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CHAPTER 1

Introduction
Le doute n’est pas une état bien agréable, mais l’assurance est un état ridicule.
(In English: Doubt is not a pleasant condition, but certainty is an absurd one.)
— Voltaire, Letter to Frederick William (28 November 1770)

1.1 Robust optimization
Real-life decision making is inevitably affected by uncertainty. In optimization models that are used to assist decision making, this is reflected as uncertain parameters.
The two primary sources of the uncertainty are the stochastic/random nature and
various unintended errors. Examples for the randomness in input parameters are
the uncertainties in customer demands and patients’ consultation times. The exact
value of the uncertain parameter caused by randomness can only be observed after
it reveals itself. The unintended errors can result from imprecision in, e.g., measurements, predictions or implementations. Measurement error occurs when the actual
value of the input parameter is too costly or simply impossible to be measured with
high precision, hence, rounded. An example for measurement error is the temperature. Prediction or estimation error is often embedded in the parameters that are
estimated using expert opinions and/or historical data, e.g., cost and price that are
uncertain. Finally, inaccuracy in implementing the solutions found leads to implementation error. For instance, in engineering applications the optimal voltage cannot
be exactly implemented.
Both in theory and practice disregarding the uncertainties often results in suboptimal
or even unimplementable decisions. A case study in Ben-Tal and Nemirovski (2000)
shows that perturbations as low as 0.01% in input data result in constraint violations
of more than 50% in 13 out of 90 NETLIB linear optimization problems considered
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in the study. In 6 of these 13 problems the magnitude of constraint violations were
over 100%, where 210,000% being the highest. The NETLIB test set is a collection
of real-life linear optimization problems from a variety of sources.
There are many methods of dealing with uncertainty in real-life problems. One
of the most prominent approaches, but not considered in this thesis, is stochastic
programming. Stochastic programming is very well applicable if the input parameters
are random variables and the probability distributions are known. Despite its wide
popularity, stochastic programming is generally computationally demanding as it
often relies on sampling techniques. For more details we refer the interested readers
to Birge and Louveaux (2011). In this thesis, we focus on an alternative approach –
robust optimization, which has been mainly developed in the last two decades. The
primary motivation and goal of robust optimization is to provide a methodology to
efficiently solve optimization models with uncertain parameters. To this end, robust
optimization models consider deterministic and set-based uncertainty, and rest on
the following three “basic” assumptions (Ben-Tal et al. 2009, p. xii):
1. All decision variables represent here-and-now decisions: they should get specific
numerical values as a result of solving the problem before the actual parameters
“reveal themselves”.
2. The decision maker is fully responsible for consequences of the decisions to be
made when, and only when, the actual parameters are within the prespecified
uncertainty set.
3. The constraints of the uncertain problem in question are “hard” – the decision
maker cannot tolerate violations of constraints when the parameters are in the
prespecified uncertainty set.
It is important to point out that there are several methods that extend the scope of
robust optimization by relaxing the above assumptions. The first assumption can be
alleviated by allowing some decisions to be made after the realization of the uncertain parameters. This method is called adjustable robust optimization, which will
be explained in §1.2. In addition, one can adapt the second assumption by distributionally robust optimization pioneered by Delage and Ye (2010). Distributionally
robust optimization computes solutions that are immunized against uncertainties in
the probability distribution by an ambiguous probability distribution. The distribution is then assumed to belong to an ambiguity set comprising all distributions that
are compatible with historical data. Chen et al. (2017) propose a unified framework
for distributionally robust optimization that can be directly applied to adjustable robust optimization models. Adjustable distributionally robust optimization is further
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discussed in Chapter 2. There are also methods that relax the third assumption,
such as comprehensive or globalized robust counterparts in (Ben-Tal et al. 2009, Ch.
3 & 11) and Ben-Tal et al. (2017), as well as by using safe approximations of chance
constraints (Ben-Tal et al. 2009, Ch. 2, 4 & 10).
In robust optimization one seeks for a fixed solution that minimizes the cost, and is
immunized against any realization of the uncertain parameter in the uncertainty set.
A robust linear optimization model can be written as:
min c> x
x∈X

(1.1)

s.t. A(z)x ≥ d ∀z ∈ Z,
where c ∈ RN1 is the objective coefficient, d ∈ RM is the right-hand side vector,
and x is the decision (or optimization) variables in a given domain X ⊆ RN1 , e.g.,
N1
1
X = RN
+ or X = Z . Here, A is affinely dependent on z:
A(z) = A0 +

I1
X

Ak zk ,

k=1

with A0 , A1 , ..., AI1 ∈ RM ×N1 , and z resides in a nonempty compact convex uncertainty set Z ⊆ RI1 . In addition to the three “basic” assumptions, we may assume
without loss of generality that the objective coefficient and right-hand side vector
are certain, and the uncertainty is constraint-wise. For robust optimization models
where the objective coefficients are uncertain, it is well known that there is an equivalent epigraph reformulation that is in the form of (1.1). An uncertain right-hand
side can be incorporated by introducing an extra variable xN1 +1 = 1. For the general proof that the uncertainty in robust optimization models can be assumed to be
constraint-wise, see (Ben-Tal et al. 2009, p. 11–12).
Since the uncertainty is constraint-wise, for ease of exposition we may focus on a
linear uncertain inequality:


a + D>z

>

x≥b

∀z ∈ Z,

(1.2)

where a ∈ RN1 , D ∈ RM ×N1 and b ∈ R. Notice that (1.2) is equivalent to the
following worst-case reformulation:
a> x + min z > Dx ≥ b.
z:z∈Z

The worst-case oriented nature permits computationally tractable reformulations of
a broad class of robust optimization models. Some popular uncertainty sets and the
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Table 1.1 – Tractable robust counterparts of a> x + z > Dx ≥ b ∀z ∈ Z for
different uncertainty sets.
Z
{z | ||z||∞ ≤ Γ}

Uncertainty set
Box

Tractable counterpart
a> x − Γ||Dx||1 ≥ b

{z | ||z||∞ ≤ 1, ||z||1 ≤ Γ} a> x − ||Dx − λ||1 − Γ||λ||∞ ≥ b

Budget
Polyhedral

{z | P z ≥ q}

Ellipsoidal

{z | ||z||2 ≤ Γ}






>

Complexity
LP
LP

>

a x+q λ≥b
P > λ = Dx


 λ≥0

LP

a> x − Γ||Dx||2 ≥ b

CQP

corresponding tractable robust counterparts are given in Table 1.1. In general, a nonlinear uncertain inequality that is convex in the decision variables and concave in the
uncertain parameters can be converted into an explicit and computationally tractable
set of constraints, see Ben-Tal et al. (2015). The tractable reformulations can then
be efficiently solved by off-the-shelf solvers, e.g., ILOG , Inc. (2017), MOSEK ApS
(2017), Gurobi Optimization, Inc. (2017). For some important classes of nonlinear
uncertain inequalities that are convex in the uncertain parameters, we introduce a
tractable approximation scheme in Chapter 5. In the following, we show how to use
robust optimization to model uncertain demands in a lot-sizing problem.
Example 1.1 (Lot-sizing on a network: static robust version) In lot-sizing on
a network we have to determine the stock allocation xi at store i and the stock yij
that is transported from store i to store j with unit cost tij to meet the nominal demand di , for i, j = 1, ..., N . For the transportation cost we have: tij = 0, if i = j;
tij > 0, otherwise. The capacity of the stores is Γ ∈ R+ , which is modeled by xi ≤ Γ,
i = 1, ..., N , as part of the description of X ⊆ RN . The aim is to minimize the
storage cost (with unit cost ci ) and the cost arising from shifting the products from
one store to another. The lot-sizing model can be formulated as a linear optimization
problem:
min

yij ∈R+ ,x∈X

s.t.

c> x +

N
X

tij yij

i,j=1
N
X
j=1

yji −

N
X

(1.3)
yij ≥ di − xi ∀i = 1, ..., N.

j=1

The optimal solution of (1.3) is called the nominal solution. In real-life the associated demand of each store is often uncertain. Suppose we only know that the total
demand is at most Γ, and the uncertain demands z are fully captured by a simplical
uncertainty set:
(
)
Z = z ∈ RN
+ |

N
X
i=1

zi ≤ Γ .
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We now seek for a solution that minimizes the total cost, and satisfies all the possible
demands. The lot-sizing model can now be written as a robust optimization problem:

min

yij ∈R+ ,x∈X

s.t.

c> x +

N
X

tij yij

i,j=1
N
X

yji −

j=1

N
X

(1.4)
yij ≥ zi − xi ∀z ∈ Z,

i = 1, ..., N.

j=1

The i-th constraint, i ∈ {1, ..., N }, is satisfied for all possible demands if it is satisfied
for the maximal demand, i.e., maxz∈Z zi = Γ. Problem (1.4) can be formulated as
a linear optimization problem by simply considering the worst-case scenario for each
inequality:
min

yij ∈R+ ,x∈X

s.t.

>

c x+

N
X

tij yij

i,j=1
N
X
j=1

yji −

N
X

(1.5)
yij ≥ Γ − xi

i = 1, ..., N.

j=1

Note that Problem (1.4) is a very simple robust optimization problem with only right
hand side uncertainty, and the worst case does not depend on the solution itself. The
resulting optimal
solution is not only immunized
against all z in Z, but against all
n
o
N
z in the box z ∈ R+ | zi ≤ Γ, i = 1, ..., N that contains Z.
As shown in Ben-Tal and Nemirovski (2000), in many cases the “price of robustness”
is negligible, i.e., the robust solution has only a slightly higher (assuming we are
minimizing) optimal objective value than the nominal solution, e.g., the optimal
solution of (1.3). In other cases, the solutions from robust optimization can be
overly robust/conservative and rigid. The over conservativeness is largely due to two
aforementioned assumptions of robust optimization: a) all the decisions are hereand-now decisions; b) the uncertainty is constraint-wise. This can be observed from
(1.4). Each constraint solely focus on its worst-case even though only one out of N
constraints can be at its worst-case. To mitigate the conservativeness in (1.4), one
can apply adjustable robust optimization pioneered by Ben-Tal et al. (2004) to allow
adjustability for some variables.

1.2 Adjustable robust optimization
Adjustable robust optimization is a methodology to help decision makers make robust and resilient decisions that extend well into the future. In (static) robust optimization, all the decisions are assumed to be made here-and-now, before any of the
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uncertainty is realized. This assumption is relaxed in adjustable robust optimization:
some decision variables can be adjusted at a later moment in time after (part of) the
uncertain parameter has been realized. Since adjustable robust optimization yields
more flexible decisions that can be adjusted according to the realized portion of uncertain parameter at a given stage, adjustable robust optimization is less conservative
than robust optimization in general. Let us first consider an adjustable robust linear
optimization model in the following form:
min

x∈X,y

c> x
(1.6)

s.t. A(z)x + By(z) ≥ d ∀z ∈ Z
y ∈ RI1 ,N2 ,

where the first stage or here-and-now decision x ∈ RN1 is decided before the realization of the uncertain parameter z, the values of the second stage or wait-and-see
decision y determined after (part of) the value of z is revealed, and RI1 ,N2 denotes
the space of all measurable functions from RI1 to RN2 that are bounded on compact
sets. The matrix B ∈ RM ×N2 , also known in stochastic programming as the recourse
matrix, is constant, which corresponds to the stochastic programming format known
as fixed recourse. Contrary to the here-and-now decisions, the wait-and-see decisions
are in fact decision rules instead of finite vectors of decision variables. In general,
adjustable robust optimization models have non-constraint-wise uncertainties, and
are computationally intractable. Wait-and-see type of decisions arise naturally in
many dynamic decision making problems. For instance, some of the decisions in the
lot-sizing problem discussed in Example 1.1 can be made after the uncertain demands
have been realized.
Example 1.2 (Lot-sizing on a network: adjustable robust version) Suppose
again in lot-sizing on a network we have to determine the stock allocation xi for
i = 1, ..., N stores prior to knowing the realization of the demand at each location.
After we observe the realization of the demand we can transport stock yij from store i
to store j at unit cost tij in order to satisfy the demand, i, j = 1, ..., N . All other problem settings are identical to Example 1.1. Then the lot-sizing model can be written
as an adjustable robust optimization problem:
min

x∈X,τ,{yij (z)}N
i,j=1

s.t.

c> x + τ
N
X

tij yij (z) ≤ τ

∀z ∈ Z

i,j=1
N
X
j=1

yji (z) −

(1.7)
N
X

yij (z) ≥ zi − xi ∀z ∈ Z, i = 1, ..., N

j=1

yij (z) ≥ 0, yij ∈ RN,1

∀z ∈ Z, i, j = 1, ..., N.

Adjustable robust optimization
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Here the epigraph variable τ is introduced to model the uncertain second stage cost.
Since the wait-and-see variable yij is decision rules of z, for i, j = 1, ..., N , and
the elements of z are interdependent because of the simplicial uncertainty set, the
uncertainties here are non-constraint-wise. This is a two-stage robust optimization
problem.
This lot-sizing problem and its nonlinear variant are further investigated in §2.7.1 and
§5.4, respectively. Besides this lot-sizing problem, we also study two other adjustable
robust optimization applications:
• Medical appointment scheduling (§2.7.2). In a medical appointment scheduling problem, patients arrive at their stipulated schedule and may have to wait in
a queue to be served by a physician. A common decision criterion in the medical
appointment schedule is to minimize the weighted sum of patients’ waiting and
physician’ overtime. The patients’ consultation times are uncertain and their arrival schedules are determined here-and-now, which can influence the waiting times
of the patients and the overtime of the physician (i.e., the wait-and-see decisions).
• Wireless sensor networks (§5.5). In the wireless sensor location problem there
is a set of sensors in a field or at sea, which locations are subject to uncertainty
due to e.g., drift at sea or due to inexact placements via air drops. We have to
install some of the (interconnected) transmission modules here-and-now before the
exact location of the sensors is known. The auxiliary variables are introduced to
model the uncertain locations of the sensors.
In addition, in this thesis we show for two generic optimization problems that are
non-adjustable, that they can be formulated as adjustable robust optimization problems and solved by adjustable robust optimization techniques. We postpone the
discussion of these two problems in §1.3 as part of the main contributions, and then
treat them thoroughly in Chapter 3 & 4.
One popular remedy for the intractability of adjustable robust optimization models
is to restrict the wait-and-see decisions to be simple functions of the uncertain parameters, e.g., linear decision rules (a.k.a., affine policies), see Ben-Tal et al. (2004):
y(z) = y 0 +

I1
X

y i zi

i=1

where the coefficients y i , i = 0, 1, ..., I1 , are decision variables. By imposing linear decision rules on the wait-and-see variables, the adjustable robust optimization
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problem (1.6) can be written as follows:
min

x∈X,y i

c> x


s.t. A(z)x + B y 0 +

I1
X



(1.8)

y i zi  ≥ d ∀z ∈ Z.

i=1

This is an instance of the robust optimization model in the form of (1.1), i.e., linear
in the decision variables and uncertain parameters, which can be solved efficiently via
the well established robust optimization techniques. Since we restrict the decision
rules to be affine functions, the obtained solutions are in general suboptimal. To
evaluate the quality of the obtained solutions, tight lower bound are required. One
way of computing a lower bound for adjustable robust optimization models is by only
considering a finite subset of carefully chosen scenarios. Hadjiyiannis et al. (2011)
propose to consider the set of scenarios that is binding the constraints of Problem
(1.8). In §3.3 and §5.3.3, we propose two lower bounding schemes that extend the
sampling-based lower bounding method of Hadjiyiannis et al. (2011).
For some special classes of adjustable robust optimization problems, the optimality
of static and linear decision rules is established. Here static decision rules are simply
taking the wait-and-see variables as here-and-now variables. Ben-Tal et al. (2004)
shows that there exists a static decision rule that is optimal for (1.6) with constraintwise uncertainty. For instance, if Z is a box (instead of a simplical set), then there
exists a static decision rule that is optimal for Problem (1.7). Furthermore, Bertsimas
and Goyal (2012) shows that there exists a linear decision rule that is optimal for
(1.6), with right-hand side uncertainty that resides in a simplicial set, e.g., Problem
(1.7). For Problem (1.6) with polyhedral right-hand side uncertainties, Bemporad
et al. (2003) establishes the optimality of piece-wise affine decision rules. Overall,
little is known about the structures of the optimal decision rules. In §2.3 and §3.2.3,
we generalize some of the existing results and characterize the structures of optimal
decision rules for a broad class of adjustable robust optimization models.
Another popular approach for solving adjustable robust optimization problems is finite adaptability in which the uncertainty set is split into a number of smaller subsets,
each with its own set of recourse decisions. The number of these subsets can be either
fixed a priori or decided by the optimization model (Vayanos et al. (2011), Bertsimas
and Caramanis (2010), Hanasusanto et al. (2014), Postek and den Hertog (2016),
Bertsimas and Dunning (2016)). These papers include many interesting examples
where the proposed methods perform very well. Finite adaptability approaches of
Bertsimas and Caramanis (2010) and Hanasusanto et al. (2014) are constructed for
a special class of adjustable robust optimization models, and the resulting model is
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often a quite large mixed integer optimization model. On the other hand, for the
more general approaches of Postek and den Hertog (2016) and Bertsimas and Dunning (2016), improvement is not guaranteed in each iteration, and the solution might
not converge for all adjustable robust optimization problems.
1.3 Contributions and overview
Throughout this thesis, we exploit Fourier-Motzkin elimination to investigate the
theories and applications of adjustable robust optimization. In this section we give
a short overview of each chapter, but first we list the main contributions:
1. We present a high level generic Fourier-Motzkin elimination approach to solve
adjustable robust optimization models in Chapter 2. Below we briefly mention
some important advantages of the Fourier-Motzkin elimination approach over the
existing methods:
• A systematic, flexible and finite solution method. The solutions obtained by existing methods for adjustable robust optimization models are often
suboptimal because the iterative procedure may not converge to optimality or
the imposed simple decision rules are incapable of modeling the complexity of
the optimal decision rules. The Fourier-Motzkin elimination approach provides
a systematic solution scheme, and establishes guaranteed optimality in finite
number of steps. Note that this approach is not necessarily a substitution of
all existing methods, e.g., linear decision rules, finite adaptability approaches,
but can also be used as a kind of preprocessing before the existing methods are
applied. In addition, this approach integrates well with the existing theory on
distributionally robust optimization, and allows the optimizers to make a tradeoff between the solution quality and computational effort of solving adjustable
robust optimization models.
• Structures of optimal decision rules. Adjustable robust optimization models are often notoriously difficult to solve due to the unknown structures of the
optimal decision rules. Fourier-Motzkin elimination is a simple yet powerful
tool that can be used to detect the structures of the optimal decision rules for
a broad class of adjustable robust optimization models.
• A tight lower bounding scheme. Due to the intractability of adjustable robust optimization models, the solutions are often approximated via simple decision rules. To evaluate the quality of the obtained solutions, tight lower bounds
are required. We propose a lower bounding scheme based on Fourier-Motzkin
elimination and the sampling-based method of Hadjiyiannis et al. (2011) in
Chapter 3. This lower bounding scheme is further enhanced in Chapter 5 by
exploiting the binding scenarios in the equivalent dual formulation.
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Part of the success for Fourier-Motzkin elimination is due to the redundant constraint identification procedure proposed in §2.4.

2. We show how to formulate two generic non-adjustable optimization problems
as adjustable robust optimization problems, and investigate these two problems
through the lens of Fourier-Motzkin elimination:
• Computing the maximum volume inscribed ellipsoid in a polytopic
projection (Chapter 3). For a given polytope, we are interested in determining the maximum volume inscribed ellipsoid in the projected space with
respect to a subset of variables. We model this problem as an adjustable robust optimization problem, and characterize its optimal decision rules by using
the result in Chapter 2. Finding the maximum volume inscribed ellipsoid of a
polytopic projection arises in many applications. A tolerance design problem is
investigated to evaluate the proposed solution scheme based on Fourier-Motzkin
elimination and adjustable robust optimization techniques.
• Centered solutions for uncertain linear equations (Chapter 4). For a
system of uncertain linear equations where the uncertainties are column-wise
and reside in general convex sets, the convex representations of the set of possible solutions can be derived. We extend the method in Chapter 3 to compute
the maximum inscribed convex body of the solution set. The results in Chapter 2 are used to characterize for which convex bodies the obtained maximum
inscribed convex body is optimal. Applications to the input-output model, Colley’s Matrix Rankings, and Article Influence Scores demonstrate the advantages
and disadvantages of our proposed method.
3. Adjustable robust nonlinear optimization models are generally intractable even
if the wait-and-see decisions are restricted to be linear decision rules. In Chapter 5, we use duality to derive the equivalent linear reformulations of two-stage
robust optimization models with convex wait-and-see variables and polyhedral uncertainties. Since the resulting dualized formulation is linear in the wait-and-see
decisions, the Fourier-Motzkin elimination approach can be applied again. As a
byproduct, we also explain how some static non-convex robust optimization models can be modeled in two-stage robust formats.

To be more specific, the main contributions of this thesis are divided into four selfcontained chapters.
In Chapter 2, we demonstrate how adjustable robust optimization problems with
fixed recourse can be cast as static robust optimization problems via Fourier-Motzkin
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elimination in finite steps. Through the lens of Fourier-Motzkin elimination, we characterize the structures of the optimal decision rules for a broad class of adjustable
robust optimization problems. A scheme based on a blending of classical FourierMotzkin elimination and a simple Linear Programming technique that can efficiently
remove redundant constraints, is developed to reformulate adjustable robust optimization problems. This generic reformulation technique enhances the classical approximation scheme via decision rules, and enables us to solve adjustable optimization problems to optimality. We show via numerical experiments that, for small-size
adjustable robust optimization problems our novel approach finds the optimal solution. For moderate or large-size instances, we eliminate a subset of the adjustable
variables, which improves the solutions from decision rule approximations.
Chapter 3 applies the techniques developed in Chapter 2 to compute the maximum
volume inscribed ellipsoid in a polytopic projection. It is well-known that deriving
an explicit description of a projected polytope is NP-hard. Our approach does not
require an explicit description of the projection. The obtained maximum volume inscribed ellipsoid is an inner approximation of the projected polytope, and its center
is a centralized relative interior point of the projection. Since Fourier-Motzkin elimination may produce many redundant constraints, we apply an LP-based procedure
to keep the description of the projected polytopes at its minimal size. Furthermore,
based on Fourier-Motzkin elimination and the sampling method of Hadjiyiannis et al.
(2011), we propose an upper bounding scheme for adjustable robust optimization
models. We test our approach on a simple polytope and a color tube design problem,
and observe that as more auxiliary variables are eliminated, our inner approximations and upper bounds converge to optimal solutions.
The contribution of Chapter 4 is twofold. Firstly, for a system of uncertain linear
equations where the uncertainties are column-wise and reside in general convex sets,
we derive convex representations for united and tolerable solution sets. Secondly, to
obtain centered solutions for uncertain linear equations, we extend the techniques
in Chapter 3 to compute the maximum size inscribed convex body (MCB) of the
set of the solutions. In general, the obtained MCB is an inner approximation of the
solution set, and its center is a potential solution to the system. We use recent results from adjustable robust optimization to characterize for which convex bodies the
obtained MCB is optimal. We compare our method both theoretically and numerically with an existing method that minimizes the worst-case violation. Applications
to the input-output model, Colley’s Matrix Rankings and Article Influence Scores
demonstrate the advantages of the new method.
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In Chapter 5, we consider two-stage nonlinear robust optimization models with fixed
recourse and polyhedral uncertainty set. We focus on models with convex wait-andsee decisions, for which a consecutive dual approach is developed to derive equivalent
linear reformulations. Since the second stage variables appear linearly in the resulting
model, the methods introduced in earlier chapters can be applied. Furthermore, we
show that a broad class of static robust optimization models with convex uncertainties
can be written into two-stage robust linear optimization models. We consider two
numerical problems to illustrate the effectiveness of the proposed reformulations.
A new lower bound method is introduced to provide empirical evidence that our
approach gives near optimal solutions for the considered experiments.
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CHAPTER 2

Adjustable Robust Optimization via
Fourier-Motzkin Elimination
2.1 Introduction
In recent years, robust optimization has been experiencing an explosive growth and
has now become one of the dominant approaches to address decision making under
uncertainty. In robust optimization, uncertainty is described by a distribution free
uncertainty set, which is typically a conic representable bounded convex set (see,
for instance, El Ghaoui and Lebret (1997), El Ghaoui et al. (1998), Ben-Tal and Nemirovski (1998, 1999, 2000), Bertsimas and Sim (2004), Bertsimas and Brown (2009),
Bertsimas et al. (2011a)). Among other benefits, robust optimization offers a computationally viable methodology for immunizing mathematical optimization models
against parameter uncertainty by replacing probability distributions with uncertainty
sets as fundamental primitives. It has been successful in providing computationally
scalable methods for a wide variety of optimization problems.
The seminal work Ben-Tal et al. (2004) extends classical robust optimization to
encompass adjustable decisions. Adjustable robust optimization (ARO) is a methodology to help decision makers make robust and resilient decisions that extend well
into the future. In contrast to robust optimization, some of the decisions in ARO
problems can be adjusted at a later moment in time after (part of) the uncertain data
has been revealed. ARO yields less conservative decisions than robust optimization,
but they are in general computationally intractable. To circumvent the intractability,
Ben-Tal et al. (2004) restrict the adjustable decisions to be affinely dependent on the
uncertain parameters, an approach known as linear decision rules (LDRs).
Bertsimas et al. (2010), Iancu et al. (2013) and Bertsimas and Goyal (2012) establish
the optimality of LDRs for some important classes of ARO problems. Chen and
Zhang (2009) further improve LDRs by extending the affine dependency to the auxiliary variables that are used in describing the uncertainty set. Henceforth, variants
of piecewise affine decision rules have been proposed to improve the approximation
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while maintaining the tractability of the adjustable distributionally robust optimization (ADRO) models. Such approaches include the deflected and segregated LDRs
of Chen et al. (2008), the truncated LDRs of See and Sim (2009), and the bideflected
and (generalized) segregated LDRs of Goh and Sim (2010). In fact, LDRs were discussed in the early literature of stochastic programming but the technique had been
abandoned due to suboptimality (see Garstka and Wets 1974). Interestingly, there is
also a revival of using LDRs for solving multistage stochastic optimization problems
(Kuhn et al. (2011)). Other nonlinear decision rules in the recent literature include,
e.g., quadratic decision rules in Ben-Tal et al. (2009), polynomial decision rules in
Bertsimas et al. (2011b).
Another approach for ARO problems is finite adaptability in which the uncertainty
set is split into a number of smaller subsets, each with its own set of recourse decisions.
The number of these subsets can be either fixed a priori or decided by the optimization
model (Vayanos et al. (2011), Bertsimas and Caramanis (2010), Hanasusanto et al.
(2014), Postek and den Hertog (2016), Bertsimas and Dunning (2016)).
It has been observed that robust optimization models can lead to an underspecification of uncertainty because they do not exploit distributional knowledge that may
be available. In such cases, (adjustable) robust optimization may propose overly
conservative decisions. In the era of modern business analytics, one of the biggest
challenges in Operations Research concerns the development of highly scalable optimization problems that can accommodate vast amounts of noisy and incomplete
data, whilst at the same time, truthfully capturing the decision maker’s attitude toward risk (exposure to uncertain outcomes whose probability distribution is known)
and ambiguity (exposure to uncertainty about the probability distribution of the outcomes). One way of dealing with risk is via stochastic programming. These methods
assume that the underlying distribution of the uncertain parameter is known but
they do not incorporate ambiguity in their decision criteria for optimization. For
references on these techniques we refer to Birge and Louveaux (1997) and Kali and
Wallace (1995). In evaluating preferences over risk and ambiguity, Scarf (1958) is the
first to study a single-product Newsvendor problem where the precise demand distribution is unknown but is only characterized by its mean and variance. Subsequently,
such models have been extended to minimax stochastic optimization models (see, for
instance, Žáčková (1966), Breton and Hachem (1995), Shapiro and Kleywegt (2002),
Shapiro and Ahmed (2004)), and recently to distributionally robust optimization
models (see, for instance, Chen et al. (2007), Chen and Sim (2009), Popescu (2007),
Delage and Ye (2010), Xu and Mannor (2012)). In terms of tractable formulations for
a wide variety of static robust convex optimization problems, Wiesemann et al. (2014)
propose a broad class of ambiguity sets where the family of probability distributions
are characterized by conic representable expectation constraints and nested conic
representable confidence sets. Chen et al. (2007) adopt LDRs to provide tractable

Introduction

15

formulations for solving ADRO problems. Bertsimas et al. (2017) incorporate the
primary and auxiliary random variables of the lifted ambiguity set in the LDRs for
ADRO problems, which significantly improves the solutions.
In this paper, we propose a high level generic approach for ARO problems with
fixed recourse via Fourier-Motzkin elimination (FME), which can be naturally integrated with existing approaches, e.g., decision rules, finite adaptability approaches,
to improve the quality of obtained solutions. FME was first introduced in Fourier
(1824), and was rediscovered in Motzkin (1936). Via FME, we reformulate the ARO
problems into their equivalent counterparts with a reduced number of adjustable
variables at the expense of an increasing number of constraints. Theoretically, every
ARO problem admits an equivalent static reformulation, however, one major obstacle
in practice is that FME often leads to too many redundant constraints. In order to
keep the resulting equivalent counterpart at its minimal size, after eliminating an adjustable variable via FME, we execute an LP-based procedure to detect and remove
the redundant constraints. This redundant constraint identification (RCI) procedure
is inspired by Caron et al. (1989). We propose to apply FME and RCI alternately
to eliminate some of the adjustable variables and redundant constraints until the
size of the reformulation reaches a prescribed computational limit, and then for the
remaining adjustable variable we impose LDRs to obtain an approximated solution.
Chapter 3 applies FME to compute the maximum volume inscribed ellipsoid of a
polytopic projection.
Through the lens of FME, we investigate two-stage ARO problems theoretically,
and prove that there exist piecewise affine functions that are optimal decision rules
(ODRs) for the adjustable variables. By applying FME to the dual formulation of
Bertsimas and de Ruiter (2016), we further characterize the structures of the ODRs
for a broad class of two-stage ARO problems: a) we establish the optimality of LDRs
for two-stage ARO problems with simplex uncertainty sets; b) for two-stage ARO
problems with box uncertainty sets, we show that there exist two-piecewise affine
functions that are ODRs for the adjustable variables in the dual formulation, and
these problems can be cast as sum-of-max problems. We further note that, despite
the equivalence of primal and dual formulations, they may have significantly different
numbers of adjustable variables. We evaluate the efficiency of our approach on both
formulations numerically. By using our FME approach, we extend the approach of
Bertsimas et al. (2017) for ADRO problems. Via numerical experiments, we show
that our approach improves the obtained solutions in Bertsimas et al. (2017).
Our main contributions are as follows:
1. We present a high level generic FME approach for ARO problems. We show
that the FME approach is not necessarily a substitution of all existing methods,
but can also be used before the existing methods are applied.
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2. We investigate two-stage ARO problems via FME, which enables us to characterize the structures of the ODRs for a broad class of two-stage ARO problems.
3. We adapt an LP-based RCI procedure for ARO problems, which effectively
removes the redundant constraints, and improves the computability of the FME
approach.
4. We show that our FME approach can be used to extend the approach of Bertsimas et al. (2017) for ADRO problems.
5. Via numerical experiments, we show that our approach can significantly improve the approximated solutions from LDRs. Our approach is particularly
effective for the formulations with few adjustable variables.

This paper is organized as follows. In §2.2, we introduce FME for two-stage ARO
problems. §2.3 investigates the primal and dual formulations of two-stage ARO
problems, and presents some new results on the structures of the ODRs for several
classes of two-stage ARO problems. In §2.4, we propose an LP-based RCI procedure
to remove the redundant constraints. §2.5 uses our FME approach to extend the
approach of Bertsimas et al. (2017) for ADRO problems. We generalize our approach
to the multistage case in §2.6. §2.7 evaluates our approach numerically via lot-sizing
on a network and appointment scheduling problems. §2.8 presents conclusions and
future research.
Notations. We use [N ], N ∈ N to denote the set of running indices, {1, . . . , N }.
We generally use bold faced characters such as x ∈ RN and A ∈ RM ×N to represent
vectors and matrices, respectively, and xS ∈ R|S| to denote a vector that contains a
subset S ⊆ [N ] of components in x, e.g., xi ∈ R denotes the i-th element of x. We
use (x)+ and |x| to denote max{x, 0} and the absolute value of x ∈ R, and |S| to
denote the cardinality of a finite set S ⊆ [N ]. Special vectors include 0, 1 and ei
which are respectively the vector of zeros, the vector of ones and the standard unit
basis vector. We denote RN,M as the space of all measurable functions from RN to
RM that are bounded on compact sets. We use tilde to denote a random variable
without associating it with a particular probability distribution. We use z̃ ∈ RI to
represent an I dimensional random variable and it can be associated with a probability distribution P ∈ P0 (RI ), where P0 (RI ) represents the set of all probability
distributions on RI . We denote EP (·) as the expectation over the probability distribution P. For a support set W ⊆ RI , P(z̃ ∈ W) represents the probability of z̃ being
in W evaluated on the distribution P.
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2.2 Two-stage robust optimization via Fourier-Motzkin elimination
We first focus on a two-stage ARO problem where the first stage or here-and-now
decisions x ∈ RN1 are decided before the realization of the uncertain parameters z,
and the second stage or wait-and-see decisions y are determined after the value of z
is revealed, and z resides in a set W ⊂ RI1 . Let us call y adjustable variables. With
this setting, a two-stage ARO problem can be written as follows:
c> x,

min
x∈X

(2.1)

where the feasible set X is the set of all feasible here-and-now decisions:
o

n

X = x ∈ X | ∃y ∈ RI1 ,N2 : A(z)x + By(z) ≥ d(z) ∀z ∈ W ,

(2.2)

N1
I1 ,M ×N1
1
for a given domain X ⊆ RN1 , e.g., X = RN
,
+ or X = Z . Here, A ∈ R
I1 ,M
d ∈ R
are functions that map from the vector z to the input parameters of
the linear optimization problem. Adopting the common assumptions in the robust
optimization literature, these functions are affinely dependent on z and are given by

A(z) = A0 +

X
k∈[I1 ]

Ak zk ,

d(z) = d0 +

X

dk zk ,

k∈[I1 ]

with A0 , A1 , ..., AI1 ∈ RM ×N1 and d0 , d1 , ..., dI1 ∈ RM . The matrix B ∈ RM ×N2 ,
also known in stochastic programming as the recourse matrix is constant, which
corresponds to the stochastic programming format known as fixed recourse. For
the case where the objective also includes the worst case second stage costs, it is
well known that there is an equivalent epigraph reformulation that is in the form
of Problem (2.1). Although Problem (2.1) may seem conservative as it does not
exploit distributional knowledge of the uncertainties that may be available, Bertsimas
et al. (2017) show that it is capable of modeling adjustable distributionally robust
optimization (ADRO) problems. In §2.5, we show how to apply our approach to
solve ADRO problems. We then generalize our approach to the multistage case in
§2.6. Problem (2.1) is generally intractable, even if there are only right hand side
uncertainties (see Minoux (2011)), because the adjustable variables y are decision
rules instead of finite vectors of decision variables.
We propose to derive an equivalent representation of X by eliminating the adjustable
variables y via Fourier-Motzkin elimination (FME). Algorithm 1 describes the FME
procedure to eliminate an adjustable variable yl , where l ∈ [N2 ]. Here, we assume
the feasible region of yl is bounded for any x ∈ X . This algorithm is adapted from
(Bertsimas and Tsitsiklis 1997, page 72) for polyhedral projections.
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Algorithm 1 Fourier-Motzkin Elimination for two-stage problems.
1. For some l ∈ [N2 ], rewrite each constraint in X in the form: there exists y ∈
RI1 ,N2 ,
X

bil yl (z) ≥ di (z) −

aij (z)xj −

j∈[N1 ]

X

bij yj (z)

∀z ∈ W

∀i ∈ [M ];

j∈[N2 ]\{l}

if bil 6= 0, divide both sides by bil . We obtain an equivalent representation of X
involving the following constraints: for all i, j, k ∈ [M ], there exists y ∈ RI1 ,N2 ,
>
yl (z) ≥ fi (z) + g >
i (z)x + hi y \{l} (z)

∀z ∈ W

if bil > 0,

(2.3)

+ h>
j y \{l} (z)
>
g k (z)x + h>
k y \{l} (z)

∀z ∈ W

if bjl < 0,

(2.4)

∀z ∈ W

if bkl = 0.

(2.5)

yl (z) ≤ fj (z) +
0 ≥ fk (z) +

g>
j (z)x

Here, each hi , hj , hk is a vector in RN2 −1 , for a given z, each fi , fj , fk is a scalar,
and each g i , g j , g k is a vector in RN1 .
2. Let X\{l} be the feasible set after the adjustable variable yl is eliminated, and it
is defined by the following constraints: for all i, j, k ∈ [M ], there exists y \{l} ∈
RI1 ,N2 −1 ,
(
>
fj (z)+g >
j (z)x+hj y \{l} (z)

≥

>
fi (z)+g >
i (z)x+hi y \{l} (z)

>
0 ≥ fk (z) + g >
k (z)x + hk y \{l} (z) ∀z ∈ W

∀z ∈ W if

if bkl = 0.

bjl < 0
bil > 0
(2.6)
(2.7)

Note that the number of extra constraints after eliminating yl equals mn − m − n,
where m = |{i | bil > 0 ∀i ∈ [M ]}| and n = |{i | bil < 0 ∀i ∈ [M ]}|, which can be
determined before the elimination. Since Algorithm 1 does not affect the objective
function or the uncertainty set W of Problem (2.1), Theorem 2.1 holds for ARO
problems with general objective functions and uncertainty sets.
Theorem 2.1 X = X\{l} .
Proof. This proof is adapted from (Bertsimas and Tsitsiklis 1997, page 73). If
x ∈ X , there exists some vector functions y(z), such that (x, y(z)) satisfies (2.3)–
(2.5). It follows immediately that (x, y \{l} (z)) satisfies (2.6)–(2.7), and x ∈ X\{l} .
This shows X ⊂ X\{l} . We then prove X\{l} ⊂ X . Let x ∈ X\{l} . It follows from
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(2.6) that there exists some y \{l} (z),
>
>
>
min fj (z)+g >
j (z)x+hj y \{l} (z) ≥ max fi (z)+g i (z)x+hi y \{l} (z),
{i|bil >0}

{j|bjl <0}

∀z ∈ W.

Let
yl (z) = θ min

o

n

{j|bjl <0}

>
fj (z) + g >
j (z)x + hj y \{l} (z) +

(1 − θ) max

n

>
fi (z) + g >
i (z)x + hi y \{l} (z)

{i|bil >0}

o

for any θ ∈ [0, 1]. It then follows that (x, y(z)) satisfies (2.3)–(2.5). Therefore,
x ∈ X.

From Theorem 2.1, one can repeatedly apply Algorithm 1 to eliminate all the linear
adjustable variables y in (2.2), which results in an equivalent set X\[N2 ] . The two-stage
problem (2.1) can now be equivalently represented as a static robust optimization
problem:
min c> x

=

x∈X

min

x∈X\[N2 ]

c> x.

(2.8)

If the uncertainty set W is convex, Problem (2.8) can be solved to optimality via the
techniques from robust optimization (see, e.g., Mutapcic and Boyd (2009), Ben-Tal
et al. (2015), Gorissen et al. (2014)). However, in Step 2 of Algorithm 1, the number
of constraints may increase quadratically after each elimination. The complexity of
N
eliminating N2 adjustable variables from M constraints via Algorithm 1 is O(M 2 2 ),
which is an unfortunate inheritance of FME. In §2.4, we introduce an efficient LPbased procedure to detect and remove redundant constraints.
Example 2.1 (Lot-sizing on a network) In lot-sizing on a network we have to
determine the stock allocation xi for i ∈ [N ] stores prior to knowing the realization
of the demand at each location. The capacity of the stores is incorporated in X. The
demand z is uncertain and assumed to be in an uncertainty set W. After we observe
the realization of the demand we can transport stock yij from store i to store j at unit
cost tij in order to meet all demand. The aim is to minimize the worst case storage
costs (with unit costs ci ) and the cost arising from shifting the products from one
store to another. The network flow model can now be written as a two-stage ARO
problem:
min

x∈X,yij ,τ

s.t.

c> x + τ
X

tij yij (z) ≤ τ

∀z ∈ W

i,j∈[N ]

X
j∈[N ]

yji (z) −

(P )
X

yij (z) ≥ zi − xi

∀z ∈ W,

i ∈ [N ]

j∈[N ]

yij (z) ≥ 0, yij ∈ RN,1

∀z ∈ W,

i, j ∈ [N ].
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The transportation cost tij = 0, if i = j; tij ≥ 0, otherwise. For N = 2, there are
4 adjustable variables, i.e., y11 , y12 , y21 and y22 . We apply Algorithm 1 iteratively,
which leads to the following equivalent reformulation:
min

x∈X,τ

s.t.

c> x + τ
t21 z1 − t21 x1 ≤ τ

∀z ∈ W

t12 z2 − t12 x2 ≤ τ

∀z ∈ W

z1 + z2 − x1 − x2 ≤ 0

∀z ∈ W

(t12 + t21 )(z1 − x1 ) + t12 (x2 − z2 ) ≤ τ

∀z ∈ W.

Note that we omit τ ≥ 0, because it is clearly a redundant constraint, which can be
easily detected in the elimination procedure. This is a static robust linear optimization problem. We show in §2.7.1 that imposing linear decision rules on yij in (P )
can lead to a suboptimal solution, whereas this equivalent reformulation produces the
optimal solution.


As a result of Algorithm 1, there may be many constraints in X\[N2 ] . We can first
(iteratively) eliminate a subset S ⊆ [N2 ] of the adjustable variables in X till the size
of the resulting description X\S reaches the prescribed computational limit, and then
impose some simple functions (i.e., decision rules) F I1 ,1 ⊂ RI1 ,1 on the remaining yi ,
for all i ∈ [N2 ] \ S. The feasible set becomes:
n

o

c = x ∈ X | ∃y ∈ F I1 ,N2 −|S| : G(z)x + Hy(z) ≥ f (z) ∀z ∈ W ,
X
\S
\S

where G(z) and H are the resulting coefficient matrices of x and y, respectively,
and f (z) is the corresponding right-hand side vector after elimination. Since y ∈
c is a conservative (inner) approximation of X ,
F I1 ,N2 ⊂ RI1 ,N2 , it follows that X
\S
\S
c
c
c
i.e., X\S ⊆ X\S . We simply use X to denote X\∅ . The following theorem shows that
the more adjustable variables are eliminated, the tighter the approximation becomes;
if all the adjustable variables are eliminated, the set representation is exact, i.e.,
c
X
\[N2 ] = X\[N2 ] = X .
c⊆ X
c ⊆X
c ⊆ X , for all S ⊆ S ⊆ [N ].
Theorem 2.2 X
1
2
2
\S1
\S2

Proof. Let S ⊆ [N2 ]. After eliminating yi , i ∈ S, in X via Algorithm 1, we have
n

o

X\S = x ∈ X | ∃y \S ∈ RI1 ,N2 −|S| : G(z)x + Hy \S (z) ≥ f (z) ∀z ∈ W ,
where G(z) and H are the resulting coefficient matrices of x and y, respectively, and
f (z) is the corresponding right-hand side vector after elimination. From Theorem
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2.1, we know X\S = X . By imposing decision rules F I1 ,1 ⊂ RI1 ,1 to the remaining
yi , for all i ∈ [N2 ] \ S, by definition, we have
n

c = x ∈ X | ∃y ∈ F I1 ,N2 −|S| : G(z)x + Hy (z) ≥ f (z) ∀z ∈ W
X
\S
\S
\S

o
o

n

= x ∈ X | ∃y \S ∈ F I1 ,N2 −|S| , y S ∈ RI1 ,|S| : A(z)x + By(z) ≥ d(z) ∀z ∈ W ,
c⊆ X
c ⊆X =
where A, B and d are the same as in (2.2). Hence, it follows that X
\S
\S
c ⊆X
c ⊆X
X . Now, suppose S1 ⊆ S2 ⊆ [N2 ], we have X
=
X
=
X
.

\S1
\S2
\S1
\S2

Theorem 2.2 shows that Algorithm 1 can be used to improve the solutions of all
existing methods, which includes linear decision rules (see Ben-Tal et al. (2004), Chen
and Zhang (2009)), quadratic decision rules (see Ben-Tal et al. (2009)), piecewise
linear decision rules (see Chen et al. (2008), Chen and Zhang (2009), Bertsimas and
Georghiou (2015)), polynomial decision rules (see Bertsimas et al. (2011b)), and finite
adaptability approaches, see Bertsimas and Dunning (2016), Postek and den Hertog
(2016).
Algorithm 1 can also be applied to nonlinear ARO problems with a subset of adjustable variables that appear linearly in the constraints. E.g., one can use Algorithm
1 to eliminate yl in
o

n

X ge = x ∈ X | ∃y ∈ RI1 ,N2 : f (x, y \{l} , z) + byl ≥ 0 ∀z ∈ W ,
where f ∈ RN1 ×(N2 −1)×I1 ,M is a vector of general functions, and b ∈ RM . Note that
the constraints in X ge are convex or concave in x and/or y and/or z, the constraints
ge
in X\{l}
remain convex or concave in x and/or y \{l} , and/or z, l ∈ [N2 ].
It is worth noting that, for ARO problems without (relatively) complete recourse,
imposing simple decision rules may lead to infeasibility. For those ARO problems,
one can first eliminate some of the adjustable variables to “enlarge” the feasible
region (see Theorem 2.2), then solve them via decision rules or finite adaptability
approaches. We emphasize that our approach is not necessarily a substitution of
all existing methods, but can also be used before the existing methods are applied
as a kind of preprocessing. For the rest of this paper, we mainly focus on the twostage robust linear optimization model (2.1), and illustrate the effectiveness of our
approach by complementing the most conventional method, i.e., linear decision rule
(LDR), y ∈ F I1 ,N2 = LI1 ,N2 , where
LI1 ,N2 =











y ∈ RI1 ,N2

∃y 0 , y i ∈ RN2 , i ∈ [I1 ] : 


y(z) = y 0 +

X

i∈[I1 ]

y i zi

,





and y i ∈ RN2 , i ∈ [I1 ] ∪ {0}, are decision variables. We show that for small-size ARO
problems our approach gives a static tractable counterpart of the ARO problems
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and finds the optimal solution. For moderate or large-size instances, we eliminate a
subset of the adjustable variables and then impose LDR on the remaining adjustable
variables. This yields provably better solutions than imposing LDR on all adjustable
variables.

2.3 Optimality of decision rules: a primal-dual perspective
In this section, we investigate the primal and dual formulations of two-stage ARO
problems through the lens of FME, which enables us to derive some new results on
the optimality of certain decision rule structures for several classes of problems.
2.3.1 A primal perspective
As an immediate consequence of Algorithm 1, one can prove the following result for
two-stage ARO problems.
Theorem 2.3 There exist ODRs for Problem (2.1) such that yl , l ∈ [N2 ], is a convex
piecewise affine function or a concave piecewise affine function, and the remaining
components of y are general piecewise affine functions.
Proof. Let us denote x∗ as the optimal here-and-now decisions, and eliminate all but
one adjustable variable yl in X defined in (2.2) via Algorithm 1. Let Sl = [N2 ] \ {l}.
From Theorem 2.1, we know X = X\Sl . The adjustable variable yl is upper (lower)
bounded by a finite number of minimum (maximum) of affine functions in z, i.e.,
fˇl (z) ≤ yl (z) ≤ fˆl (z)

∀z ∈ W,

(2.9)

where fˇl (z) and fˆl (z) are respectively, convex piecewise affine and concave piecewise
affine functions of z ∈ W. If Problem (2.1) is feasible, then the constraint
fˇl (z) ≤ fˆl (z)

∀z ∈ W

must hold and hence yl (z) = fˇl (z) and yl (z) = fˆl (z) would be ODRs for the adjustable variable yl in Problem (2.1) for all l ∈ [N2 ]. Once the ODR of yl is determined, one can then determine the ODR of the last eliminated adjustable variable
from its upper and lower bounding functions as in (2.9). The ODR of the second
last eliminated adjustable variable can be determined analogously. The ODRs of the
adjustable variables can be determined iteratively by reversing Algorithm 1 in the
exact reversed order of the eliminations. It follows that there exist piecewise affine
functions (not necessarily concave or convex) that are ODRs for the adjustable variables yi , i ∈ [N2 ] \ {l}, in Problem (2.1).
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Since we do not impose any assumption on the uncertainty set W in Problem (2.1),
Theorem 2.3 holds for Problem (2.1) with general uncertainty sets. Bemporad et al.
(2003) show a similar result for Problem (2.1) with right-hand side polyhedral uncertainties. Motivated by the result of Bemporad et al. (2003), in Bertsimas and
Georghiou (2015) and Ben-Tal et al. (2016), the authors construct piecewise linear
decision rules for ARO problems with right-hand side polyhedral uncertainties. Theorem 2.3 stimulates a generalization of the existing methods for ARO problems with
uncertainties that a) reside in general convex sets, or b) appear on both sides of the
constraints.
2.3.2 A dual perspective for polyhedral uncertainty sets
Given a polyhedral uncertainty set
o

n

Wpoly = z ∈ RI1 | ∃v ∈ RI2 : P > z + Q> v ≤ ρ ,
where P ∈ RI1 ×K , Q ∈ RI2 ×K and ρ ∈ RK , Bertsimas and de Ruiter (2016) derive
an equivalent dual formulation of Problem (2.1) (see the proof in Appendix 2.A):
c> x,

minD

(2.10)

x∈X

where the equivalent dual feasible set X D , i.e., X D = X , is defined as follows:

XD =








x∈X





∃λ ∈ RM,K


ω > (A0 x − d0 ) − ρ> λ(ω) ≥ 0 ∀ω ∈ U


i
i
>
>
: pi λ(ω) = (d − A x) ω
∀ω ∈ U, ∀i ∈ [I1 ] 


Qλ(ω) = 0, λ(ω) ≥ 0
∀ω ∈ U
(2.11)

with the dual uncertainty set:
n

o

>
U = ω ∈ RM
+ | B ω = 0 ,

where pi ∈ RI1 are the i-th row vectors of matrix P for i ∈ [I1 ]. There exist auxiliary
variables v in Wpoly . For the decision rules of Problem (2.1), the adjustable variables
y should depend on both z and v. Bertsimas and de Ruiter (2016) show that primal
and dual formulations with LDRs are also equivalent, and optimal LDRs for one
formulation can be easily constructed from the solution of the other formulation by
solving a system of linear equations. The equalities in (2.11) can be used to eliminate
some of the adjustable variables λ via Gaussian elimination. Lemma 3.2 shows that
eliminating adjustable variables in the equalities of a two-stage ARO problem is
equivalent to imposing LDRs.
One can apply Algorithm 1 to eliminate adjustable variables in the dual formulation
(2.10). Note that the structure of the uncertainty set in the primal formulation (2.1)
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becomes part of the constraints in the dual formulation (2.10). From Theorem 2.3,
there exist piecewise affine functions that are ODRs for the adjustable variables λ
in the dual formulation (2.10). Let us consider two special classes of Wpoly , i.e., a
standard simplex and a box.
Theorem 2.4 Suppose the uncertainty set Wpoly is a standard simplex. Then, there
exist LDRs that are ODRs for the adjustable variables y in Problem (2.1).
Proof. Suppose z resides in a standard simplex:
n

Wsimplex = z ∈ RI+1

o

1> z ≤ 1 .

That is, P = 1 ∈ RI1 , Q = 0 ∈ RI2 and ρ = 1 ∈ R in Wpoly . From (2.11), we have
the following reformulation:



X D = x ∈ X

∃λ ∈ RM,1 :

ω > (A0 x − d0 ) − λ(ω) ≥ 0 ∀ω ∈ U


λ(ω) ≥ (di − Ai x)> ω

+




∀ω ∈ U, ∀i ∈ [I1 ] 

.

Observe that the dual adjustable variable λ(w) is feasible in X D if and only if
!+
>

0

i

0

i

>

ω (A x − d ) ≥ λ(ω) ≥ max{(d − A x) ω}

∀ω ∈ U.

i∈[I1 ]

Hence, there exists an ODR in the form of λ(ω) = ω > (A0 x − d0 ), which is affine in
ω. Using the techniques of (Bertsimas and de Ruiter 2016, Theorem 2), we can construct optimal LDRs for the adjustable variables y in the primal formulation (2.1). 
Theorem 2.4 coincides with the recent finding in (Ben-Ameur et al. 2016, Corollary
2), which is a generalization of the result of (Bertsimas and Goyal 2012, Theorem 1)
where authors prove there exist LDRs that are optimal for two-stage ARO problems
with only right-hand side uncertainties that reside in a simplex set. Theorem 2.4 is
used to prove that there exist polynomials of (at most) degree I1 and linear in each
zi , ∀i ∈ [I1 ], that are ODRs for y in Problem (2.1) with general convex uncertainty
sets, see Theorem 3.1.
Theorem 2.5 Suppose the uncertainty set Wpoly is a box. Then, the convex two

piecewise affine functions in the form of (di − Ai x)> ω
justable variables λi , i ∈ [I1 ] in Problem (2.10).

+

Proof. Suppose z resides in the box:
n

Wbox = z ∈ RI1

o

−ρ≤z ≤ρ ,

are ODRs for the ad-
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where ρ ∈ RI+1 . After eliminating the equalities in (2.11) via Gaussian elimination,
we have the following reformulation:
X

D

=




I1 ,I1

x ∈ X ∃λ ∈ R



:

ω > (A0 x − d0 ) +


P

i∈[I1 ] ρi (A
+
i >

i



x − di )> ω − 2ρ> λ(ω) ≥ 0 ∀ω ∈ U 

λi (ω) ≥ (Ai x − d ) ω

∀ω ∈ U,

∀i ∈ [I1 ] 

.

(2.12)
After eliminating all but one adjustable variable λl in X D via Algorithm 1, l ∈ [I1 ],
the dual adjustable variable λl (ω) is feasible in X D if and only if





+
X
X
1  > 0
ω (A x − d0 ) +
ρi (Ai x − di )> ω −
2ρi (Ai x − di )> ω  ≥ λl (ω)
2ρl
i∈[I1 ]
i∈[I1 ]\{l}


(Ai x − di )> ω

+

∀ω ∈ U

≤ λl (ω)

∀ω ∈ U.

One can observe that λl is upper bounded
by a 2|I1 −1| -piecewise affine function,
+
and lower bounded by (dl − Al x)> ω . Hence, there exists an ODR in the form


of λl (ω) = (dl − Al x)> ω

+

, i.e., a two-piecewise affine function. Analogously, it

follows that, there exist ODRs in the form of λi (ω) =
i ∈ [I1 ].



(di − Ai x)> ω

+

for all


An immediate observation from Theorem 2.5 is that, if we eliminate all the adjustable
variables in (2.12) via Algorithm 1, it results in a sum-of-max representation:
D
X\[I
=
1]





x∈X

∀ω ∈ U : ω > (A0 x − d0 ) ≥

X
i∈[I1 ]




ρi |(di − Ai x)> ω| .


Note that there is only one constraint. One can use the techniques proposed in
Gorissen and den Hertog (2013) and Ardestani-Jaafari and Delage (2016b) to solve
Problem (2.1) with box uncertainties approximately.
Note that the number of the uncertain parameters ω ∈ U in the dual formulation
(2.10) equals the number of constraints in the primal formulation (2.1). Therefore,
reducing the number of adjustable variables in the primal (via Algorithm 1), which
leads to more constraints, is equivalent to lifting the uncertainty set of the dual formulation into higher dimensions. In other words, Algorithm 1 can also be interpreted
as a lifting operation that lifts the polyhedral uncertainty sets of ARO problems into
higher dimensions to enhance the decision rules. A related method is proposed by
Chen and Zhang (2009), where the authors improve LDR-based approximations for
ARO problems with fixed recourse by lifting the norm-based uncertainty sets into
higher dimensions.
One could also use FME sequentially for the primal and dual formulation. Step 1.
eliminate (a subset of) the adjustable variables y in the primal (2.1); Step 2. derive

26

Adjustable Robust Optimization via Fourier-Motzkin Elimination

the corresponding dual formulation; Step 3. eliminate some adjustable variables in
the obtained dual formulation; Step 4. solve the resulting problem via decision rules
(if not all of the adjustable variables are eliminated). Since in §2.7.1 we will see that
the dual formulation is far more effective than the primal, we do not consider this
sequential procedure in our numerical experiments.

2.4 Redundant constraint identification
It is well-known that Fourier-Motzkin elimination often leads to many redundant
constraints. In this section, we present a simple, yet effective LP-based procedure to
remove those redundant constraints. Firstly, we give a formal definition of redundant
constraints for ARO problems.
Definition 1 We say the l-th constraint, l ∈ [M ], in the feasible set (2.2) is redundant if and only if for all x ∈ X and y ∈ RI1 ,N2 such that
>
a>
i (ζ)x + bi y(ζ) ≥ di (ζ)

∀ζ ∈ W,

∀i ∈ [M ]\{l} ,

(2.13)

then
>
a>
l (z)x + bl y(z) ≥ dl (z)

∀z ∈ W,

(2.14)

where ai and bi are the i-th row vectors of matrices A and B, respectively, and di is
the i-th component of d for i ∈ [M ].
Hence, a redundant constraint is implied by the other constraints in (2.2), and it does
not define the feasible region of x. The redundant constraint identification (RCI)
procedure in Theorem 2.6 is inspired by Caron et al. (1989).
Theorem 2.6 The l-th constraint, l ∈ [M ] in the feasible set (2.2) is redundant if
and only if
Zl∗ = x,y,z
min

>
a>
l (z)x + bl y(z) − dl (z)

>
s.t. a>
i (ζ)x + bi y(ζ) ≥ di (ζ) ∀ζ ∈ W,

∀i ∈ [M ]\{l}

(2.15)

x ∈ X, y ∈ RI1 ,N2 , z ∈ W
has nonnegative optimal objective, i.e., Zl∗ ≥ 0.
Proof. Indeed if Zl∗ ≥ 0, then for all x ∈ X and y ∈ RI1 ,N2 that are feasible in
(2.13), we also have
n

o

>
0 ≤ Zl∗ ≤ min a>
l (z)x + bl y(z) − dl (z) ,
z∈W
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which implies feasibility in (2.14). Conversely, if Zl∗ < 0, from the optimum solution
of Problem (2.15), there exists a solution x ∈ X and y ∈ RI1 ,N2 that would be
feasible in (2.13), but

o

n

>
min a>
l (z)x + bl y(z) − dl (z) < 0,
z∈W

which would be infeasible in (2.14).



Unfortunately, identifying a redundant constraint could be as hard as solving the
ARO problem. Moreover, not all redundant constraints have to be eliminated, since
only the constraints with adjustable variables are potentially “malignant” and could
lead to proliferations of redundant constraints after Algorithm 1. Therefore, we
propose the following heuristic for identifying a potential malignant redundant constraint, i.e, one that has adjustable variables.

Theorem 2.7 Let M1 and M2 be two disjoint subsets of [M ] such that

ai (z) = ai , bi 6= 0
bi = 0

∀i ∈ M1 ,
∀i ∈ M2 .

Then the l-th constraint, l ∈ M1 in the feasible set (2.2) is redundant if the following
tractable static RO problem:

Zl† = min
x,y,z

>
a>
l x + bl y − dl (z)

s.t. a>
i (ζ)x ≥ di (ζ)
a>
i x

+

b>
i y

≥ di (z)

∀ζ ∈ W,

∀i ∈ M2

∀i ∈ M1 \{l}

x ∈ X, y ∈ RN2 , z ∈ W

has a nonnegative optimal objective value, i.e., Zl† ≥ 0.

(2.16)
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Proof. Observe that for any l ∈ M1 ,
>
Zl∗ ≥ x,y,z
min a>
l x + bl y(z) − dl (z)

s.t. a>
i (ζ)x ≥ di (ζ)
a>
i x

+

∀ζ ∈ W,

b>
i y(ζ) ≥ di (ζ)
I1 ,N2

x ∈ X, y ∈ R

∀ζ ∈ W,

∀i ∈ M2

∀i ∈ M1 \{l}

,z ∈ W

>
≥ x,y,z
min a>
l x + bl y(z) − dl (z)

s.t. a>
i (ζ)x ≥ di (ζ)
a>
i x

+

∀ζ ∈ W,

b>
i y(z) ≥ di (z)
I1 ,N2

x ∈ X, y ∈ R

∀i ∈ M2

∀i ∈ M1 \{l}

,z ∈ W

>
= min a>
l x + bl y − dl (z)
x,y,z

s.t. a>
i (ζ)x ≥ di (ζ)
a>
i x

+

b>
i y

∀ζ ∈ W,

≥ di (z)

∀i ∈ M2

∀i ∈ M1 \{l}

N2

x ∈ X, y ∈ R , z ∈ W
= Zl† .
Hence, whenever Zl† ≥ 0, we have Zl∗ ≥ 0, implying the l-th constraint is redundant.

Note that in Theorem 2.7, to avoid intractability, only a subset of constraints in the
feasible set (2.2) is considered, i.e., M1 ∪ M2 6= [M ]. We can extend the subset
M1 ⊆ [M ] if the uncertainties affecting the constraints in M1 are column-wise.
j
Specifically let {z 0 , ..., z N1 }, z j ∈ RI1 , j ∈ [N1 ] ∪ {0} be a partition of the vector
z ∈ RI1 into N1 + 1 vectors (including empty ones) such that
n

o

W = (z 0 , ..., z N1 ) | z j ∈ Wj , ∀j ∈ [N1 ] ∪ {0} .

(2.17)

Note that if z j , j ∈ [N1 ] are empty vectors, then we would have W = W0 . Let
S ⊆ [N1 ] and S̄ = [N1 ]\S such that xj ≥ 0 for all j ∈ S is implied by the set X. We
redefine the subset M1 ⊆ [M ] such that for all i ∈ M1 , bi 6= 0 and the functions
j
0
aij ∈ LI1 ,1 and di ∈ LI1 ,1 are affine in z j , for all j ∈ [N2 ] ∪ {0}, specifically,
aij (z) = aij (z j )
aij (z) = aij
di (z) = di (z 0 ).

∀j ∈ S
∀j ∈ S̄

Note that since S or z j , j ∈ [N1 ] can be empty sets, the conditions to select M1 is
more general than in Theorem 2.7. From Theorem 2.7, one can check whether the
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l-th inequality, l ∈ M1 is redundant by solving the following problem:
Zl† = min

X

x∈X,y,z

alj (z j )xj +

j∈S

X









0
alj xj + b>
l y − dl z

j∈S̄

a>
i (ζ)x

s.t.

X

≥ di (ζ)

aij (z j )xj +

j∈S

X

∀ζ ∈ W,
0
aij xj + b>
i y ≥ di z

∀i ∈ M2

∀i ∈ M1 \{l}

(2.18)

j∈S̄

j

z ∈ Wj

∀j ∈ S ∪ {0}.

The l-th inequality is redundant if the optimal objective value is nonnegative. Due to
the presence of products of variables (e.g., z j xj ), Problem (2.18) is nonconvex in x
and z. An equivalent convex representation of (2.18) can be obtained by substituting
wj = z j xj , j ∈ S,
Zl‡ = min

x∈X,y,z

s.t.

X

alj (wj /xj )xj +

j∈S









0
alj xj + b>
l y − dl z

j∈S̄

a>
i (ζ)x
X

X

≥ di (ζ)

aij (wj /xj )xj +

j∈S

∀ζ ∈ W,
X

0
aij xj + b>
i y ≥ di z

∀i ∈ M2

∀i ∈ M1 \{l}

j∈S̄

(wj , xj ) ∈ Kj

∀j ∈ S

z 0 ∈ W0 ,
(2.19)
where aij (wj /xj ) xj is linear in (wj , xj ) and the set Kj is a convex cone defined as
n

j

o

Kj = cl (u, t) ∈ RI1 +1 | u/t ∈ Wj , t > 0 .
Hence, (2.19) is a convex optimization problem. This transformation technique is
first proposed in Dantzig (1963) to solve Generalized LPs. Gorissen et al. (2014) use
this technique to derive tractable robust counterparts of a linear conic optimization
problem. This technique is also applied to derive a convex representation of the
feasible set for systems of uncertain linear equations in Chapter 4.
Algorithm 1 does not destroy the column-wise uncertainties, and the resulting reformulations from Algorithm 1 and RCI procedure are independent from the objective
function of ARO problems. Therefore, the reformulation can be pre-computed offline
and used to evaluate different objectives. Two-stage ARO problems with column-wise
uncertainties are considered in, e.g., Minoux (2011), Ardestani-Jaafari and Delage
(2016a), Xu and Burer (2016).
Example 2.2 (removing redundant constraints for lot-sizing on a network)
Let us again consider (P ) in Example 2.1. The uncertain demand z is assumed to
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be in a budget uncertainty set:
n
√ o
>
W = z ∈ RN
|
z
≤
20,
1
z
≤
20
N .
+

(2.20)

We pick the N store locations uniformly at random from [0, 10]2 . Let the unit cost
tij to transport demand from location i to j be the Euclidean distance if i 6= j, and
tii = 0, i, j ∈ [N ]. The storage n
cost per unit is ci o
= 20, i ∈ [N ], and the capacN1
ity of each store is 20, i.e., X = x ∈ R+ | x ≤ 20 . The numerical settings here
are adopted from Bertsimas and de Ruiter (2016). In Table 2.1, we illustrate the
effectiveness of our procedure introduced above. To utilize the effectiveness of redundant constraints identification (RCI) procedure, we repeatedly perform the following
procedure: after eliminating an adjustable variable via Algorithm 1, we solve (2.19)
for each constraint, and remove the constraint from the system if it is redundant.
The computations reported in Table 2.1 were carried out with Gurobi 6.5 (Gurobi
Optimization 2015) on an Intel i5-2400 3.10GHz Windows 7 computer with 4GB
of RAM. The modeling was done using the modeling language CVX within Matlab
2015b. Table 2.1 shows that the RCI procedure is very effective in removing redundant constraints for the lot-sizing problem. For instance, when N = 4, on average,
after 12 adjustable variables are eliminated, our proposed procedure leads to merely
31 constraints, whereas only using Algorithm 1 without RCI would result in 43,594
constraints, and the total time needed for detecting and removing the redundant constraints thus far is 10.2 seconds. Note that Time is 0, if #Elim. ≤ N . This is
because we first eliminate the adjustable variables that have transport costs tii = 0,
i ∈ [N ].

2.5 Extension to adjustable distributionally robust optimization
Problem (2.1) may seem conservative as it does not exploit distributional knowledge
of the uncertainties that may be available. It has recently been shown in Bertsimas et al. (2017) that by adopting the lifted conic representable ambiguity set of
Wiesemann et al. (2014), Problem (2.1) is also capable of modeling an adjustable
distributionally robust optimization (ADRO) problem,




min
c> x + sup EP v > y(z̃)
x,y
P∈F

(2.21)

s.t. A(z)x + By(z) ≥ d(z) ∀z ∈ W
x ∈ X, y ∈ RI1 ,N2 ,

where z̃ is now a random variable with a conic representable support set W and its
probability distribution is an element from the ambiguity set, F given by
F=







P ∈ P0 RI1



EP (Gz̃) ≤ µ




P(z̃ ∈ W) = 1 

,
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Table 2.1 – Removing redundant constraints for lot-sizing on a network. Here,
“–” stands for not applicable, and “∗” means out of memory for the current
computer. We use #Elim. to denote the number of eliminated adjustable
variables; FME denotes the number of constraints from Algorithm 1; Before
and After are the number of constraints from applying Fourier-Motzkin elimination and RCI alternately; Time records the total time (in seconds) needed to
detect and remove the redundant constraints thus far. All numbers reported
in this table are the average of 10 replications.

N=3

N=4

N=5

N=10

#Elim.
FME
Before
After
Time(s)
FME
Before
After
Time(s)
FME
Before
After
Time(s)
FME
Before
After
Time(s)

0
5
7
13 10 21
13 10 14
13
9
11
0
0.8 1.7
21 17 20
21 17 18
21 17 18
0
0.6 1.9
31 26 26
31 26 26
31 26 25
0
0
1.0
111 106 104
111 106 104
111 106 104
0
0
0

9
12
126
–
17
–
11
–
2.9
–
60 43594
26
75
23
31
3.6 10.2
37 1096
31
76
27
46
3.1
9.0
102 101
102 101
102 100
0
3.6

13
16
19
22
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
*
*
–
–
92
102
–
–
33
36
–
–
13.5 24.3
–
–
12521
*
*
*
108
486
697
869
54
82
101
116
13.0 54.0 137.3 247.8
104
165 31560
*
102
125
398
1359
102
116
180
343
3.7
4.7
24.3 624.3

25
–
–
–
–
–
–
–
–
*
750
127
346.7
*
*
*
*
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with parameters G ∈ RL1 ×I1 and µ ∈ RL1 . For convenience and without loss of
generality, we have incorporated the auxiliary random variable defined in Bertsimas
et al. (2017), Wiesemann et al. (2014) as part of z̃ and we refer interested readers
to their papers regarding the modeling capabilities of such an ambiguity set. Under
the Slater’s condition, i.e., the relative interior of {z ∈ W : Gz ≤ µ} is non-empty,
by introducing new here-and-now decision variables r and s, Bertsimas et al. (2017)
reformulate (2.21) into the following equivalent two-stage ARO problem,
min

c> x + r + s> µ

(x,r,s)∈X̄

where
X =






(x, r, s) ∈ X × R × RL+1





∃y ∈ RI1 ,N2 :
r + s> (Gz) ≥ v > y(z)
∀z ∈ W
A(z)x + By(z) ≥ d(z) ∀z ∈ W






.





We can now apply our approach to solve the above problem. In §2.7.2, we show that
our approach significantly improves the obtained solutions in Bertsimas et al. (2017).

2.6 Generalization to multistage problems
The order of events in multistage ARO problems is as follows: The here-and-now
decisions x are made before any uncertainty is realized, and then the uncertain
parameters z S i are revealed in the later stages, where i ∈ [N2 ] and S i ⊆ [I1 ]. We
i
make the decision yi ∈ R|S |,1 with the benefit of knowing z S i , but with no other
knowledge of the uncertain parameters z \S i to be revealed later. We assume the
information sets S i ⊆ [I1 ], i ∈ [N2 ], satisfy the following nesting condition:
Definition 2 For all i, j ∈ [N2 ], we have either S i ⊆ S j , S j ⊆ S i or S i ∩ S j = ∅.
This nesting condition is a natural assumption in multistage problems, which simply ensures our knowledge about uncertain parameters is nondecreasing over time.
For example, the information sets S 1 ⊆ S 2 · · · ⊆ S N2 ⊆ [I1 ] satisfy this condition.
Dependencies between uncertain parameters both within and across stages can be
modelled in the uncertainty set W. The feasible set of a multistage ARO problem is
as follows:
n

X = x ∈ X | ∃yi ∈ R|S

i |,1

o

, ∀i ∈ [N2 ] : A(z)x + By(z) ≥ d(z) ∀z ∈ W , (2.22)
N

where yi is the i-th element of y, and y(z) = [y1 (z S 1 ), · · · , yN2 (z S N2 )]> ∈ R|S 2 |,N2 .
While this process of decision making across stage is simple enough to state, modeling
these nonanticipativity restrictions, i.e., a decision made now cannot be made by using
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exact knowledge of the later stages, is the primary complication that we address in
this section as we extend our approach to the multistage case.
We propose a straightforward modification of Algorithm 1 to incorporate the nonanticipativity restrictions. Suppose the nesting condition is satisfied, we first eliminate
yl in (2.22) via FME, where l = arg maxi∈[N2 ] |S i |. Similarly as in Step 2 of Algorithm
i
1, we have the following constraints: there exists yi ∈ R|S |,1 for all i ∈ [N2 ] \ {l},
(

fj (z) +

g>
j (z)x

+

h>
j y \{l} (z)

≥ fi (z) +

g>
i (z)x

+

h>
i y \{l} (z)

∀(z, z) ∈ W if

bjl < 0
,
bil > 0

>
fk (z) + g >
k (z)x + hk y \{l} (z) ≤ 0 ∀z ∈ W if bkl = 0,

(2.23)
n

o

where W = (z, z) ∈ R2I1 | z ∈ W, z ∈ W, z S l = z S l is an augmented uncertainty
set. Due to the nonanticipitivity restrictions, the adjustable variable yl only depends
on z S l . The augmented uncertainty set W enforces the constraints containing yl to
share the same information z S l , but the unrevealed z \S l are not necessarily the same
across constraints. One simple yet crucial observation is that the nesting condition
implies y \{l} (z) = y \{l} (z) for all (z, z) ∈ W. Hence, we have y \{l} (z) instead of
y \{l} (z) on the left hand side of the first inequality in (2.23). One can now update [N2 ]
to [N2 ] \ {l}, and further eliminate the remaining adjustable variables analogously.
2.7 Numerical experiments
In this section, we evaluate the performance of our FME approach on an ARO problem and an ADRO problem. Firstly, we further investigate the lot-sizing problem
discussed in Example 2.1 & 2.2. Then, we consider a medical appointment scheduling
problem where the distributional knowledge of the uncertain consultation time of the
patients is partially known.
2.7.1 Lot-sizing on a network
Let us again consider (P ) in Example 2.1 with the same parameter setting as in
Example 2.2. From (2.11), one can write the equivalent dual formulation:
min

x,λ,τ

c> x + τ

√
X
s.t. ω0 τ − 20 N λ0 (ω) +
(ωi xi − 20λi (ω)) ≥ 0

∀ω ∈ U

i∈[N ]

λ0 (ω) + λi (ω) ≥ ωi
0 ≤ x ≤ 20
λ(ω) ≥ 0 λ ∈ RN +1,N +1 ,

∀ω ∈ U,

i ∈ [N ]

(D)
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with the dual uncertainty set:
n

+1
U = ω ∈ RN
| − tij ω0 + ωi + ωj ≤ 0, 1> ω = 1 ∀i, j ∈ [N ] : i 6= j
+

o

.

P

Note that due to the existence of i∈[N ] ωi xi in the first constraint of (D), the uncertainties are not column-wise. The RCI procedure proposed in §2.4 does not detect
any redundant constraint. Hence, we only apply Algorithm 1 (without RCI) for (D).
Here, the dimensions of adjustable variables in primal and dual formulations are significantly different, i.e., the number of adjustable variables in the dual formulation
(D) is N + 1, whereas in the primal formulation (P ), it is N 2 . One may expect that
it is more effective to eliminate adjustable variables via Algorithm 1 in (D) than in
(P ). We show via the following numerical experiments that it is indeed the case.
2.7.1 Numerical study
Table 2.2 shows that, throughout all the experiments, solutions converge to optimality
faster for (D) than for (P ). Hence, in Table 2.3, we focus on the formulation (D)
for larger instances, e.g., N ∈ {15, 20, 30}. It shows that eliminating a subset of
adjustable variables first (taking into account the computational limitation), and
then solve the reformulation with LDRs leads to better solutions.
Note that the optimal objective values (OPT) used in Table 2.2 are computed by
enumerating all the vertices of the budget uncertainty set (2.20). For N ≤ 10, the
problems can be solved in 5 seconds on average. We also investigate the effect of
the sequence in which to eliminate the adjustable variables. We observe no clear
effect on the results of (P ) if a different eliminating sequence is used. However,
if we first eliminate λ0 in (D), the number of resulting constraints increases much
faster than first eliminating λi , i ∈ [N ]. Hence, if λ0 is eliminated first, we can only
eliminate fewer adjustable variables before our computational limit is reached, which
results in poorer approximations than the ones that are reported in Table 2.2. We
suggest to first eliminate the adjustable variables that produce the smallest number
of constraints (which can be easily computed before the elimination, see §2.2), such
that we eliminate as many adjustable variables as possible while keeping the problem
size at its minimal size.
2.7.2 Medical appointment scheduling
For the second application, we consider a medical appointment scheduling problem
where patients arrive at their stipulated schedule and may have to wait in a queue
to be served by a physician. The patients’ consultation times are uncertain and their
arrival schedules are determined at the first stage, which can influence the waiting
times of the patients and the overtime of the physician. This problem is studied in
Kong et al. (2013), Mak et al. (2014), Bertsimas et al. (2017).
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Table 2.2 – Lot-sizing on a Network for N ∈ {5, 10}. We use #Elim. to
denote the number of eliminated adjustable variables; RCI is the number of
resulting constraints from first applying Algorithm 1 and then RCI procedure;
FME denotes the number of constraints from Algorithm 1; Gap% denotes the
average optimality gap (in %) of 10 replications, i.e., for a candidate solution
T
sol., the gap is sol.−OP
, where OP T denotes the optimal objective value;
OP T
Time records time (in seconds) needed to solve the corresponding optimization
problem; TTime reports the total time (in seconds) needed to remove the
redundant constraints and solve the optimization problem.

#Elim.
RCI
P
Gap%
TTime(s)
N=5
#Elim.
FME
D
Gap%
Time(s)
#Elim.
RCI
P
Gap%
TTime(s)
N=10
#Elim.
FME
D
Gap%
Time(s)

1
11
15
19
22
25
–
30
37
75
101
116
127
–
3.3 2.9 1.7
0.7
0.1
0
–
0.1 12.9 58.3 223.2 394.3 550.3
–
1
2
3
4
5
6
–
11
10
13
19
33
272
–
3.3 2.8 2.3
1
0.2
0
–
0.1 0.1 0.1
0.1
0.1
0.1
–
1
12
17
19
21
22
100
110 100 133
180
276
343
*
6.0 6.0 6.0
5.9
5.8
5.7
*
0.1 14.8 52.6 100.7 987.7 1639.8
*
1
5
7
8
9
10
11
21
43 135
261
515
1025 149424
6 4.6 2.6
1.8
0.8
0.2
*
0.1 0.2 0.4
0.9
1.9
4.6
*
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Table 2.3 – Lot-sizing on a Network for N ∈ {15, 20, 30}. Here, “∗” indicates the average computation time exceeded the 10 min. threshold. We use
#Elim. to denote the number of eliminated adjustable variables; FME denotes
the number of constraints from Algorithm 1; Red.% denotes the average cost
reduction (in %) of the approximated solution via LDRs (without constraint
elimination) of 10 replications , i.e., for a candidate solution sol., the Red.% is
sol.−LDR
LDR ; Time records the time (in seconds) needed to solve the corresponding
optimization problem.

N=15

N=20

N=30

#Elim.
FME
Red.%
Time(s)
FME
Red.%
Time(s)
FME
Red.%
Time(s)

1
2
3
4
31
31
33
39
0 -0.1 -0.4 -0.5
0.3 0.3 0.3 0.4
41
41
43
49
0 -0.1 -0.2 -0.3
0.6 0.5 0.6 0.8
61
61
63
69
0
0 -0.1 -0.2
2.2 2.2 2.6 3.4

5
6
7
8
9
10
11
53
83 145 271
525 1035 2057
-0.7 -0.9 -1.6 -1.9
-2.2
-2.8
-3.4
0.5
1 1.5 3.6
8.9 25.2 125.1
63
93 155 281
535 1045 2067
-0.4 -0.5 -0.9
-1
-1.2
-1.5
-1.8
1.3 2.5 3.5 10.1 36.1 67.7 206.2
83 113 175 301
555 1065 2087
-0.2 -0.3 -0.4 -0.5
-0.6
-0.8
*
5.8 15.0 54.6 55.7 214.5 522.2
*

The problem setting here is adopted from Bertsimas et al. (2017). We consider N
patients arriving in sequence with their indices j ∈ [N ] and the uncertain consultation
times are denoted by z̃j , j ∈ [N ]. We let the first stage decision variable, xj to
represent the inter-arrival time between patient j to the adjacent patient j + 1 for
j ∈ [N − 1] and xN to denote the time between the arrival of the last patient and
the scheduled completion time for the physician before overtime commences. The
first patient will be scheduled to arrive at the starting time of zero and subsequent
P
patients i, i ∈ [N ], i ≥ 2 will be scheduled to arrive at j∈[i−1] xj . Let T denote
the scheduled completion time for the physician before overtime commences. In
describing the uncertain consultation times, we consider the following partial cross
moment ambiguity set:

F=







EP (z̃) = µ
P ∈ P0 (RN × RN +1 )

EP (ũi ) ≤ φi






∀i ∈ [N + 1]







,






P((z̃, ũ) ∈ W) = 1

where

W=



















z≥0
N

N +1

(z, u) ∈ R × R

(zi − µi )2 ≤ ui

∀i ∈ [N ]











2


X

i∈[N ]

(zi − µi ) ≤ uN +1










.
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Note that the introduction of the axillary random variable ũ in the ambiguity set is
first introduced in Wiesemann et al. (2014) to obtain tractable formulations. Subsequently, Bertsimas et al. (2017) show that by incorporating it in LDRs, we could
greatly improve the solutions to the adjustable distributionally robust optimization
problem. A common decision criterion in the medical appointment schedule is to
minimize the expected total cost of patients waiting and physician overtime, where
the cost of a patient waiting is normalized to one per unit delay and the physician’s
overtime cost is γ per unit delay. The optimal arrival schedule x can be determined
by solving the following two-stage adjustable distributionally robust optimization
problem:


min
x,y

sup EP 
P∈F


X

yi (z̃, ũ) + γyN +1 (z̃, ũ)

i∈[N ]

s.t. yi (z, u) − yi−1 (z, u) + xi−1 ≥ zi−1
y(z, u) ≥ 0
X

∀(z, u) ∈ W

∀i ∈ {2, . . . , N + 1}

∀(z, u) ∈ W

xi ≤ T

i∈[N ]
I1 +I2 ,N +1
x ∈ RN
,
+, y ∈ R

(2.24)
where yi denotes the waiting time of patient i, i ∈ [N ], and yN +1 represents the
overtime of the physician. Since W is clearly not polyhedral, the reformulation
technique of Bertsimas and de Ruiter (2016) cannot be applied here. As in Bertsimas
et al. (2017), we use ROC to formulate the problem via LDRs, where the adjustable
variables y are affinely in both z and u, and solve it using CPLEX 12.6. ROC is
a software package that is developed in C++ programming language and we refer
readers to http://www.meilinzhang.com/software for more information.
2.7.2 Numerical study
The numerical settings of our computational experiments are similar to Bertsimas
et al. (2017). We have N = 8 jobs and the unit overtime cost is γ = 2. For each
job i ∈ [N ], we randomly select µi based on uniform distribution over [30, 60] and
σi = µi ·  where  is randomly selected based on uniform distribution over [0, 0.3].
The uncertain job completion times are independently distributed and hence we have
P
2
φ2 = N
i=1 σi . The evaluation period, T depends on instance parameters as follows,
T =

N
X
i=1

µi

v
uN
uX
+ 0.5t σ 2 .
i

i=1

We consider 9 reformulations of Problem (2.24), in which 1 to 9 adjustable variables
are eliminated, with 10 randomly generated uncertainty sets. As shown in Table 2.4,
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Table 2.4 – Appointment scheduling for N = 8. Here, “∗” means out of
memory for the current computer. We use #Elim. to denote the number of
eliminated adjustable variables; FME denotes the number of constraints from
Algorithm 1; Before and After are the number of constraints from applying
Algorithm 1 and RCI alternately; Time records the total time (in seconds)
needed to detect and remove the redundant constraints thus far; Obj. denotes the average objective value obtained from solving (2.24) via LDRs; Min.
Gap%, Max. Gap% and Gap% records the minimum, maximum and average
optimality gap (in %) of 10 replications, respectively, i.e., for a candidate soluT
tion sol., the gap is sol.−OP
, where OP T denotes the optimal objective value.
OP T
All numbers reported in the last four rows are the average of 10 replications.

# Elim.
FME
Before
After
Time(s)
Obj.
Gap%
Min. Gap%
Max. Gap%

0
1
2
3
4
5
6
7
8
9
18
17
17
20
37 132 731 5050 40329
*
18
17
17
20
29
52 107 234
521 1152
18
17
17
18
21
28 43
74
137 255
0 0.7 1.0 1.1 1.5 2.8 5.8 12.9
30.7 74.9
155 155 155 155 155 152 148 145
142 138
12.8 12.8 12.8 12.7 12.5 10.5 7.6
5.6
3.3
0
10.4 10.4 10.4 10.4 10.3 9.7 6.4
4.8
2.5
0
14.6 14.6 14.6 14.5 13.5 11.5 8.1
6.2
3.6
0

the RCI procedure effectively removes the redundant constraints in the reformulations. After 92.3 seconds of preprocessing, all 9 adjustable variables are eliminated,
which ends up with only 255 constraints, whereas only using Algorithm 1 without
RCI leads to so many constraints that our computer is out-of-memory. Although
computing the reformulations can be time consuming, we only need to compute the
reformulations once, because our reformulation procedure via Algorithm 1 and RCI
is independent from the uncertainty set of Problem (2.24). For the 10 randomly
generated uncertainty sets, the average optimality gap of the solutions obtained in
Bertsimas et al. (2017) is 12.8%. Our approach reduces the optimality gap to zero
when more adjustable variables are eliminated. Since the size of this problem is
relatively small, the computational times for all the instances in Table 2.4 are less
than 2 seconds. Lastly, same as for the primal formulation of the lot-sizing problem,
we observe no clear effect on the obtained results if different eliminating sequences
are considered. Furthermore, the number of constraints after the eliminations and
the RCI procedures remains unchanged for Problem (2.24) if different eliminating
sequences are used.
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2.8 Conclusions
We propose a generic FME approach for solving ARO problems with fixed recourse to
optimality. Through the lens of FME, we characterize the structures of the ODRs for
a broad class of ARO problems. We extend the approach of Bertsimas et al. (2017)
for ADRO problems. Via numerical experiments, we show that for small-size ARO
problems our approach finds the optimal solution, and for moderate to large-size
instances, we successively improve the approximated solutions obtained from LDRs.
On a theoretical level, one immediate future research direction would be to characterize the structures of the ODRs for multistage problems, e.g., see Bertsimas et al.
(2010), Iancu et al. (2013). Another potential direction would be to extend our FME
approach to ARO problems with integer adjustable variables or non-fixed recourse.
On a numerical level, we would like to investigate the performance of Algorithm 1
with finite adaptability approaches or other decision rules on solving ARO problems.
Moreover, many researchers have proposed alternative approaches for computing
polytopic projections and identifying redundant constraints in linear programming
problems. For instance, Huynh et al. (1992) discusses the efficiency of three alternative procedures for computing polytopic projections, and introduces a new RCI
method; Paulraj and Sumathi (2010) compares the efficiency of five RCI methods.
Another potential direction would be to adapt and combine the existing alternative
procedures to further improve the efficiency of our proposed approach.
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Appendices
2.A Proof of the dual formulation
Proof. We first represent Problem (2.1) in the equivalent form:
min max min
y
x∈X z∈Z

n

o

c> x | A(z)x + By ≥ d(z) .

Due to strong duality, we obtain the following reformulation by dualizing y:
min

max

n

x∈X z∈Z,ω∈RM
+

c> x | ω > (d(z) − A(z)x) ≤ 0, B > ω = 0

o

.
o

n

Similarly, by further dualizing z ∈ Zpoly = z ∈ RI1 | ∃v ∈ RI2 : P > z + Q> v ≤ ρ ,
we have:
min max
min
M
x∈X ω∈R λ≥0
+






c> x





ω > (d0 − A0 x) + ρ> λ ≤ 0
i
i
>
p>
i λ = (d − A x) ω
>
Qλ = 0, B ω = 0






∀i ∈ [I1 ]  ,



where pi ∈ RI1 , i ∈ [I1 ], is the i-th row vector of matrix P , which can be represented
equivalently as in (2.10):

min
x∈X






c> x

∃λ ∈ RM,K :




n

ω > (A0 x − d0 ) − ρ> λ(ω) ≥ 0
i
i
>
p>
i λ(ω) = (d − A x) ω
Qλ(ω) = 0, λ(ω) ≥ 0
o

>
where W = ω ∈ RM
+ | B ω = 0 .

∀ω ∈ W
∀ω ∈ W, ∀i ∈ [I1 ]
∀ω ∈ W











,

CHAPTER 3

Computing the Maximum Volume Inscribed
Ellipsoid of a Polytopic Projection
3.1 Introduction
Let P be a polytope in Rn1 +n2 (not necessarily full-dimensional) defined by m linear
inequalities



!

x
P=
∈ Rn1 +n2
 y

!




x
A
≤b ,

y

(3.1)

where x ∈ Rn1 , y ∈ Rn2 , A ∈ Rm×(n1 +n2 ) , and b ∈ Rm . The aim of this paper is
to propose a novel approach that computes the maximum volume inscribed ellipsoid
(MVE) of the projected polytope P onto the x-space. The auxiliary variables y may
occur in P due to the nature of the problem at hand or the result of reformulations
to make the problem linear. Finding the MVE of a polytopic projection may arise
in many applications:
Application 1. Ellipsoidal approximations to polytopic sets. For polytopes
with many constraints and/or facets, ellipsoids are much easier to handle, both theoretically and computationally. For instance, the global minimum of any quadratic
functions over an ellipsoid can be located in polynomial time while finding such
global minimum over a polytope is generally NP-hard. Since the description of the
polytopic feasible set for power system problems often contains prohibitively many
constraints, Sarić and Stanković (2008) propose to first simplify the description of
the polytopic feasible set to a one-line MVE approximation, and then determine the
optimal economic dispatch and locational marginal prices within the MVE.
Application 2. Maximal homothet of a polytopic projection. Aggregation of
a large number of responsive loads presents power flexibility for demand response. An
effective control and coordination scheme of flexible loads requires an accurate and
tractable model that captures their aggregate flexibility. The flexibility of each indi-
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vidual load is a polytope, and their aggregation is the Minkowski sum of these polytopes. The aggregate flexibility can be viewed as the projection of a high-dimensional
polytope onto the subspace representing the aggregate power. Zhao et al. (2016) extends our approach to extract the aggregate flexibility of deferrable loads using inner
approximation of the polytopic projection.
Application 3. Design centering/tolerance design problems. Consider a
manufacturing process in which the characteristics of a product are represented by
a vector x. Due to unavoidable disturbances, e.g., implementation errors, in the
manufacturing process, the realized value of x will deviate from the nominal value
in the design. The product is acceptable if x lies in the “region of acceptability” P.
Without assuming the structure of the uncertainties, a product design x that is “most
interior” in the x-space of P is desired. For problems without auxiliary variables,
Graeb (2007) and Hendrix et al. (1996) propose to consider the MVE center as the
robust design.
Application 4. Nominal scenario recovery in polytopic uncertainty set. In
robust optimization, the uncertainty set contains the scenarios for which one would
safeguard. One may be interested to find a centralized nominal scenario that is not
far from the (later) realization. For example, the approximated nominal scenario
can be used to evaluate the price of robustness (see Bertsimas and Sim (2004)).
Due to the existence of auxiliary variables, the MVE center of the projection can be
considered as an approximation of the nominal scenario.
Application 5. Robust solutions for system of uncertain linear equations.
Given a system of uncertain linear equations Ax = b, where the coefficient matrix
A and right-hand side vector b reside in an polytopic uncertainty set U. The convex
representation of the feasible solution set {x | ∃(A, b) ∈ U : Ax = b} contains auxiliary variables. Chapter 4 considers the MVE (and its center) of the feasible solution
set as an inner approximation of the set (a centered solution of the system).
The method for finding the MVE of a full-dimensional polytope with no auxiliary
variables (e.g., the variables y in P) is well-established, which can be computed in
polynomial time by solving a semidefinite programming (SDP) problem (see Boyd
and Vandenberghe (2004)). One obvious way of determining the MVE in the x-space
of a given polytope P is as follows: firstly, we project P onto the x-space, in other
words, derive an explicit description of the x-space with no auxiliary variables y;
then, we can solve an SDP problem to find the MVE of the projected polytope. The
projection of P can be obtained by eliminating the auxiliary variables y. The pioneer
method Fourier-Motzkin elimination (FME) was first introduced in Fourier (1824),
and was rediscovered in Motzkin (1936). In each step of the iterative algorithm
the dimension of the polytope is reduced by projecting it onto a hyperplane. Other
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projection methods, i.e., the Extreme Point Method (see Lassez (1990)) and Convex
Hull Method (see Lassez and Lassez (1992)), are evaluated in Huynh et al. (1992).
Jones et al. (2004) develop a new algorithm for obtaining the projection of polytopes,
which is suited for problems in which the number of vertices far exceeds the number
of facets. A more recent development on the method for variable elimination in
systems of inequalities can be found in Chaharsooghi et al. (2011). However, Tiwary
(2008) shows that deriving an explicit description of a projected polytope is NP-hard
in general. The size of the description of the projection and of the intermediate
computations can be intractable (see Example 3.2).
We develop a novel approach for computing the MVE in a polytopic projection. We
first eliminate a subset of auxiliary variables via FME, and then compute the MVE of
the x-space by solving an adjustable robust optimization (ARO) problem. In general,
one cannot eliminate all the adjustable variables due to the rapid growth in the
number of constraints after FME, otherwise, one can simply solve an SDP problem
to find the desired MVE. In order to improve the computability of our approach, we
remove the redundant constraints and keep the description of the projected polytope
at its minimal size (i.e., no redundant constraints) via an LP-based procedure. BenTal et al. (2004) show that ARO problems are in general NP-hard. Through the lens
of FME, we characterize the optimal decision rules for the proposed ARO problems.
We further impose linear and quadratic decision rules on the remaining adjustable
variables to inner approximate the MVE of the projection. The main advantages
of our approach compared to the existing methods are: a) it can deal with general
polytopes with auxiliary variables, i.e., it does not require an explicit description of
the projection; b) it can be easily extended to find maximally sized convex bodies
in polytopic projections; c) it allows users make a trade-off between approximation
quality and computational complexity.
In order to evaluate the quality of our lower bounds, we adapt the approach of
Hadjiyiannis et al. (2011) (HGK approach) to obtain upper bounds on the optimal
solutions of the proposed ARO problem. We show via numerical experiments that
the upper bound from HGK approach better approximates the optimal objective
value as more auxiliary variables are eliminated. Using FME to improve the upper
bounds from the HGK approach is novel, and can also be easily applied to a broad
class of ARO problems.
In this paper, we focus on MVE because it possesses many appealing properties, e.g.,
it is unique, invariant of the representation of the given convex body, and its center is
a centralized (relative) interior of the convex body. In §3.4.3, we extend our approach
to find a largest ball in a polytopic projection, and its center is known as Chebyshev
center, which is a point that is farthest from the boundary of the projections.
Our main contributions are as follows:
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1. We introduce a novel scheme based on a blending of FME and ARO techniques
to compute the MVE in a polytopic projection. Firstly, we apply FME to
eliminate a subset of auxiliary variables in the given polytope, and then we
solve an ARO problem via decision rule approximations, e.g., linear decision
rules (LDRs) or quadratic decision rules (QDRs), to compute the desired MVE.
For the color tube design problem, the lower bound from QDR approximation
is optimal even if no auxiliary variable is eliminated. Our approach can easily
be generalized to find a maximally sized convex body in a polytopic projection,
and allows users to make a trade-off between solution quality and computational
complexity.
2. Through the lens of FME, we characterize the optimal decision rules for the
proposed ARO problems.
3. After eliminating an auxiliary variable via FME, we apply an LP-based removing redundant constraint procedure to keep the description of the projected
polytope at its minimal size.
4. We further construct an upper bounding scheme based on FME and HGK
approach, which can be easily applied to a broad class of ARO problems. From
numerical experiments, we observe that, a) as more auxiliary variables are
eliminated, the upper bound from HGK approach converge to the optimal
solution; b) unexpectedly, the critical scenarios of LDR approximations produce
better upper bounds than those from QDR approximations.

The rest of this paper is organized as follows. In §3.2, we introduce our approach
for polytopes that are full-dimensional in the x-space. We adapt the approach of
Hadjiyiannis et al. (2011) to obtain upper bounds of the optimal MVE in §3.3. We
discuss an LP-based procedure for removing redundant constraints, and extend our
approach to find the largest ball in §3.4. §3.5 evaluates our approach via numerical
experiments. In §3.6, we conclude with future research directions.
Notations. We use [n], n ∈ N to denote the set of running indices, {1, . . . , n}.
We generally use bold faced characters and capital letters such as x ∈ Rn and
A ∈ Rm×n to represent vectors and matrices, respectively, i.e., ai· to denote the i-th
row of the matrix A, xi ∈ R denotes the i-th element of x, and aij denotes the j-th
element of ai· . Special vectors include 0 and 1 which are respectively the vector
of zeros and the vector of ones. We use B n to denote the n-dimensional unit ball
B n = {x ∈ Rn : ||x||2 ≤ 1}.
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3.2 MVE of full-dimensional projected polytope
Suppose the polytope P given by (3.1) is full-dimensional in the x-space, where
x ∈ Rn1 and y ∈ Rn2 are the main variables and auxiliary variables, respectively.
We denote P roj(P) as the projection of P onto the x-space, where





!

P roj(P) = x ∈ Rn1

∃y ∈ Rn2


x
:A
≤ b .
y

(3.2)

For a special class of P where n2 = 0 (i.e., P = P roj(P)), the MVE of P roj(P) can
be determined via the following semi-infinite programming problem:
max {log detE | ∀ζ ∈ B n1 :
x,E

A(x + Eζ) ≤ b} ,

(3.3)

where E ∈ Sn1 with implicit constraint E  0, and Sn1 is the set of n1 ×n1 symmetric
matrices. The matrix E models the shape and volume of an n1 -dimensional ellipsoid
with the unique center at the optimal x of (3.3). This is a static linear robust optimization problem under ellipsoidal uncertainty B n1 , which can be reformulated into
an SDP problem (see, e.g., Boyd and Vandenberghe (2004), Ben-Tal et al. (2009)):
n

max log detE |
x,E

a>
i· x + ||Eai· ||2 ≤ bi

o

∀i ∈ [m] ,

(3.4)

where ai· denote the i-th row of matrix A. For the rest of this paper, we focus on
general polyhedra where n2 ∈ Z+ , hence, P =
6 P rojx (P).
3.2.1 Two naive attempts
Two naive extensions of (3.3) may be as follows:



"

max log detE ∃y ∈ Rn2 , ∀ζ ∈ B n1 +n2 :
x,y,E



A

!

#




x
+ Eζ ≤ b ,

y

(3.5)

where E ∈ Sn1 +n2 ;



max log detE
x,y,E

!

∃y ∈ Rn2 , ∀ζ ∈ B n1 :




x + Eζ
A
≤ b ,
y

(3.6)

where E ∈ Sn1 . Problem (3.5) determines the MVE (x, y)-space; Problem (3.6) finds
the MVE of the x-space with a fixed optimal vector y. The following example shows
that due to the existence of auxiliary variables y, both (3.5) and (3.6) fail to find the
MVE of the x-space.
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Figure 3.1 – The triangle corresponds to the polytope defined in (3.7). The
dash ellipsoid and the line segment are obtained from (3.5) and (3.6), respectively; the thick line segment on x-axis is the optimal MVE in (3.7).

Example 3.1 Approximating the MVE via (3.5) and (3.6). Suppose P is
the full-dimensional polytope that is formed by the intersection of three half-planes:

P roj(P) = {x ∈ R| ∃y ∈ R : −0.5x − y ≤ −9, 0.6x + y ≤ 10, −x − y ≤ −10} .
(3.7)

Figure 3.1 depicts the polytope P and the obtained ellipsoids from (3.5) and (3.6). It
can readily be seen that the feasible x ∈ R lies in the interval [0, 10], i.e., P roj(P) =
[0, 10]. Clearly, the MVE of P roj(P) is the interval [0, 10] which is centered at x = 5.
Problem (3.5) finds the MVE of P which is centered at (4, 7.33); Problem (3.6) finds
the longest horizontal line segment in P.

3.2.2 Fourier-Motzkin eliminate
Fourier-Motzkin Eliminate (FME) is an old method for deriving polytopic projections. The following algorithm is adapted from Bertsimas and Tsitsiklis (1997, page
72).

MVE of full-dimensional projected polytope

47

Algorithm 2 Fourier-Motzkin Elimination for polyhedral projections.

1. For some l ∈ [n2 ], rewrite each constraint in P roj(P) into the form:
X

ail+n1 yl ≤ bi −

aij xj −

j∈[n1 ]

X

aij+n1 yj

∀i ∈ [m],

j∈[n2 ]\{l}

if ail+n1 6= 0, divide both sides by ail+n1 . We obtain an equivalent representation
of P roj(P) involving the following constraints:
yl ≤
yl ≥

X
aij xj
aij+n1 yj
−
a
ail+n1
j∈[n1 ] il+n1
j∈[n2 ]\{l}

∀i ∈ [m] : ail+n1 > 0

X
aij+n1 yj
bi
aij xj
+
−
a
ail+n1
ail+n1
j∈[n2 ]\{l}
j∈[n1 ] il+n1

∀i ∈ [m] : ail+n1 < 0

bi
ail+n1

−

X

X

X

0 ≤ bi −

X

aij xj −

j∈[n1 ]

aij+n1 yj

∀i ∈ [m] : ail+n1 = 0.

j∈[n2 ]\{l}

2. Let P roj(P\{l} ) be the set after yl is eliminated, and it is defined by the following
constraints:
bi
ail+n1

−

X
aij xj
aij+n1 yj
−
≥
a
a
il+n
il+n
1
1
j∈[n1 ]
j∈[n2 ]\{l}
X

X
akj+n1 yj
bk
akj xj
+
−
a
akl+n1
akl+n1
j∈[n2 ]\{l}
j∈[n1 ] kl+n1
X

bi −

X

aij xj −

j∈[n1 ]

X

aij+n1 yj ≥ 0

(

∀i, k ∈ [m] :

ail+n1 > 0
akl+n1 < 0

∀i ∈ [m] : ail+n1 = 0.

j∈[n2 ]\{l}

Lemma 3.1 P roj(P) = P roj(P\{l} ).
Proof. See Appendix 3.A.



From Lemma 3.1, one can repeatedly apply Algorithm 2 to eliminate all the auxiliary
variables y, which results in an explicit description P roj(P\[n2 ] ) of P roj(P). We can
then compute the MVE of P roj(P\[n2 ] ) via (3.4), if the constraints in P roj(P\[n2 ] ) are
not prohibitively many. However, in Step 2 of Algorithm 2, the number of constraints
may increase quadratically after each elimination. The complexity of eliminating
n
n2 adjustable variables from m constraints via Algorithm 2 is O(m2 2 ), which is an
unfortunate inheritance of FME. In §3.4.1 we apply an LP-based procedure to remove
redundant constraints, and keep the description of the projection at its minimal size.
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The following example shows that deriving a polytopic projection may lead to an
exponential growth in the number of constraints.
Example 3.2 The complexity of variable eliminations/polytopic projections. Let us consider the following two interesting polytopes:
(

x∈R

n1

|

n1
X

)

|xi | ≤ 1

i=1
>

n

x ∈ Rn1 | ζ Ax ≤ 1

and

(3.8)
o

∀ζ ∈ [0, 1] ,

(3.9)

where A ∈ Rm×n1 . We rewrite (3.8) and (3.9) into the following representations:
(

x ∈ Rn1 | ∃y ∈ Rn1 :
(

x∈R

n1

| ∃y ∈

Rm
+

:

n1
X
i=1
m
X

)

yi ≤ 1, xi ≤ yi , −xi ≤ yi , ∀i

and

(3.10)

)

yi ≤ 1, y ≥ Ax ,

respectively.

(3.11)

i=1

If one employs Algorithm 1 to eliminating all the auxiliary variables y in (3.10)
and (3.11), we have the explicit descriptions with 2n1 constraints and 2m constraints,
respectively:
(

x∈R

n1

|

(

x∈R

n1

|

n1
X
i=1
m
X

)

max{xi , −xi } ≤ 1
max

n

o

a>
i· x, 0

)

≤1 ,

i=1

where ai· ∈ Rn1 denotes the i-th row of A.
Note that polytope (3.8) is modeled by a piecewise-linear constraint, which is often seen in budget uncertainty sets (e.g., Bertsimas and Sim (2004)); the polytope
(3.9) is modeled by a semi-infinite constraint, which is a typical constraint in robust optimization problems with box uncertainties. The auxiliary variables in the
reformulations lift polytopes with many constraints into higher dimensions, so that
the reformulations only need few constraints and extra auxiliary variables. However,
eliminating the auxiliary variables may lead to an exponential growth in the number
of constraints.
3.2.3 Our approach
In this subsection, we introduce a novel scheme based on a blending of FME and
ARO techniques to compute the MVE in a polytopic projection. Firstly, for n2 ∈ Z+
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in P, we propose to solve following variant of Problem (3.5) and (3.6) to compute
the MVE of the x-space of P:
!

(
n2

n1

max log detE | ∀ζ ∈ B , ∃y ∈ R
x,y,E

)

x + Eζ
:A
≤b .
y

(3.12)

This is a two-stage ARO problem with fixed recourse under ellipsoidal uncertainty
B n1 . Here, x ∈ Rn1 and E ∈ Sn1 are here-and-now decision variables, and y are
wait-and-see adjustable variables. The optimal matrix E of (3.12) models the shape
and volume of the n1 -dimensional MVE with the unique center at the optimal x. To
the best of our knowledge, finding the MVE in a polytopic projection via ARO is
novel. Problem (3.12) is generally intractable, because the adjustable variables y are
decision rules instead of finite vectors of decision variables. The following theorem
characterizes optimal decision rules for (3.12).
Theorem 3.1 There exist polynomials of (at most) degree n1 and linear in ζi , i ∈
[n1 ], that are optimal decision rules for y in (3.12).
Proof. See Appendix 3.B.



In fact, Theorem 3.1 not only holds for Problem (3.12), but also for general linear
ARO problems with fixed recourse.
Note that Problem (3.6) is in fact a special case of (3.12) where the optimal y
are constant, a.k.a, static decision rules. More sophisticated yet computationally
tractable decision rules can be imposed on y, e.g., quadratic decision rules (QDRs):
yj = ζ > Wj ζ + v >
j· ζ + uj ,

for j = 1, ..., n2 ,

(3.13)

where uj ∈ R, v j· ∈ Rn1 , and Wj ∈ Rn1 ×n1 . The following theorem provides a
computationally tractable reformulation of (3.12) with quadratic decision rules (3.13).
Theorem 3.2 The solution (x∗ , u∗ , E ∗ , V ∗ , Wj∗ ) is optimal for (3.12) with QDRs
(3.13) if and only if it is an optimal solution of the following SDP problem:
max

x,u,τ ,λ,E,V,Wj

log det E

s.t. τ ≤ b
λ≥0








!

τi − λi −
− 12

E
V

a>
i·

x
u

− 21 a>
i·

E
V

!

!>

ai·

λi I −

Pn2

j=1

aij+n1 Wj

(lbQ)









 0 ∀i ∈ [m],
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where ai· is the i-th row of A, i ∈ [m].
Proof. See Appendix 3.C.



Problem (lbQ) although computationally tractable, can be difficult to solve in practice, especially when the instance is large. Alternatively, one can impose simpler
decision rules on y, e.g., linear decision rules (LDRs):
y = V ζ + u,

(3.14)

where the coefficients u ∈ Rn2 and V ∈ Rn2 ×n1 are optimization variables. Similarly,
the MVE of P roj(P) can be approximated by solving a simpler SDP problem.
Corollary 3.1 The solution (x∗ , u∗ , E ∗ , V ∗ ) is optimal for (3.12) with LDRs (3.14)
if and only if it is an optimal solution of the following SDP problem:
max

x,u,E,V

log det E
!

s.t.

x
+
u

a>
i·

E
V

!>

(lbL)
≤ bi ∀i ∈ [m].

ai·
2

Proof. The proof is straightforward, hence it is omitted.



Due to the imposed structure on y, Problem (lbQ) and (lbL) under-approximate
the MVE of P roj(P). §3.5 shows that Problem (lbL) is much faster to solve than
(lbQ), but the quality of the solutions from (lbQ) can be much better than (lbL). In
the following example, we apply (lbL) to find the MVE of the projected polytope in
Example 3.1.
Example 3.3 The maximum volume inscribed ellipsoid of a full-dimensional
polytope with auxiliary variables. Let us again consider the full-dimensional
polytope (3.7). After eliminating y via Algorithm 2, we have P roj(P\{1} ) = {x | x ∈ [0, 10]}.
The optimal MVE is centered at x = 5 with a radius 5. By solving (lbL) for P roj(P)
(i.e., without eliminating y), we find the optimal MVE with y ∗ = 7−3ζ for ζ ∈ [−1, 1].
This optimal LDR of y ∗ coincides with the line that covers all the feasible values of
x in P, i.e., 0.6x + y = 10.
Theorem 2.2 shows that in general, the decision rule approximations of ARO problems
can simply be improved by eliminating the adjustable variables via FME. Therefore,
we propose first (iteratively) eliminating a subset S ⊆ [n2 ] of y via FME till the size
of resulting description of
(

P roj(P\S ) = x ∈ R

!

n1

| ∃y ∈

Ren2

)

x
: Ae
≤ be ,
y

(3.15)
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f and n
e 2 = n2 − |S| denote the number of
reaches the prescribed limit. Here, m
e ×(n1 +e
n2 )
e denote
constraints and remaining auxiliary variables; Ae ∈ Rm
and be ∈ Rm
the resulting coefficient matrix and the right-hand-side vector, respectively. Then,
we solve the corresponding ARO problem (3.12) via decision rule approximations to
compute the MVE of P roj(P\S ).

FME may lead to many redundant constraints in (3.15). §3.4.1 discusses an LP-based
procedure to remove all the redundant constraints in (3.15). We observe in §3.5.2
that this procedure can significantly improve the computability of our approach.
Since Problem (3.12) have left-hand side uncertainties and non-linear objective function, the performance bounds on LDR approximations in Bertsimas and Goyal (2012)
and Bertsimas and Bidkhori (2015) are not applicable here.

3.3 An upper bounding scheme
3.3.1 HGK approach and FME
The scenario counterpart (ub) of Problem (3.12):
max
x,Y,E

log detE

!
(ub)
x + Eζ j
s.t. A
≤
b
∀j
∈
[k]
yj
produces an upper bound on the optimal value of (3.12). Here, y j is the j-th column
of Y ∈ Rn2 ×k , and ζ j ⊂ B n1 , ∀j ∈ [k], k ∈ Z+ . Problem (ub) is feasible if there exists
a feasible y j for each scenario ζ j , j ∈ [k]. In order to obtain a tight upper bound,
HGK approach considers the critically binding scenarios (CBSs) from decision rule
approximations of ARO problems.

A critical scenario of Problem (3.12) with QDRs can be determined by solving the
following problem:
= argmaxζ∈Bn1

a>
i·





n2
∗
X
x∗
>
> E
aij+n1 Wj∗  ζ − bi ,
∗ + ai·
∗ ζ +ζ
u
V
j=1

!

ζ iQ

!

i ∈ [m],
(3.16)

where (x∗ , u∗ , E ∗ , V ∗ , W ∗ ) denotes the optimal solution from (lbQ). From Appendix
C, we can reformulate (3.16) into an SDP problem. The critical scenario ζ k is binding
if the optimal objective value of (3.16) is 0. Similarly, for (3.12) with LDRs, the CBSs
are obtained from solving the following SOCP problem:
∗
x∗
> E
+
a
ζ − bi ,
i·
u∗
V∗

!

ζ iL

= argmaxζ∈Bn1

a>
i·

!

i ∈ [m],

(3.17)
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where (x∗ , u∗ , E ∗ , V ∗ ) denotes the optimal solution from (lbL).
In §3.2.3, we use FME to improve the decision rule approximations of Problem (3.12).
FME can also be used to improve the upper bounds obtained from the HGK approach. We propose to first eliminate a subset of auxiliary variables via FME, and
then use the CBSs from (3.16) or (3.17) to compute the upper bounds of (3.12). This
blending of HGK approach and FME is novel, and can also be applied to a broad
class of ARO problems. Via numerical experiments in §3.5, we observe that as more
auxiliary variables are eliminated, the obtained upper bounds converge to optimal
solutions.

3.3.2 A simple iterative procedure
Solving (ub) with a set of many scenarios can be problematic. Therefore, we propose
the following iterative procedure. Given the set of critical scenarios {ζ 1 , ..., ζ m }, we
first solve an initialization problem
max
x,Y,E

log detE
x + Eζ i
≤ bi ∀i ∈ [m],
yi
!

s.t.

a>
i·

(Iub)

where ζ i , i ∈ [m], are the critical scenarios from (3.16) or (3.17). Then, we check
if the i-th constraint, i ∈ [m], satisfies all the CBSs for the optimal (x∗ , Y ∗ , E ∗ )
from (Iub). If there are violating constraints detected, we add those constraints to
(Iub) and solve it again. We repeat this procedure until no violating constraints
can be found. This iterative procedure only adds the violating constraints in each
iteration. In §3.5, we observe that this procedure efficiently avoids to include too
many redundant constraints, and significantly reduces computation time.

3.4 Miscellaneous
3.4.1 Removing redundant constraints
It is well-known that FME may produce many redundant constraints and may be
very sensitive to those constraints. In order to keep P roj(P\S ) at its minimal size,
after eliminating an auxiliary variable via FME, we execute an LP-based procedure
to detect and remove the redundant constraints. This removing redundant constraint
procedure is first proposed by Caron et al. (1989). We test whether the j-th inequal-
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ity, j ∈ [m], in P roj(P\S ) is implied by the rest via the following LP problem:
!

a>
j·

x
− bj
y

s.t. a>
i·

x
≤ bi
y

max
x,y

!

i ∈ [m] \ {j},

where ai· is the i-th row of A, i ∈ [m], and bi is the i-th element of the vector b.
Then the j-th inequality in P roj(P\S ) is redundant if and only if the optimal objective value is less or equal to 0. By successively solving this LP for each untested
inequality against the remaining, one would finally obtain a description of P roj(P\S )
at its minimal size. §3.5.2 shows that this procedure significantly improves the computability of our approach.
3.4.2 MVE of general polytope
Suppose the projected polytope P roj(P) defined in (3.2) is not full-dimensional.
There are (hidden) equality constraints in polytope P. We consider two classes of
(hidden) equality constraints in P roj(P). The first class consists of equality constraints that contain the auxiliary variables y. The second class consists of equality
constraints that only contain the main variables x. The equality constraints formed
by inequalities can be detected and separated efficiently (see Fukuda (2013)). For
Problem (3.12), a typical constraint of the first class can be presented as follows:
a> (x + Eζ) + y = b ∀ζ ∈ B n1 ,

(3.18)

where a ∈ Rn1 and the variable y ∈ R is an auxiliary variable (without loss of
generality we assume the coefficient for y is 1). In Gorissen et al. (2015), the authors
briefly discuss two ways of dealing with uncertain equality constraints with adjustable
variables. Either one can eliminate those equality constraints, or one can apply LDRs.
Lemma 3.2 shows that both procedures are equivalent.
Lemma 3.2 Using an LDR for the auxiliary variable y in (3.18) is equivalent to
eliminating y.
Proof. See Appendix 3.D.



Since using decision rules requires extra variables, it is preferred to eliminate the
auxiliary variables in the uncertain equality constraints. For simplicity, we assume
there is no (hidden) equality constraint containing y in P roj(P). After separating
all the hidden equality constraints from the inequalities, we partition the constraints
in P roj(P) as follows:
P roj(P) =

n

x ∈ Rn1 | ∃y ∈ Rn2 : A1x x + A1y y ≤ b1 , A2x x = b2

o

.

(3.19)
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Here, the set without (hidden) equalities { x ∈ Rn1 | ∃y ∈ Rn2 : A1x x+A1y y ≤ b1 } is
full-dimensional. Obviously, A2x x = b2 reduce the dimension of P roj(P), and there
does not exist a positive definite matrix E such that,
A2x (x + Eζ) = b2

∀ζ ∈ B n1 .

Hence, the method introduced in §3.2 cannot be applied directly. We propose to use
the following constraints elimination technique (see Boyd and Vandenberghe (2004)).
Let us define the columns of the full rank matrix F ∈ Rn1 ×(n1 −l) to be a basis of the
null space of A2x , where l = rank(A2x ). Then, we have
n

x ∈ Rn1 | A2x x = b2

o

n

o

= F z + x0 | z ∈ Rn1 −l ,

(3.20)

where x0 is a solution of the linear equations A2x x = b2 . The new set (on the right
hand side of (3.20)) is full-dimensional in the variable z. Hence, P roj(P) can be
represented as a full-dimensional set:
(

!

n1 −l

z∈R

P roj(Q) =

| ∃y ∈ R

n2

1

:A

)

F z + x0
≤ b1 ,
y

where A1 = (A1x A1y ). Note that P roj(P) = {F z + x0 | z ∈ P roj(Q)}. The MVE
of the full-dimensional set P roj(Q) can be obtained by solving:
(

!

max log detE | ∀ζ ∈ B n1 −l , ∃y ∈ Rn2 : A1
x,y,E

)

F (z + Eζ) + x0
≤ b1 .
y

This is again a two-stage ARO problem. Hence, all the techniques discussed in §3.2
and §3.3 can be readily applied. Since the MVE is affine invariant, the MVE center
of P roj(P) can be recovered from an affine transformation of z ∗ , i.e.,
x∗ = F z ∗ + x0 .
3.4.3 Extension to ball
A largest ball in a full-dimensional P roj(P) can simply be determined by replacing
the matrix E with ρI everywhere in (3.12), where ρ ∈ R+ and I ∈ Rn1 ×n1 is the
identity matrix, the optimal x is a point that is furthest away from the exterior of
P roj(P), a.k.a., Chebyshev center.
Let us consider a special class of (full-dimensional) polyhedra where only a subset of
x appears in the constraints containing y, e.g., for S ⊆ [n1 ],
P roj(P) =

n

x ∈ Rn1 | ∃y ∈ Rn2 : A1x xS + A1y y ≤ b1 , A2x x ≤ b2

o

.

(3.21)
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The corresponding problem of finding a largest inscribed ball of (3.21) can be formulated as follows:
(
n2

n1

max ρ | ∀ζ ∈ B , ∃y ∈ R
x,y,ρ

xS + ρζ S
y

1

:A

!

)
1

≤b ,

A2x (x

+ ρζ) ≤ 0 . (3.22)

For this special class of polyhedra, the following theorem shows that we can restrict
decision rules to be functions in a subset of uncertain parameters ζ S .
Theorem 3.3 There exist piece-wise affine functions in ζ S that are optimal decision
rules for y in (3.22).
Proof. See Appendix 3.E.



Since the largest ball and its Chebyshev center is not affine invariant, if P roj(P) is
not full-dimensional, the constraint eliminate technique discussed in §3.4.2 cannot be
applied. A largest inscribed ball of P roj(P) defined in (3.19) can be determined by
solving the following ARO problem
(

!

max ρ | ∀ζ ∈ {ζ ∈ B

n1

x,y,ρ

| A2x ζ

n2

= 0}, ∃y ∈ R

1

:A

)

x + ρζ
≤ b1 , A2x x = 0 .
y
(3.23)

Here, the constraints A2x ζ = 0 ensure the ball to be within the same space as x. An
alternative formulation of Problem (3.23) can be presented as follows:
(

!

n1

n2

max ρ | ∀ζ ∈ B , ∃y ∈ R
x,y,ρ

:A

1

)

x + ρP ζ
≤ b1 , A2x x = 0 ,
y

(3.24)

where P = I − (A2x )> [A2x (A2x )> ]−1 A2x is the (symmetric) projection matrix that
projects vector ζ ∈ Rn1 onto the null space of A2x .
Corollary 3.2 The solution (x∗ , u∗ , ρ∗ , V ∗ , Wj∗ ) is optimal for (3.24) with QDRs
(3.13) if and only if it is an optimal solution of the following SDP problem:
max

x,u,τ ,λ,ρ,V,Wj

s.t.

ρ
τ ≤b
λ≥0
A2x x = 0

(lbQb)









τi − λi − a1T
i·
− 12

ρP
VP
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u

!

− 12 a1T
i·

ρP
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!

!>

a1i·

λi I − P

Pn2

1
j=1 aij+n1 Wj P









 0 ∀i ∈ [m],
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Table 3.1 – The complexities for computing the maximally sized convex bodies
via decision rule approximations.

Geometry
Ball
MVE
1-box
∞-box

Static
LP
SDP
LP
LP

Decision rules
Linear Quadratic
CQP
SDP
SDP
SDP
LP
NP-hard
LP
NP-hard

where a1i· is the i-th row of A1 , i ∈ [m], I ∈ Rn1 ×n1 is the identity matrix, and
P = I − (A2x )> [A2x (A2x )> ]−1 A2x .
Proof. Identical to Theorem 3.2, hence, it is omitted.



Note that the technique discussed in this subsection cannot be applied to find the
MVE, since it leads to unbounded objective value if the x-space is not full-dimensional.
For Problem (3.24) with LDRs, one can simply replace the matrix E by ρP in all
the constraints of (lbL) and maximize ρ instead of logdetE.
One can easily extend our framework to find maximally sized convex bodies in polytopic projections, e.g., {ζ ∈ Rn1 : ||ζ||1 ≤ 1} and {ζ ∈ Rn1 : ||ζ||∞ ≤ 1} instead of
{ζ ∈ Rn1 : ||ζ||2 ≤ 1} in (3.12). Zhao et al. (2016) extends our approach to determine
the maximum homothet of a given polytope in polytopic projections. In Table 3.1,
we summarize the complexities of Problem (3.12) with static, linear and quadratic
decision rules for different geometries.

3.5 Numerical experiments
In this section, we evaluate the performance and applicability of our method. In
§3.5.1, we conduct a simple experiment to examine the performance of our lower and
upper bounds. In §3.5.2, we apply our approach to find a robust temperature profile
for the color picture tube design. We denote the upper bounds from solving (ub)
with critical scenarios from (3.16) and (3.17) as (ubQ) and (ubL), respectively.
3.5.1 A simple experiment
Let us consider the full-dimensional tetrahedron
P i = {(x1 , x2 , y) | x1 + x2 + y ≤ 1, x1 − x2 + y ≤ 1, −(1 + i)x1 − iy ≤ 0, y ≥ 0 } ,
(3.25)
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Figure 3.2 – The tetrahedron P 1 defined in (3.25). The dark shaded square
is the projection of P 1 onto the x-space.

where x1 , x2 are main variables, y is an auxiliary variable, and i ∈ [0, 8]. We are
interested in the MVE of the projected P i onto the x-space. When i = 0, the
projection P roj(P 0 ) is an isosceles triangle; when i = 1, P roj(P i ) forms a square
(see Figure 3.2); when i > 1, P roj(P i ) becomes a kite. The explicit description of
P roj(P i ) can be obtained by eliminating y in (3.25) via FME (see §3.2):
P roj(P i ) = {(x1 , x2 ) | x1 + x2 ≤ 1, x1 − x2 ≤ 1, −x1 + ix2 ≤ i, −x1 − ix2 ≤ i } .
Note that this is a full-dimensional polyhedron with no auxiliary variables. We can
compute the optimal MVE center of P roj(P i ) via (3.4).
In Figure 3.3, the objective values logdet E (i.e., volumes) of the optimal and approximated MVEs of P roj(P i ) are plotted. As expected, the lower bounds from
(lbQ) consistently outperform the ones from (lbL). On the other hand, despite more
computational efforts, the upper bounds from (ubQ) are mostly poorer than the ones
from (ubL). The quality of the approximations is also affected by the shape of the
tetrahedron P i . If i = 0, all approximations are optimal; when i = 1, the solution
from (lbQ) is optimal, while the upper bound from (ubL) is at its poorest among all
i ∈ [0, 8].
Similar observations can be obtained from Figure 3.4. The approximated MVE
centers from (lbQ) are the closest to the optimal MVE centers. For i < 5.5, the
approximated centers from (lbQ) are closer to the optimal ones; for i > 5.5, the
approximated centers from (ubL) are closer to the optimal ones.
3.5.2 Robust color picture tube design
In the manufacturing process of a CRT TV, the color picture tube is assembled to the
mask-screen and the inner shield by a industrial oven at a high temperature. The
oven temperature causes thermal stresses on the tube and if the temperature is too
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Figure 3.3 – The volume of optimal and approximated MVEs of P roj(P i )
for i ∈ [0, 8]. The two solid lines (QDR) are the lower and upper bounds of
the volume of approximated MVEs from QDRs (i.e., from (lbQ) and (ubQ));
the two dash lines (LDR) present the lower and upper-bounds of the volume
of approximated MVEs from LDRs (i.e., from (lbL) and (ubL)); the shaded
area (BestLU) is the region between the best lower and upper bounds. The
thick line (Optimal) plots the optimal logdet E.

Figure 3.4 – The Euclidean distance of the optimal and approximated MVE
centers of P roj(P i ) for i ∈ [0, 8], i.e., the lbL, lbQ, ubL and ubQ plot the Euclidean distance of the optimal MVE centers and approximated MVE centers
from (lbL), (lbQ), (ubL) and (ubQ) for i ∈ [0, 8], respectively.

Numerical experiments

59

high, the pressure will scrap the tube due to implosion. In den Hertog and Stehouwer
(2002), the authors present a temperature profile of a color picture tube, see Figure
3.5. The profile is characterized by the temperature at 20 locations. To minimize
the production cost and hence the number of scraps, an optimal temperature profile
that satisfies the following criteria is considered:
• the maximal stress for the TV tube is minimal
• the temperature differences between near locations are not too high
• the temperatures are in the specified range.
The authors formulate the associated problem as follows:
(T V )

min

x,smax

smax

s.t. ai + b>
i x ≤ smax

∀i ∈ [k]

|Ax| ≤ ∆Tmax
l ≤ x ≤ u,
where smax ∈ R is the maximal stress, ai + b>
i x ∈ R is the stress at location i
n
of the temperature profile x ∈ R . There are n = 20 temperature points on the
tube (see Figure 3.5). Furthermore, these temperatures result in k = 216 thermal
stresses on different parts of the tube. The 216 response functions of the thermal
stresses, ai + b>
i x, are derived by using the finite element method simulator and
regression. The vectors l ∈ Rn and u ∈ Rn are the lower and upper bounds of the
temperature profile. The parameter ∆Tmax ∈ Rd represents the maximal allowed
temperature on d location combinations; A ∈ Rd×n is the coefficient matrix that
enforce the specified temperatures do not differ more than ∆Tmax . For example,
the temperatures at locations 2 and 5 in Figure 3.5 cannot differ more than ∆Tmax .
By solving the nominal problem (T V ), the unique minimum smax = 14.15 is found.
Suppose the maximum tolerance of smax is at most 15. A robust temperature profile
that tolerates implementation error and not far from the current profile is desired,
say, ||x − x̄||1 ≤ 15. The feasible temperature profile set is as follows:






a + b>
i x ≤ 15, ∀i ∈ [k], |Ax| ≤ ∆Tmax ,
P roj(P) = x ∈ [l, u] ∃y ∈ Rn : i
.
Pn

x − x̄ ≤ y, x̄ − x ≤ y, j=1 yj ≤ 15 

(3.26)
We propose the MVE center of (3.26) as the robust temperature profile and approximate it via our method proposed in §3.2.
Figure 3.6 shows that, for the four approximations we consider, the more auxiliary
variables that are eliminated, the better the solutions become. Surprisingly, the
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Figure 3.5 – Temperature profile of a color picture tube.

Figure 3.6 – The volume of optimal and approximated MVEs of (3.26) when
i, i ∈ [0, 20], auxiliary variables are eliminated. The two solid lines (QDR) are
the lower and upper bounds of the volume of approximated MVEs from QDRs
(i.e., from (lbQ) and (ubQ)); the two dash lines (LDR) present the lower and
upper-bounds of the volume of approximated MVEs from LDRs (i.e., from
(lbL) and (ubL)); the shaded area (BestLU) is the region between the best
lower and upper bounds. The thick line (Optimal) plots the optimal logdet E.

Numerical experiments

61

Figure 3.7 – The Euclidean distance of the optimal and approximated MVE
centers of (3.26) when i, i ∈ [20], auxiliary variables are eliminated, i.e., the
lbL, lbQ, ubL and ubQ plot the Euclidean distance of the optimal MVE centers
and approximated MVE centers from (lbL), (lbQ), (ubL) and (ubQ), respectively.

Table 3.2 – The number of constraints and computation times when i,
i ∈ [20] ∪ {0}, auxiliary variables are eliminated. #Elim. denotes the number
of auxiliary variables that are eliminated; #Con. gives the resulting number
of constraints from FME before and after removing redundant constraints in
(3.26); Time records the computation times needed for solving the corresponding (lbL), (lbQ), (ubL) and (ubQ) after removing the redundant constraints in
(3.26); “∗” means the computation time exceeds 2 hours.
#Elim.
Before
#Con. After
lbL
lbQ
ubL
Time
ubQ

0
329
59
1
10
43
87

2
328
58
1
27
21
48

4
336
59
1
67
28
58

6
8
10
12
14
380 568 1332 4400 16684
79 171
296
294
1058
1
3
5
5
31
70 168
397
338
1322
65 1178 11399 26777
*
139 2585 22984 53660
*

16
65832
1056
35
474
*
*

18
262436
1054
29
345
*
*

20
1048864
1052
28
28
*
*
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lower bound from (lbQ) is optimal even if no auxiliary variable is eliminated, which
significantly outperforms the ones from (lbL). On the other hand, despite more
computational efforts are required, the upper bounds from (ubQ) are again mostly
poorer than the ones from (ubL) (except when 6 auxiliary variables are eliminated).
The lower and upper bounds from (lbQ) and (ubL) gives the best bounds for the
optimal volumes.
In Figure 3.7, one can observe that the approximated center from (ubQ) is optimal
throughout this experiment; the approximated center from (lbL) gradually converge
to the optimal one as more auxiliary variables are eliminated; unexpectedly, the
approximated centers from (ubL) and (ubQ) does not seem to converge as more auxiliary variables are eliminated. After eliminating 12 auxiliary variables, the associate
upper bound problems become so large that the prescribed computational limit, i.e.,
2 hours, is exceeded.
Due to the extra constraints, the set (3.26) is much smaller than the feasible region
of (T V ). Hence, there may exist many redundant constraints in (3.26). Therefore,
we first apply the procedure in §3.4.1 to remove the 270 (= 329 − 59, see Table
3.2) redundant constraints in (3.26), and solve the four approximations, i.e., (lbL),
(lbQ), (ubL) and (ubQ). Similarly, after each auxiliary variable is eliminated, we remove the redundant constraints (if there is any), and solve the four approximations
again. From Table 3.2, one can observe that, without eliminating the redundant
constraints in (3.26) initially, one would end up with an explicit description of (3.26)
with 1, 048, 864 constraints while at most 1052 constraints are non-redundant. We
also observe that, in this experiment, if the starting polytope does not contain redundant constraints, FME does not produce any redundant constraints after eliminating
the auxiliary variables.
The computation times needed for solving (lbL) and (lbQ) increase exponentially
at first, then decrease drastically after eliminating 14 auxiliary variables. This is
because of the exponential growth in the number of constraints and the reduction in
the number of optimization variables after eliminating the auxiliary variables. The
upper bounds are computed from (ub) with all critical scenarios from (3.16) and
(3.17) via the iterative procedure described in §3.3. We consider all critical scenarios
instead of only CBSs, because solving (ub) with only CBSs does not produce finite
upper bounds for this experiment. We solve (ub) via the iterative procedure discussed
in §3.3.2. All the upper bounds are obtained within 5 iterates, and only less than
10% of the total constraints are included in (Iub). Hence, at least more than 90%
in (ub) appeared to be redundant. All the computations are performed by using cvx
2.1 with MOSEK 7.1 within Matlab R2014a on an Intel Core i5-4590 CPU running
at 3.3GHz with 8GB RAM under Windows 8 operating system.
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3.6 Conclusions
By combining FME with techniques from adjustable robust optimization, e.g., decision rule approximations, we construct a computationally tractable approach to find
a maximally sized convex body (e.g., ellipsoid, ball, box) of a projected polytope.
Furthermore, we use FME to improve the upper bounds from HGK approach, and
observe that the critical scenarios of LDRs produce better upper bounds than those
from QDRs.
In the recent paper of Jaillet et al. (2016), the authors consider an R-model that
determines the most robust solution which would remain feasible in the problem’s
constraints when the uncertain parameters arise over a maximally sized uncertainty
set. In contrast with their approach, we propose to use the MVE center as a robust
solution without assuming any structure on the uncertainties. One future research
direction would be to have a closer investigation on, e.g., the computational complexities, modeling capabilities and solution characteristics of the two models.
On a numerical level, we would like to investigate the performance of our approach
on cutting-plane method. The goal of cutting-plane methods is to find a point in a
convex set X . The general procedure of cutting-plane methods is as follows. Suppose
a polytope P that contains the set X is provided, i.e., X ⊆ P. We first select a point
x(0) in P. If x(0) ∈ X , then we are done; otherwise, a separating hyperplane between
x(0) and X can be constructed. This hyperplane cuts off the halfspace that contains
no points of X in P. Let us denote the resulting set P after the first cut as P1 . Then,
we select another point x(1) in P1 and repeat the procedures until we locate a point
in X . A centralized point x(k) of Pk is preferred as it leads to a deeper cut of Pk . The
location of the selected point x(k) ∈ Pk in each iteration determines the convergence
rate of the method. Many choices of x(k) ∈ Pk are proposed in the literature (see
Boyd and Vandenberghe (2007)), e.g., the centroid, the Chebyshev center, the MVE
center, the analytic center. Our approach can be applied as an extension of the MVE
center cutting-plane method and Chebyshev center cutting-plane method. Suppose
the set X is described by two kinds of variables, i.e., the variables y appear linearly
in all the constraints, and the variables x appear nonlinearly in some constraints.
The complexity of locating a point in X arises by the variables x, since if all the
variables appear linearly in the description of the set X , finding a point in it can
be done by solving an LP problem. Therefore, we focus on cutting the projection
of P where the variables x reside in. The cutting-plane can be determined by the
Chebyshev center or MVE center of the projected polytope (i.e., the given polytope
that is projected onto the space where the nonlinear variables reside in). Our method
may significantly speed up the convergence rate of the cutting-plane method in those
cases.
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Appendices
3.A Fourier-Motzkin elimination
Proof of Corollary 1. This proof is adapted from Bertsimas and Tsitsiklis (1997, page
73). If x ∈ P roj(P), there exists some y such that (x, y) ∈ P. In particular, the
vector (x, y) satisfies all the inequalities in Step 1 of Algorithm 1, from which it follows immediately that (x, y \{l} ) all the inequalities in Step 2, hence, x ∈ P roj(P\{l} ).
This shows P roj(P) ⊂ P roj(P\{l} ).
We now show that P roj(P\{l} ) ⊂ P roj(P). Let x ∈ P roj(P\{l} ), there exists some
y \{l} such that (x, y \{l} ) ∈ P roj(P\{l} . It follows from inequalities in Step 2 that:

 X



X
akj xj
akj+n1 yj
bk 
+
−
max
{k∈[m] | akl+n1 <0} 
a
akl+n1
akl+n1 
j∈[n1 ] kl+n1
j∈[n2 ]\{l}

≤




min

bi

{i∈[m] | ail+n1 >0}  ail+n1



X
aij xj
aij+n1 yj 
.
−
−
a
ail+n1 
j∈[n1 ] il+n1
j∈[n2 ]\{l}
X

Let yl be any number between the two sides of the above inequality. It then follows
that (x, y) satisfies all the inequalities in Step 1, and therefore, x belongs to P roj(P).


3.B Polynomial decision rules
Proof of Theorem 1. Suppose the values of all but one element ζ1 of ζ are fixed.
The ellipsoidal uncertainty set of (3.12) reduces to a simplex set for which LDRs
are optimal decision rules (see Theorem 2.4). Therefore, there exist optimal decision
rules that are linear in each ζi , i ∈ [n1 ], for all y in (3.12).


3.C Tractable robust counterpart of (3.12) with quadratic decision rules
Proof of Theorem 2. This proof is adapted from Ben-Tal et al. (2009). Let us consider
the constraint i, i ∈ [m] in (3.12), i.e.,
!

a>
i·

x + Eζ
≤ bi
y

∀ζ : ||ζ||2 ≤ 1.

Replacing y with quadratic decision rules:
yj = ζ > Wj ζ + v >
j· ζ + uj

for j = 1, ..., n2 ,
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where uj ∈ R, v j· ∈ Rn1 and Wj ∈ Rn1 ×n1 , we have
!

max a>
i·

ζ:||ζ||2 ≤1

|

!



}

|



n2
X
x
E
>
+ a>
ζ
+
ζ
aij+n1 Wj  ζ
i·
u
V
j=1

{z
pi

}

|

{z

2q >
i

{z

Ri

}

>
= max pi + 2q >
i ζ + ζ Ri ζ
ζ:||ζ||2 ≤1

n

>
= min τi | ∀(ζ : ||ζ||2 ≤ 1) : τi ≥ pi + 2q >
i ζ + ζ Ri ζ

o

τi

n

o

>
= min
τi | ∀((ζ, t) : ||ζ||2 ≤ t2 ) : (τi − pi )t2 − 2tq >
i ζ − ζ Ri ζ ≥ 0
τ
i

n

>
>
2
= min τi | ∀(ζ, t), ∃λi ≥ 0 : (τi − pi )t2 − 2tq >
i ζ − ζ Ri ζ − λi (t − ζ ζ) ≥ 0

o

τi




"

= min
τi
τ 
i

τi − pi − λi
−q >
i
−q i
λi I − Ri




#

 0, λi ≥ 0 .

Hence, the tractable robust counterpart of the constraint
follows


τ i ≤ bi





λ
≥0


i
!
!



x
E
 τi − λi − a>
− 21 a>
i·
i·


u
V

 












− 12

E
V

!>

ai·

λi I −

Pn2

j=1

aij+n1 Wj

i can be formulated as









 0.



3.D Uncertain equality constraints with auxiliary variables
Proof of Lemma 2. Let us consider a general form of (3.18):
a(ζ)> x + y = b(ζ) ∀ζ ∈ U,
where a(ζ) and b(ζ) are affine in ζ, i.e., x ∈ Rn , a(ζ) = a + Dζ, b(ζ) = b + c> ζ,
a ∈ Rn , D ∈ Rn×m , and c ∈ Rm , b ∈ R, and U is a general uncertainty set. From
(14), we have:
y = u + v > ζ,
where u ∈ R and v ∈ Rm . Then we have
(a + Dζ)> x + u + v > ζ = b + c> ζ
>

>

>

⇔ a x + u + (D x + v − c) ζ = b

∀ζ ∈ U
∀ζ ∈ U.
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The equality constraint is satisfied for all ζ in U if and only if
(

a> x + u = b
(D> x + v − c)> ζ = 0

∀ζ ∈ U.

Take u = b − a> x and v = c − D> x, we have,
y = u + v > ζ = b − a> x + c> ζ − x> Dζ = b(ζ) − a(ζ)> x.
Hence, substituting y = b(ζ) − a(ζ)> x everywhere in the problem is equivalent to
using a linear decision rule for y.

3.E Partially dependent optimal decision rules
Proof of Theorem 3. Let us consider the corresponding Problem (3.22) after all
auxiliary variables y in (3.21) are eliminated except for one, say y1 . From the first step
of FME for ARO problems (see Algorithm 1), one can observe that y1 is upper and
lower bounded by piece-wise affine functions in ζ S . The lower (or upper) bounding
piece-wise affine function is an optimal decision rule for y1 . Once the optimal decision
rule of y1 is determined, one can then reverse Algorithm 1) to recover the optimal
decision rules of the eliminated variables, and observe that there exist piecewise affine
functions only in ζ S that are optimal decision rules for all yi , i ∈ [N2 ], in Problem
(3.22).


CHAPTER 4

Centered Solutions for Uncertain Linear Equations
4.1 Introduction
Systems of linear equations are of immense importance in mathematics and its applications in physics, economics, engineering, and many more fields. However, the
presence of unavoidable errors (inaccuracies) in the specification of parameters in
both the right- and left-hand sides introduces uncertainty in the sought solution.
The uncertainties may be raised due to measurement/rounding errors in the data of
the physical problems, estimation errors in the estimated parameters by using expert
opinions and/or historical data, or numerical errors associated with finite representation of numbers by computer (see Ben-Tal et al. (2009)).
A basic version of the problem that we consider is well known in the context of
interval linear systems. For a given system of linear equations,
Ax = b,

(4.1)

where the coefficient matrix A ∈ Rm×n and right-hand side b ∈ Rm are uncertain
and allowed to vary uniformly and independently of each other in the given intervals:
A = { A : aij ≤ aij ≤ aij ∀i ∈ [m], ∀j ∈ [n]}, and
B = { b : bi ≤ bi ≤ bi , ∀i ∈ [m] },

(4.2)

where aij , aij , bi , bi ∈ R, for all i, j, are the lower- and upper-bounds of the components in the matrix A and vector b, respectively. Let U = A × B. There are three
well known solution sets to the linear system (4.1), see, e.g., Kreinovich et al. (1998),
Shary (2011), Popova (2012), Hladı́k and Popova (2015):
• united solution set:
X =








x ∈ Rn ∃(A, b) ∈ U : Ax = b ,
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• controllable solution set:
X con =







x ∈ Rn ∀b ∈ B, ∃A ∈ A : Ax = b ,




• tolerable solution set:






X tol =  x ∈ Rn ∀A ∈ A, ∃b ∈ B : Ax = b .
For a united solution set X , each of the possible (A, b) ∈ U has equal claim to
be the true realization of the physical problem. Different parameters may produce
different solutions for the system of linear equations. Since the pioneer work by Oettli
and Prager (1964), much literature has been devoted to describe the ranges of the
components of the solution x ∈ X for interval linear systems, i.e.,




[ xi , xi ] = min xi , max xi
x∈X

x∈X

∀i ∈ [n],

(4.3)

where xi denotes the i-th element of vector x. The main source of difficulties connected with obtaining ranges of xi is the complicated structure of the solution set
X . Although the intersection of the solution set and each orthant is a convex polyhedron, the union of those polyhedra, i.e., X , is generally non-convex. Oettli (1965)
proposes to use a linear programming procedure in each orthant (i.e., 2n orthants
in total) to determine xi and xi , for all i ∈ [n]. Rohn (1997) show that, in general,
determining the exact ranges for the components of x ∈ X is an NP-hard problem.
For a comprehensive treatment and for references to the literature on interval linear systems one may refer to the books Neumaier (1990), Kreinovich et al. (1998),
Fiedler et al. (2006), and Moore et al. (2009). Due to the NP-hardness of solving
(4.3) exactly, many ingenious methods have been developed to obtain sufficiently
close outer estimates of the solution set, e.g., Hansen (1992), Jansson (1997), Ning
and Kearfott (1997), Rump (2010), Hladı́k (2014), Popova (2014). Rohn (1981),
Alefeld et al. (1998), Popova (2004), Calafiore and El Ghaoui (2004), Popova and
Krämer (2007), Rump (2010) and Hladı́k (2012) consider interval linear systems with
dependent data. We refrain here from listing papers dedicated to computing enclosures since they are simply too many. Interval linear systems has been applied to
many engineering problems described by systems of linear equations involving uncertainties. These problems include analysis of mechanical structures (see Smith et al.
(2012), Muhanna and Erdolen (2006)), electrical circuit designs (see Dreyer (2005),
Kolev (1993)) and chemical engineering (see Gau and Stadtherr (2002)). For more
applications we refer to the book Moore et al. (2009).
In this paper, we consider the system of uncertain linear equations:
A(ζ)x = b(ζ),

(4.4)
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where the coefficient matrix A : Rnζ → Rm×n and right-hand side b : Rnζ → Rm are
affine in ζ, and the uncertain parameters ζ ∈ Rnζ reside in the uncertainty set U.
Firstly, we focus on systems of linear equations with column-wise uncertainties. Let
> >
>
A(ζ) = [a·1 (ζ 1 ) a·2 (ζ 2 ) · · · a·n (ζ n )], b(ζ) = b(ζ 0 ), and ζ = [ζ >
0 ζ 1 · · · ζ n ] . We
represent the system (4.4) as follows:
n
X

a·j (ζ j )xj = b(ζ 0 ),

(4.5)

j=1

where the vector function a·j is affine in ζ j ∈ Uj , the vector function b is affine in
ζ 0 ∈ U0 , and the set Uj is convex, for all j ∈ [n] ∪ {0}. The corresponding united
solution set X is:



X =  x ∈ Rn ∃ζ ∈ U :

n
X
j=1




a·j (ζ j )xj = b(ζ 0 )

(4.6)

>
> >
nζ
where U = ×j=0 Uj , and ζ = [ζ >
0 ζ 1 · · · ζ n ] ∈ R . Most of the existing literature
consider (4.4) with independent interval uncertainties. Oettli (1965) shows that
for a special class of (4.6), where uncertainties are component-wise and reside in
independent intervals, i.e., (4.2), the intersection of the united solution set X and
any orthant of Rn is a convex polyhedron. Popova (2014) devises a method to obtain
close outer estimates of (4.4) with dependent interval uncertainties. Popova (2015)
characterize the solvability of (4.4) with dependent interval uncertainties. Here, we
consider uncertain linear systems with column-wise (dependent) uncertainties that
reside in general convex sets, and derive convex representations of X in an arbitrary
orthant. Moreover, when Uj are polyhedral, j ∈ [n]∪{0}, the set X is also polyhedral;
when Uj are ellipsoidal, j ∈ [n] ∪ {0}, the set X is conic quadratic representable.
n

Moreover, via a convex representation technique and the techniques from (adjustable)
robust optimization, we are able to derive convex representations of a special class of
X con . We further show that X tol can be interpreted as a solution set for a static robust
optimization problem, which admits tractable reformulations for many important
classes of A and B.
We propose to compute the maximum size inscribed convex body (MCB) of the set of
possible solutions for systems of uncertain linear equations. It is intuitively appealing
to find a centered solution that is “far” from the boundaries of the solution set X
(i.e., infeasibility). The obtained MCB is an inner approximation of the solution
set, and its center is a potential solution to the system. We extend the method
developed in Chapter 3 to compute the MCB of the solution set X . This method
is independently developed in Zhang et al. (2017) and applied to optimal control
problems. Furthermore, we use the recent results in Chapter 2 for adjustable robust
optimization (ARO) to characterize for which convex bodies the obtained MCB is
optimal.

70

Centered Solutions for Uncertain Linear Equations

We compare our new method both theoretically and numerically with an existing
method. The conventional method of determining a robust solution for systems of
uncertain linear equations first appears in the context of robust least-squares (RLS)
problems El Ghaoui and Lebret (1997). The RLS method finds the minimizer xRLS
of the worst-case 2-norm violation of the system:
min
max
x
ζ∈U

||A(ζ)x − b(ζ)||2 .

(4.7)

The tractability of Problem (4.7) strongly relies on the choice of the uncertainty
set U. Ben-Tal et al. (2009) show that Problem (4.7) under independent interval
uncertainties can be reformulated into an SOCP problem. In El Ghaoui and Lebret
(1997), Beck and Eldar (2006) and Jeyakumar and Li (2014), authors derive an
SOCP or a semidefinite programming (SDP) reformulation of Problem (4.7) under
ellipsoidal uncertainties. Burer (2012) and Juditsky and Polyak (2012) solve (4.7) to
find the robust rating vectors for Colley’s Matrix Ranking and Google’s PageRank,
respectively. The contributions of this paper may be summarized as follows:
1. For column-wise (dependent) uncertainties that reside in convex sets, we show
that the united solution set X in any orthant is convex, and derive a convex
representation of X . We then derive a convex representation of X con via robust
optimization techniques, and further discuss the cases in which X tol can be
reformulated into equivalent convex sets.
2. Based on ARO techniques, we develop a new method to compute the MCB
of the set of possible solutions for uncertain linear systems. Its center can be
considered as a candidate. Furthermore, we use the recent results in Chapter
2 to characterize for which convex bodies the obtained MCB is optimal.
3. We compare our new method both theoretically and numerically with the RLS
method. We show that the solutions xRLS are scale sensitive and may even be
outside X . Applications to the input-output model, Colley’s Matrix Rankings,
and Article Influence Scores demonstrate the advantages and disadvantages of
the two methods.
The remainder of the paper is organized as follows. §4.2 discusses the properties of
the solution sets, and derive equivalent convex representations of X and X con . The
method for computing the MCB is discussed in §4.3. In §4.4, we compare our method
with the RLS method theoretically, and §4.5 presents numerical results.
Notation We use [n], n ∈ N to denote the set of running indices, {1, . . . , n}. We
use bold faced characters such as x ∈ Rn to represent vectors. We use xi to denote
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the i-th element of the vector x. We denote a·j as the j-th column of the matrix A.
We use normal and calligraphy capital letters such as A ∈ Rm×n and X to represent
matrices and sets, respectively. We denote ζ ∈ Rnζ as the uncertain parameters.

4.2 Convexity and representation of the solution set
4.2.1 Convexity of united solution set
Let us consider system (4.5) of uncertain linear equations. We assume that the
> >
>
nζ
resides in, is bounded and defined
uncertainty set U that ζ = [ζ >
0 ζ1 · · · ζn ] ∈ R
as follows:
n

U=

× Uj ,

where Uj =

j=0




ζ
 j




∀k ∈ [n] : fjk (ζ j ) ≤ 0 ,

j ∈ [n] ∪ {0}, (4.8)



and the function fjk is convex in ζ j , j ∈ [n] ∪ {0}, k ∈ [n]. The components of
ζ j ∈ Uj may be dependent. For i 6= j, the components of ζ i ∈ Ui and ζ j ∈ Uj are
independent. The uncertainties in the system (4.5) are indeed column-wise. Note
that the dimensions of the uncertain parameters ζ i and ζ j are not necessarily the
same for i 6= j. For a given pair I, J ⊆ [n], where I ∪ J = [n], and I ∩ J = ∅, the
corresponding orthant is defined as






RnI,J = x ∈ Rn xi ≥ 0, xj ≤ 0, ∀i ∈ I, j ∈ J  .
Lemma 4.1 The intersection of RnI,J and the solution set X with the uncertainty
set U defined in (4.5):
X ∩ RnI,J =





x ∈ RnI,J

∃ζ ∈ U :

n
X
j=1




a·j (ζ j )xj = b(ζ 0 )



is convex.
Proof. Since this proof is almost identical to the proof for Blanc and den Hertog
(2008, Proposition 1), we omit it here.

Although Blanc and den Hertog (2008, Proposition 1) only considers x in the nonnegative orthant with polyhedral uncertainties on the left hand side, their proof also
holds for general convex uncertainties on both left and right hand side with x reside
in any given orthant. Soyster (1973) shows that the nonnegative sum of a finite
number of convex sets is convex, which is basically the result of Lemma 4.1. Example 4.1 and 4.2 show that in order to preserve convexity of the solution set X the
two conditions are indeed necessary: a) the feasible solutions x ∈ X are within a
particular orthant of Rn , and b) the uncertainties in A(ζ) and b(ζ) are column-wise.
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Figure 4.1 – The shaded region is the solution set X in Example 4.1.

Example 4.1 The union of the solutions x ∈ X in two orthants can be
nonconvex. Let us consider the following solution set of an uncertain linear system
(

"
2

X = x∈R

:

#

" #

)

ζ1 0
1
x=
, ζ1 ∈ [−1, 1], ζ2 ∈ [1, 2] .
ζ1 ζ2
0

The solution set X can be represented as:


2

X = x∈R

1
: x1 ∈ (−∞, −1] ∪ [1, +∞), x2 ∈ [−1, − ] .
2


One can easily see that the intersection of the solution set X and each orthant of R2
is indeed convex. However, the set X is nonconvex, see Figure 4.1. This result is
known in Oettli (1965).
Example 4.2 The solution set X can be nonconvex when the uncertainties
are not column-wise. Let us consider the following solution set of an uncertain
linear system:
(

"

X = x :

ζ1
ζ1

0
−ζ1 − ζ2

#

" #

)

1
x=
, ζ1 ∈ [1, 2] , ζ2 ∈ [−1, 1] .
0

Note that the uncertainties of the system are not column-wise. The set can be represented as:


1
X = x : |x1 − x2 | ≤ x1 x2 , ≤ x1 ≤ 1 .
2
This set is nonempty only in the nonnegative orthant R2+ , and clearly, the set X is
nonconvex. See Figure 4.2. A similar observation is also made in, e.g., Tichatschke
et al. (1989), Popova and Krämer (2007).
4.2.2 Convex representation of united solution set
Given the uncertainty sets defined in (4.8), the intersection of the solution set X and
an arbitrary orthant RnI,J can be compactly represented as follows:
X ∩ RnI,J =





x ∈ RnI,J

∀j, k ∈ [n], ∃ζ :

Pn

j=1




a·j (ζ j )xj = b(ζ 0 ), fjk (ζ j ) ≤ 0, f0k (ζ 0 ) ≤ 0 ,
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Figure 4.2 – The shaded region is the solution set X in Example 4.2.

(4.9)
where the components of the vector functions a·j , b are affine in ζ j , and fjk is convex
in ζ j , for all j, k. Due to the presence of products of variables (e.g., ζ j xj for some
j ∈ [n]), the representation of set (4.9) is nonconvex.
Theorem 4.1 The set (4.9) admits the following convex representation






Pn

j=1 a·j



y 
j

xj



xj = b(ζ 0 )



X ∩ RnI,J = x ∈ RnI,J ∀k ∈ [n], ∃ζ 0 ∈ U0 , y j : xi fik yxii ≤ 0, ∀i ∈ I
y 



xj fjk xjj ≥ 0, ∀j ∈ J



,






(4.10)
y 

y 

where 0a·j 0j = limxj →0 xj a·j xjj and 0fjk
cession functions of a·j and fjk , respectively.



yj
0



= limxj →0 xj fjk

y 
j

xj

are the re-

Proof. The set (4.10) is obtained by substituting y j = xj ζ j and multiply the
inequality constraints containing ζ j with xj in (4.9). Since
the vector functions
y 
Pn
j
a·j (·), j ∈ [n], and b(·) are affine, the equalities j=1 a·j xj xj = b(ζ 0 ) are affine
in x, ζ 0 and y j , j ∈ [n]. Dacorogna and Maréchal (2008) show that, for a convex
function f : Rn → R, its perspective g(y, x) := xf ( yx ) is convex on Rn × R+ \ {0}.
Here is a short proof of the convexity of xf ( yx ) on Rn × R+ \ {0} uses convex analysis
(adopted from Gorissen et al. (2014)):
n
o
y
y
y>z
g(y, x) = xf ( ) = xf ∗∗ ( ) = x sup
− f ∗ (z) = sup y > z − xf ∗ (z)
x
x
x
z
z
(

)

from which it follows that g(y, x) is jointly convex since it is the pointwise
 supremum

of functions which are linear in x and y. Hence, the functions xi fik yxii , i ∈ I,
−xj fjk

y 
j

xj

, j ∈ J , are jointly convex in x and y k , k ∈ [n].
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Theorem 4.1 shows that for general convex functions fjk , for all j, k, the solution
set X in any orthant of Rn is convex, which coincides with the findings in Lemma
4.1. Furthermore, for each j ∈ [n] ∪ {0}, k ∈ [n], if fjk is affine in ζ j , the set X is
polyhedral; if fjk is quadratic in ζ j , the set X is conic quadratic representable. Our
result generalizes the results of Rohn (1981), where the author provides a convex
representation of interval linear systems with prescribed column sums.
This transformation technique used in the proof of Theorem 4.1 is first proposed by
Dantzig (1963) to solve Generalized LPs. In the field of disjunctive programming,
Balas (1998) employs this technique to derive a convex representation of the union of
polytopes. Grossmann and Lee (2003) use it to derive a convex representation of the
convex hull of general convex sets. This technique is also applied to the dual of LPs
with polyhedral uncertainty in Römer (2010). Gorissen et al. (2014) use it to derive
tractable robust counterparts of a linear conic optimization problem. We illustrate
this transformation by the following interval linear system example. This example is
used throughout this paper.
Example 4.3 The convex representation of X ∩ Rn+ with product of variables Let us consider the solution set in non-negative orthant R2[2],∅ = R2+ :
X ∩ R2+ =











x ∈ R2+ ∃ζ ∈ U : ζ 1 x1 + ζ 2 x2 = ζ 0 ,

where U = ×j=0 Uj , U0 = [0, 120] × [60, 240], U1 = [0, 1] × {2} and U2 = [2, 3] ×
[1, 2]. Substituting ζ 1 = yx11 and ζ 2 = yx22 , and multiplying the inequality constraints
containing ζ j with xj , yields the following representation:
2

X ∩ R2+ =













"

x ∈ R2+

#

"

#

0
120 


y1 + y2 = ζ 0,
≤ ζ0 ≤

60
240 
"
#
"
#
"
# .
∃ζ 0 ∈ U0 , y 1 , y 2 : " #
0
x1
2x2
3x2 



≤ y1 ≤
,
≤ y2 ≤

2x1
2x1
x2
2x2

(4.11)
One can further simplify this set by eliminating the equality constraints. From Figure
4.3, we observe that the set defined in (4.11) is a full-dimensional polytope.
For interval linear systems, Kreinovich et al. (1998) show that checking the boundedness of the solution set is NP-hard. If we only focus on the solution set in a specific
P
P
orthant, the boundedness can simply be checked by maximizing i∈I xi − j∈J xj
over X in RnI,J .
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4.2.3 Convex representations of controllable and tolerable solution sets
Let us first consider a controllable solution set in an arbitrary orthant with columnwise uncertainties:
X con ∩ RnI,J =




x ∈ RnI,J

∀ζ 0 ∈ U0 , j ∈ [n], ∃ζ j ∈ Uj :



n
X




a·j (ζ j )xj = b(ζ 0 ) ,


j=1

(4.12)
where the uncertainty sets Uj , j ∈ [n] ∪ {0}, are defined in (4.8). Via the convex
representation technique in §4.2.2, the set (4.12) can be reformulated as:






Pn

j=1 a·j



y 
j

xj



xj = b(ζ 0 )




X con ∩ RnI,J = x ∈ RnI,J ∀ζ 0 ∈ U0 , j, k ∈ [n], ∃y j : xi fik yxii ≤ 0, ∀i ∈ I  .
y 





xj fjk xjj ≥ 0, ∀j ∈ J 
(4.13)
Let us now focus on a special class of (4.13), where fik , i, k ∈ [n], are affine. The set
(4.13) can be interpreted as a solution set of a two-stage robust linear optimization
problem. Here, the auxiliary variables y j , j ∈ [n], can be seen as general functions
of ζ 0 . Ben-Tal et al. (2004) show that solving ARO problems is generally NP-hard,
because the auxiliary variables (a.k.a., adjustable variables) are decision rules instead
of finite vectors of decision variables. In Chapter 2, we show via Fourier-Motzkin
elimination that the solution set of two-stage robust linear optimization problems
can be reformulated into a convex set, e.g., the set (4.13) is a polyhedron if U0 is
polyhedral.
For computational tractability, we often restrict the adjustable variable y (for simplicity, here we drop the subscript of y j ) to linear decision rules, e.g., the decision
rule y is linear in ζ 0 :
y = u + V ζ 0,

(4.14)

where the coefficients u ∈ Rny and V ∈ Rny ×n will be optimization variables. Despite that linear functions may not be optimal, it appears that such a decision rule
performs well in practice. For instance, Ben-Ameur et al. (2016) and Theorem 2.4
show that linear decision rules are optimal for adjustable robust linear optimization
problems with a simplicial uncertainty set. Suppose U0 = {ζ 0 ∈ Rn+ | 1> ζ 0 ≤ 1} is a
standard simplex, then linear decision rules are optimal, and (4.13) can be reformulated into a polyhedron. For a general convex U0 , linear decision rules result in an
inner approximation of (4.13).
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In case of tolerable solution set, one can eliminate all the auxiliary variables b, and
obtain:
X tol =







x ∈ Rn ∀A ∈ A : Ax ∈ B .

(4.15)





Note that here we do not restrict the solution set to be within a specific orthant. The
set (4.15) can be seen as a solution set of a static robust optimization problem. If
A and B are ellipsoidal, then the set (4.15) is SDP-representable; if B is polyhedral,
then (4.15) can be equivalently reformulated into a convex set via Fenchel duality
(see Ben-Tal et al. (2015)) for almost all convex A. For polyhedral A and B, the set
(4.15) can be reformulated into a convex polyhedron. This generalizes the result of
Popova (2012), where the author shows that the tolerable solution set with interval
uncertainties is a convex polyhedron.

4.3 Maximum size inscribed convex body of solution set
Firstly, in §4.3.1, we extend the method in Chapter 3 to compute the maximum size
inscribed convex body (MCB) of a polytopic projection. Since the obtained MCB is
an under approximation of the optimal MCB, in §4.3.2, we briefly discuss a simple
procedure that provides an upper approximation.
4.3.1 MCB of Polytopic Projection
It is well-known that for a general convex set, finding the MCB can be computationally intractable. In this subsection, we focus on polyhedral solution sets. For
instance, the united solution set X ∩ RnI,J defined in (4.10) is polyhedral if the
functions fjk and f0k are affine, j, k ∈ [n]:



X ∩RnI,J = x ∈ RnI,J

Pn

y 



j

j=1 a·j xj xj = b(ζ 0 ),
∀j, k ∈ [n], ∃ζ 0 , y j :
,
>

cjk xj + d>
jk y j ≤ 0, c0k + d0k ζ 0 ≤ 0

(4.16)
for some scalar cjk , c0k , and vectors djk , d0k . Similarly, the controllable and tolerable
solution sets can also be reformulated (exactly or approximately via linear decision
rules and robust optimization techniques) into polyhedral sets, and the method discussed in this section can also be directly applied. For clarity, we represent the
(projected) polyhedral set (4.16) as follows:



H =  x ∈ Rn ∃y ∈ Rny : D

" #




x
≤c ,

y

(4.17)
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where D ∈ Rm×(n+ny ) , and c ∈ Rm . The auxiliary variable y in (4.17) represents the
variables y j ’s and ζ 0 in (4.16). If the set H is not full-dimensional, then there are
(hidden) equality constraints in H. One can simply eliminate the equality constraints
via Gaussian elimination. Without loss of generality, let us assume that the set H is
full-dimensional.
The set H contains both variables x and y, but it is desired to find the MCB only
with respect to x. Due to the existence of y in the description of H, finding the
MCB in a polytopic projection is generally a non-convex optimization problem (see
Chapter 3). One can use elimination methods, e.g., Fourier-Motzkin elimination
(see Fourier (1824), Motzkin (1936)), to eliminate all y in H. This is equivalent
to deriving a description of H that does not contain y. Tiwary (2008) shows that
deriving an explicit description of a projected polytope is NP-hard. Alternatively,
we approximate the maximum volume inscribed ellipsoid (MVE) of H via linear and
quadratic decision rules in Chapter 3.
We extend the method in Chapter 3 to compute the MCB (and its center) of a
polytopic projection by solving the following adjustable robust optimization problem:



"

max log detE
x,E

∀ξ ∈ Ξ, ∃y : D




#

x + Eξ
≤ c ,
y

(4.18)

where E ∈ Sn with implicit constraint E  0, Sn is the set of n × n symmetric
matrices, x are non-adjustable variables, the vector function y are called decision
rules, and Ξ ⊆ Rn is a compact convex body. By maximizing the concave function
logdet(E) in Problem (4.18), the matrix E “stretches” (or “suppresses”) and “rotates”
the convex body Ξ around x in H to its maximum volume. If one would like to
“stretch” (or “suppress”) the convex body along the x’s axes (i.e., without rotation),
this can simply be done by restricting the non-diagonal entries of E to be 0, and
P
maximizing i∈[n] log Eii . When H is unbounded, the volume of the MCB is also
unbounded. The boundedness of H can be checked via an LP problem.
Let us restrict the decision rule y to be linear in ξ as in (4.14), and substitute it in
(4.18) to get the affinely adjustable robust formulation:
max

x,u,V,E




log detE



"

#




x + Eξ
∀ξ ∈ Ξ : D
≤c .

u+Vξ

(4.19)

Problem (4.19) is a semi-infinite optimization problem that approximates the MCB
and its center. For a broad class of convex bodies Ξ, Problem (4.19) can be reformulated into an equivalent tractable reformulation (see Ben-Tal et al. (2015)):
• Maximum inscribed polytope. For a polytope Ξ = {ξ ∈ Rn+ P ξ ≤ q}, where
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P ∈ Rmξ ×n and q ∈ Rmξ , the tractable counterpart of Problem (4.19) is as follows:
" #

(

max

log detE

x,u,V,E,∆

" #

)

x
E
D
+ ∆q ≤ c, ∆P ≥ D
, ∆≥0 ,
u
V

(4.20)

where ∆ ∈ Rm×mξ . Let us consider two special polyhedral sets, i.e., Ξ is a box
or simplex. Theorem 2.4 and Theorem 2.5 prove that there exist linear and twopiecewise decision rules that are optimal for two-stage robust linear optimization
problems with simplex and box uncertainties, respectively. If Ξ = {ξ ∈ Rn+ | 1> ξ ≤
1} is a standard simplex, the solution of (4.20) gives a maximum inscribed simplex of H; if Ξ = {ξ ∈ Rn | |ξ| ≤ 1} is a box, there exists two-piecewise affine
decision rules that are optimal for (4.18), and the solutions of (4.20) are in general suboptimal. For tolerable solution sets with interval uncertainties, Hladı́k and
Popova (2015) devise an exponential LP methods for computing maximal inner
boxes exactly, and also propose a polynomial heuristic that yields an approximated maximal inner box. Furthermore, Ben-Tal et al. (2004) show that static
decision rules are optimal for two-stage robust linear optimization problems with
constraint-wise uncertainties. Hence, one can directly show that the solution of
(

maxx,y,E

"
P

i∈[n]

log Eii | ∀ξ ∈ Ξ :

d>
i·

#

)

x + Eξ
≤ ci ∀i ∈ [m], Ejk = 0 ∀j 6= k : j, k ∈ [n]
yi

gives a maximum inscribed box (without rotation) of H, where d>
i· is the i-th row
ny
of D, and y i ∈ R , i ∈ [m].
• Maximum inscribed ellipsoid. For Ξ = {ξ ∈ Rn | ||ξ||2 ≤ 1}, the tractable
counterpart of Problem (4.19) is as follows:



max log detE

x,u,V,E

" #

d>
i·

x
+
u

" #>

E
V

≤ ci ,

di·
2




∀i ∈ [m] ,

(4.21)

where di· ∈ Rn is the i-th row of the matrix D. Problem (4.21) approximates the
MVE of H. A largest ball in H can be determined by replacing the matrix E by
eI ∈ Rn×n (i.e., a product of a scaler e ∈ R+ and identity matrix) everywhere in
(4.21). For the rest of this paper, we focus on MVE, i.e., Ξ = {ξ ∈ Rn | ||ξ||2 ≤ 1},
because it possesses many appealing properties: a) it is unique, invariant of the
representation of the given convex body; b) its center is a centralized (relative)
interior point of the convex body; c) it is a inner approximation of H which admits
a simple description (i.e., one inequality constraint). We denote xaM V E as the
approximated MVE center of H obtained from the MVE method (4.21). In the
following example, we solve (4.21) to compute xaM V E of the solution set H.
Example 4.4 The maximum volume inscribed ellipsoid (Example 3 continued).
From Figure 4.3 we know that H is full-dimensional. Since we are
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interested in the MVE center of H only with respect to x, we compute the xaM V E
of H by solving (4.21), and obtain xaM V E = (52.1, 30.7). In order to evaluate the
obtained solution, we derive an explicit description of H with no auxiliary variables
by using Fourier-Motzkin elimination, and obtain the optimal MVE center xM V E
at (53.6, 30). Note that, in general, it is NP-hard to derive such a description.
From Figure 4.3, one can observe that xaM V E is a close approximation of xM V E .
4.3.2 Upper bounding method of Hadjiyiannis et al. (2011)
Hadjiyiannis et al. (2011) propose to compute upper bounds on the optimal value of
adjustable robust optimization problems by only considering a finite set of scenarios,
which they call critical scenarios (CSs). The CSs are obtained by solving the auxiliary
optimization problems:
E∗
ξ,
V∗

"
k

ξ = argmax
ξ∈Ξ

d>
k·

#

k ∈ [m],

(4.22)

where E ∗ and V ∗ denote the optimal solution from (4.19). If more than one CS is
determined from the k-th constraint, an arbitrary CS is chosen and included in the
b
CS set. The scenario counterpart of Problem (4.18) with respect to the CS set Ξ,
1
m
b = {ξ , ..., ξ }, is given by the following optimization problem:
where Ξ
(

max

z,y k ,E

log detE

x + Eξ k
D
≤ c,
yk
"

#

)

∀k ∈ [m] .

(4.23)

b ⊂ Ξ,
b k ∈ [m], we only need a feasible y k ∈ Rny to exist. Since Ξ
For each CS ξ k ∈ Ξ,
Problem (4.23) provides an upper bound of (4.18).

4.4 Comparison of solution methods
In this section, we compare the theoretical aspects of the robust least-square (RLS)
method with our MVE method discussed in §4.3. Let us first consider an interval
linear system where:
n

A(ζ) = [ζ 1 ζ 2 · · · ζ n ],

b(ζ) = ζ 0 ,

U=

ζ j ∈ Uj = { ζ j ∈ Rm : ζ j ≤ ζ j ≤ ζ j },

× Uj ,
j=0

(4.24)

j ∈ [n] ∪ {0},

>
> >
nom
nζ
and ζ = [ζ >
as
0 ζ 1 · · · ζ n ] ∈ R . We further denote the nominal realization ζ
nom
1
nζ
the median of the intervals, i.e., ζ
= 2 (ζ + ζ) ∈ R .
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Lemma 4.2 Given A(ζ), b(ζ) and U in (4.24), the solution xRLS is optimal for
(4.7) if and only if it is also optimal for the following SOCP problem with a unique
z ∈ Rm :



min
||z||2 | z ≥ |A(ζ
z,x 

nom

)x − b(ζ

nom

)| + θ 0 +

X
i∈[n]




|θ i xi | ,

(4.25)

∈ Rm , j ∈ [n] ∪ {0}.
where θ j = ζ j − ζ nom
j
Proof. This proof is adapted from Ben-Tal et al. (2009)[Chapter 6.2]:
min
max ||A(ζ)x − b(ζ)||2
x
ζ∈U

= min

max

τ,x ζ:|ζ−ζ nom |≤θ

{τ | τ ≥ ||A(ζ nom )x − b(ζ nom ) + A(ζ − ζ nom )x − b(ζ − ζ nom )||2 }




X

τ,z,x 

i∈[n]

= min τ | τ ≥ ||z||2 , z ≥ |A(ζ nom )x − b(ζ nom )| + θ 0 +




|θ i xi | .



Note that in Lemma 4.2, the optimal solution xRLS of (4.25) is not restricted to
be within any specific orthant. The tractability of Problem (4.7) strongly relies on
the choice of the uncertainty set U. For deriving tractable counterpart of (4.7) with
ellipsoidal uncertainties in A and/or b, we would like to refer to El Ghaoui and Lebret
(1997), Beck and Eldar (2006), Jeyakumar and Li (2014). In the following example,
we solve Problem (4.25) for the interval linear system in Example 4.3.
Example 4.5 The robust least-squares solution for an interval linear system. We apply the RLS method to the interval linear system in Example 4.3 and
find the solution xRLS is at (67.06, 10.59), which is denoted as  in Figure 4.3. The
solution xRLS coincides with the nominal solution xnom (i.e., the solution obtained
from the nominal realization) of the system.
The RLS method is in line with the philosophy of Robust Optimization (see Ben-Tal
et al. (2009)), i.e., minimizing the violation with respect to the worst-case scenario.
Our method finds a centered solution of the solution set. In §4.5, we show that
in many real-life problems that involve solving a system of linear equations, the
uncertainties are often column-wise, i.e., the uncertainties within each column of
A(ζ) and b(ζ) may be dependent, and the centered solution xaM V E can be efficiently
obtained. However, the choice of uncertainty sets for Problem (4.7) that admits a
tractable counterpart is rather limited, e.g., for polyhedral uncertainties, Problem
(4.7) is generally NP-hard.
One of the most fundamental properties of a system of (uncertain) linear equations
is scale invariance. The nominal solution xnom and centered solution xaM V E are
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Figure 4.3 – The shaded region is the solution set X in Example 4.3. The
dashed ellipsoid is the MVE. The solutions from the MVE method and the RLS
method are denoted as xaM V E and xRLS , respectively. The solutions xnom
and xM V E are the nominal solution and the optimal MVE center, respectively.

scale invariant, whereas, the solution xRLS is not. In fact, xRLS can be outside the
solution set (see Example 4.6), and even if one restrict xRLS to be within X , it may
still be on the boundary of the solution set. As the feasibility of the solutions are
not guaranteed, the solution xRLS may be less appealing than xaM V E .
Example 4.6 Scale sensitivity of the solutions. Let us consider an adapted
version of the interval linear system in Example 4.3 where the uncertainty sets are
defined as:
(

"

#

"

#)

0
3600
U0 = ζ 0 :
≤ ζ0 ≤
60
240
(

U1 = ζ 1 :

" #

"

,

#)

0
30
≤ ζ1 ≤
2
2

(

,

"

#

"

#)

60
90
U2 = ζ 2 :
≤ ζ2 ≤
1
2

.

The components of the first row of the interval linear system in Example 4.3 are now
multiplied by a factor 30. Note that this operation does not alter the set X ∩ R2+ . The
solutions for this uncertain linear system are depicted in Figure 4.4. The nominal
and MVE solutions remain unchanged. The solution xRLS is outside the solution set.

4.5 Numerical experiments
In this section, we conduct four experiments to evaluate the candidate solutions. The
first experiment considers the interval linear system introduced in Example 4.3 and
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Figure 4.4 – The shaded region is the solution set X in Example 4.3. The
dashed ellipsoid is the MVE. The solutions from the MVE method and the RLS
method are denoted as xaM V E and xRLS , respectively. The solutions xnom
and xM V E are the nominal solution and the optimal MVE center, respectively.

its adapted version in Example 4.6. The other three are input-output model, Colley’s
Matrix Ranking and Article Influence Scores, respectively. A common feature of these
problems is that their solutions are obtained by solving a system of linear equations.
All the procedures are performed by using Mosek 8 (see MOSEK ApS (2017)) within
Matlab R2017a on an Intel Core i5-4590 CPU running at 3.3 GHz with 8 GB RAM
under Windows 7 operating system.
4.5.1 A simple experiment
Firstly, we compute the candidate solutions for the interval linear system discussed
in Example 4.3. Given a candidate solution x̃, three measures are considered:
• V OL : the volume of the MVE centered at x̃ within X
• W D : the worst-case 2-norm deviations of A(ζ)x̃ from b(ζ) (i.e., maxζ∈U ||A(ζ)x̃−
b(ζ)||2 )
• M D : the mean 2-norm deviations of uniformly sampled solutions in X (i.e.,
1 P
i∈[ns ] ||xi − x̃||2 ), where xi ∈ X , i ∈ [ns ], are obtained from the Hit-and-Run
ns
sampling (see Smith (1984)).
For the interval linear system in Example 4.3, the nominal solution xnom coincides
with xRLS (see Figure 4.3). From Table 4.1, one can observe that xnom and xRLS are
most robust against the worst-case deviations. The solutions xM V E 1 and xaM V E are
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Table 4.1 – Numerical comparison of the solutions for the interval linear
system in Example 4.3. The solutions from the MVE method and the RLS
method are denoted as xaM V E and xRLS , respectively. The solutions xnom and
xM V E are the nominal solution and the optimal MVE center, respectively. The
bold numbers show that the corresponding solution performs the best (among
the candidate solutions) with respect to the corresponding measure.

xnom
x1
67.1
x2
10.6
V OL
22.4
WD
13.7
MD
37.2
Complexity LS

xM V E
53.6
30
39.2
17.9
31.2
SDP

xaM V E
52.1
30.7
38.3
17.8
31.3
SDP

xRLS
67.1
10.6
22.4
13.7
37.2
SOCP

[x, x]
[0, 120]
[0, 60]
–
–
–
LP

centered solutions (see also the exact ranges of x in the last column of Table 4.1).
The solution xM V E has the largest inscribed ellipsoid and the least M D. The small
difference in the V OLs and M Ds of xM V E and xaM V E indicates that the solution
xaM V E is a very close approximation of xM V E .
Table 4.2 – Numerical comparison of the solutions for the interval linear
system in Example 4.6. The solutions from the MVE method and the RLS
method are denoted as xaM V E and xRLS , respectively. The solutions xnom
and xM V E are the nominal solution and the optimal MVE center, respectively.
The bold numbers show that the corresponding solution performs the best
(among the candidate solutions) with respect to the corresponding measure.
LS denotes the complexity of solving a linear system.

xnom
x1
67.1
x2
10.6
V OL
22.4
WD
29.6
MD
37.2
Complexity LS

xM V E
53.6
30
39.2
43.0
31.2
SDP

xaM V E
52.1
30.7
38.3
43.2
31.3
SDP

xRLS
0
24
0
21.7
59.3
SOCP

[x, x]
[0, 120]
[0, 60]
–
–
–
LP

In Table 4.2, we evaluate the solutions for the interval linear system in Example 4.6.
Here, the nominal solution xnom is no longer the same as xRLS , and xRLS is outside
the solution set (see Figure 4.4). Therefore, the corresponding volume of the MVE
is 0. The solutions xnom , xM V E and xaM V E are scale invariant.
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4.5.2 Production vector for input-output model
Leontief’s Nobel prize-winning input-output model describes a simplified view of an
economy. Its goal is to predict the proper level of production for each of several types
of goods or service. We apply this to predict the production of different industries
in the Netherlands. In Table 4.3, we present the data that are reported in Deloitte
(2014). This is a simplified version of the consumption data of the Netherlands
published by the Dutch statistics office. From Leontief (1986), the nominal inputTable 4.3 – The simplified consumption matrix of the Netherlands (numbers
in em). Five industries are considered, i.e., agriculture, fishing, forestry (AFF)
industry, manufacturing industry, service industry, education and healthcare
(E & H) industry and other industries. The external demand (ED) and the
total output are also reported.

C
AFF
Manuf.
Services
E&H
Other
Total output (w> )

AFF Manuf. Services E & H
4.257
9.828
0.221
0.092
8.074 114.955 14.864
4.61
1.983
29.3
65.9
5.925
0.019
1.035
0.982
2.281
0.628
9.425
14.871
5.431
28.193 461.369 273.771 111.265

Other
0.476
33.212
42.493
1.755
28.366
321.294

ED (b0 )
13.232
296.826
176.933
92.926
214.992

output matrix is defined as:
A = Diag(w)−1 C,
where w ∈ R5 is the total output vector, C ∈ R5×5 is the consumption matrix from
Table 4.3, and Diag(·) places its vector components into a diagonal matrix. The
nominal production vector xnom can be obtained by solving the following system of
linear equations:
(I − A)x = b,

(4.26)

where b is the vector of the nominal external demands (see the last column of Table
4.3).
Suppose there are uncertainties in the system (4.26), and each component of A(ζ) =
[ζ 1 · · · ζ n ] and b(ζ) = ζ 0 resides in an independent interval, where
2 +n

>
> >
n
ζ = [ζ >
0 ζ1 · · · ζn ] ∈ R

.

We assume that the interval uncertainty sets Uj , j = [n] ∪ {0}, are as follows:
Uj = { ζ j : |ζ j − a·j | ≤ σa·j } and U0 = { ζ 0 : |ζ 0 − b| ≤ σb},
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where σ is user specified, a·j is the j-th column of the nominal matrix A. Inputoutput models with interval data were also studied in, e.g., Rohn (1978) and Dymova
et al. (2013). In Table 4.4, the computation time of the solution methods is positively
correlated with its theoretical complexity. Since the problem size is relative small,
all the solutions can be obtained within 2 seconds.
Table 4.4 – The candidate production vectors for σ = 15%. The solutions
from the MVE method and the RLS method are denoted as xaM V E and xRLS ,
respectively. The solution xnom is the nominal solution. The exact ranges
of the components of x are reported in the last column. LS denotes the
complexity of solving a linear system.

AFF
Manuf.
Services
E&H
Other
Complexity
Time (seconds)

xnom
52
732
505
119
406
LS
0

xaM V E
52
741
511
119
408
SDP
0.2

xRLS
49
731
504
119
406
SOCP
0.1

[x, x]
[39, 67]
[573, 922]
[386, 650]
[100, 139]
[330, 490]
LP
1.9

We again consider the three measures as in §4.5.1. From Table 4.5, we observe that
the solution xaM V E has the largest inscribed ellipsoid and the best (i.e., least) M D;
xRLS is the most robust solution with respect to W D, but geometrically, it is not
centered. The nominal solution xnom is the second best solution for all the three
measures. For other values of σ, or different σij ’s for each components of A and b,
the above observations remain valid. However, when σ ≥ 25%, the RLS solutions
are outside the solution set. Since xaM V E is an approximation of the optimal MVE
center, we apply the upper bounding method of Section 4.3.2. The upper bounding
V OL is 44.4. The obtained inner approximation is 44.3, which implies that xaM V E
is very close to the optimal solution.

4.5.3 Colley’s matrix ranking
Colley’s bias free college football ranking method was first introduced by Colley
(2001). This method became so successful that it is now one of the six computer
rankings incorporated in the Bowl Championship Series method of ranking National
Collegiate Athletic Association college football teams. The notation here is adapted
from Burer (2012).
Colley Matrix Rankings require to solve a system of linear equations Ax = b. For n
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Table 4.5 – Numerical result of the solution methods for input-output model.
The solutions from the MVE method and the RLS method are denoted as
xaM V E and xRLS , respectively. The solution xnom is the nominal solution.
The bold numbers show that the corresponding solution performs the best
(among the candidate solutions) with respect to the corresponding measure.

xnom
V OL
42
WD
148
MD
107

xaM V E
44
155
105

xRLS
39
148
107

teams, the n × n matrix W is defined as
Wij = number of times team i has beaten team j.
In particular, Wij = Wji = 0 if i has not played against j, and Wii = 0 for all i. Note
that the ij-th entry of W + W > represents the number of times team i and team
j has played against each other. Let 1 be the all-ones vector, then the i-th entry
of (W + W > )1 and (W − W > )1 gives the total number of games played by team i,
i.e., the schedule of the games, and its win-loss spread. The Colley matrix A and
the vector b are defined via the schedule of the games and the win-loss spread vector
respectively, i.e.,
A = 2I + Diag((W + W > )1) − (W + W > )
1
b = 1 + (W − W > )1,
2
where I is the identity matrix and Diag(·) places its vector components into a diagonal
matrix. Since the schedule of the games is often predetermined, we only consider
uncertainties in the vector b. We empirically investigate the robust version of Colley
Matrix ratings to modest changes in the win-loss outcomes of inconsequential games.
A game is inconsequential if it has occurred between two bottom teams, i.e., teams
win less than 50% of all the games they played. Suppose m inconsequential games
has been played during the whole season. Let ζ ∈ Rm denote the perturbation of
the games. The game j switches its outcome if ζj = 1, and it remains unchanged if
ζj = 0. For all j, we have 0 ≤ ζj ≤ 1. Then, we define a matrix ∆ ∈ Rn×m , where





1 if team i loses the game j
∆ij = −1 if team i wins the game j


 0
otherwise.
The vector ∆ζ represents the possible switches in the outcome of the games. The
maximum number of inconsequential games that are allowed to switch their outcomes

Numerical experiments
is less than L ∈ N0 , i.e.,

P

j

87
ζj ≤ L. The polyhedral solution set is as follows:

conv(X ) = {x : Ax = b + ∆ζ, ζ ∈ U} ,
where the matrix A and thenvector b are nominal, conv(X
) denotes the convex
o
m P
hull of the set X , and U = ζ : ζ ∈ {0, 1} , j ζj ≤ L . The uncertainty set U
contains all possible integral ζ’s (i.e., scenarios). For ζ = 0, the nominal rating
vector xnom = A−1 b is on the boundary of X . Note that the ratings of Colley’s
Matrix Rankings are not necessarily nonnegative. Since negative ratings are rather
rare and their values are marginal (often very close to zero), we restrict ourselves to
the rating vectors that are nonnegative.
The data we use in this subsection are downloaded from the website Wolfe (2017).
The data contains the outcomes of 4, 197 college football games played by n = 760
teams in 2016, U.S.. There are m = 112 inconsequential games in total. We allow
at most L = 30 inconsequential games
to switch their outcomes. The total number
P30 112
of possible outcomes is |U| = i=1 i = 2.4 × 1027 . The solution xaM V E is defined
as the approximated MVE center of the solution set conv(X ). For the polyhedral set
conv(X ), the RLS method requires solving a 2-norm maximization problem which is
NP-hard. Burer (2012) proposes a two-stage method to solve the following MINLP
problem:
min max ||Ax − b − ∆ζ||2 .
x

ζ∈U

We denote the solution of Burer as xRLS . Due to the high dimension of the solutions
(i.e., n = 760), we do not report the obtained solutions, and the exact ranges of the
components of x for this numerical experiment. Since the uncertainty set U is discrete, the measures that we consider here are slightly different from those introduced
in §4.5.1:
• V OL : the volume of the MVE centered at x̃ within conv(X )
• W D : the worst-case 2-norm deviations of Ax̃ from b + ∆ζ with respect to
105 randomly sampled integer ζ ∈ U (i.e., maxζ∈U ||Ax − b − ∆ζ||2 )
• M D : the mean 2-norm deviations of 105 uniformly sampled solutions in
P
conv(X ) (i.e., n1s i∈[ns ] ||xi − x̃||2 ), where xi ∈ X , i ∈ [ns ], are obtained
from the Hit-and-Run sampling (see Smith (1984))
• M DD : the mean 2-norm deviations of Ax̃ from b + ∆ζ with respect to 105
randomly sampled discrete ζ ∈ U.
From Table 4.6, it is readily obvious that the solution xaM V E is the best for three out
of four measures. Due to the problem definition, the effect of switching the result of
the inconsequential games is not symmetric. The solution xnom is on the boundary
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Table 4.6 – Numerical result of the ratings for Colley’s Matrix Ranking.
The nominal solution, MVE solution and RLS solution are denoted as xnom ,
xaM V E and xRLS , respectively. The bold numbers show that the corresponding solution performs the best (among the candidate solutions) with respect
to the corresponding measure. LS denotes the complexity of solving a linear
system.

V OL
WD
MD
M DD
Complexity
Time (seconds)

xnom
0
7.54
7.5
10.5
LS
0

xaM V E
0.06
6.72
6.4
9.2
SDP
9

xRLS
0.04
6.67
6.6
9.7
MINLP
174

of X and it is the least robust solution among all three solutions with respect to the
considered measures. We again evaluate the quality of the approximation xaM V E
by computing its upper bounding volume. The obtained upper bounding volume
is 0.18. The optimal volume lies between 0.06 and 0.18. The MINLP problem is
solved with CPLEX 12.7 ILOG , Inc. (2017). For larger sized problems, one can
expect exponential growth in computation time for the RLS method, whereas the
MVE method remains computationally tractable.

4.5.4 Article influence scores
Around 1996-1998, Larry Page and Sergey Brin, Ph.D. students at Stanford University, developed the PageRank algorithm for rating and ranking the importance of
Web pages (see Brin and Page (1999)). An adapted version of PageRank has recently
been proposed to rank the importance of scientific journals as a replacement for the
traditional impact factor (see Bergstrom et al. (2008)).
Let us consider the following six prestigious journals in the field of Operations Research, i.e., Management Science (MS), Operations Research (OR), Mathematical
Programming (MP), European Journal of Operational Research (EJOR), INFORMS
Journal on Computing (IJC) and Mathematics of Operations Research (MOR). The
journal citation network can be represented as an adjacency matrix H, where Hij
indicates the number of times that articles published in journal j during the census period cite articles in journal i published during the same period. The number
of publications for journal i is denoted as the i-th component of v. We consider
the number of citations and publications of the six journals in 2013 and obtain the
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corresponding H and v from Thomson-Reuters Corp. (2014):
MS



MS





MP 


EJOR 

IJC 

OR

H=

MOR

OR

MP

EJOR

IJC

607 182 24 542 57
140 317 212 536 97
9
63 375 135 69
20 93 41 2170 72
2
30 16
75 51
16 58 81
56
0

MOR







165



 96 







123

.
 and v = 



469




 58 




38

16
27
25
2
0
53

(4.27)

There are some modifications that need to be done to H before the influence vector
can be calculated. First, we set the diagonal elements of H to 0, so that journals
do not receive credit for self-citation. Then, we normalize the columns of H. To do
this, we divide each column of H by its sum. We normalize the vector v in the same
fashion. The normalized H and v in (4.27) are as follows:

MS





MP 


EJOR 

IJC 

OR

S=



MOR

MS

OR

MP

EJOR

IJC

MOR

0
0.749
0.048
0.107
0.011
0.086

0.427
0
0.148
0.218
0.070
0.136

0.064
0.567
0
0.110
0.043
0.217

0.403
0.399
0.100
0
0.056
0.042

0.193
0.329
0.234
0.244
0
0

0.229
0.386
0.357
0.029
0
0







0.174



0.101







0.130

 . (4.28)
 and w = 



0.495




0.061




0.040

Finally, we construct the matrix A, a convex combination of S and a rank-one matrix,
i.e.,
1
A = αS + (1 − α) w1> ,
n

0 ≤ α < 1,

(4.29)

where α is the damping factor and w1> is a n×n matrix. The damping factor models
the possibility that a searcher choose a random paper out of all papers. Therefore,
the closer the α gets to 1, the better the journal’s citation structure is represented
by the matrix A. The influence vector x∗ can be obtained by solving as follows:
Ax = x,

n
X

xi = 1.

(4.30)

i=1

From the Perron-Frobenius theorem, we know a unique rating vector x∗ can be found.
The Article Influence score of journal i can be calculated as follows:
AIi =

wi

Sx∗
,
∗
i=1 (Sx )i

Pn

∀i.

In this subsection, we assume α = 90%. Let us consider the matrix S and vector
w defined in (4.28) and denote the obtained matrix in (4.29) as the nominal matrix
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Table 4.7 – The nominal solution and MVE solution are denoted as xnom
and xaM V E , respectively. The exact ranges of the components of x and AI
are denoted as [x, x] and [AI, AI], respectively.

MS
xnom
0.240
xaM V E
0.239
[x, x]
[0.147, 0.336]
AI(x)
1.424
AI(xaM V E )
1.424
[AI, AI]
[1.258, 1.590]

OR
MP
EJOR
IJC
MOR
0.338
0.122
0.163
0.043
0.094
0.337
0.121
0.162
0.048
0.093
[0.257, 0.416] [0.035, 0.220] [0.069, 0.259]
[0, 0.142]
[0.016, 0.194]
3.602
0.937
0.255
0.666
2.494
3.598
0.941
0.256
0.663
2.481
[3.132, 4.076] [0.737, 1.152] [0.217, 0.298] [0.575, 0.756] [2.039, 2.939]

A. The nominal influence vector xnom is obtained by solving the system of linear
equations (4.30). Since the estimated probabilities are not exact, we take uncertainty
in the matrix A into consideration. Let us consider the following column-wise 1-norm
uncertainties in A:
n

o

U = ζ : ||ζ j − a·j ||1 ≤ σ, ζ >
j 1 = 1, ζ j ≥ 0, ∀j ,
2

> >
n
where ζ = [ζ >
1 · · · ζ n ] ∈ R , σ = 20%, ζ j and a·j are the jth column of matrix
A(ζ) and A, respectively. The uncertainties occur in the left-hand side of the system.
Note that each column of the nonnegative matrix A(ζ) is a probability vector, i.e.,
ζ>
j 1 = 1 for all j. Hence, the uncertain parameters are dependent. Since 2-norm
maximization over a polyhedron is an N P -hard problem, the RLS method is computationally intractable. We consider the tractable (upper-bound) approximation of
the RLS proposed in Juditsky and Polyak (2012):

(JP )
x:

min
P
i

xi =1

||Ax − x||2 + σ

n
X

|xj |.

j=1

The solution of this approximation coincides with xnom . We refer to Polyak and
Timonina (2011) for a fast algorithm that solves (JP ) with high-dimensional A.
Hence, in the remaining of this section, we do not distinguish the solution of (JP )
from xnom . The resulting Article Influence Scores from the influence vectors are
reported in Table 4.7. The exact ranges of the components of the solution and
the AIS AI are reported. The difference between the nominal and MVE solution
is marginal. The width of [x, x] and [AI, AI] indicates that the system (4.30) is
sensitive to this type of uncertainties.
We again consider the measures V OL and M D. Besides these two measures, the
mean 2-norm deviations of 104 uniformly sampled (A, b) in U are also considered
(i.e., M DA,b ). From Table 4.8, one can observe that the solution xaM V E is slightly
more robust than xnom with respect to all three considered measures. Here, the nominal solution is robust against uncertainties. The obtained upper bounding volume
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Table 4.8 – Numerical result of the influence vectors. The xnom denotes
the nominal solution; the xaM V E is the approximated MVE center obtained
by solving (4.21). The bold numbers show that the corresponding solution
performs the best (among the candidate solutions) with respect to the corresponding measure. LS denotes the complexity of solving a linear system.

V OL
M DA,b
MD
Complexity
Time (seconds)

xnom xaM V E
0.0312 0.0313
0.0359 0.0356
0.0733 0.0728
LS
SDP
0
0.08

of xaM V E is 0.0739. The optimal MVE volume lies between 0.0313 and 0.0739. We
further observe that for a smaller uncertainty σ or damping factor α, the difference
between xnom and xaM V E is smaller.

4.6 Conclusions and future research
In this paper, we first generalize the results for interval linear systems. For a system
of uncertain linear equations with column-wise uncertainties, we derive convex representations of the united solution set in a given orthant. The exact ranges of the
components of the solutions can then be determined. Via a convex representation
technique and the techniques from (adjustable) robust optimization, we show how to
derive convex representations of a broad class of controllable and tolerable solution
sets. We apply the MCB method for obtaining centered solutions of systems of uncertain linear equations, and compare our proposed method both theoretically and
numerically with the RLS method. The solutions from the RLS method may even be
outside the solution set. As a byproduct, the MCB method produce a simple inner
approximation of the solution set. From the numerical experiments, we observe that,
for column-wise dependent uncertainties, our proposed solutions are more centered
than the RLS or nominal solutions.
Further research is needed to determine the usefulness the MCB method for many
other real-life applications, e.g., analysis of mechanical structures, electrical circuit
designs and chemical engineering.
Acknowledgment. The authors would like to thank S. Burer for the insightful
discussion and the Matlab code used in §4.5.3. We also thank B.L. Gorissen for his
helpful comments on this manuscript.
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CHAPTER 5

Dual approach to two-stage nonlinear robust
optimization
5.1 Introduction
Robust optimization is a methodology that can deal with linear and convex optimization models that have parameters that are subject to uncertainty Ben-Tal and
Nemirovski (1998, 1999, 2002), Ben-Tal et al. (2015), Bertsimas and Sim (2004). In
robust optimization all decisions are made here-and-now before the values of the uncertain parameters are known. Adjustable robust optimization is an extension of the
robust optimization methodology to handle optimization problems where decisions
can be made dynamically over time and additional information about the uncertain
parameter is revealed in each stage. In these optimization models one is allowed to
have “wait-and-see” decisions that can be decided upon after the true value of the
uncertain parameters is known. Since the initial introduction of adjustable robust
optimization by Ben-Tal et al. (2004), there has been a wealth of practical problems
that have been modeled using linear adjustable robust optimization such as inventory
models Ben-Tal et al. (2004, 2005), facility location planning Ardestani-Jaafari and
Delage (2017), Atamtürk and Zhang (2007), Gabrel et al. (2014), energy production
scheduling, Bertsimas et al. (2013), Ng and Sy (2014), project management Wiesemann et al. (2012), portfolio optimization Calafiore (2008, 2009), Rocha and Kuhn
(2012), and capacity expansion planning (Ordóñez and Zhao (2007)). Adjustable robust optimization models are in general intractable and NP-hard (Guslitzer (2002)).
Fortunately, good solutions can be found using linear decision rules. Rather than
allowing the wait-and-see decision to depend arbitrarily on the uncertain parameter,
linear decision rules restrict the dependence to be affine. The new (here-and-now) decision variables are then the variables in the coefficients of the affine decision rule. In
this way, the resulting model is again a linear robust optimization model that can be
solved using standard robust optimization techniques, see Ben-Tal et al. (2009). The
key benefit is that the model with linear decision rules is of the same optimization
class as the static robust version where all decisions have to be made here-and-now.
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There have been several special cases that show that affine dependence is not a restriction at all, meaning that linear decision rules are optimal for those cases (Bertsimas
et al. (2010), Iancu et al. (2013)). There are also several other papers that establish
optimality or give theoretical a-priori bounds on the objective value (Bertsimas and
Goyal (2012), Bertsimas and Bidkhori (2015)). Another recently developed method,
that is also used in this chapter, is Fourier-Motzkin elimination for adjustable robust
optimization, see Chapter 2. This method can solve small adjustable robust linear
optimization models to optimality by eliminating the wait-and-see decisions. For
larger problems we can eliminate some of the wait-and-see decisions and use linear
decision rules for the remaining ones.
Virtually all applications of adjustable robust optimization in the literature have
constraints that are linear in the decision variables. This is in sharp contrast to
static robust optimization methods where convex nonlinear constraints can be dealt
with since the early papers of robust optimization (Ben-Tal and Nemirovski (1998,
2002)). Static robust optimization nowadays can deal effectively with a large variety
of constraints that are convex in the decision variables and concave in the uncertain
parameters, see for an overview Ben-Tal et al. (2015). We believe that the main
reason behind the lack of papers dealing with nonlinearities in adjustable robust
optimization models lies in the combination of linear decision rules and convexity
assumptions that are usually required in robust optimization. To solve static robust
models one requires simultaneous convexity in the decision variables and concavity
in the uncertain parameter. Suppose we have a problem that is modeled using adjustable robust optimization and happens to be linear in the uncertain parameters,
but convex in the wait-and-see decisions. To obtain a static robust model one could
try to substitute a linear decision rule for the wait-and-see decisions. However, after
substituting the linear decision rule, the model becomes convex in the uncertain parameters. The convexity in the uncertain parameter then prevents us from applying
standard robust optimization techniques. Another way to solve these nonlinear adjustable models is to solve the static version of the model in a rolling horizon way.
This approach is in general conservative, or even makes the models infeasible, as
shown for the linear case in Ben-Tal et al. (2004).
There are only a few papers on nonlinear adjustable robust optimization known
to the authors. Pınar and Tütüncü (2005) study a two-period adjustable robust
portfolio problem to identify robust arbitrage opportunities when the uncertainty is
ellipsoidal. They derive optimal decision rules from exploiting the explicit structure
of their formulation, but it is unclear how this can be generalized to more constraints,
other uncertainty sets or other models would work. Takeda et al. (2008) consider
a nonlinear adjustable robust model with polyhedral uncertainty set, similar to the
models considered in this chapter. They solve a sampled model, while enumerating
all vertices of the polytope uncertainty set. This quickly becomes unviable for even
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medium sized problems as the number of extreme points of the uncertainty set is
exponential in the dimension of the uncertain parameter. Boni and Ben-Tal (2008)
consider adjustable robust optimization models with conic quadratic constraints with
ellipsoidal uncertainty sets. They approximate the model with linear decision rules
using a semidefinite optimization model.
In this chapter we come up with a generic computationally tractable approach for
adjustable robust optimization models that are convex in the wait-and-see decisions.
Our method uses the same philosophy as in Bertsimas and de Ruiter (2016), which
deals with the simpler case where all constraints are linear in the variables. It was
shown in that chapter that the dualized model could solve the model several orders
of magnitude faster. However, note that in the linear case the original primal version
of the adjustable robust optimization models could be solved with linear decision
rules as well. In this chapter we consider a more general setting, which allows us
to consider models that are nonlinear in the wait-and-see decisions. Our framework
can also be used for static robust optimization where constraints are convex in the
uncertain parameter. Original static robust optimization models that are convex in
the uncertain parameter cannot be reformulated into tractable models using standard
robust optimization techniques. We show via explicit examples how these seemingly
intractable problems can be formulated as two-stage nonlinear adjustable robust optimization models. Using our dual approach this allows us to find (approximate)
solutions to these models via linear decision rules or other methods for linear adjustable robust optimization. Apart from providing the first tractable way of solving
the more general nonlinear adjustable robust models, we show how scenarios in the
primal and dualized version are tied to each other. To summarize, our contributions
in this chapter are:
1. We develop an approach for two-stage robust nonlinear optimization problems
with fixed recourse and a polyhedral uncertainty set. In this approach we
consecutively dualize over wait-and-see variables and uncertain parameters.
The resulting model that again can be interpreted as an adjustable robust
optimization problem but now with adjustable variables that appear linearly,
is equivalent to the original one, i.e., the feasible region of the here-and-now
decisions and the optimal objective value are the same. Because of the linear
structure, all methods for adjustable robust optimization in the literature, such
as linear decision rules and Fourier-Motzkin elimination, can be used to find
solutions.
2. We show via explicit examples that the dualized version with linear decision
rules are of the same optimization class as the static robust versions of the
model. For example, the dualized formulation of a two-stage second-order cone
model with uncertain parameters, and solved via linear decision rules, results
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in another tractable second-order cone optimization model.
3. By introducing auxiliary wait-and-see decisions we reformulate some static robust optimization problems that are convex in the uncertain parameter. The
resulting models are nonlinear adjustable and fit into our framework. In this
way we are able to use linear decision rules find solutions for a class of robust
optimization problems that were deemed intractable before. This class includes
models such as robust regression with polyhedral uncertainty sets.
4. Since linear decision rules are in general conservative, we need to provide lower
bounds on the optimal objective value. We show how to obtain lower bounds
using techniques from Hadjiyiannis et al. (2011). We also show how binding scenarios from the original uncertainty set can be obtained from binding scenarios
in the dual formulation.
5. We show that we can use our method to efficiently solve practical two-stage nonlinear robust optimization models and some static robust optimization models
that are convex in the uncertain parameters. This is done via two numerical
experiments: a commitment model for lot-sizing with distribution on a network
and a wireless sensor location problem. We use both Fourier-Motzkin elimination and linear decision rules to find solutions for the dualized formulations.
Via the lower bound method we give empirical evidence that linear decision
rules give near optimal solutions for our examples.

The rest of this chapter is organized as follows. In Section 5.2 we present our framework and derive our dualized formulation. We also present explicit examples of
models that fit into our framework. In Section 5.3 we explain how we obtain lower
bounds on the optimal objective value to assess the quality of our solutions. Our
numerical examples are presented in respectively Sections 5.4 and 5.5.
Notation. The function g ∗ is the convex conjugate of the function g : Rny → R
and is defined by

g ∗ (z) =

sup

n

o

y > z − g(y) ,

y∈dom(g)

where dom(g) is the domain of the function g.
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5.2 Linear dual formulation
5.2.1 Framework
We consider the following general two-stage nonlinear robust optimization models:
min max

x∈X ,y(ζ) ζ∈U

s.t. ∀ζ ∈ U :

f0 (x) + g0 (y(ζ))

ζ > F

i (x)

+ fi (x) + gi (y(ζ)) ≤ 0

A(ζ)x + By(ζ)

i = 1, . . . , m1

(5.1)

= b(ζ),

where X ⊆ Rnx , the functions gi : Rny → R are proper closed convex for all i =
0, . . . , m1 , Fi (x) = (Fi,1 (x), . . . , Fi,nζ (x)) and fi : Rnx → R, Fi,l : Rnx → R are real
valued functions for all i = 0, . . . , m1 and l = 1, . . . , nζ . The matrices A(ζ) ∈ Rm2 ×nx
and the vector b(ζ) ∈ Rm2 are subject to uncertainty and depend on the uncertain
parameter ζ ∈ Rnζ in an affine way:
0

A(ζ) = A +

nζ
X

l

A ζl ,

0

b(ζ) = b +

l=1

nζ
X

bl ζl ,

(5.2)

l=1

with Al ∈ Rm2 ×nx and bl ∈ Rm2 for all l = 0, . . . , nζ . We consider the fixed recourse
case, meaning that the functions gi , i = 1, . . . , n and the matrix B ∈ Rm2 ×ny are not
subject to uncertainty. Throughout this chapter we focus on polyhedral uncertainty
sets of the form
U = {ζ ≥ 0 : Dζ ≤ d} .

(5.3)

We cannot solve model (5.1) with linear decision rules as is. If we substitute linear
decision rules y(ζ) = Qζ +q, then the objective and constraints have terms gi (Qζ +q)
for all i = 0, . . . , m1 , which is convex instead of concave in the uncertain parameters
if gi is not linear. Robust optimization techniques such as described in Ben-Tal et al.
(2015) require the objective and constraints to be concave in the uncertain parameter
as the reformulation maximizes over ζ. Hence, the model seems intractable at first,
but via a dual approach we can derive a more tractable formulation.
5.2.2 Consecutive dualization
To apply our dualization approach, we require the following property of strong relatively complete recourse for our models.
Assumption 1 (Strong relatively complete recourse) For all x ∈ X and all
T 1
ζ ∈ U there exists a y ∈ m
i=0 ri(dom(gi )), the intersection of the relative interiors of
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the domains of g0 , . . . , gm1 , such that

ζ > F

i (x)

+ fi (x) + gi (y) ≤ 0

A(ζ)x + By

i = 1, . . . , m1

= b(ζ)

and for all i = 1, . . . , m1 for which gi is nonlinear we have strict feasibility
ζ > Fi (x) + fi (x) + gi (y) < 0.
This assumption implies that each here-and-now decision is strictly feasible. This
assumption is required to guarantee strong duality by Slaters’ condition in our dualization procedure. It seems to be very restrictive from a modeling perspective at first.
However, in practice models can be cast in such a way that undesirable here-and-now
decisions x will result in very high second stage costs g0 (y(ζ)) and the slightly weaker
condition of relatively complete recourse (that does not require strict feasibility) is
common in two-stage stochastic and robust optimization, see Birge and Louveaux
(2011). Another restriction that is imposed by the structure of (5.1) is that the
functions gi and the matrix B do not depend on ζ, which is called the fixed recourse
case. Loosely speaking, fixed recourse implies that there are no direct interaction
terms between ζ and y, such as products ζ > y etc. We do note that the framework in
(5.1) is more flexible, e.g., functions g(x, y, ζ) also fit into the framework for special
structures by introducing additional wait-and-see decisions and constraints as shown
by examples in this section later.
Most two-stage models are intuitively formatted in the form (5.1) using the “∀ζ ∈
U” notation which is also common in static robust optimization. An equivalent
representation of (5.1) is the min-max-min formulation



min max min
f (x) + g0 (y)
y
 0
x∈X ζ∈U
>




(5.4)

ζ Fi (x) + fi (x) + gi (y) ≤ 0 i = 1, . . . , m1 , A(ζ)x + By = b(ζ).
The min-max-min formulation and the formulation in (5.1) are used both in many
papers without proof of equivalence, but a formal proof of equivalence is given in
Takeda et al. (2008). We use both formulations as the min-max-min formulation
proves to be intuitive for our dualization procedure, as the original formulation (5.1)
is more intuitive when solving the models via linear decision rules.
We can formulate an equivalent formulation via an approach that we call consecutive
dualization. This procedure first dualizes over the wait-and-see decision y to obtain a
min-max-max model and then consecutively dualizes over the uncertain parameter ζ.
This procedure, and the resulting dualized formulation, is described in the following
theorem.
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Theorem 5.1 Let U be a polyhedral set as in (5.3) and assume that Assumption 1
holds. Then model (5.1) is equivalent to the following dualized model:
min

max

x∈X
(u,v,w,z)∈V
λ(u,v,w,z)

f0 (x) +

m1
X





vi fi (x) + d> λ(u, v, w, z) + w> A0 x − b0 −

i=1

m1
X

zi

i=0

s.t. ∀(u, v, w, z) ∈ V :
P
 p

j=1

λ

Dj,l λj (u, v, w, z) ≥ w> (Al x − bl ) +

j (u, v, w, z)

≥0

Pm1

i=1

vi Fi,l (x)

l = 1, . . . , nζ

j = 1, . . . , p,
(5.5)

where
(

V = (u, v, w, z) : v ≥ 0, v0 = 1, vi (gi )∗
m1
X



ui
vi



≤ zi < ∞ i = 0, . . . , m1 ,
(5.6)

)
>

ui = −B w .

i=0

Proof. We use the min-max-min formulation of (5.1), which is given by (5.4),
and consider the inner minimization problem over y for a given x ∈ X and ζ ∈ U.
Since Assumption 1 holds we can apply the Fenchel duality Theorem (see Rockafellar
(1970)) to obtain
min max

max

x∈X ζ∈U (u,v,w,z)∈V

f0 (x) +

m1
X



>



>

vi ζ Fi (x) + fi (x) + w (A(ζ)x − b(ζ)) −

i=1

m1
X

zi ,

i=0

(5.7)
where V is as in (5.6). We can then switch the order of maximization such that the
inner maximization is over ζ ∈ U. Since the inner maximization model is linear in ζ,
we can apply strong duality for linear optimization to obtain
min

max




minf0 (x) +

x∈X (u,v,w,z)∈V λ≥0

p
X
j=1

m1
X





vi fi (x) + d> λ + w> A0 x − b0 −

zi

i=0

i=1

Dj,l λj ≥ w> (Al x − bl ) +

m1
X

m1
X
i=1




vi Fi,l (x) l = 1, . . . , nζ .

This min-max-min formulation is equivalent to (5.5) by the same reasoning that (5.1)
is equivalent to the min-max-min formulation (5.4).

In the specific linear case, where Fi (x), fi (x) and gi (y) are affine functions, Theorem
5.1 coincides with the result in (Bertsimas and de Ruiter 2016, Theorem 1). For the
more general case it is interesting to see that the constraints in the resulting model
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(5.5) are linear and the uncertainty set V is convex. The main benefit (and purpose)
of dualization is that the resulting model is linear in the wait-and-see decisions and
can therefore be solved with any method applicable to linear two-stage models such
as linear decision rules (Ben-Tal et al. (2004)) and Fourier-Motzkin elimination (see
Chapter 2). For many linear two-stage robust models, the structure of the optimal
decision rules has been characterized. For instance, it can be shown that there
exists a polynomial of (at most) degree (m1 + 1)(ny + 2) + m2 and linear in ui , vi , zi ,
i = 1, . . . , m1 , and wi , i = 0, . . . , m2 , that is optimal for λ in (5.5), see Theorem 3.1.
Moreover, by using Theorem 2.3, one can show that there exists a piecewise affine
function that is optimal for λ in (5.5). More specifically, if U is simplicial, one can
use Theorem 2.4 to establish the optimality of linear decision rules for λ in (5.5); if
U is a box, Theorem 2.5 can be used to show that there exists a two-piecewise affine
function that is optimal for λ in (5.5), and the techniques proposed in Gorissen and
den Hertog (2013) and Ardestani-Jaafari and Delage (2016b) can then be applied to
solve Problem (5.5) approximately.
In many cases V is second-order cone representable, making it a second-order cone
(SOC) problem, which can be efficiently solved with off-the-shelve solvers. One interpretation of the dual approach is that the linear structure of the uncertainty set
appears in the constraints and the convex structure of the wait-and-see decision is
in the new uncertainty set in the dual formulation. Many uncertainty sets naturally
require ζ ≥ 0, which is the reason we impose it here. However, the nonnegativity
restriction on ζ in (5.3) can be omitted. In that case one will end up with equality
constraints in the first nζ constraints of (5.5). Each equality constraint can be eliminated by eliminating one of the wait-and-see decisions that appear in that equality
constraint. Note that we did not need to assume convexity for the functions fi and
Fi in model (5.1) for Theorem 5.1, but to end up with tractable models we usually
assume these functions are (componentwise) convex. Finally, we note that one can either apply the result of Theorem 5.1, or use the procedure for consecutive dualization
on the problem directly.

5.2.3 Examples of two-stage nonlinear robust models
We give a few examples of two-stage nonlinear robust model formats where Theorem
5.1 can be applied to obtain two-stage linear robust models.

Example 5.1 (Two-stage quadratic robust model) Consider a two-stage model
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with one quadratic constraint:
min max
x∈X ζ∈U

(c1 )> x + (c2 )> y(ζ)

 1 y(ζ)> Qy(ζ) + q > y(ζ) + r
2

s.t. ∀ζ ∈ U :

A(ζ)x + By(ζ)

(5.8)

≤0

= b(ζ),

where Q ∈ Rny ×ny is a positive definite matrix, q ∈ Rny , r ∈ R and U a polyhedral
uncertainty set as in (5.3). We assume that the model satisfies Assumption 1. Note
that the model could have many more quadratic constraints and also include hereand-now decisions and uncertain parameters in the quadratic constraints. For ease
of notation we only consider one quadratic constraint that involves the wait-and-see
decision y(ζ). The model fits the format in (5.1), so we can apply Theorem 5.1 which
gives us
min

max



x∈X ,λ(v,w,z) (v,w,z)∈V

s.t. ∀(v, w, z) ∈ V :




(c1 )> x + d> λ(v, w, z) + w> A0 x − b0 − z
P
 p

j=1

λ

Dj,l λj (v, w, z) ≥ w> (Al x − bl )

j (v, w, z)

where V = (v, w, z) : v ≥ 0, vr +

(5.9)

l = 1, . . . , nζ

≥ 0 j = 1, . . . , p,
1
v



c2 + qv − B > w

>







Q−1 c2 + qv − B > w ≤ z .

This uncertainty set V is second-order cone representable, see Lobo et al. (1998).
The dualized model (5.9) can be solved with linear decision rules, in which case it
becomes a conic quadratic optimization model. This is the same optimization class as
(5.8) when one takes a single fixed value for ζ (no uncertainty). We encourage users to
include all auxiliary parameters that arise from the second-order cone representation
in the decision rule as this might improve over just using the primitive uncertainties
v and w. For more on possible improvements by including auxiliary parameters, see
Chen and Zhang (2009). The quadratic model in Example 5.1 was already in the
correct format of (5.1), which might not always be true for a two-stage robust model.
In those cases, we can in some cases still obtain a model that satisfies the format of
(5.1) by introducing auxiliary wait-and-see decisions as the next example shows.
Example 5.2 (Two-stage SOC robust model) Consider a two-stage model with
one second-order cone constraint:
min max

x∈X ,y(ζ) ζ∈U

s.t. ∀ζ ∈ U :

(c1 )> x + (c2 )> y(ζ)
kA(ζ)x + By(ζ) − b(ζ)k2 ≤ (s1 )> x + (s2 )> y(ζ) + r,

(5.10)

where c1 , s1 ∈ Rnx , c2 , s2 ∈ Rny , r ∈ R and a polyhedral uncertainty set U as in (5.3).
We assume that for every x ∈ X and ζ ∈ U there exists an y that strictly satisfies the
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SOC constraint. The model could have many more SOC or other convex constraints,
but for ease of exposition we consider just one SOC constraint. The model is not
yet in the format of (5.1). However, if we introduce an extra wait-and-see decision
z(ζ) ∈ Rm1 then we see that model (5.10) is equivalent to:
min

max

x∈X ,y(ζ),z(ζ) ζ∈U

s.t. ∀ζ ∈ U :

(c1 )> x + (c2 )> y(ζ)

kz(ζ)k

2

z(ζ)

≤ (s1 )> x + (s2 )> y(ζ) + r

= A(ζ)x + By(ζ) − b(ζ).

By Theorem 5.1, this model is equivalent to
min

max

x∈X ,λ(v,w) (v,w)∈V

s.t. ∀(w, v) ∈ V :



(c1 − vs1 )> x + d> λ(v, w) + w> A0 x − b0
P
 p

j=1



Dj,l λj (v, w) ≥ w> (Al x − bl ) l = 1, . . . , nζ

j (v, w)

λ

≥0

j = 1, . . . , p,

n

o

where V = (v, w) : v ≥ 0, B > w = (c2 ) − v(s2 ), kwk2 ≤ v .
Example 5.2 shows that sometimes one has to introduce auxiliary wait-and-see decisions in order to obtain a model that fits the format of model (5.1). Note that in
general we can have many types of substitions. For example, if Ã(ζ) and b̃(ζ) are as
in (5.2) and g : Rm2 → R is a proper closed convex function, then a constraint of the
form




ζ > F (x) + f (x) + g Ã(ζ)x + By(ζ) − b̃(ζ) ≤ 0
can be replaced by the following system of inequalities:
ζ > F (x) + f (x) + g(z(ζ)) ≤ 0
Ã(ζ)x + By(ζ) − b̃(ζ) = z(ζ),
where z(ζ) ∈ Rm2 is an additional wait-and-see variable. Another example is when g :
Rm2 → R and g̃i : Rm2 → R are proper closed convex functions, with g nondecreasing.
In that case, a constraint of the form
ζ > F (x) + f (x) + g(h(ζ, x, y(ζ))) ≤ 0,
where hk (ζ, x, y(ζ)) = ζ > F̃k (x)+f˜k (x)+g̃k (y(ζ)) for all k = 1, . . . , m3 , can be replaced
by the following system of inequalities:
ζ > F (x) + f (x) + g(z(ζ)) ≤ 0
ζ > F̃k (x) + f˜k (x) + g̃k (y(ζ)) ≤ zk (ζ)

k = 1, . . . , m3 ,

where z(ζ) ∈ Rm3 is again an additional wait-and-see variable. All these substitutions
are made to ensure that the resulting system of inequalities fits into the format of
model (5.1).
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5.2.4 Examples of static robust models that are convex in uncertain parameters
Theorem 5.1 is designed for two-stage problems and does not seem to be fit for
static problems at first sight. However, by using auxiliary wait-and-see decisions,
we can use it for some static robust models with constraints that are convex in the
uncertain parameters. These models are, to the best of the authors’ knowledge,
deemed intractable in general as robust optimization techniques require constraints
to be concave in the uncertain parameter, see Ben-Tal et al. (2015).
Example 5.3 (Static robust model with objective convex in ζ) Consider the
robust optimization model
min max g(A(ζ)x − b(ζ))
x∈X ζ∈U

where g : Rny → R is a proper closed convex function and U a polyhedral uncertainty
set as in (5.3). The current model is convex in ζ in the objective function and
can therefore not be reformulated using standard techniques in robust optimization.
However, we can introduce additional wait-and-see decisions y(ζ) to obtain
min max
x∈X ζ∈U

s.t.

g(y(ζ))

∀ζ ∈ U : y(ζ) = A(ζ)x − b(ζ).

This model satisfies the format of (5.1), so by Theorem 5.1 this model is equivalent
to
min

max

x∈X ,λ(w,z) (w,z)∈V

s.t. ∀(w, z) ∈ V :





d> λ(w, z) + w> A0 x − b0 − z
P
 p

j=1

Dj,l λj (w, z) ≥ w> (Al x − bl )

λ(w, z)

l = 1, . . . , nζ

≥ 0,

where V = {(w, z) : g ∗ (w) ≤ z < ∞}.
The model from Example 5.3 includes models such as robust regression (with g(y) =
kyk2 ). These models have exact tractable formulations for some specific seminorm
uncertainty sets which results in well-known regularized regression models such as
LASSO or regression with Tikhonov regularization, see El Ghaoui and Lebret (1997),
Xu et al. (2009) and Bertsimas and Copenhaver (2017). For other popular uncertainty sets, such as the budget uncertainty set by Bertsimas and Sim (2004), no
exact tractable reformulation is known. With our dual approach we give a way to
(approximately) solve these models with these uncertainty sets using any method developed for linear two-stage robust models. We can also model feasibility problems
with constraints that are convex in the uncertain parameter ζ as the next example
shows.
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Example 5.4 Consider a general feasibility model
min 0
x∈X

s.t.

∀ζ ∈ U : hi (ζ, x) ≤ 0

i = 1, . . . , m1 ,

which takes the value 0 if there exists a feasible x and ∞ otherwise. The functions
hi (ζ, x) are jointly convex in (ζ, x) for all i = 1, . . . , m1 , and U is a polyhedral
uncertainty set of the form (5.3). This model is not in the format of (5.1), but it
can be reformulated to fit the format by using auxiliary wait-and-see variables. We
introduce wait-and-see decisions y(ζ) that represent the constraint violation and φ(ζ)
to represent the combined vector (ζ, x):
min

max

x∈X ,y(ζ),φ(ζ) ζ∈U

m1
X

yi (ζ)

i=1

s.t. ∀ζ ∈ U :



h (φ(ζ)) − yi (ζ)


 i

y (ζ) ≥ 0

i



φ(ζ)

≤0

i = 1, . . . , m1

i = 1, . . . , m1

= (ζ, x).

Note that the equality constraints are linear and the functions hi are convex in z(ζ).
Hence, this model fits the format given in (5.1). Moreover, Assumption 1 is satisfied
for all x ∈ X and ζ ∈ U by taking φ(ζ) = (ζ, x) and yi (ζ) = max{hi (z(ζ)) , 0} + 1
for all i = 1, . . . , m1 . By Theorem 5.1 this model is equivalent to
min

max

x∈X ,λ(u,v,w,z) (u,v,w,z)∈V

s.t. ∀(u, v, w, z) ∈ V :

d> λ(u, v, w, z) + w> x −

m1
X

zi

i=0

P
 p

j=1

λ

Dj,l λj (u, v, w, z) ≥ wl

j (u, v, w, z)

≥0

l = 1, . . . , nζ

j = 1, . . . , p,

where
(

∗

V = (u, v, w, z) : 0 ≤ v ≤ 1, vi (hi )



ui
vi



≤ zi < ∞ ∀i = 0, . . . , m1 ,

m1
X

)

ui = w .

i=0

When using linear decision rules in this dualized formulation, one obtains conservative solutions. For this example the conservativeness implies that whenever the
objective value with linear decision rules is nonpositive a feasible solution exists. If
the objective value is positive then the result is inconclusive: either the problem is
indeed infeasible, or the linear decision rules are just too conservative. The conservativeness could be further assessed in this case by using the lower bound method in
Section 5.3. If the lower bound is also positive, then one can still conclude that the
problem is infeasible.
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5.2.5 Challenges with generalizations of model formulation

The tractability of the reformulation of the model (5.1) hinges on the initial structure
of the nonlinear model, the uncertainty set and the assumption of relatively complete
recourse. In this section we briefly describe the challenges that any changes in this
structure or assumption might bring.
If the relatively complete recourse assumption is dropped, then we cannot guarantee
strong duality for the convex case. We can still apply duality and obtain the dualized
model (5.5), but the objective value might only be a lower bound. Therefore, even
if we are able to solve the dualized model to optimality, the resulting here-and-now
decision might be infeasible in the original primal formulation. The same holds for
the implicit assumption that decision rules for y(ζ) are continuous. If the original
model requires y(ζ) to be binary, then dualizing the model will result in a lower
bound. Nevertheless, we can deal with integer here-and-now variables x as we do not
dualize over x. However, the resulting model with integer here-and-now decisions
will be a mixed-integer convex optimization model. These models are still solvable
for moderate sizes in some cases (such as mixed-integer second-order cone models),
but quickly become difficult to solve for larger models.
The other assumptions are more of a structural nature. If the functions gi (y(ζ)) also
depend on either x or ζ (which is the so-called non-fixed recourse case) then one runs
into trouble as ζ or x appears in the dualized uncertainty set after one dualization
step. However, in some cases we can obtain tractable formulations by introducing
auxiliary wait-and-see decisions as was done in Examples 5.2-5.4. For other cases,
such as the non-fixed recourse case, there is not much hope to find solutions in an
efficient way, as this is already difficult in the linear case that was considered in the
seminal paper by Ben-Tal et al. (2004). The final structural assumption that one
might relax is the linearity in ζ. By doing so we still obtain a dualized model with
strong duality, but the resulting model introduces new wait-and-see decisions which
are nonlinear in the wait-and-see decisions. In that case, the benefits of the dual
formulations are not clear, as we still have the same difficulties that also arose in
(5.1) because of the nonlinearity in the wait-and-see decisions.
Throughout this chapter the focus has been on polyhedral uncertainty sets. In principle the same procedure for consecutive dualization can be applied for uncertainty
sets that are not polyhedral. However, the resulting dualized formulation does not
become tractable. For instance, if we consider popular ellipsoidal uncertainty sets
U = {ζ : ||ζ||2 ≤ 1}, then the robust constraints in (5.5) require maximization of a
norm over V which is very difficult.
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5.3 Bounds on the optimal value
The dualized model (5.5) is linear in the wait-and-see decisions, so good solutions
can be found using methods such as linear decision rules, possibly combined with
Fourier-Motzkin elimination. These methods are not exact, so the solutions might
be suboptimal. It is therefore important to find lower bounds on the optimal objective
value of the original model (5.1) to assess the quality of the solutions.
5.3.1 Sampled scenarios
One simple way of obtaining a lower bound is to consider a finite subset {ζ 1 , . . . , ζ K }
of scenarios from the uncertainty set U. Instead of making a decision rule y(ζ) that
is feasible for all values of ζ ∈ U, we only require feasibility for the finite subset to
obtain a lower bound. In that case we can attach a single optimization variable y k to
each scenario ζ k , for k = 1, . . . , K. The lower bound model is therefore the “sampled
version” of the original model:
min

σ,x∈X ,y 1 ,...,y K

s.t.

σ
f0 (x) + g0 (y k ) ≤ σ

∀k = 1, . . . , K

(ζ k )> Fi (x) + fi (x) + gi (y k ) ≤ 0
A(ζ k ) + By k = b(ζ k )

∀i = 1, . . . , m1 , k = 1, . . . , K

∀k = 1, . . . , K.
(5.11)

Model (5.11) is a standard convex optimization model as we do not have robust
constraints with ‘∀ζ ∈ U’ in the model anymore. Clearly this is a lower bound, since
the solution is only feasible for a finite subset of the uncertainty set. There could be
realizations in U for which a higher objective value is attained, making the here-andnow decision suboptimal. This sampled approach can be applied to any two-stage
model, and in particular also to our dualized model (5.5). In the dualized model
we would take a finite subset {(u1 , w1 , v 1 , z 1 ), . . . , (uK , wK , v K , z K )} from V with a
single optimization variable λk for each scenario (uk , wk , v k , z k ), k = 1, . . . , K. The
sampled version of the dualized model is:
min

σ,x∈X ,λ1 ,...,λK ≥0

s.t.

σ
f0 (x) +

m1
X





vik fi (x) + d> λk + (wk )> A0 x − b0 −

m1
X

zik ≤ σ

i=0

i=1

∀k = 1, . . . , K
p
X
j=1

1

Dj,l λkj

k >

l

l

≥ (w ) (A x − b ) +

m
X

(vik )Fi,l (x)

i=1

∀l = 1, . . . , nζ , k = 1, . . . , K,
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which is again a standard convex optimization model.
5.3.2 Choosing a good set of scenarios
The question that remains for the sampled model is how to choose the finite set of
scenarios. One way to do this would be to include all extreme points from U. In
that case, one can prove that the lower bound model is optimal. The proof is similar
to the proof for the fully linear case, see Bemporad et al. (2003), but given here for
completeness.
Theorem 5.2 Let U be a polyhedral uncertainty set with K extreme points ζ 1 , . . . , ζ K .
Then the optimal here-and-now solution x̄ of model (5.11) is also optimal for model
(5.1) and their optimal objective values coincide.
Proof. Let σ̄, x̄, ȳ 1 , . . . , ȳ K be the optimal solution of (5.11). We know that the
optimal value σ̄ of the sampled model (5.11) gives a lower bound of (5.1), so it is
sufficient to show that x̄ is feasible and we can construct a feasible decision rule y(ζ)
that gives an objective value of at most σ̄. Let ζ ∈ U and write it as the convex
combination of the extreme points of U:
ζ=

K
X

αk ζ k

(5.13)

k=1

for some α1 , . . . , αK ∈ [0, 1],
the following value
y(ζ) =

K
X

PK

k=1

αk = 1. We take for the wait-and-see decision y(ζ)

αk ȳ k ,

(5.14)

k=1

with α1 , . . . , αK the same values as those in the convex combination of (5.13). Then
we have:
ζ > Fi (x̄) + fi (x̄) + gi (y(ζ)) = (

K
X

αk ζ k )> Fi (x̄) + fi (x̄) + gi (

k=1

≤

K
X

K
X

αk ȳ k )

k=1





αk (ζ k )> Fi (x̄) + fi (x̄) + gi (y k )

k=1

≤ 0,
where the first inequality is due to convexity of the functions gi and the last inequality
is due to the fact that x̄, ȳ 1 , . . . , ȳ K is feasible for (5.11). Analogously, we can show
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that for x̄ and decision rule y(ζ) from (5.14) we have f0 (x) + g0 (y(ζ)) ≤ σ̄ for all
ζ ∈ U. Hence, the optimal objective value of (5.1) is at most σ̄.

Of course, the set of extreme points of a polyhedral uncertainty set U is in practice
way too large. As we see in our numerical examples, this is most likely only doable
when the uncertainty set is low-dimensional. Another way to obtain a small and
effective finite set of scenarios for two-stage linear models is described by Hadjiyiannis
et al. (2011). That method takes scenarios that are binding for the model solved
with linear decision rules, hoping that the same set of scenarios is also binding for
the optimal (nonlinear) decision rule. Since it obtains binding scenarios for each
constraint, the set of binding scenarios is at most the number of constraints in the
model and possibly smaller if some of the scenarios coincide. For more details on
the method we refer to the original paper by Hadjiyiannis et al. (2011). One needs
to be able to solve the model with linear decision rules to obtain a set of scenarios
by the method proposed by Hadjiyiannis et al. (2011). Hence, we can only apply
their method to obtain a set of scenarios {(u1 , w1 , v 1 , z 1 ), . . . , (uK , wK , v K , z K )} for
the dualized model because it is linear in the wait-and-see decisions.
5.3.3 Primal scenarios corresponding to dual scenarios
We can establish a link between the primal scenarios {ζ 1 , . . . , ζ K } from the original
model and the dual scenarios {(u1 , w1 , v 1 , z 1 ), . . . , (uK , wK , v K , z K )} by using a dual
approach. By dualizing over λ1 , . . . , λK we get the following equivalent formulation
of (5.12):
min max max f0 (x)+
x∈X ζ∈U 1≤k≤K

m1
X





vik ζ > Fi (x) + fi (x) +(A(ζ)x − b(ζ))> wk −

i=1

m1
X

zik , (5.15)

i=0

which is similar to (5.7), but with the inner maximization over (u, w, v, z) ∈ V
replaced by the finite subset with K scenarios. For a fixed x we can obtain primal
scenarios ζ k for each k as the maximizers of model (5.15):
k

ζ ∈ arg max
ζ∈U

(m
1
X

vik



>





ζ Fi (x) + w


k >

)

(A(ζ)x − b(ζ)) .

(5.16)

i=1

The resulting set of scenarios {ζ 1 , . . . , ζ K } can then be used in the sampled model
(5.11). One can now solve either the primal sampled model (5.11), which is a convex
optimization model, or the dual sampled model (5.12), which is a linear model. The
latter is much easier to solve since it is a linear model. In general, we cannot know
beforehand whether (5.11) or (5.12) gives a stronger lower bound. However, we can
always combine the constraints from these sampled models. The resulting model
has a smaller feasible region than both individual models and must therefore lead to
the tightest lower bound. In case there is only right-hand-side uncertainty in model
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(5.1), and the scenarios have been obtained by (5.16), then we can show that the lower
bound from (5.11) is always higher (or equal to) (5.12). We say that there is only
right-hand-side uncertainty if there is no direct interaction between the here-and-now
decisions x and ζ. The more formal definition is given below.
Definition 3 (Right-hand-side uncertainty) Model (5.1) has right-hand-side uncertainty if Fi = 0 for all i = 1, . . . , m1 and there exists Ā ∈ Rm2 ×nx such that for all
ζ ∈ U we have A(ζ) = Ā.
Note that in the case of right-hand-side uncertainty, the scenarios ζ k can be obtained
in (5.16) independent of the here-and-now decision x as the only terms depending on
ζ are (wk )> b(ζ).
Theorem 5.3 Let {(u1 , w1 , v 1 , z 1 ), . . . , (uK , wK , v K , z K )} be a finite set of dual scenarios and {ζ 1 , . . . , ζ K } be a set of primal scenarios obtained from (5.16). If there is
only right-hand-side uncertainty in model (5.1), then the lower bound from (5.11) is
at least as tight as the lower bound from (5.12).
Proof. By duality for linear programming, (5.12) is equivalent to (5.15). The latter
formulation can be written as
(

min

max

x∈X k∈{1,...,K}

f0 (x) +

m1
X

vik fi (x)



+ w


k >



k



Āx − b(ζ ) −

i=1

m1
X

)

zik

(5.17)

,

i=0

where ζ k are the primal scenarios obtained by (5.16). Since (uk , wk , v k , z k ) are in V
for all k = 1, . . . , K, the value of (5.17) must be smaller than or equal to
(

min max
x∈X

k

max

(uk ,wk ,v k ,z k )∈V

f0 (x) +

m1
X

vik



(fi (x)) + w


k >



k



Āx − b(ζ ) −

i=1

m1
X

)

zik

,

i=0

since we maximize over (uk , wk , v k , z k ) in V, instead of a fixing these K values beforehand. The value of this optimization problem is, by dualizing over (uk , wk , v k , z k ),
equivalent to (5.11). Hence, the optimal objective value of the model (5.11) is at
least as high as the optimal objective value of (5.12).

We emphasize that the right-hand-side uncertainty definition is stated for models
that are of the format (5.1). This means that it could also apply to models where
auxiliary wait-and-see decisions are introduced and right-hand side uncertainty is
only visible in the final formulation of the model.

5.4 Example 1: distribution on a network with commitments
This problem is adapted from Section Bertsimas and de Ruiter (2016). For the
distribution on a network we determine the stock allocation xi for location i, and the
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contracted transporting units zij from location i to location j, i, j = 1, ..., N , prior to
knowing the realization of the demand at each location. The demand ζ is uncertain
and assumed to be in a budget uncertainty set:
n

o

U = ζ ≥ 0 : ζ ≤ ζ̂e, e> ζ ≤ Γ .
After we observe the realization of the demand we can transport stock yij from
location i to location j at cost tij in order to meet all demand, i, j = 1, ..., N . The
aim is to minimize the worst case total costs, which includes the storage costs (with
unit costs ci ), the cost arising from shifting the products from one location to another
(after the demands are realized), and the cost from violating the committed contract.
A contract is violated if the transporting units yij differentiate from the committed
units zij , i, j = 1, ...N . This distribution model can now be written as a specific
instance of the primal problem as follows:
min

c> x +

max

x,z,y(ζ)≥0 ζ∈U

N
X

tij yij (ζ) +

i,j=1

s.t. ∀ζ ∈ U :

N
X

yji (ζ) −

j=1

N
X

N
1 X
tij (yij (ζ) − zij )2
2 i,j=1

yij (ζ) ≥ ζi − xi ,

xi ≤ K i
N
X

i = 1, ..., N

j=1

i = 1, ..., N

xi ≥ Γ,

i=1

(5.18)
where the third term in the objective of (5.18) captures the cost of contract violation.
The second line contains the balance equations: we have to shift stock to and from
location i such that the initial storage plus the net shift in stock still exceeds the
demand at i. The constraints in the third line restrict the capacity of the stock at
each location. The dualized formulation we obtain after consecutive dualization over
the wait-and-see decisions y and the uncertain parameters ζ is given below:
min
c> x + τ
z,x,τ
λ(u,v,w)≥0

P
N

(ζ̂λi (u, v, w) − ui xi ) + Γλ0 (u, v, w)


 i=1
h
P

i

1
s.t. ∀(u, v, w) ∈ W : 
− N
i,j=1 (uj − ui − tij − vij )zij + 2 wij ≤ τ



λ0 (u, v, w) + λi (u, v, w) ≥ ui
i = 1, ..., N

xi ≤ K i
N
X
i=1

xi ≥ Γ,

i = 1, ..., N

(5.19)
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where
n

o

V = (u, v, w) ≥ 0 : (ui − uj + vij − tij )2 ≤ wij tij , ∀i, j = 1, ...N .
Now we can apply Fourier-Motzkin elimination and linear decision rules to solve
(5.19).
5.4.1 Numerical setting
We choose N ∈ {5, 10, 20, 30} locations uniformly at random from [0, 10]2 . Let tij , the
cost to transport one unit of demand from location i to j, be the Euclidean distance.
The unit storage cost ci are equal to 6 for i = 1, ..., dN/10e + 1 warehouses and 10 for
i = dN/10e + 1, ..., N stores. The individual maximum demand ζ and the capacity
Ki , i = 1, ...,√N , of each location is set to 30 units. The total demand in the network
is set to 20 N . As an illustration, Figure 5.1 depicts a distribution on a network
obtained from solving (5.19) with linear decision rules, which takes around 100s. All
computations were carried out with MOSEK 8.0 MOSEK ApS (2017) on an Intel
Core(TM) i5-4590 Windows computer running at 3.30GHz with 8GB of RAM. All
modeling was done using the modeling package XProg (http://xprog.weebly.com).
5.4.2 Results
We first consider a small instance and present the results in Table 5.1. One can
observe that the solutions converge to optimality as more adjustable variables in
(5.19) are eliminated via Fourier-Motzkin elimination. If all N + 1(= 6) adjustable
variables are eliminated, the optimal solution can be obtained. Note that FourierMotzkin elimination cannot be applied to (5.18) because the adjustable variables
appear nonlinearly in the model. By solving (5.18) and (5.19) with static decision
rules, we obtain the respective P-S and D-S solutions. For #Elim.= 0, the P-S solutions are far from optimal on average, and the results for P-S and D-S are different,
which indicates that the models (5.18) and (5.19) with static decision rules are not
equivalent in general. The D-L solutions are obtained by solving the model with linear decision rules in the dual formulation. They perform significantly better than the
P-S solutions, the solution of the static robust version of the original model. Since
the problem (5.18) has right-hand-side uncertainty, the LB-P lower bounds obtained
from the primal scenarios are indeed tighter than the LB-D bound from the dual
scenarios (see Theorem 5.3). Hence, we only focus on the LB-P lower bounds for the
rest of this chapter.
Table 5.2 considers medium size instances. Due to the 1 hour computational limit, the
effectiveness of Fourier-Motzkin elimination diminishes as the problem size becomes
larger. Via vertex enumeration (see Theorem 5.2), we obtain the optimal solutions
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Figure 5.1 – Stock allocation for N = 40 with 35 stores (squares) and 5
warehouses (circles) for one random instance. The filled dots have stock and
the larger the dots are, the more stock is allocated.

for N = 10, and the average optimal objective value is 937. Therefore, the LB-P
lower bounds are very tight. When N = 20, the vertices of the budget uncertainty
set are too many to enumerate, i.e., 83,716 vertices. For #Elim. = 0, the average
P-S values are much larger than the average D-L values.
For large instance, using Fourier-Motzkin elimination becomes too time consuming.
Hence, we only report the results without using Fourier-Motzkin elimination in Table
5.3. On average, the difference between the values from P-S and D-L becomes much
larger as N increases. However, the differences between the LB-P lower bound and
the D-L upper bound do not increase as the problem size becomes larger, so the
linear decision rules remain near optimal.

5.5 Example 2: sensor network model
Here we consider a problem where there are N points in R2 that must be connected
by links. Some of the N points are already placed and the decision maker has to
decide where to place the remaining points. The goal is to minimize the total distance
of all the links together. An application would be where the points represent wireless
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Table 5.1 – Lot-sizing problem with N = 5. #Elim. denotes the number of
adjustable variables that are eliminated. P-S and D-S are obtained from solving (5.18) and (5.19) with static decision rules, respectively. D-L is obtained
from solving (5.19) with linear decision rules. LB-P and LB-D denote the
lower bounds obtained from the primal scenarios (see Section 5.3.3) and the
(dual) binding scenarios of Hadjiyiannis et al. (2011), respectively. INF means
infeasible. N.A. represents not applicable. All the numbers are the average of
10 randomly generated instances.

#Elim.
#Constr.

0
12

1
11

2
11

3
13

4
19

5
33

6
272

P-S
D-S

840
INF

N.A.
INF

N.A.
INF

N.A.
INF

N.A.
INF

N.A.
840

N.A.
607

D-L
Time(s)

677
0.03

677
0.03

670
0.03

656
0.04

638
0.07

624
0.15

607
0.66

LB-P
LB-D

605
8

605
119

606
232

607
361

607
583

607
597

607
607

Table 5.2 – Lot-sizing problem with N ∈ {10, 20}. #Elim. denotes the
number of adjustable variables that are eliminated. P-S is obtained from
solving (5.18) with static decision rules. D-L is obtained from solving (5.19)
with linear decision rules. LB-P denotes the lower bounds obtained from the
primal scenarios (see Section 5.3.3). Time(s) reports the computation time
(in seconds) for solving D-L. * means the computation time needed exceeds 1
hour. N.A. represents not applicable. All the numbers are the average of 10
randomly generated instances.
#Elim.
#Constr.
P-S
N=10
D-L
LB-P
Time(s)
#Constr.
P-S
N=20
D-L
LB-P
Time(s)

0

1

22
21
1840 N.A.
1029 1029
935
935
0.3
0.4
42
41
3760 N.A.
1377 1377
1272 1273
14
13

2

3

4

5

21
23
29
43
N.A. N.A. N.A. N.A.
1028 1021 1014 1006
936
936
936
936
0.5
0.5
1
1
41
43
49
63
N.A. N.A. N.A. N.A.
1377 1376 1374 1371
1273 1273 1274 1274
6
9
11
28

6

7

8

73
135
261
N.A. N.A. N.A.
996
983
971
937
937
937
3
4
10
93
165
281
N.A. N.A. N.A.
1368 1363 1359
1274 1275 1276
44
171
624

9
515
N.A.
956
937
14
535
N.A.
1355
1276
1156

10

11

1025 149424
N.A. N.A.
944
*
937
*
26
*
1045
2067
N.A. N.A.
1350
*
1276
*
2827
*
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Table 5.3 – Lot-sizing problem with N ∈ {30, 40, 50, 60}. P-S is obtained from
solving (5.18) with static decision rules. D-L is obtained from solving (5.19)
with linear decision rules. LB-P denotes the lower bounds obtained from the
primal scenarios (see Section 5.3.3). Time(s) reports the computation time
(in seconds) for solving D-L. All the numbers are the average of 10 randomly
generated instances.

N
#Constr.

30
62

40
82

50
102

60
122

P-S
D-L
LB-P
Time(s)

5680
1606
1495
31

7600
1790
1681
118

9520
1962
1856
337

11440
2115
2004
665

sensors and modules on a network that are interconnected and one wants to minimize
the total energy needed for the wireless transmission over the links. This example is
based on the placement and location problem, for which the nominal case is described
in (Boyd and Vandenberghe 2004, Section 8.7). In the nominal case the model can
be written as
X

min
y

kyi − yj k2

(i,j)∈A

yi = āi

s.t.

∀i ∈ L,

where yi ∈ R2 are the locations of the points for all i = 1, . . . , N . The points that
are fixed (already placed) are given by the set L and their locations by āi ∈ R2 . The
remaining points not in L are free to set by the optimizer. The set of prescribed
(undirected) links is given by A.
5.5.1 The model
Here we consider the case where the locations of the fixed sensors āi are not precisely
known. This uncertainty in the locations could be due to sea currents for sensors
placed at sea, wind drift for sensors are dropped from planes or other errors due
to placement from catapults or missiles (see e.g. Akyildiz et al. (2002)). Here we
model the uncertainty in the locations as: ai (ζ) = āi + âi ζi , where âi ∈ R+ is the
maximal (absolute) deviation from the nominal value āi for all i ∈ L. The uncertain
parameter ζ = (ζ1 , . . . , ζ|L| )> ∈ R2|L| , where ζi ∈ R2 for all i ∈ L, resides in a lifted
budget uncertainty set U defined by
n

o

U = (ζ, ξ) : ζ ≤ ξ, −ζ ≤ ξ, ξ ≤ e, e> ξ ≤ Γ ,
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where ξ ∈ R2|L| , e ∈ R2|L| is the all-one vector, k·k1 is the 1-norm and Γ ≥ 0 is
called the budget of uncertainty. Projecting U on the space of ζ, one can recover
the classical budget uncertainty set {ζ : −1 ≤ ζ ≤ 1, kζk1 ≤ Γ} of Bertsimas and
Sim (2004). Some of the modules yi need to be placed before the exact locations of
ai (ζ) are known, whereas others can be placed after. We define the set of indices H
for those modules that have to be placed before the sensor locations are known. We
associate a here-and-now variable xi ∈ R2 for every i ∈ H. The two-stage model can
now be written as:
min max

x,y(ζ,ξ) (ζ,ξ)∈U

s.t. ∀(ζ, ξ) ∈ U :

X

kyi (ζ, ξ) − yj (ζ, ξ)k2

(i,j)∈A


y

i (ζ, ξ)

= āi + âi ζi

∀i ∈ L

y

i (ζ, ξ)

= xi

∀i ∈ H.

(5.20)

The objective value of (5.20) gives the total energy required for the wireless transmissions in the network. One can eliminate the equality constraints, and then we have
a static robust optimization model (i.e., without wait-and-see decisions). The static
model is intractable in its current form because of convexity in the uncertain parameters in the objective. We propose to use consecutive dualization to derive equivalent
linear reformulation of (5.20), and then solve the resulting model via linear decision
rules.

5.5.2 Numerical setting
For the experiments we use two sets of data. For illustrative purposes we first consider a small instance with N = 14 points, of which 8 nominal sensor locations are
uncertain and 6 modules need to be placed. For this, data from (Boyd and Vandenberghe 2004, Section 8.7.3) is used, see Figure 5.2. The maximal deviation from the
nominal locations is taken to be âi ∈ {0, 0.2, 0.5, 1} for all i ∈ L. For instance for
âi = 0.2, i ∈ L, Figure 5.3 illustrates the robust solution obtained from solving the
dualized formulation of (5.20) with linear decision rules.
The second set of data shows results for larger instances. We choose |L| ∈ {10, ..., 70}
nominal sensor locations āi , i ∈ L uniformly at random from [−1, 1]2 . The maximal
deviation from the nominal locations is âi = 0.3 for all i ∈ L. We have 0.4|L| modules
that have to collect data from the sensors. Each module is randomly linked with |L|
sensors. The modules are randomly linked into a cycle. We link the sensors that
are not connected with each of the 0.4|L| modules. We use the same computer and
optimization software as mentioned in Section 5.4. Figure 5.4 depicts the robust
solutions for |L| = 30.
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Figure 5.2 – Nominal solution from (Boyd and Vandenberghe 2004, Figure
8.16).

Table 5.4 – Sensor network model with N = 14. P is obtained from solving
(5.20). D is obtained from solving the dualized formulation of (5.20) with
linear decision rules. LB-P-1 denotes the lower bounds obtained from one
primal scenario. Time(s) reports the computation time (in seconds) for solving
D.

âi

0

0.2

0.5

1

D
LB-P-1
Time(s)

21.91
21.91
0.1

23.86
23.79
0.1

26.88
26.64
0.1

32.07
31.46
0.1
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Figure 5.3 – Robust solution for âi = 0.2, i ∈ L, with the nominal sensor
locations.

5.5.3 Results
For the small instance with N = 14 points, as âi , i ∈ L = {1, ..., 8}, increases,
the obtained objective value from solving the dualized formulation of (5.20) with
linear decision rules becomes larger (see Table 5.4), and the optimal module locations
are more spread out (see Figure 5.3). Since the problem (5.20) has right-handside uncertainty, we focus on the lower bounds obtained from the primal scenarios.
The lower bounds LB-P-1 are obtained from solving (5.11) with only one primal
scenario. This primal scenario is obtained from the (dual) binding scenario of the
first constraint of model (5.12). The differences between the lower bounds LB-P-1
and the upper bounds (Row D in Table 5.4) are within 1%. This indicates that
the optimality gap of the obtained objective values is at most 1% of the optimal
value. Here we do not consider Fourier-Motzkin elimination as it does not improve
the obtained solutions within 1 hour. For medium and large instances considered
in Table 5.5, the dualized formulation of (5.20) with linear decision rules can be
computed efficiently, and the obtained solutions are near optimal.

5.6 Conclusions and further research
In this chapter, we considered two-stage nonlinear robust optimization models with
fixed recourse and polyhedral uncertainty set. We focus on models with convex
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Figure 5.4 – Robust solution for âi = 0.3, i ∈ L, and |L| = 30, with the
nominal sensor locations.

Table 5.5 – Sensor network model with âi = 0.3, i ∈ L, where |L| =
{10, ..., 70}. D is obtained from solving the dualized formulation of (5.20)
with linear decision rules. LB-P-1 denotes the lower bounds obtained from
one primal scenario. Time(s) reports the computation time (in seconds) for
solving D. All the numbers are the average of 10 randomly generated instances.

|L|

10

20

30

40

50

D
LB-P-1
Time(s)

18
18
0.5

50
50
3

104
103
12

171
170
32

260 381 520
260 379 518
74 125 219

60

70
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wait-and-see decisions, for which a consecutive dual approach is developed to derive equivalent reformulations. Since the second stage variables appear linearly in
the resulting model, many popular methods can be applied, e.g., linear decision
rules and Fourier-Motzkin elimination. Moreover, we show that a broad class of
static robust optimization models with convex uncertainties can be written into twostage adjustable robust optimization models with convex recourse decisions, for which
our proposed approach can be applied. For the two numerical experiments, we use
Fourier-Motzkin elimination and linear decision rules to find solutions for the proposed reformulations. A new lower bound method is introduced to provide empirical
evidence that our approach gives near optimal solutions for the considered experiments.
On a theoretical level, one immediate future research direction would be to extend
our approach to multistage robust models. In Bertsimas and de Ruiter (2016) it
has shown the equivalence of the primal model and dualized model even after linear
decision rules are imposed for both models. We would like to further investigate the
dualized model with linear decision rules to find out the corresponding decision rules
of the equivalent primal model.
On a numerical level, we would like to extend the finite adaptability approaches
of Postek and den Hertog (2016) and Bertsimas and Dunning (2016) to solve twostage nonlinear robust optimization models, and investigate the performance of finite
adaptability approaches for the primal and its dualized formulations.
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A. Sarić and A. Stanković. Applications of ellipsoidal approximations to polyhedral sets
in power system optimization. IEEE Transactions on Power Systems, 23(3):956–965,
2008.
H. Scarf. A min-max solution of an inventory problem. K. Arrow, ed. Studies in the
Mathematical Theory of Inventory and Production, pages 201–209, 1958. Stanford
University Press, Stanford, CA.
C.-T. See and M. Sim. Robust approximation of multiperiod inventory management. Operations Research, 58(3):583–594, 2009.
A. Shapiro and S. Ahmed. On a class of minimax stochastic programs. SIAM Journal on
Optimization, 2004.
A. Shapiro and A. Kleywegt. Minimax analysis of stochastic programs. Optimization
Methods and Software, 17(3):523–542, 2002.
S. Shary. Konechnomernyi interval’nyi analiz (Finite-dimensional Interval Analysis).
Novosibirsk, 2011. URL http://www.nsc.ru/interval/Library/InteBooks/.
A. Smith, J. Garloff, and H. Werkle. Verified solution for a statically determinate truss
structure with uncertain node locations. Journal of Civil Engineering and Architecture,
4(11):1–10, 2012.

BIBLIOGRAPHY

129

R. Smith. Efficient monte carlo procedures for generating points uniformly distributed over
bounded regions. Operations Research, 32(6):1296–1308, 1984.
A. Soyster. Convex programming with set-inclusive constraints. Operations Research, 21
(5):1154–1157, 1973.
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