolation property. Let Qi,j (N, E) = Kj (N, E−i ) ∩ Bi (N, E). Then, we have that
Pϑi (N, v, E) =

X
S∈LN (N,E)
i∈S
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ϑS (N, E)
∆S (N, v E )
ϑi (N, E)

and

X

Piϑ (N, v, E−Qi,j (N,E) ) =

S∈LN (N,E−Qi,j (N,E) )
i∈S

ϑS (N, E−Qi,j (N,E) )
E
∆S (N, v −Qi,j (N,E) ).
ϑi (N, E−Qi,j (N,E) )

We need to show that

X
S∈LN (N,E)
i∈S

ϑS (N, E)
∆S (N, v E ) =
ϑi (N, E)

X
S∈LN (N,E−Qi,j (N,E) )
i∈S

ϑS (N, E−Qi,j (N,E) )
E
∆S (N, v −Qi,j (N,E) ).
ϑi (N, E−Qi,j (N,E) )

As all players Qi,j (N, E) are superuous, we have that the Myerson restricted games
of the graph games (N, v, E) ∈ ΓG and (N, v, E−Qi,j (N,E) ) ∈ ΓG are equal, i.e. (N, v E ) =

(N, v

E−Qi,j (N,E)

). This means that for any coalition S ⊆ N , v E (S) = v

sequently ∆S (N, v ) = ∆S (N, v
E

E−Qi,j (N,E)

E−Qi,j (N,E)

(S) and con-

). We have that LN (N, E−Qi,j (N,E) ) ⊆ LN (N, E).

Thus, by Lemma 4.3.1, the Harsanyi dividends of any coalition S ∈
/ LN (N, E−Qi,j (N,E) )
are equal to zero, which means that ∆S (N, v

E−Qi,j (N,E)

) = ∆S (N, v E ) = 0 for every

S∈
/ LN (N, E−Qi,j (N,E) ). Therefore, we can rewrite the equation as
X
S∈LN (N,E−Qi,j (N,E) )
i∈S

ϑS (N, E)
∆S (N, v E ) =
ϑi (N, E)

X
S∈LN (N,E−Qi,j (N,E) )
i∈S

ϑS (N, E−Qi,j (N,E) )
∆S (N, v E ).
ϑi (N, E−Qi,j (N,E) )

As the extended power measure ϑ satises the isolation property and {i, j} ∈ E , we have
that

ϑS (N, E)
ϑi (N, E)
=
ϑS (N, E−Qi,j (N,E) )
ϑi (N, E−Qi,j (N,E) )

for every S ∈ LN (N, E−Qi,j (N,E) ), i ∈ S . This implies that

ϑS (N, E−Qi,j (N,E) )
ϑS (N, E)
∆S (N, v E ) =
∆S (N, v E )
ϑi (N, E)
ϑi (N, E−Qi,j (N,E) )
for every S ∈ LN (N, E−Qi,j (N,E) ), i ∈ S , and consequently Pϑi (N, v, E) = Pϑi (N, v,

E−Qi,j (N,E) ).



As the superuous neighbor property is satised by the power value corresponding to any
strictly positive extended power measure that satises the isolation property, by Theorems
3.6.8, 3.6.11, and 4.2.3 the connectivity, exponential, and size power measures are strictly
positive and satisfy the isolation property, respectively, and by Lemmas 4.3.2, 4.4.1, and
4.4.2 the average connected contribution, restricted Banzhaf, and Myerson values coincide
with the connectivity, exponential with base 2, and size power values, respectively, we have
that these values also satisfy the superuous neighbor property.
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Denition 4.7.3

(Eciency). On a subclass Γ ⊆ ΓG of graph games a value f satises

eciency if for any (N, v, E) ∈ Γ it holds that

X

fi (N, v, E) = v E (N ).

i∈N

Eciency is one of the most common properties of values for both TU- and graph games.
If a value is ecient, then for every graph game it splits the worth that is generated by
the grand coalition in the restricted game between the players. As it is well-known, the
Myerson value is ecient, while the restricted Banzhaf value is not. Also, the average
connected contribution value is not ecient. Similar to the isolation property for the
superuous neighbor property, we need a condition on the extended power measures so
that we can nd a set of power values that are ecient.

Theorem 4.7.3. On the class of graph games, the power value Pϑ corresponding to any
strictly positive and reciprocal additive extended power measure ϑ, is ecient.
Proof. Let (N, v, E) ∈ ΓG be a graph game and ϑ a strictly positive and reciprocal additive
extended power measure. Then

X

Pϑi (N, v, E) =

X

X

i∈N S∈LN (N,E)
i∈S

i∈N

=

X ϑS (N, E)

X

S∈LN (N,E) i∈S

=

ϑi (N, E)

∆S (N, v E )

∆S (N, v E ) X
P
1

X
S∈LN (N,E)

=

ϑS (N, E)
∆S (N, v E )
ϑi (N, E)

X

j∈S

ϑj (N,E) i∈S

1
ϑi (N, E)

!

∆S (N, v E )

S∈LN (N,E)

= v E (N ).

As eciency is satised by every power value corresponding to any strictly positive and
reciprocal additive extended power measure, by Theorem 4.2.5 the size power measure is
strictly positive and reciprocal additive, and by Lemma 4.4.2 the Myerson value coincides
with the size power value, we have that the Myerson value is indeed ecient.
Let (N, v, E) ∈ ΓG be a graph game and i, j ∈ N . We say that players i and j are
symmetric in (N, v, E) if Bi (N, E) \ {j} = Bj (N, E) \ {i} and v(S ∪ {i}) = v(S ∪ {j}) for
every S ⊆ N \ {i, j}, S ∪ {i} ∈ LN (N, E).

Denition 4.7.4

(Graph symmetry). On a subclass Γ ⊆ ΓG of graph games a value f

satises graph symmetry if for any (N, v, E) ∈ Γ and symmetric players i, j ∈ N , it holds
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that

fi (N, v, E) = fj (N, v, E).
Graph symmetry is the extended version of the classical symmetry property of TU-games
for graph games. It requires that whenever in a graph game two players are symmetric,
then they get the same value.
If we compare the property of symmetry of an extended power measure ϑ and the
condition when two players are symmetric in a graph game (N, v, E), we see that the
two concepts are similar. Symmetry of an extended power measure requires that whenever two nodes of a graph are in symmetric positions, the power of every connected set
containing one of the symmetric nodes is equal to the power of the connected set that
we get by replacing the node by the other node. Two players are symmetric in a graph
game if they have a symmetric position in the corresponding graph and the characteristic
function assigns to any connected set containing one of the players a worth that is equal
to the number assigned to the connected set that we get by replacing the player by the
other player. Therefore, if for a given graph (N, E) ∈ G G we look at the graph game

(N, ϑ(N, E), E) ∈ ΓG , then if ϑ is symmetric, every pair of players i, j ∈ N such that
Bi (N, E) \ {j} = Bj (N, E) \ {i} are symmetric in the thus dened graph game.
Now we show that the power value corresponding to any strictly positive and symmetric extended power measure is graph symmetric.

Theorem 4.7.4. On the class of graph games, the power value Pϑ corresponding to any
strictly positive and symmetric extended power measure ϑ, is graph symmetric.
Proof. Let (N, v, E) ∈ ΓG be a graph game, i, j ∈ N a pair of symmetric players, and ϑ
a strictly positive and symmetric extended power measure. Then
Pϑi (N, v, E) =

X
S∈LN (N,E)
i∈S

=

X
S∈LN (N,E)
i∈S, j ∈S
/

=

X
S∈LN (N,E)
j∈S, i∈S
/

=

X
S∈LN (N,E)
j∈S

ϑS (N, E)
∆S (N, v E )
ϑi (N, E)
ϑS (N, E)
∆S (N, v E ) +
ϑi (N, E)
ϑS (N, E)
∆S (N, v E ) +
ϑj (N, E)

X
S∈LN (N,E)
i∈S, j∈S

X
S∈LN (N,E)
j∈S, i∈S

ϑS (N, E)
∆S (N, v E )
ϑi (N, E)
ϑS (N, E)
∆S (N, v E )
ϑj (N, E)

ϑS (N, E)
∆S (N, v E )
ϑj (N, E)

= Pϑi (N, v, E).
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As graph symmetry is satised by the power value corresponding to any strictly positive
and symmetric extended power measure, by Corollary 3.6.1 and Theorems 4.2.2 and 4.2.4
the connectivity, exponential, and size power measures are strictly positive and symmetric,
respectively, and by Lemmas 4.3.2, 4.4.1, and 4.4.2 the average connected contribution,
restricted Banzhaf, and Myerson values coincide with the connectivity, exponential with
base 2, and size power values, respectively, we have that these values are also symmetric.

4.8

Power values as weighted sums of marginal contributions

The average connected contribution value is dened as the average of the players' marginal
contributions in every connected coalition, while, for a given strictly positive power measure, the corresponding power value is dened as a weighted sum of Harsanyi dividends.
In this section we show that by applying the steps in the reverse of the proof on Lemma
4.3.2 for the power value that corresponds to any given strictly positive extended power
measure, we can write the corresponding power value as a weighted sum of marginal
contributions.

Theorem 4.8.1. For any (N, v, E) ∈ ΓG and strictly positive extended power measure ϑ
it holds that for every player i ∈ N
Pϑi (N, v, E)


X
 X
1
E
E
|T |−|S|
v (S) − v (S \ {i})
(−1)
ϑT (N, E) .
=
ϑi (N, E) S⊆N
T ⊆N : S⊆T
i∈S

Proof. Take i ∈ N . By Lemma 4.3.1 the Harsanyi dividends are zero for non-connected
coalitions, so we have
Pϑi (N, v, E) =

X ϑT (N, E)
∆T (N, v E ).
ϑ
i (N, E)
T ⊆N
i∈T

By plugging in the denition of the Harsanyi dividends we get that
Pϑi (N, v, E) =

X
T ⊆N
i∈T

!
X
ϑT (N, E)
(−1)|T |−|S| v E (S) .
ϑi (N, E) S⊆T
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(4.9)

Rearranging the right hand side of equation (4.9) yields
Pϑi (N, v, E) =


X
X
1
v E (S)
(−1)|T |−|S| ϑT (N, E)
ϑi (N, E) S⊆N
T ⊆N : S⊆T
i∈T

1
v E (S)
=
ϑi (N, E) S⊆N
T ⊆N :
X

X

|T |−|S|

(−1)


ϑT (N, E)

S⊆T

i∈S


X
X
1
E
|T |−|S|
+
v (S)
(−1)
ϑT (N, E)
ϑi (N, E) S⊆N
T ⊆N : S⊆T
i∈T

i∈S
/

1
v E (S)
=
ϑi (N, E) S⊆N
T ⊆N :
X

X

|T |−|S|

(−1)


ϑT (N, E)

S⊆T

i∈S

−


X
X
1
v E (S \ {i})
(−1)|T |−|S| ϑT (N, E)
ϑi (N, E) S⊆N
T ⊆N : S⊆T
i∈S


X
 X
1
=
(−1)|T |−|S| ϑT (N, E) .
v E (S) − v E (S \ {i})
ϑi (N, E) S⊆N
T ⊆N : S⊆T
i∈S


The formula in Theorem 4.8.1 can be interpreted as follows. Given a strictly positive
extended power measure ϑ, the corresponding power value of any player is the weighted
sum of the player's marginal contributions in all coalitions the player is a part of. The
weights depend on the extended power measure ϑ.
When we interpret ϑ(N, E) as a TU-game, the weight

P

T ⊆N : S⊆T (−1)

|T |−|S|

ϑT (N, E)

for any S ⊆ N looks similar to the Harsanyi dividend of the coalition S in the TU-game

(N, ϑ(N, E)), except for the fact that for the Harsanyi dividend the summation should
be for all T ⊆ S , but we have that it is for all T ⊆ N such that S ⊆ T . Thus, we sum
the terms up for the supersets of S and not for the subsets of S . If we want to simplify
the expression in Theorem 4.8.1, then we need to introduce a TU-game such that the
Harsanyi dividends in that game are exactly equal to the weights. We can do this by
dening a TU-game similar to the dual game of (N, ϑ(N, E)). For the denition of dual
games see for example Bilbao (2012).

Denition 4.8.1. Let ϑ be a strictly positive extended power measure and (N, E) ∈ G G .
The characteristic function of the TU-game (N, tϑ(N,E) ) corresponding to ϑ(N, E) is given
by

tϑ(N,E) (S) = ϑS { (N, E)
for every S ⊆ N .
Let ϑ be a strictly positive extended power measure and (N, E) ∈ G G . Then, the
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Harsanyi dividend of a coalition S ⊆ N in the corresponding TU-game (N, tϑ(N,E) ) is

∆S (N, tϑ(N,E) ) =

X

(−1)|S|−|T | tϑ(N,E) (T ).

T ⊆S

By writing the Harsanyi dividend of coalition S { ⊆ N , we get that

∆S { (N, tϑ(N,E) ) =

X

(−1)|S

{ |−|T { |

tϑ(N,E) (T { )

T { ⊆S {

X

=

(−1)|T |−|S| tϑ(N,E) (T { )

T ⊆N : S⊆T

X

=

(−1)|T |−|S| ϑT (N, E).

T ⊆N : S⊆T

Therefore, by using the Harsanyi dividends of tϑ(N,E) , we can rewrite the power value
corresponding to the extended measure ϑ as
Pϑi (N, v, E) =

X

1
v E (S) − v E (S \ {i}) ∆S { (N, tϑ(N,E) ).
ϑi (N, E) S⊆N
i∈S

for every i ∈ N and graph game (N, v, E) ∈ ΓG . This means that the weights marginal
contributions get in the power value corresponding to ϑ depend on the Harsanyi dividends
in the corresponding game. However, as every TU-game can be written as a linear combination of unanimity games where the weights are the Harsanyi dividends, by dening
the Harsanyi dividends of the corresponding game, we also dene the extended power
measure.
For the average connected contribution value we have that the marginal contributions
in connected coalitions are counted once, while the contributions in non-connected coalitions are not counted. One possible way of dening the Harsanyi dividends in order for
the resulting power value to boil down to the average connected contribution value is that
the dividends of coalitions that are complements of connected coalitions are one, while
the dividends are zero for every other coalition.

Theorem 4.8.2. The connectivity power measure is the unique extended power measure
ϑ such that


1, if S ∈ L (N, E),
N
∆S { (N, tϑ(N,E) ) =
0, otherwise

for every S ⊆ N and graph (N, E) ∈ G G .
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Proof. Let (N, E) ∈ G G be a graph. By Theorem 3.6.12 we have that

1, if S ∈ L (N, E),
N
∆S { (N, tc(N,E) ) =
0, otherwise
for every S ⊆ N .
Let ϑ be a strictly positive power measure such that


1, if S ∈ L (N, E),
N
∆S { (N, tϑ(N,E) ) =
0, otherwise
for every S ⊆ N . Then, we can rewrite tϑ(N,E) as

tϑ(N,E) (S { ) =

X

∆S { (N, tϑ(N,E) )uT { (S { )

T { ⊆N

for every S { ⊆ N . As ∆S { (N, tϑ(N,E) ) = 1 if S ∈ LN (N, E), otherwise 0, and uT { (S { ) = 1
if S ⊆ T , otherwise 0, we have that

X

tϑ(N,E) (S { ) =

1

T ∈LN (N,E): S⊆T

= cS (N, E)
for every S ⊆ N . As by denition tϑ(N,E) (S { ) = ϑS (N, E) for every S ⊆ N , we have that

ϑ(N, E) = c(N, E) for every (N, E) ∈ G G , which implies that ϑ = c.



Corollary 4.8.1. The connectivity power value is the unique power value that corresponds
to a strictly positive extended power measure ϑ such that

1, if S ∈ L (N, E),
N
∆S { (N, tϑ(N,E) ) =
0, otherwise

for every S ⊆ N and (N, E) ∈ G G .
Corollary 4.8.1 means that if we would like to dene a power value such that the weight
of the contributions in connected coalitions is one and in non-connected coalitions zero,
then the only option is to use the connectivity power measure and consequently the
corresponding connectivity power value.
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4.9

Example

In this section, we illustrate by an example how the average connected contribution value
can be used in real-life situations. As discussed earlier, the Banzhaf value is originally
introduced to measure the power of voters in voting situations. In the analysis of such
situations, the literature is usually focusing on two concepts, the Shapley value (or as
it is called in the context of voting, the Shapley-Shubik index) and the Banzhaf value
(or the Banzhaf-Coleman index). A choice between the two concepts usually depends on
the computational complexity of the problems, but often both values are calculated and
shown to correlate with each other.
A voting situation can be described by a TU-game in the following way. Let N be the
set of players, or in this case, the voters. The voters have two options, they either vote
for or against a proposed issue. Any voter i ∈ N has a weight, wi , that shows the number
of votes the voter can cast. The total number of votes that can be casted is equal to
P
W = i∈N wi . The nominal voting power of voter i ∈ N is his share of the total number
of votes, wi /W . In order to win in a vote, a coalition of voters must get a greater or equal
number of votes for the proposition than a predetermined quota, q , where W/2 < q ≤ W .
In most political systems a party must get more than 50% of the votes in order to pass
a law or bill. In our examples the quota is always dened as q = 1 + b(W/2)c, where

bxc = max{n ∈ Z : n ≤ x}. The characteristic function of a voting game is given as

v(S) =


P

1, if
wi ≥ q,
i∈S


0, otherwise.
Therefore, we can interpret a coalition S working together as an outcome when the members of the coalition vote for, while members outside the coalition vote against the proposed issue. Note that the TU-game dened here is usually referred to as a weighted voting
game, but as in all of our examples weights are used, we only refer to these games as voting games. If we introduce a graph (N, E) ∈ G G to form the graph game (N, v, E) ∈ ΓG ,
then the introduction of the restrictions represented by the graph can be interpreted in
the following way. If a set of voters is connected in the graph, then together they have the
possibility to vote for the proposed issue, even if all of the other voters vote against it. If a
set of voters is not connected, then they cannot vote for the issue together, but they could
still vote against it. This interpretation allows us to introduce political disagreements and
dierences between the voters (political parties). It is easy to imagine two political parties
that have so dierent ideologies that they may never vote for any propositions together,
unless some other intermediary parties are involved. These intermediary parties are connecting the two ideologically distant parties in the graph and can be seen as mediators
in political negotiations. The way the graph is interpreted is similar to the interpreta142

tion of the political spectrum in Álvarez-Mozos et al. (2013), where the spectrum value
is introduced. A spectrum according to their denition corresponds to a linear graph in
our settings. A discussion on how communication restrictions can be introduced to voting
situations is in Carreras (1991).1
This also means that in this model, non-connected voters can only be in favor of an
issue if there is a connected set of voters every member of which is also for accepting
the proposition. This may be a simple model of political interactions, but there is a
straightforward extension that can be done in order to make the model more realistic.
A probability distribution can be dened on the edges of a complete graph, where the
probabilities are representing the chances of the two connected parties working together.
Games with such random graphs are discussed in Calvo, Lasaga, and van den Nouweland
(1999) and an algorithm to calculate the probabilistic Myerson value in such games is
proposed in Skibski and Yokoo (2017). This extension is not included in this dissertation,
but it may be the target of further research.
Some applications of the values for voting situations are the following. In Owen (1975a)
the American Electoral College is analyzed using an approximation method of the Shapley
value. Leech (1988) looks at the connection between the power of shareholders (both
Shapley and Banzhaf) and the shareholding concentration in British companies and nds
that typically the Banzhaf index gives a more concentrated power distribution. In Carreras
and Owen (1988) voting in the Catalonian Parliament is analyzed using the Shapley value
and allowing for a priori unions (coalitions of parties). A more recent example is in Leech
(2002), where the Banzhaf value (amongst its several other normalizations) is used to
design a more fair voting system for the Council of the European Union. In Skibski,
Michalak, Sakurai, and Yokoo (2015) an algorithm is proposed to calculate both the
Shapley and Banzhaf values in voting games.
In Skibski and Yokoo (2017) the 2015 general elections in the United Kingdom are
analyzed as an example. They propose a new algorithm to calculate the Myerson value
in probabilistic graphs. A probabilistic graph game is a graph game, where the edges of
the corresponding graph have weights that are interpreted as probabilities that the given
edge is present in the graph. For a more detailed explanation see Calvo et al. (1999) and
González-Arangüena, Manuel, and del Pozo (2015). The weights in the graph represent
the probabilities that certain parties vote together. In Álvarez-Mozos et al. (2013) the
spectrum vale is introduced to deal with situations when political parties are ordered in a
spectrum based on their political views in a voting situation. We use similar ideas in the
case of the 2017 German federal elections to construct dierent graphs representing the
political relations of the parties.
1 That

paper discusses a more general type of voting games called simple games.
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4.9.1

The 2017 German federal election

By looking at the 2017 German federal elections, we illustrate how the average connected
contribution value can be used to understand how dierent restrictions on the possible
coalitions aect the voting power of the parties.
The 2017 German federal elections were held on 24 September 2017. Altogether, 709
seats of the Bundestag were allocated, 355 of which is required minimally for a party to
form a majority government. The parties that got at least one seat are the following.

• CDU: The Christian Democratic Union of Germany (Christlich Demokratische Union Deutschlands) is a center-right, Christian-democratic, and liberal-conservative
party, formed in 1945.

• SPD: The Social Democratic Party of Germany (Sozialdemokratische Partei Deutschlands) is a center-left and social-democratic party, formed in 1863.

• AfD: Alternative for Germany (Alternative für Deutschland) is a right-wing to farright and Eurosceptic party, formed in 2013.

• FDP: The Free Democratic Party (Freie Demokratische Partei) is a center to centerright, liberal, and classical liberal party, formed in 1948.

• Left: The Left (Die Linke) is a left-wing to far-left, democratic-socialist, and leftwing populist party, formed in 2007.

• Greens: Alliance 90/The Greens, (Bündnis 90/Die Grünen), is a center-left and
green party, formed in 1993.

• CSU: The Christian Social Union in Bavaria (Christlich-Soziale Union in Bayern) is
a center-right, Christian-democratic, and conservative party in Bavaria, formed in
1945.
The CDU and the CSU are forming a union together which means that they are not
competing for seats against each other and if one of them is involved in forming the
government, then the other one is involved as well. For this reason, we represent them
together as CDU/CSU in all but the last scenarios discussed here. For the last scenario
we separate the two parties to show how the political situation would react to such a
separation. The nal allocation of the seats are in Table 4.3. As none of the parties have
the minimum number of seats needed to form a majority government, some parties need
to form a coalition in order to set up a government.
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Table 4.3: Allocation of seats in the Bundestag
Seats

Left
69

SPD
153

Greens
67

FDP
80

CDU
200

CSU
46

AfD
94

In order to calculate the restricted Banzhaf and average connected contribution values,
at rst we need to dene some graphs representing the connections between the parties.
The simplest such graph, as seen in Figure 4.2, is the one that we get by putting the
parties on a linear graph based on their historical left-right orientation. The order of
the parties is based on their sitting order in the Bundestag and thus can be seen as a
traditional left-right ordering. In Álvarez-Mozos et al. (2013) such a left-right ordering is
called a spectrum.
Figure 4.2: Parties in the 2017 German elections, left-right
Left

SPD

FDP
Greens

CDU/CSU

AfD

The second graph, as it can be seen in Figure 4.3 is using the same idea to order the parties
as the rst graph, but the SPD and the Greens are ipped. The reason for this change is
that historically there have been examples of coalitions of parties connected in the second
graph. It happened twice that the SPD formed a coalition with the Greens (1998-2002,
2002-05), and four times with the FDP (1969-72, 1972-76, 1976-80, 1980-82), but it has
never happened that the CDU/CSU formed a coalition with the Greens. The CDU/CSU
formed coalitions with the FDP multiple times (1949-53, 1953-57, 1961-65, 1965-66, 198283, 1983-87, 1987-90, 1990-94, 1994-98, 2009-13). Therefore, it seems reasonable to put
the SPD between the Greens and the FDP.
Figure 4.3: Parties in the 2017 German elections, SPD ip
Left

Greens

FDP
SPD

CDU/CSU

AfD

If we do not use a linear graph, but also allow for cycles, maybe a better representation
of the parties can be made. As it has happened often that the two major parties, the
SPD and the CDU/SCU, formed a coalition without involving any other parties (1966-69,
2005-09, 2013-17, 2017-present), it is reasonable to add a link between them to the second
graph. The resulting graph can be seen in Figure 4.4.
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Figure 4.4: Parties in the 2017 German elections, SPD ip, major coalition
Left

Greens

FDP
SPD

CDU/CSU

AfD

We calculate and compare the nominal voting power of the parties, the Banzhaf value,
and the restricted Banzhaf and average connected contribution values on all three graphs.
The results are in Table 4.4, while the correlations matrix between the values is in Figure
4.5. The restricted Banzhaf and the average connected contribution values are numbered
from 1 to 3 in an order that corresponds to the three graphs depicted above.
Table 4.4: Comparison of values in the 2017 German elections, 6 parties
Nominal
Banzhaf
restr. Banzhaf 1
restr. Banzhaf 2
restr. Banzhaf 3
ACC 1
ACC 2
ACC 3

Left
0.0973
0.1875
0.0625
0.0625
0.0625
0.1667
0.1667
0.1250

SPD
0.2158
0.3125
0.0625
0.1875
0.4375
0.1000
0.3333
0.5556

Greens
0.0945
0.1875
0.1875
0.0625
0.0625
0.3333
0.1000
0.0714

FDP
0.1128
0.1875
0.4375
0.4375
0.1875
0.6667
0.6667
0.1667

CDU/CSU
0.3470
0.6875
0.3125
0.3125
0.5625
0.5000
0.5000
0.6875

AfD
0.1326
0.1875
0.1250
0.1250
0.1250
0.1667
0.1667
0.1111

Figure 4.5: Correlation matrix between values in the 2017 German elections, 6 parties

1
0.9714

0.1849

0.3890

0.9561

0.1622

0.4188
0.9511



0.9714
1
0.2686
0.3726
0.8825
0.2740
0.4047
0.8836

0.1849
0.2686
1
0.8613
0.2017
0.9886
0.8142
0.0891

0.3890
0.3726
0.8613
1
0.4982
0.8142
0.9886
0.3936

0.9561
0.8825
0.2017
0.4982
1
0.1657
0.5385
0.9884

0.1622
0.2740
0.9886
0.8142
0.1657
1
0.7806
0.0686

0.4188
0.4047
0.8142
0.9886
0.5385
0.7806
1
0.4516


0.9511
0.8836

0.0891

0.3936

0.9884

0.0686

0.4516
1

The results show that the choice of the graph changes the results signicantly. The
CDU/CSU has the highest voting power according to both the nominal power and the
Banzhaf value, but it gets dethroned by the FDP according to the restricted Banzhaf and
average connected contribution values on the rst and the second graphs. This happens as
146

in the rst two graphs if the CDU/CSU wants to form a government, their only option is
to form a coalition with the FDP and another party. This makes the FDP much stronger
than what its nominal voting power suggests. The second place is also changing in a
similar way with the graphs. Nominally, and according to the Banzhaf value, the SPD is
the second strongest party, however as it is occupying positions in the rst two graphs that
are far from the nominally stronger CDU/CSU, it is shown to be weaker by the restricted
Banzhaf and average connected contribution values. The most extreme case happens on
the rst graph, when the SPD is one of the weakest parties according to the restricted
Banzhaf value and the weakest according to the average connected contribution value.
The situation gradually improves on the second graph, when the SPD and the Greens
not only trade places in the graph, but by pure coincidence they also swap their powers,
compared to the situation on the rst graph. Under the restrictions of the third graph,
as they allow for the direct cooperation of the two major parties, the CDU/CSU and the
SPD, the restricted Banzhaf and average connected contribution values are close to the
nominal voting power and the Banzhaf value.
All of the values have positive correlations with each other, ranging from almost zero
to strong correlations (around 0.9). The Banzhaf value has a strong correlation with the
nominal voting power. The restricted Banzhaf value and the average connected contribution value correlates well with each other (above 0.9) on the same graphs, and also with
the nominal voting power and the Banzhaf value on the third graph. Surprisingly, the
restricted Banzhaf and average connected contribution values on the rst two graphs are
not correlating well with the nominal voting power and the Banzhaf value. This could be
due to the fact that the graphs are too restrictive in these cases.
Altogether, the results show that the possibility for the CDU/CSU and the SPD to
form a coalition harms the intermediary party, the FDP, the most. The absence of the
connection between the two major parties also leads to a relatively stronger far-left and
far-right. The comparison of the restricted Banzhaf and average connected contribution
values also reveals that by reaching an agreement on forming a coalition, the two major
parties managed to take the two strongest positions and they even managed to make the
SPD stronger compared to its power according to the Banzhaf value. Based on the results
in Table 4.3, it is not a surprise that at the end the SPD and the CDU/CSU formed a
coalition.
Finally, we look at a scenario, where we separate the CDU and the CSU, as seen in
Figure 4.6. The results in Table 4.5 show that a separation between the CDU and the
CSU would result in some slight changes compared to what we have seen on the rst three
graphs. We can see that the power of the CDU and the CSU split into two parts in all
of the cases, giving a larger share of the common power to the CDU. Such a separation
would favor the smaller parties, in particular the AfD. According to the average connected
contribution value, the power of SPD is larger than the power of the CDU, but it is still
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the strongest party according to all of the other results. We can see in Figure 4.7 that
the correlations between the dierent values are high (around 0.9), similar to the results
on the third graph when CDU/CSU is not separated. In conclusion, we can say that a
split between the CDU and the CSU would improve the power of the weaker parties, and
result in a higher power concentration in the extremes, mainly on the right.
Figure 4.6: Parties in the 2017 German elections, separation, SPD ip, major coalition
CDU
Left

FDP

Greens

AfD

SPD
CSU

Table 4.5: Comparison of values in the 2017 German elections, 7 parties
Nominal
Banzhaf
restr. Banzhaf
ACC

Left
0.0973
0.1875
0.0469
0.1250

SPD
0.2158
0.3750
0.4844
0.5714

Greens
0.0945
0.1875
0.1094
0.2000

FDP
0.1128
0.1875
0.2344
0.2143

CDU
0.2821
0.5625
0.4531
0.5313

CSU
0.0649
0.1250
0.1094
0.1563

AfD
0.1326
0.3125
0.2344
0.2800

Figure 4.7: Correlation matrix between values in the 2017 German elections, 7 parties


1
0.9776 0.9132 0.9350
0.9776
1
0.8532 0.8829


0.9132 0.8532
1
0.8829
0.9350 0.8829 0.9769
1


4.10

Concluding remarks

In this chapter we propose a new single-valued solution for graph games, called the average connected contribution value. It is dened as the average of a player's marginal
contributions in all connected coalitions the player is a part of. It does not depend on
contributions in non-connected coalitions, thus it counts every contribution only once,

148

unlike the restricted Banzhaf value. The average connected contribution value is a generalization of the Banzhaf value for graph games, as for graph games on the complete graph
it coincides with the Banzhaf value.
The average connected contribution value, the restricted Banzhaf value, and the Myerson value are all shown to be part of a larger family of solutions on the class of graph
games, called power values. Power values are dened as weighted sums of the Harsanyi
dividends of the restricted game, where the weights only depend on an extended power
measure dened on the graph. The power value that corresponds to any strictly positive
extended power measure ϑ, is uniquely characterized by linearity, the superuous player
property, ϑ-symmetry, and ϑ-eciency.
In particular, as the restricted Banzhaf value coincides with the exponential power
value with base 2, the Myerson value coincides with the size power value, and the average connected contribution value coincides with the connectivity power value, the general
axiomatization can be specied to characterize all three of these concepts. The restricted
Banzhaf value is uniquely characterized by linearity, the superuous player property, ξ (2) symmetry, and ξ (2) -eciency, the Myerson value by linearity, the superuous player property, s-symmetry, and s-eciency, while the average connected contribution value is characterized by linearity, the superuous player property, c-symmetry, and c-eciency, where

ξ (2) is the exponential power measure with base 2, s is the size power measure, and c is
the connectivity power measure.
The average connected contribution value is calculated and compared to other values
in an illustrative example about the parties in the 2017 German federal elections. We
look at four dierent communication structures, based on the left-right orientation of
the political parties and historical coalitions, an approach similar to what is done in
Álvarez-Mozos et al. (2013). The average connected contribution value correlates well
with the restricted Banzhaf value in all of the scenarios, while it has a medium-to-large
correlation with the nominal voting power of the parties and the Banzhaf value in most of
the scenarios. The example illustrates that with the help of graph restrictions the average
connected contribution value is a possible candidate to measure the voting power of voters
in real-life situations.
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Chapter 5
Choosing from your opponent's actions
- A framing eect in the prisoner's
dilemma game
5.1

Introduction

In this chapter, we introduce a new framing of nite symmetric two-player one-shot games,
motivated by an equilibrium concept of Berge (1957), called the Berge equilibrium. The
introduced framing is similar in idea to the decomposition of the prisoner's dilemma
game introduced in Pruitt (1967) in the sense that both are representing the game in
two seemingly dierent, but mathematically equivalent forms. We start with a two-player
symmetric game. In the conventional representation of the game, the two players are called
row and column players, the actions of the row (column) player are called rows (columns)
and the payos are given in a bimatrix, ordered such that in its entries the rst numbers
(the ones to the left) correspond to the row player, while the second ones (the ones to
the right) correspond to the column player. The new framing is achieved by representing
the game in an unconventional way. We describe a situation where we still have the same
two players, called row and column players, rows (columns) are still labeled as the actions
corresponding to the row (column) player, and payos are still given in a bimatrix with
entries such that the rst numbers correspond to the row player and the second numbers
to the column player. However, the payo matrices of the players in this situation are the
interchanged matrices of the game and the row player is told to choose from the columns
and the column player is told to choose from the rows.
In the unconventional description of a symmetric game, the fact that the payo matrices of the players are interchanged and that the row and column players are choosing from
columns and rows, respectively, means that the two players are facing mathematically the
same decision problem in the unconventional representation of the game as in the con151

ventional one. Clearly, these two changes in the unconventional description cancel each
other out. The unconventional representation of a symmetric game is the new framing
of the game. The idea of the new framing is motivated by a consequence of a lemma in
Colman et al. (2011) stating that if in a two-player game the action sets of the players
are interchanged, then the set of Nash equilibria in the original game coincides with the
set of Berge equilibria of the transformed game.
As for any symmetric two-player game the conventional representation and the new
framing are mathematically equivalent, theoretically, there should be no dierence between the choices of the players in the two representations. The main goal of this chapter
is to test whether the introduced unconventional representation of a given game aects
the decisions of the players. The motivation to do so is mainly theoretical. If we nd that
there is indeed no dierence between the decisions, then the introduced representation
of the game does not aect the decisions of the players, indicating that the theoretical
prediction holds. However, if we nd a signicant dierence, then the introduced framing
matters and depending on the direction of the dierence it can be used to push players
towards certain outcomes. Verifying a signicant framing eect is also a necessary rst
step in the process of analyzing such frames. If the framing eect is signicant, then the
next step is to set up experiments to test dierent explanations why we see a dierence.
We investigate the eect of the framing in a laboratory experiment for a prisoner's
dilemma game, more precisely a symmetric game that we get by giving both players an
extra strictly dominated action in a prisoner's dilemma. The reason for this choice is that
the prisoner's dilemma game is one of the most-studied symmetric two-player games. As
there are many theories and results regarding what makes people to cooperate more or
less in a prisoner's dilemma setting, it is easier to compare our results to others in the
literature. Moreover, if the framing eect moves players towards more cooperation, then
the framing leads to socially better outcomes as mutual cooperation Pareto dominates
mutual defection. Our hypothesis to test is that there is no framing eect, so that there is
no dierence between the choices made under the conventional and unconventional representations. In order to test the hypothesis we compare decisions of two groups of subjects,
both of which played the game in its conventional form and under the new framing. The
rst group started with the conventional description, while the other group started with
the with the new framing. For their second decisions they changed descriptions. Comparing the cooperation levels between the two groups in the rst decisions and within the
two decisions of the rst group, we nd that the cooperation rate is signicantly higher
under the new framing. The result is barely aected by model choice (non-parametric or
parametric), removal of explanatory variables, and the addition of noisy subjects. The
eect is estimated to be between 11 and 24 percentage points.
This chapter is organized as follows. In Section 5.2 we look at the related literature
about framing and prisoner's dilemma games. In Section 5.3 the experiment is discussed
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and the framing eect is introduced and explained on the actual game that was used in
our experiment. We also formulate our hypothesis about the framing eect. In Section
5.4 we test the hypothesis and also estimate the framing eect in both a between and a
within setting. In Section 5.5 we discuss possible explanations for a signicant framing
eect. Finally, Section 5.6 concludes. The Appendix contains a copy of the instructions,
task sheets for row and column players with both of the frames, and survey sheets that
were given to the subjects.

5.2

Related literature

Decision makers sometimes respond dierently to dierent, but objectively equivalent
descriptions of the same problem (Levin et al., 1998; Kühberger, 1998). Such a dierence
is called a framing eect, where the two or more equivalent descriptions of a problem
are called frames. Framing eects often lead to signicant changes in the outcomes. The
most common frames are gain-loss frames, related to prospect theory (Kahneman and
Tversky, 1979, 1981). Valence framing eects are arising from describing the same critical
choice in a positive and a negative light. A review and categorization of valence framing
eects is in Levin et al. (1998), while a meta-analysis of such frames on risky decisions
can be found in Kühberger (1998). One possible explanation how framing eects work
is based on dual processing theories or two systems reasoning (Sloman, 1996; Stanovich
and West, 2000). People seem to make decisions by using two dierent systems, called
System 1 and System 2. System 1 is described as an associative system that depends
on heuristics and is used to make automatic decisions. System 2 is described as a rulebased analytic system that is used to make controlled and usually eortful decisions. In
McElroy and Seta (2003) it is shown that people who are either induced or assumed to
adopt an analytic/systematic processing style compared to a holistic/heuristic style are
less inuenced by framing eects, pointing to the fact that frames are aecting decisions
made through System 1 and not System 2. This result is in line with the ndings in De
Martino, Kumaran, Seymour, and Dolan (2006) where it is shown that framing eects are
associated with emotions, based on brain activity. Kahneman and Frederick (2007) give
a short but interesting overview on the connections between brain activity and framing
eects with the help of the two systems model.
Framing eects in the prisoner's dilemma game and in the related public goods game
are also widely studied. Similar to valence framing eects, social dilemmas can be framed
in a public goods form, where players are deciding whether and how much to contribute to
a common resource, or in a commons dilemma form, where players are deciding whether
and how much to take from a common resource. Brewer and Kramer (1986) report a
more selsh behavior in the public goods version, while in the commons dilemma framing
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subjects tend to contribute more. In an asymmetric setting van Dijk and Wilke (1995)
also report a dierence in behavior under these two frames. In a gain-loss framing of
the prisoner's dilemma game de Heus et al. (2010) report no signicant framing eect
indicating that decisions in the prisoner's dilemma game are not aected by risk attitudes.
Another well-studied frame is to give dierent names to the prisoner's dilemma game.
Liberman et al. (2004), Batson and Moran (1999), and Ellingsen et al. (2012) show that
the level of cooperation is higher if the name of the game is `Community Game', compared
to the cases when it is called `Wall Street Game' or `Stock Market Game'. The idea behind
the dierence in behavior is that the label that emphasizes the community invokes a more
pro-social behavior which in a prisoner's dilemma situation is cooperation. However, this
idea is challenged in Ellingsen et al. (2012), where it is shown that the framing eect
vanishes when only one of the players is in control of his actions (playing against a
computer), and when the game is played sequentially. These results indicate that this
specic framing is rather aecting players beliefs about others and serves as a coordination
device, than aecting players preferences by triggering them to cooperate more often.
Cooperation rates in prisoner's dilemma situations can also depend on other factors,
not only on the framing of the problem. Many experimental studies (Roth, 1995; Fehr
and Schmidt, 2006) show that in an experimental setting, the percentage of cooperating
players is usually far from zero. Observed deviations from defection are often explained
by dierentiating between the material payos of the players and their utilities. Due to
the preferences and beliefs of the players, a prisoner's dilemma situation in material payos may be translated by the players to a dierent game in utilities, where cooperation
may be the optimal choice for some players. Dawes, McTavish, and Shaklee (1977) show
that pre-game communication between players about the situation increases the cooperation rate, but unrelated communication does not have a similar eect. Bohnet and Frey
(1999b) show that even a silent identication of the other player leads to an increase in
cooperation. In Batson and Moran (1999) players are made to feel more empathic towards
their opponents by receiving a personal message not related to the game, which results
in a higher cooperation rate. Empathy can be a basis for altruistic behavior (Stotland,
1969). In Rapoport and Chammah (1965) the eect of the gender of the players on cooperation is analyzed. It is found that male pairs cooperate more compared to female
pairs, but no dierence between genders is reported for mixed gender pairs. Ortmann
and Tichy (1999) nd that females cooperate more than males in their rst games, but
the dierence disappears by repetition. Studies on gender eects are rather inconclusive,
some are suggesting that males cooperate more, some others that females do so, and there
are also some reporting no eect. For a review of gender eects see Croson and Gneezy
(2009). More knowledge about economics also aects players' willingness to cooperate. In
Frank, Gilovich, and Regan (1993) it is shown that students studying economics cooperate
less, even if they have the same beliefs about their opponents as students not studying
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economics. In a repeated setting Sabater-Grande and Georgantzis (2002) show that risk
averse players tend to choose defection more often both when discounting is deterministic
and stochastic. They hint that risk aversion may be aecting choices through preferences
and beliefs as opponents are sources of uncertainty. However, de Heus et al. (2010) nd
that in a one-shot setting risk aversion does not aect cooperation. They state that it
is unclear which option (cooperation or defection) should be considered the risky choice,
Brewer and Kramer (1986) for example reason that defection should be considered risky
as it makes the worse collective outcome more likely.

5.3

Experimental settings

A session of the experiment consisted of three parts. Participants were asked to make
decisions in two situations, labeled as game A and game B , and to ll out a survey.
Examples of the the instructions, task sheets for both games from the row and column
player's perspectives, respectively, and the survey can be found in the Appendix. Players
were randomly assigned into two groups. Subjects in the rst group started with game

A, while those in the second group started with game B . Subjects were matched anonymously and randomly and they kept their opponents for both games. On the task sheets,
opponents of the players were called their pairs, in order to use a neutral word to describe
the co-players. In the discussions to follow we refer to the co-players as opponents. The
identity of the opponent was kept secret throughout the whole experiment. Decisions in
the two games were only revealed at the end of the sessions.1 The role (row or column)
of the players was also randomized, and a row player was always matched with a subject
who saw the problem from the column player's point of view. Examples of the dierent
viewpoints can be seen on the task sheets for row and column players in the Appendix.
Players kept their roles for both of the games. At the end of each session, a coin toss
decided which game subjects were paid for in euros. The instructions were given to every subject at the beginning of the experiment, and they were also read out loud by the
experimenter.
Game A is a standard prisoner's dilemma game, extended with an additional dominated choice for both players (Blue and Orange). Table 5.1 shows the payos, the bold
entries are indicating the choices and payments of a row player. This game is represented
in the conventional way, which means that for the row (column) player actions Red, Blue,
and Green (Yellow, Orange, and Purple) are described as his alternatives and at the end
he is the one selecting an alternative out of them. The actual description of the situation
used in the experiment can be found in the Appendix. From the perspective of the row
(column) player action Red (Yellow) corresponds to cooperation, while Green (Purple)
1 These

settings guarantee in theory that the second choices are not based on the outcomes of the rst
games. In practice, there was a strong consistency eect between choices.
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corresponds to defection in a standard prisoner's dilemma game. Action Blue (Orange)
is not only dominated by the other two available actions, but also yields the smallest
possible payos to the row (column) player irrespective of the choice of the other player.
The row (column) player can guarantee a higher payo for himself by not choosing Blue
(Orange).
Table 5.1: Payo bimatrix of game A

You

Red
Blue
Green

Pair
Yellow Orange
10; 10 11; 4
4; 11
5; 5
13; 5
8; 4

Purple
5; 13
4; 8
6; 6

In order to represent game A in the unconventional way, we need to do two things.
First, we need to interchange the payos of the players in Table 5.1, and second we need
to tell the row (column) player to choose from the columns (rows) that are described as
the actions of the opponent. We call the situation we get when game A is represented in
the unconventional way as game B . Table 5.2 shows the payos of the players, where the
bold entries are indicating the eective choices and payments of a row player. As game B
is game A under the new framing, the row (column) player is told that even if alternatives
Red, Blue, and Green (Yellow, Orange, and Purple) are described as his alternatives, he is
asked to choose from the columns (rows), which means that eectively he is choosing from
alternatives Yellow, Orange, and Purple (Red, Blue, and Green). The actual description
of this situation used in the experiment can be found in the Appendix. To summarize,
subjects were told that in game B they decide what their opponents have to play, while
their opponents decide what they have to play. This rather strong wording might had an
eect on the decisions of the players. An alternative to the wording used in the experiment
may be that we simply tell the row (column) player that he is choosing a column (row).
Table 5.2: Payo bimatrix of game B
Pair

You

Red
Blue
Green

Yellow Orange Purple
10; 10
4; 11
13; 5
11; 4
5; 5
8; 4
5; 13
4; 8
6; 6

Because the situation under the new framing is equivalent to the conventional representation of game A, from the perspective of the row (column) player, choosing action
Yellow (Red) corresponds to cooperation, while choosing Purple (Green) corresponds to
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defection. The interpretation of Orange (Blue) is the same as in game A. Players can
guarantee a higher payo for themselves if they choose any other option, irrespective of
the choice of the other player. However, notice that if a row (column) player does not
understand the unconventional description of the situation and thinks that he is choosing
a row (column), then as a result of our design, action Blue (Orange) is not dominated
for the row (column) player anymore.2 For this reason we interpret the cases when a row
(column) player chooses Orange (Blue) as a sign of misunderstanding. In fact, if a row
(column) player mixes up the payos, or thinks that the task is to choose a row (column),3
Blue (Orange) becomes the Nash equilibrium choice.
Our null hypothesis is that the level of cooperation in game A and game B are the same
and consequently there is no framing eect. The corresponding alternative hypothesis is
that the cooperation levels are not equal and there is a signicant framing eect.
Altogether 108 subjects were recruited from the subject pool of CentERlab at Tilburg
University. They earned 8.45 euros on average. There were eight sessions on two dierent
days. The sessions had 10, 14, 14, 18, 12, 16, 10, and 14 subjects, with 6-4, 6-8, 8-6, 8-10,
6-6, 8-8, 6-4, and 6-8 subjects starting with game A and B , respectively. A session lasted
for less than an hour.

5.4

Results

The experimental settings allow us to look for both between and within person eects.
The reasoning behind this design choice is that even if theoretically the two choices of
the subjects should not depend on each other, in case we nd that the rst choices aect
the second choices, the comparison of only the rst choices of the subjects (between
setting) is unaected and therefore can be used to test for the framing eect. We nd
that there is indeed a strong consistency eect between the decisions, thus pooling the
two decisions (in games A and B ) of the subjects together is not advisable. As we used a
counterbalanced setting, the estimated framing eect on the pooled sample would contain
the extra eect of the consistency. The majority, 75% of the subjects, decided to make the
same choice in both games. This in itself is a good result as it can be an indicator that
subjects understood that the tasks are equivalent, however such consistency works against
the framing eect in our setting. If more subjects choose to cooperate in game B when
they are making their rst choices, then by keeping their choices for the second game,
the dierence ips. Then, even if playing game B in the second round makes them to
2A

similar statement is true for game A as well. If in game A the row (column) player were to choose
a column (row), then Orange (Blue) is not dominated. In fact, choosing Orange (Blue) is the Berge
equilibrium action.
3 Such a confusion is unlikely as the actions have dierent names (Blue and Orange), but due to the
symmetry of the game and the fact that subjects are playing both games after each other, it is possible
that some subjects mix them up by accident.
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cooperate with a higher probability, the combined eect makes the dierence between the
two groups to disappear. Therefore, the consistency eect works against the framing eect
for the second choices of the players. Table 5.3 shows the choices made by the subjects.
Table 5.3: Decisions by group
Red/
Yellow
Order AB
Order BA

0.3889
0.5370

First Choice
Green/ Blue/
Purple Orange
0.6111
0.4630

0
0

Second Choice
Red/ Green/ Blue/
Yellow Purple Orange
0.4815
0.5185

0.5000
0.4630

0.0185
0.0185

Subjects, who started with game A (order AB) chose actions corresponding to cooperation less often in both of their decisions, 39% and 48% in their rst and second
games, respectively. In the other group (order BA) 54% and 52% of the subjects decided
to cooperate in their rst and second games, respectively. The dierence between the two
groups is rather large for the rst choices, 15 percentage point, but almost disappears
for the second choices. A similar observation can be made when comparing rst and second decisions. For the group who started with game A, the cooperation rate increases by
approximately 10 percentage point in their second game (game B ), but the cooperation
rates in the other group are very similar in both of the games. In their rst games none
of the subjects decided to choose the extra dominated actions (Blue and Orange), and in
their second games only two subjects decided to do so, one in each group.
To test our hypothesis whether there is a signicant framing eect, we compare the rst
choices of the groups (between person) and the rst and second choices of the group who
started with game A (within person). We could also compare the second choices between
the groups and the choices of the second group, but as there is not much dierence
between the cooperation rates in those scenarios any comparison results in not being able
to reject that there is no dierence in the cooperation rates for those cases. This means
that even if the framing has an eect on the choices in these comparisons, most likely due
to the strong consistency and the counterbalanced setting, we are unable to show that
the framing eect is present. Clearly, the comparison of the rst choices is completely
independent of the consistency eect, while the fact that there seems to be a dierence
in the choices of the group which started with game A, in that group the framing eect
seems to be strong enough to overcome the consistency eect. Therefore, if we are able
to show that the dierence is signicant, it may be interpreted as an indicator that the
framing eect is present in the group. The analysis of the rst choices is regarded as
the proper way to test our hypothesis, while a signicant result in the within group only
serves to strengthen our ndings. To test the main hypothesis we use non-parametric tests
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(Mann-Whitney and Wilcoxon signed-rank tests) and logit models.
As discussed above, the reason for the inclusion of the extra dominated actions (Blue
and Orange) is to see if subjects had a basic understanding of the problems by not
choosing them. There are only two subjects who decided to choose these actions, only in
their second games. There are two additional subjects who self-reported that they found
the instructions unclear.4 Both of these subjects started with game A. We excluded these
four subjects from further analyses, reducing our sample size to 104.
In the logit models we use the following variables. The variable of interest is the dummy

Game B . It takes the value of 1 if the subject played game B and 0 if the subject played
game A. If its coecient is signicant in our logit models, we can reject the null hypothesis
and conclude that there is a framing eect. Control variables are based on the subjects'
answers in the survey. Variable GT is a dummy that indicates if a subject has ever had a
game theory course.5 Variable Risk is also a dummy, its value is 1 if the subject indicated
to be risk averse.6 Finally, variable Mean is a dummy, indicating if a subject found it
mean to force his/her opponent to play a bad action in order for him/her to get a higher
payo.7 This variable is capturing other-regarding preferences. We call these rst three
control variables the three important controls. Other controls are Role (1 if row player),

Gender (1 if male), Age, Income1000 (income in 1000 euros), Friends (number of friends
in the session), and Experiments100 (self-reported approximate number of experiments
the subject took part in before, divided by 100). A summary of the variables is in Table
5.4.
Table 5.4: Summary of the control variables

GT
Risk
Mean
Gender

Obs.

Avg.

104
104
104
104

0.5769
0.5000
0.5192
0.5192

Age
Income1000
Friends
Experiments100

Obs.

Avg.

Std. Dev.

104
104
104
104

23.346
0.4510
0.9327
0.1450

2.6577
0.4124
1.5090
0.1495

First, we look at the non-parametric tests. In the between setting the Mann-Whitney
test shows that the framing eect is signicant (z = −1.980, p < 0.05). In the within
setting the Wilcoxon test shows that the eect is not signicant (z = −1.604, 0.1 < p <
4 They

answered Strongly disagree for question 16 of the survey (The instructions for this experiment
were clear and easy to follow:). All the other subjects reported at least the indierence answer.
5 Question 12 of the survey (Have you ever had a game theory course?).
6 Question 15 of the survey (It is better to have safe investments and guaranteed returns, than to take
a risk to have the chance to get higher possible returns:). Answers Agree and Strongly agree correspond
to risk aversion.
7 Question 13 of the survey (Do you think it is mean to force your pair to pick an alternative that is
bad for them, to improve your payment?).
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0.15) at the usual signicance levels, but the p-value is rather close to 0.1. The rst result
indicates that there is a framing eect. The fact that the eect is almost signicant in the
within setting also hints in that direction as the consistency eect makes it more dicult
for the test to show a signicant result.
Now, we look at the logit models. The reason why binary logit models are estimated is
twofold. First, as for the rst choices there are no subjects who chose the extra dominated
actions (Blue and Orange) and we excluded the two subjects who did so in their second
choices, the decision is basically a binary choice between cooperation and defection. Second, the use of other models like probit or a linear probability model does not change our
results by much neither qualitatively nor quantitatively. For both the between and within
person settings we use all of the explanatory variables discussed above. In the between
setting we estimate a simple logit regression, while in the within setting we use a panel
logit regression to account for the fact that we compare the choices of the same subjects.
Table 5.5 shows the estimated marginal eects. Note that as the within estimation is for
the decisions of subjects who started with game A, for the within estimation variable

Game B also indicates the order of the choice (rst or second decision).
As seen in Table 5.5, the variable of interest, Game B is signicant at 5 percent in the
between setting and at 10 percent in the within setting. Thus, in both cases we can reject
the null hypothesis corresponding to our hypothesis and conclude that there is a dierence
in the cooperation rates in games A and B and consequently there is a signicant framing
eect. The marginal eects show the magnitude of the eect, cooperation rates under
the framing are higher in the between setting by approximately 23 percentage points,
while in the within setting by approximately 12 percentage points. The latter is a lower
estimate on the eect because of the consistency eect between choices. The results also
show that in the between setting game theory knowledge, risk aversion, the gender of the
subject, income, and the number of friends in the session also have a signicant eect on
cooperation rates. In the within setting only the last two remain signicant, but the point
estimates of the other variables have the same signs. Interestingly, the estimates show that
males cooperate with a higher probability, in accordance with the results of Rapoport and
Chammah (1965), but contrary to the ndings of Ortmann and Tichy (1999). This may
be due to the fact that the game is not a pure prisoner's dilemma and risk preferences
might play a role in decision making. Risk aversion of the subjects have a negative eect
on cooperation, similar in magnitude to the framing eect. This observation is in line
with the results in Sabater-Grande and Georgantzis (2002). Game theory knowledge also
has a negative eect on cooperation, similar to the ndings in Frank et al. (1993) and
Rubinstein (2006). Income and having more friends in the session both have a negative
eect on cooperation. The fact that the role of the players is not signicant in neither of
the two settings points in the direction that the eect is most likely not due to a simple
re-labeling of the actions that in game B the row player eectively chooses a column and
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Table 5.5: Logistic regressions of cooperation, marginal eects

Game B
GT
Risk
Mean
Role
Gender
Age
Income1000
Friends
Experiments100

Between

Within

0.2273**
(0.0882)
-0.1985***
(0.0917)
-0.1816**
(0.0897)
0.0865
(0.0918)
-0.1085
(0.0895)
0.1597**
(0.0941)
0.0191
(0.0171)
-0.2147**
(0.1133)
-0.0525*
(0.0320)
0.0059
(0.3527)

0.1178*
(0.0716)
-0.0923
(0.1146)
-0.1090
(0.1036)
0.1450
(0.1144)
-0.1257
(0.1070)
0.0624
(0.1197)
0.0097
(0.0186)
-0.3682***
(0.1203)
-0.0675*
(0.0361)
-0.2403
(0.4557)

Observations
104
2×51
Standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

the column player eectively chooses a row, but rather because we describe the choices as
decisions about what the opponent has to do. However, the point estimates in both settings
are negative which means that further research is needed to obtain a clear conclusion.
Finally, Tables 5.6 and 5.7 show estimates of the framing eect with dierent (nested)
variable settings and on dierent (nested) subsamples, in the between and within settings,
respectively. We use three nested explanatory variable settings (all of the explanatory
variables, only the variable of interest and the three important variables, and only the
variable of interest) and we add back the four excluded subjects (two-by-two). The framing
eect is signicant at least at 10 percent in almost all between settings, except for the
complete sample with only the variable of interest as an explanatory variable. In the
within setting the inclusion of the noisy subjects results in the eect not being signicant,
however the estimates are close to be signicant at 10 percent. The between estimates
are ranging between an approximate 15 percentage point increase to an approximate 24
percentage point increase in the cooperation levels, while for the within setting we see
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rather robust estimates, all of them being between 11 and 12 percentage points. In general,
we can say that the inclusion of noisy subjects and the removal of explanatory variables
make the estimates to be less signicant and a little more hectic, but the framing eect
seems to be robust across these modications.
Table 5.6: Framing eect estimates in between person settings, marginal eects
Additional covariates to Game B

Sample

None
Important three
Full sample
0.1481
0.2127**
108 obs
(0.0949)
(0.0899)
Clear instructions
0.1717*
0.2287**
(0.0952)
(0.0904)
106 obs
Not dominated
0.1698*
0.2234**
(0.0954)
(0.0909)
106 obs
Not dominated & clear 0.1942**
0.2403***
(0.0866)
(0.0957)
104 obs
Standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

All nine
0.2050**
(0.0859)
0.2159**
(0.0872)
0.2141**
(0.0870)
0.2273**
(0.0882)

Table 5.7: Framing eect estimates in within person settings, marginal eects
Additional covariates to Game B

Sample

None
Important three
Not dominated
0.1122
0.1129
(0.0687)
(0.0686)
2×53 obs
Not dominated & clear 0.1178*
0.1173*
2×51 obs
(0.0715)
(0.0712)
Standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

All nine
0.1134
(0.0690)
0.1178*
(0.0716)

Based on the results presented in this section, we conclude that the framing eect is
signicant and has a positive eect on the rate of cooperation. The eect is estimated
to be between 11 and 24 percentage points. As for the three important control variables,
game theory knowledge and risk aversion have a negative eect on cooperation, while the
eect of other-regarding preferences is not signicant.
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5.5

Discussion

In order to explain why we see a signicant framing eect and to identify possible channels
through which the framing might change the decisions of the players, we need to have
a closer look on the unconventional representation of the game and the way the representation was implemented in the experiment. The proposed explanations in this section
should be the immediate targets of future research.
The unconventional representation of a game has two main features. The rst is that
even if rows and columns are introduced as actions of the row and column players, respectively, this is only a label as the players are eectively choosing from columns and rows,
respectively. This dichotomy may sound confusing, even contradicting to some subjects.
The other main feature is the labeling of the actions as belonging to players. Since for
the row (column) player the columns (rows) are labeled as the alternatives of the column
(row) player, when the row (column) player makes his decision about the columns (rows),
he might perceive this as deciding for or instead of the column (row) player. In the actual
instructions of the experiment this idea was further emphasized by stating that in game

B the players decide which alternative their opponents have to play, while the opponents
decide what the players have to play.
First, we focus on the possible confusion about the choices. It is known that if people
nd a task too dicult or mentally challenging, they tend to make noisy decisions, which
in a public goods game can increase the contributions (Anderson, Goeree, and Holt, 1998).
Therefore, it is possible that if the unconventional description of game A is indeed more
confusing, then subjects playing game B decide to cooperate more often compared to
those subjects who are playing game A. This possibility can be tested by setting up an
experiment where subjects participate rst in test runs of the games, or subjects can be
asked to point out what payos are given to the players under certain choices and what
choices have to be made in order to get a certain payo. By recording the time it takes
subjects to make a decision, we can test whether making a decision under the framing
takes more time, which could be an indicator of confusion.
Our results show that game theory knowledge aects the level of cooperation negatively, so people with more knowledge cooperate less. This result is similar to the ndings
of Rubinstein (2006) that people with more knowledge in the eld of economics tend to
make decisions based on prot maximization as they are taught that those are the rational choices, and in Frank et al. (1993) where it is shown that students who are studying
economics cooperate less in prisoner's dilemma games. A link between game theory knowledge and the confusion about the unconventional representation may lead to a signicant
framing eect. More knowledge about game theory may make it easier for subjects to
disentangle the unconventional representation and to gure out that it is equivalent to
the conventional representation. However, it is also possible that more knowledge about
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game theory only increases the confusion as the unconventional representation may sound
to a person with a high enough game theory knowledge extremely confusing. The eects of
game theory knowledge can be eliminated by targeting only freshmen, while the relation
between game theory knowledge and confusion can be explored in another experiment.
Second, we discuss the possible eects the labeling of the choices as the choices of the
row and column players has on the decisions. As under the unconventional representation,
the decisions what players are making are described as choices to determine what the
opponent plays, subjects may feel that they are making a decision instead of the opponent,
similar to a delegated decision. In the literature, delegation is usually one-sided, the choice
is made by someone, but the decision aects someone else or both of them. In our case
this does not hold, as the choices of the players in game B directly aect their payos
and the opponent also has a choice. It is possible that players in game B only focus on
the fact that they are dictating what their opponents are doing and are oblivious to the
fact that the opponents are dictating what they are doing, making delegation a possible
channel. When subjects make delegated choices, they usually tend to show a dierent risk
taking behavior from when they decide for themselves. Chakravarty, Harrison, Haruvy,
and Rutström (2011) report a decrease in the subjects' risk aversion, when they make
decisions for anonymous strangers. Pahlke, Strasser, and Vieider (2015) conclude that if
decision makers are responsible for someone else's outcomes as well as for their own, they
become more risk averse for gains and slightly more risk seeking for losses. In a game
theoretic setting, Charness and Jackson (2009) investigate the eect of responsibility in
a stag hunt game. They nd that players choose the less risky strategy (hare) more often
if they decide for a group.
As discussed earlier, it is not clear which action should be considered as the risky choice
in a prisoner's dilemma game. However, our results show that risk attitudes of subjects
aects the cooperation level negatively, so more risk averse subjects tend to cooperate
less. We give two explanations why risk attitudes may matter for the decisions in the
two representations of game A. First, games A and B may be translated to utilities from
material payos to a game that is not a prisoner's dilemma, where risk attitudes matter.
For example, in Ellingsen et al. (2012) it is argued that a prisoner's dilemma game may
become a stag hunt game in utilities that has two Nash equilibria, a risky and a safe.
Second, game A is not pure prisoner's dilemma game as it is augmented by a third choice
for both players. As discussed earlier, these choices are dominated and clearly yielding the
worst possible outcomes to the players, but in order for the players to realize that they
can eliminate these choices both for themselves and for their opponents to get a standard
prisoner's dilemma game, they need to see that the added action of the opponent is also
the worst for him. This requires players to see the problem from their opponents' point
of view and make the connection that since it is a bad choice for the opponents, they
will never choose it. However, it is possible that people do not make this mental eort
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and still believe that the third action is played with a small probability. This reasoning
is similar to level-k thinking (Camerer, Ho, and Chong, 2004). It can be shown by using
CRRA8 utility functions that if in game A a player thinks that his opponent decides to
cooperate with a small given probability (less than 0.5), then there always exists a large
enough probability of the opponent playing the worst outcome so that there is a range of
the parameter of the utility function (risk aversion) where more risk seeking people choose
to cooperate, while more risk averse people choose defection. Therefore, the seen eect of
risk aversion may be due to the fact that game A is not a standard prisoner's dilemma,
and it also could indicate that subjects see the unconventional description of the game
as a delegation of choices. These ideas can be tested by running a similar experiment
without the additional choices, and by manipulating the wording of the choices. We can
completely eliminate the part which states that players are deciding what their opponents
do by simply stating that in game B the row (column) player chooses a column (row),
while it is also possible to keep the labeling as choosing for the opponent, but describe it
without the strong words `have to'.
Another possibility is that under the framing, the labeling of the choices invokes more
empathy towards the opponent by reducing the social distance between the subjects. Empathy can be a basis for altruistic and pro-social behavior (Stotland, 1969). In a prisoner's
dilemma game cooperation is considered to be altruistic. In Batson and Moran (1999) it is
shown that by stimulating the empathy of subjects in a prisoner's dilemma game, higher
levels of cooperation can be achieved. Knowing more about the opponent or communicating with him has a similar eect (Dawes et al., 1977). Bohnet and Frey (1999b) show that
even silent identication can lead to an increase in cooperation. Empathy and altruism
are linked with social distance and perspective taking. In dictator and ultimatum games
a decrease in the social distance between players and taking other people's perspectives
lead to more empathy and altruism, see for example Bohnet and Frey (1999a), Burnham
(2003), Small and Loewenstein (2003), Charness and Gneezy (2008), and Andreoni and
Rao (2011). However, there are studies that show that taking other's perspectives lead to
more egoism, see for example Epley, Caruso, and Bazerman (2006).
Empathy and other-regarding preferences may be a cause why people decide to cooperate under both representations of game A. However, our results show that the variable
capturing pro-social preferences does not aect the cooperation levels. Despite this negative result, it is still plausible that the framing interferes with pro-social preferences and
induces subjects to cooperate more by forcing them to think more about their opponents
and maybe even to exert eort to take their perspective of the problem. In order to test
these ideas, we can set up an experiment where we manipulate the social distance between subjects and test if it aects the cooperation levels. Another experiment, where we
8 CRRA

stands for constant relative risk aversion.
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measure the empathy of subjects before and after being confronted with the unconventional representation can be used to determine if the framing indeed has a social distance
reducing eect.

5.6

Concluding remarks

In this chapter we show by using results of a laboratory experiment that cooperation rates
in an extended prisoner's dilemma game are aected by a new framing of the problem. If
the dilemma is presented in an unconventional way, by describing it as a situation where
the roles and the actions of the players are the same, but the payos are interchanged
and the row (column) player is told to choose a column (row), then cooperation levels
increase. The estimated eect is between 11 and 24 percentage points which suggests that
the eect is rather strong and may be applied in real-life scenarios to boost cooperation
in social dilemma type interactions.
The result seems to be rather large and robust for the removal of explanatory variables
and the inclusion of noisy subjects. In order to pinpoint the exact channel through which
the framing aects the choices further research is needed. Based on the nature of the
problem we propose the following ideas. It is possible that the observed framing eect
is due to the unconventional representation of game A being confusing. This confusion
might be linked with game theory knowledge. In order to test if our results are due to
confusion we need to alter the experimental settings. First, the inclusion of some trial
rounds can show if people indeed understand the tasks and possible learning eects can
also be accounted for. The decision time of the subjects can also have valuable information
on how much eort do their decisions require. Incentivized control questions, like to point
out the Nash equilibrium in a specic game or to tell what payo goes to which player
if a certain pair of decisions is made can be very useful in seeing dierences between
the two frames. A less mathematical representation of the games may help to get rid of
some knowledge eects, for example the decomposition proposed in Pruitt (1967). Also,
an experiment conducted only on freshmen can have the same eect.
The framing eect might also be caused by subjects interpreting the situation under
the framing as if the choices of their opponents are delegated to them. This might lead
to a change in risk attitudes under the new framing. For such an analysis rst we need
a better measurement of risk aversion, ideally incentivized. Then, in order to see if the
delegation has an eect on choices under the new frame, we can eliminate the part of the
framing where we tell players that they are deciding for their opponents. We could simply
say that in game B the row player chooses a column, while the column player chooses a
row. As this representation of the situation omits the possible issues with delegation, if
the eect is still present it means that delegation does not play any role in the framing
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eect. This result would also hint that other-regarding preferences and social distance
are also not aecting the choices. A better and incentivized measure for other-regarding
preferences may be a signicant factor for deciding to cooperate or not. Finally, the beliefs
of the subjects about the choices of their opponents should be measured. It is possible
to ask for the beliefs directly, or, similar to Ellingsen et al. (2012), to set the beliefs
articially by matching subjects with computers with a given decision procedure or to
use sequential games to disentangle preferences and beliefs. Such an experiment should
be aimed at nding if beliefs dier with the two frames and if yes, then how do they aect
the choices.
The new framing can be modied to be applicable to any two-player game. It would
be interesting to see whether there is an eect in other well-studied games like the stag
hunt game or the chicken game. Based on our results with the prisoner's dilemma game,
the eect is likely to be present in public goods games. The application of the framing in
real-life situations and a verication of its existence outside the laboratory environment
is another interesting question. The results in this chapter indicate that this new framing
can be useful in social dilemma type situations, but there is still a lot of research to be
done until we can say for sure how and why the eect works and can be applied to improve
cooperation and consequently welfare.
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Appendix
Instructions
Welcome. In this experiment, the instructions are simple and if you read them carefully
you can earn a considerable amount of money. You are forbidden to communicate with
other participants at any time. The earnings you have made will be paid to you by a bank
transfer in the upcoming two weeks.
This experiment takes around 45 minutes. If anything is unclear during the experiment,
please raise your hand and the experimenter will come to you.
This experiment consists of two parts. You will be matched randomly with another participant. This participant is called your pair. You will never learn the identity of each
other and your decisions are revealed to each other only during the payment phase.
In both parts, you and your pair will be asked to play a game. These games are called
game A and game B. In these games, you have to decide between alternatives. Your decision and your pair's decision will be made separately. The combination of these decisions
will determine your nal payment.
Once the second part is over, you will be asked to ll out a short survey.
The payment will be made in the following way. Once all of the participants are done
with the second part, the experimenter will toss a coin. If the result is heads, you will be
paid based on your decision in game A. If the result is tails, you will be paid based on
your decision in game B.
At the end of the experiment, you will be asked to come see the experimenter and leave
one by one. Please have your bank account number ready.
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N1.1
ID number:. . . . . . . . .
Game A
In this game, you are randomly and anonymously matched with another participant, your
pair.9 You will not know your pair's decision, and your pair will not know your decision
before the end of the experiment, during the payment phase. You make your decisions
simultaneously, without knowing the decision that the other person is making. You will
never know the identity of the person with whom you are paired and this person will
never know your identity.
You have three alternatives: Red, Blue and Green. Your pair has three alternatives: Yellow,
Orange and Purple. In this game, you are asked to decide which alternative (Red, Blue
or Green) to play and your pair is asked to decide which alternative (Yellow, Orange or
Purple) she/he plays. Your payments depend on the decisions you make in the following
way.

You

Red
Blue
Green

Pair
Yellow Orange
10; 10 11; 4
4; 11
5; 5
13; 5
8; 4

Purple
5; 13
4; 8
6; 6

In each cell the rst number is your payment in euros and the second number is the
payment of your pair in euros. Your alternatives and payments are in bold.
For example, if game A is chosen randomly, and if you play Blue and your pair plays
Orange, then both of you will get 5 euros. While, if game A is chosen randomly, and if
you play Green and your pair plays Orange, you get 8 euros and your pair gets 4 euros.
Remember, that if game B is chosen randomly, you will get the payment from game B.
Note that these were only examples, you and your pair can choose any of your alternatives.
Now, you are asked to make your decision. Please indicate which option you want to play:
Red

Blue

Green

9 The opponents of the subjects were kept the same for both games. This part of the instructions only
serves as a reminder to the general instructions and does not mean that subjects were matched with a
new participant.
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N1.2
ID number:. . . . . . . . .
Game A
In this game, you are randomly and anonymously matched with another participant, your
pair. You will not know your pair's decision, and your pair will not know your decision
before the end of the experiment, during the payment phase. You make your decisions
simultaneously, without knowing the decision that the other person is making. You will
never know the identity of the person with whom you are paired and this person will
never know your identity.
You have three alternatives: Yellow, Orange and Purple. Your pair has three alternatives:
Red, Blue and Green. In this game, you are asked to decide which alternative (Yellow,
Orange or Purple) to play and your pair is asked to decide which alternative (Red, Blue
or Green) she/he plays. Your payments depend on the decisions you make in the following
way.

Pair

Red
Blue
Green

You
Yellow Orange Purple
10; 10
11; 4
5; 13
4; 11
5; 5
4; 8
13; 5
8; 4
6; 6

In each cell the rst number is the payment of your pair in euros and the second number
is your payment in euros. Your alternatives and payments are in bold.
For example, if game A is chosen randomly, and if you play Orange and your pair plays
Blue, then both of you will get 5 euros. While, if game A is chosen randomly, and if
you play Orange and your pair plays Green, you get 4 euros and your pair gets 8 euros.
Remember, that if game B is chosen randomly, you will get the payment from game B.
Note that these were only examples, you and your pair can choose any of your alternatives.
Now, you are asked to make your decision. Please indicate which option you want to play:
Yellow

Orange
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Purple

B1.1
ID number:. . . . . . . . .
Game B
In this game, you are randomly and anonymously matched with another participant, your
pair. You will not know your pair's decision, and your pair will not know your decision
before the end of the experiment, during the payment phase. You make your decisions
simultaneously, without knowing the decision that the other person is making. You will
never know the identity of the person with whom you are paired and this person will
never know your identity.
You have three alternatives: Red, Blue and Green. Your pair has three alternatives: Yellow,
Orange and Purple. In this game, you are asked to decide which alternative (Yellow,
Orange or Purple) your pair has to play and your pair is asked to decide which alternative
(Red, Blue or Green) you have to play. Your payments depend on the decisions you make
in the following way.
Pair

You

Red
Blue
Green

Yellow Orange Purple
10; 10
4; 11
13; 5
11; 4
5; 5
8; 4
5; 13
4; 8
6; 6

In each cell the rst number is your payment in euros and the second number is the
payment of your pair in euros. Your pair's alternatives and your payments are in bold.
For example, if game B is chosen randomly, and if your pair decided that you have to
play Blue and you decided that your pair has to play Orange, then both of you will get 5
euros. While, if game B is chosen randomly and if your pair decided that you have to play
Green and you decided that your pair has to play Orange, you get 4 euros and your pair
gets 8 euros. Remember, that if game A is chosen randomly, you will get the payment
from game A. Note that these were only examples, you and your pair can choose any of
your alternatives.
Now, you are asked to make your decision. Please indicate which option you want your
pair to play:
Yellow

Orange
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Purple

B1.2
ID number:. . . . . . . . .
Game B
In this game, you are randomly and anonymously matched with another participant, your
pair. You will not know your pair's decision, and your pair will not know your decision
before the end of the experiment, during the payment phase. You make your decisions
simultaneously, without knowing the decision that the other person is making. You will
never know the identity of the person with whom you are paired and this person will
never know your identity.
You have three alternatives: Yellow, Orange and Purple. Your pair has three alternatives:
Red, Blue and Green. In this game, you are asked to decide which alternative (Red, Blue
or Green) your pair has to play and your pair is asked to decide which alternative (Yellow,
Orange or Purple) you have to play. Your payments depend on the decisions you make in
the following way.

You

Pair

Red
Blue
Green

Yellow
10; 10
11; 4
5; 13

Orange
4; 11
5; 5
4; 8

Purple
13; 5
8; 4
6; 6

In each cell the rst number is the payment of your pair in euros and the second number
is your payment in euros. Your pair's alternatives and your payments are in bold.
For example, if game B is chosen randomly, and if your pair decided that you have to
play Orange and you decided that your pair has to play Blue, then both of you will get 5
euros. While, if game B is chosen randomly and if your pair decided that you have to play
Orange and you decided that your pair has to play Green, you get 8 euros and your pair
gets 4 euros. Remember, that if game A is chosen randomly, you will get the payment
from game A. Note that these were only examples, you and your pair can choose any of
your alternatives.
Now, you are asked to make your decision. Please indicate which option you want your
pair to play:
Red

Blue
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Green

ID number:. . . . . . . . .
Survey
Please ll out this short survey.
1. Gender:

Male

Female

2. Age:. . . . . .
3. Nationality:. . . . . . . . . . . . . . . . . . . . . . . .
4. Field of study:. . . . . . . . . . . . . . . . . . . . . . . .
5. Highest level of education you have completed:. . . . . . . . . . . . . . . . . . . . . . . .
6. Monthly income:. . . . . . . . . . . .
7. Monthly rent:. . . . . . . . . . . .
8. Number of friends in this session:. . . . . .
9. How many experiments have you participated in before (approximately)?. . .
10. Have you ever had a game theory course?

Yes

11. Do you know what the Prisoner's Dilemma is?
12. Do you know what the Nash equilibrium is?

No
Yes

Yes

No
No

13. Do you think it is mean to force your pair to pick an alternative that is bad for
them, to improve your payment?

Yes

No

14. Did you nd it more dicult to choose an alternative for your pair, than to choose
for yourself?

Yes

No

15. It is better to have safe investments and guaranteed returns, than to take a risk to
have the chance to get higher possible returns:
Strongly disagree/Disagree/Neither agree nor Disagree/Agree/Strongly agree
16. The instructions for this experiment were clear and easy to follow:
Strongly disagree/Disagree/Neither agree nor Disagree/Agree/Strongly agree
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Index
ϑ-eciency, 120
ϑ-symmetry, 119

Harsanyi dividend, 12
isolated node normalization, 30

anonymity, 44

isolated player property, 133

average connected contribution value, 111

isolation property, 52
for extended power measures, 105

Banzhaf value, 13
Berge equilibrium, 16
betweenness measure, 11

linearity, 118
marginal contribution in a coalition, 12

closeness measure, 10

multiplicative separability, 48

component, 8

Myerson value, 14

component independece, 46
connectivity power measure, 27
extended, 29, 105
normalized, 66
degree measure, 10

Nash equilibrium, 16
neighbor separability, 30
power measure, 9
power rule
isolation power rule, 38

dominance, 16

merging power rule, 39

eciency, 136
eigenvector measure, 11

total power rule, 37
power value, 116

exponential power measure, 55

connectivity power value, 117

extended, 105

exponential power value, 116

extended power measure, 24, 104
game
graph game, 14
non-cooperative game, 15

size power value, 117
uniform power value, 116
prisoner's dilemma, 17
product property, 50

restricted game, 14

reciprocal additivity, 107

transferable utility game, 11

reducible subclass of graphs, 22

graph, 8
component complete graph, 9
component linear graph, 9
cycle-free graph, 9
graph symmetry, 136

restricted Banzhaf value, 15
Shapley value, 12
size power measure, 108
strict positivity, 47
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for extended power measures, 105
strong component independence, 45
superuous link, 134
superuous link property, 134
superuous neighbor property, 133
superuous player, 119
superuous player property, 119
symmetry, 44
for extended power measures, 106
for players in a graph game, 136
TU-game corresponding to ϑ, 139
unanimity game, 12
uniform power measure, 55
extended, 105
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