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Introduction
In social sciences, as in many other sciences, often causal relations among
variables are analysed. Models most used for causal relations between continuous variables are linear structure equation models. When the variables
are categorical, a well-known technique to model causal relations is loglinear analysis. In general, a causal model for categorical variables can be
estimated as a whole in a modified path approach. The joint distribution of
all variables is decomposed in conditional probabilities based on the causal
order of the variables. Eventually, the model can be parameterized with
log-linear analysis. Also restrictions can be imposed on the log-linear parameters.

If not all variables are observed, log-linear analysis with latent variables
can be used, or in general, a modified path model extended with a component
in which the relations between tlie latent variables and their indicators are
specified. Tliis added component is called the measurement part of the
model in contrast to the other part, which is called the structural part.
Estimating all parameters (of the measurement part and the structural
part) of complex causal models with latent variables simultaneously, requires
sophisticated optimization procedures. A major problem is the convergence
to suboptimal solutions. Furthermore, the validity of the whole model has
to be investigated at once. In the case of misspecification it is not easy to
detect which part of the model causes the misspecification. Another problem in the analysis of categorical data is the problem of "sparse tables".
Models for categorical data are based on contingency tables. These tables
contain as inany cells as response possibilities. All cell frequencies have to
be estimated for the conditional probabilities. In a relatively simple model
which concern 7 trichotomous variables already 37 - 2187 cell frequencies
have to be estimated. This can cause serious problems for testing the validity of the model (though not so much for estimating the parameters).
Adding 1 trichotomous latent variable that has 6 trichotomous indicators,
the number of cells grow to 314 - 4728969. A gigantic table as this causes
many problems, not only with regard to testing the model, but also with
regard to estimating the parameters and standard errors.
A possible solution is to apply an approach in two steps, rather than in
one step, using two smaller observed tables. First, the measurement model
is estimated, followed by the predictionl of the individual latent scores.
1The term prediction is used rather than estimation to make a distinction between the
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Second, the structural part is estimated in which the individual latent scores
are used as if they are observed. In estimating these seperate models, more
variables can be handled. Only two tables of 37 cells, that is in total 4374
cells, are needed The techniques used for the separate models are also less
prone to local optima, and the validity of the measurement and structural
submodel can be investigated separately.
However, nowadays one-step procedures are regarded statistically preferable. Even if ineasurement models are already estimated in an explorative
analyses, it is preferred to estimate all parameters of the causal model simultaneously in one step. This is because of a serious drawback of the two-step
procedure, which concerns the relation between the estimated latent scores
and variables of the structural submodels. This relation in the two-step
procedure is estimated with bias. In this paper, attention is paid to this
problem. It is investigated when and why the bias occurs. Moreover, a correction formula is presented to correct for the bias. With this correction the
major disadvantage of two-step procedures disappears, which makes it an
attractive alternative to the one-step procedure. The approaches are now
comparable.

The structure of thís paper is as follows: First, a measurement model
for categorical data, the latent class model, will be described. Followed, by
a description of how individuals can be assigned to latent classes. These
together form the measurement part of the two-step procedure. Second, the
one-step procedure is compared with the (second step of the) two-step procedure. It is shown that in the second step of the two-step procedure, the
strength of the relation between latent and structural variables is in general
underestimated. Attention is paid to the question which assignment is best,
with respect to the underestimation. After that, a correction formula is
provided to correct for the bias in the relation between latent and structural
variables in the second step of the two-step approach. Some generalizations are presented of the assumptions made before. Finally, a simulations
and a real data example are presented to compare the one-step procedure
and the corrected two-step procedure. Pros and cons of both methods are
investigated. Some remarks are made about standard errors.
estimation of the parameters and that of the latent scores
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Latent Class Analysis
Latent Class model
Latent Class Analysis (LCA) can be used to estimate a measurement model
with categorical data. The classical parameterization of the latent class
model in terms of probabilities was introduced by Lazarsfeld (1950b; 1950a)
and also used by Goodman (1974a; 1974b). Let 6 be a vector of categorical
latent variables with T exhaustive and mutually exclusive latent classes, and
y a vector of p categorical (observed) indicator variables, with in total Y
exhaustive and mutually independent classes. The realization of y is denoted
by y, and the 'realization' of e by t. Let the separate indicator variables be
denoted by A, B, C, ... with realizations a, b, c, ....
T
p(Y) - ~p(Y - y,e - t)~
e-i

(1)

p(Y,e) - p(e)p(Y~e),

(2)

and
where p(y, 9) is the probability of having reponse pattern y and latent score
9. Local independence is assumed. Thus the indicators are assumed mutually independent given a particular score on the latent variables. This
means, for instance in the case of 1 latent variable and 2 indicators, that
Equation 2, with a sligthly difierent notation, can be written as
p(ABB) - p(B)p(A~B)p(B~6).

(3)

Besides the classical parameterization often a log-linear parameterization of the latent class model is used (Haberman, 1979). Also, further
restrictions can be imposed on the parameters. These can be fixed-value
or equility restrictions (Goodman, 1974a; Goodman, 1974b; Mooijaart 8L
van der Heijden, 1992), but also inequality restrictions (Croon, 1990). Inequality restrictions can be used for ordinal variables. Categorical variables
need not to be nominal. They can be ordinal or discrete interval. In this
context, linear-by-linear and column and~or row effects can be brought into
a log-linear model (Heinen, 1993; Rost, 1985). However, all these models
can in general be represented by the above equations. This is what will be
done in the remainder of this paper.
Before the probabilities are estimated, some identifying restrictions are
needed. In this paper it is assumed that all identification problems are
4

solved. Probabilities can be estimated with Maximum likelihood. The best
known methods are the Newton-Raphson algorithm and the ExpectationMaximization (EM) algorithm (Dempster, Laird 8L Rubin, 1977). However,
most results presented in this paper, are population results instead of estimations based on samples. These population results naturally have their
effect on sample results, which will be shown in a real data example at the
end.

Latent Class Assignment
Once the Latent Class model is estimated, unknown individual latent class
scores can be predicted. Or stated otherwise, each individual can be assigned to a latent class. Consequently, in this paper the term 'prediction'
is used when the latent scores are determined. This in contrast with the
term 'estimation' which is used for the deterrnination of model parameters
(based on sample data). Furthermore, 9 is used as the symbol for the latent
variable, and 9 as the symbol for the predicted latent variable. These two,
of course have the same number of classes. The 'realization' of the unknown
9 is denoted by t, and the realization of B by s.
Various assignment rules exist. These can be deterministic, in the sense
that individuals with the same response pattern all are assigned to the
same latent class, or probabilistic, in the sense that individuals with a
particular response have a probability to be assigned to a certain latent
class. Like in imputation methods for missing data, drawings are done
from the probabilities to determine the class to which an individual will
be assigned. In general a Bayesian point of view is taken. All assignment
rules are based on the posterior probability p(B~y) that an individual is in
latent class t, given ( s)he has response y. According to Bayes Theorem
p(9ly) - P-~'~ P(Y~e)P(e)
Well known assignment methods (GoodP~Y) - ~c P~YI B)P(e)
inan, 1974a; Goodman, 1974b; Lazarsfeld, 1950b; Lazarsfeld, 1950a; Hagenaars, 1990; Clogg, 1995; Bolck, Croon 8L Hagenaars, 1997; Bock, 1983)
are

. Modal class assignment or modal a posteriori assignment (MAP): In
this deterministic assignment rule, each individual with response y on
the indicators y will be assigned to that class s for wich p(9 - s~y) is
largest. Thus
é- s
p(

( 1
ly) - Sl 0

if p(9 - s~Y) ~ p(e - s~~Y) d s~ ~ s
otherwise

5
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The total probability of misclassification in modal assignment
E - ~p(Y)~1 -P(e - sIY)~~
y

is minimized.
. E~pected a posteriori assignment (EAP). This deterministic rule can
only be used when the variables are at least ordered. In that case,
each individual with response y is assigned to the mean latent class
E(6I y). Thus
p(e - sIY) - ~ 0

if E(eIY) - ~ce.p(eIY) - s
otherwise

(5)

In this assignment the mean-squared error of E(6I y) is minimized.
. Median a posteriori assignment. This deterministic rule can only be
used when the variables are at least ordered. In that case, each individual with response y will be assigned to that class s for wich the
probability to fall in a lower class given y equals the probability to fall
in a higher class given y as much as possible.

. I~andom assignment: All individuals with response y on the indicators
y will be assigned to latent class s with probability p(9 - sI y- y).
This means that
p(e - SIY) - p(e - SIY)

(6)

In this case the total probability of misclassification is:
L~p(e - sIY)~1 - p(e - sIY)~
y
s

. Proportional assignment: All individuals are proportionally distributed
over the latent classes according to the conditional probabilities p(9I y).
Thus, p(6 - sIy - y) x 100PIo of all individuals with response y on the
indicators y will be assigned to latent class s. The proportional assignment of an individual to a latant class does not only depend on
the response pattern y of this individual (as in random assignment)
but also on the latent classes to which other individuals are assigned.
The difference between proportional assignment and random assignment can be seen as the difference between drawing with replacement
(random) and drawing without replacement (proportional).
6

. Partial assignment: In this type of assignment, individuals are not
assigned to one latent class, but with certain percentages to all classes.
These percentages of assignment for an individual with response y
equal the probabilities p(B~y - y). The total error is the same as
in proportional assignment, unless it is assumed that in reality an
individual also belongs with certain percentages to latent classes.

The unknown latent class of an individual is predicted with an assignment
method, but it is often not exactly the same as the true latent class (Hagenaars, 1990). This is because of a problem which resembles the problem
of factor indeterminacy (Steiger 8L Schonemann, 1978) in Factor Analysis.
Even if the observed scores and the exact values of the model parameters
are known, this is in general not enough to determine the true latent score
for each individual. Unless the probability of misclassification is zero, several sets of latent scores are all in agreement with the model parameters
and observed scores. Furthermore, if the probability of misclassification is
not equal to zero, the predicted latent scores will not exactly be equivalent.
to one of the admissable sets of "true" latent scores. Only, if one or more
indicators perfectly represents the true latent variable B, with response probabilities equal to one or zero, and the probabilit}~ of misspecification equals
zero, there is only one admissable set for 6, and 6 equals 6.
This all has effects for the relation with external variables in causal
models. Because, 9 does in general not equal 9 probably the relation with
external variables is different for 9 and 6. For factor anlysis this problem
is already investigated (Croon 8c Bolck, 1997). This paper, will concentrate
on methods for categorical variables.

Comparing one-step and two step procedures of a
simple causal model
A simple causal model is considered for the comparison of one-step and twostep procedures. Later, generalizations to more complex models are made.
The model that first will be investigated can be represented by the following
diagram:
x --~ B -- Y
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in which y is a vector of categorical indicators, e is a vector of categorical
latent variables, and x is a vector of categorical external variables. External
variables are manifest variables other than indicators. The realization of x is
denoted by x and the total number of classes by X. The arrows represent a
direct effect as in directed graphs. It is assumed that the external variables
x do not have a direct effect on the indicators y. That is why no arrow
points from x to y. Note that x, B, and y are vectors, and thus can be multi
dimensional. In other words, they each can represent more than 1 variable.
The above presented model can be estimated in one step with for instance log-linear analysis. The parameters representing the relation between
the latent variables 9 and indicators y(the measurement model), as well as
the parameters representing the relation between the external variables x
and the latent variables 9(the structural model) are estimated simultaneously. The relation between x and 9 in general can be represented by the
joint or conditional probability of 6 given x. The strength of the relation
can be represented by a summarizing measure such as the log odds ratio,
which is based on the joint or conditional probability. Thus, in general, the
model can be written in terms of conditional probabilities by
p(x,e~Y) - p(x)p(eIx)P(YIe).
1`Tote that p(yl6,x) - p(yIB), because x has no direct effect on y. The
individual latent scores are not estimated. Thus the probabilities containing 9 are estimated with techniques such as maximum likelihood for latent variables (e.g., iterative proceuderes such as EM). The model can be
parametrized in difierent ways, but this is not of interest in the context of
this paper.

Alternatively, the model can be estimated in two steps. In the first step
the measurement model is estimated.
9
This can be performed with LCA as described in the foregoing section.
Once the model parameters are estimated, individuals are assigned to latent
classes according to one of the assignments mentioned. In the seco~d step,
the structural model is estimated. The predicted latent scores 9 are used as
if they are observed in a simple causal model, with no latent variables.
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The relation between x and 9 can be represented by the joint or conditional
probability of 9 given x, or by measures such as the log odds ratio, which are
based on the joint or conditional probability. The probability p(6I x), can
directly be estimated. It is important to note that in the two-step procedure,
in contrast to the one-step procedure, the parameters representing the relation between x and 9 are estimated, instead of the parameters representing
the desired relation between x and 6.
The predicted latent scores 9 only depend directly on y, just as y only
depends directlu on 9. A graphical representation of the total causal ordening is
x -- 9 -- Y -~ B

In terms of conditional probabilities this can be written as
p(x, e- t, Y, e- s) - p(x)p(e - tI x)p(YI e- t)p(e - SI Y).

(7)

Again p(y~9, x) - p(yI9). Furthermore, it is assumed that 9 is not directly
determined by x, and from the assignment rules it can be seen that 9 is not
directly determined by 9. Thus p(9I, x, 6, y) - p(9I y). The joint probability
for x and 6 is acquired by collapsing over y and 6 of the joint probability
of x, 6, y, and 9 as presented in Equation 7:
p(eI x) -~~ p(BI x)p(Y) e)p(eI Y) -~~p(eI x)p(eI e).
t

t

y

(8)

y

From Equation 8 it can be seen that in a two-step procedure the joint (or
conditional) probability for x and 6, which is estimated, in general does not
equal the joint (or conditional) probability for x and 6, which is desired, and
estimated in a one-step procedure. A transition probability p(9 - sI9 - t)
is needed to come from p(6 - tI x) to p(9 - sI x).
In the next section it will be shown in what special cases p(6I x) - p(9Ix).
Furthermore, a mathematical proof is provided that in all other cases not
only p(BIx) ~ p(9Ix), but also that, in absolute terms, the log odds ratio
(as a measure for the strength of a relation between two variables) of x and
9 always underestimates that of x and 9.
9

The relation between latent and external variables
in a 2-step procedure
True and predicted log odds ratios
Let us denote,
p(e~x) - axt, p(YI e) - bty, p(e~Y) -~s, p(eI e) - dts - vtycys, p(e~x) -

exs.

Then
p(e, y, Blx) - axtbtyeys

and from equation 8:
p(el x) -~ axtbty~ys -~ axt ~ btyeys -~ axtdts - exst,y
t
y
t

(0)

The last part can be written in matrix notation as
(10)

E - AD,

with {exS} the elements of the (J~ x S) matrix E, {axt} the elements of the
(~I x T) matrix A, and {dts} the elements of the (S x T) transition matrix
D. From Equation 10 it can be seen that p(9~x) - p(9~x) for all values of
x and B, only if E equals A, or, stated otherwise, when D- I. As noted
before, the number of classes S equals the number of classes T. This is true
when the indicators represent the latent classes perfectly, and each latent
class is assigned to with probability 1 given at least one response pattern2.
In this case the total error is zero. In general p(9~x) ~ p(9~x).

Lets now examine in what way measures for the relation between x
and 9 differ from measures for the relation between x and 9. Conditional
probabilities represent the relation between variables at various values of
the variables. A summarizing measure for the strength of the relation in
the case of categorical variables is the log odds ratio. The true odds ratio,
representing the strength of the relation between the classes xl and x2 of x,
and the classes tl and t2 of 9 is
ax1x2t1t2 -

axl tl a~2t2

.

axl t2 ax2t,

ZIf bcy ~ o~(b~~y - 0) n(cyi - 1) n( cy~~ - o); If bcy - 0~(ót~y ~ 0) n(cyt 0~ n(cyt~ - 1); dt b~y 1 0 for at least one y.
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~~hile, the predicted odds ratio representing the relation between the (classes
xl and x2 of the) external variable x and the (classes tl and t2 of the)
predicted latent variable 6 is
áx,x2sls2 - e~1S1ex2s2

( 12 )

exls2exzs,

~~t1 asltldtl'1 ~t2 az2t2dt292
-

L~.t2 a~~`lt2 d t2'2 ~tl a~2tldtl'1

-

L~t
tl

(13)

asltldtt'1as2t2dt282
L~t
t2 a~1t2dt2x2ax2tldt191 ,

In Theorem 1 below, it is stated that in the case of a dichotomous latent
variable B and arbitrary x and y, the strength of the relation between x and
B, is always underestimated, in the two-step procedure. The predicted log
odds ratio is, in absolute terms, always smaller than the true log odds ratio.
Theorem 1 When B is dichotomous, tlaen: ~ log á~,x2~ C ~ log(cxx,x2)~, or
stated otherwise áx1x2 C ax,x2 fOr CYxlx2 1 1 and ~x~lx2 1 CYxlx2 for Ckx1x2 C

1.
Proof. The proof is based on another theorem (see also Appendix A):
Theorem 2 Let u2, vi and w~ be a series of numbers for which ui ? 0, vZ ~
0, wZ 1 0 and at least one vi ~ 0 Then
u~
u~
~Z utv~
min - C
C max -.
2 w~
z wi
~~ v~wi
In formula 13, ax, t, dt, S, ax2t2 dt2 SZ can be considered as uivt, and a~, ~2 dt2 SZ ax2 t, dt, S,
as viw~. They are summed over tl - 1 and t2 - 2, which is equivalent to
- ~ ).
i- 1, ..., 4. It can be seen that a~itidtt,ias2t2dtzsz - a~itiaxztz (or ~- ai1t2dt2s2ai2tldt1,1

ailt2ai2t1

The 4 possible values of w, are
ax'1ax21 - 1,
ax11ax21

when tl - 1;t2 - 1

ax, l ax22
ax, 2ax21
ax,2axz1
ax11ax22

when tl - 1; t2 - 2

- axlx2i

-

1

~

when tl - 2; t2 - 1

axlx2
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v;w;

wi

a~12a~22 - 1,
ay,2ax22

when tl - 2; t2 - 2

If it is supposed that at least one (d~,s,dt252) ~ 0 3 and
i) If a~,~z ~ 1 ~ 1~a~,x2 C 1, then according to Theorem 1: l~a~,y2 C
á~, x2 C a~, ~2 .

ii) If a~,~2 G 1 ~ 1~a~,x2 ~ 1, then according to Theorem 1:

a~i~a G

axixz C l,a~i2z
O

A generalization can be made when 9 has more than 2 categories. Suppose B is trichotomous, then B is also trichotomous. The tl and t2 can take,
for instance, the values 0, 1 and 2. Then
e~,S,e~2s2

a~,odos,a~zodos2 -F~ ... -i- a~,2d2S,a~22d2s2

ex,S2Ex2s,

ax,~d~s2a~2~d~s, -1- ... f a~,2d2s2ax22d2s1

a~,pax2p ~ .. . -f- ax,2ax22
a~,oa~2o ~- .. . ~- a~.,2ax22

-

~

which lies, according to theorem 2, between the minimum and maximum of
{ ax1oax2o
QzlOa~2o,... a~12ax22}.
a~~2a~~2
In other words , in the case of more than two latent
categories it is possible that not all predicted log odds ratios, describing the
strength of the relation between latent and external variables, are underestimated. However, no predictions are larger than the largest true log odds
ratio!

Which assignment is best?
In the previous sections is proved that, whatever the type of latent class assignments is, the relation with external variables is usually underestimated.
Apart from this it is interesting to know what the performance of the different types of assignments is. In the section about latent class assignment
it was already stated that the total probability of misclassification is lowest
for modal class assignment. There is however not a direct relation between
the total probability of misclassification and the difference between p(9~x)
and p(9~x). In theory, the total probability can be very high while on the
other hand p(9~x) exactly equals p(6~x). However, in the dichotomous case
till now it was always found that modal assignment resulted in log odds
3(de1s,de232) - 0 dt,s, if the probability of assinging to B- t given a response y is 0
when in all cases the probability of having that response y given a latent class B does not
equal 0.
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ratios which resemble the true log odds ratios more than the log odds ratios
estimated after proportional or random assignment. The proof is a subject
for further research.

A correction procedure
Above, it is shown that in estimating the relation between latent and external variables with a two step procedure, not the relation between the
external variables x and the true latent variables 9 is estimated, but the relation between x and the predicted latent variables B. The relation between
9 and x can be represented by p(6~x), and be written as elements of the
matrix A. The relation between 9 and x can be represented by p(9~x), and
be written as elements of the matrix E. It ~vas also shown that E- A.D,
and that usually D does not equal I, or stated otherwise, that E does not
equal A. However, all elements of D are estimated. Thus, if D is invertable,
the true conditional probablities of the latent variables given the external
variables can be calculated by
A - ED-1.

(14)

This formula states that, if individuals are assigned to classes with whatever assignment rule that results in a non-singular D, the relation between
external atid latent variables may be underestimated, but can be corrected
afterwards sucli that a good estimation of the relation is obtained. This is
true for dichotomous and polytomous variables, because the matrices E, A
and D can be as large as desired.
D can become singular when for instance no individuals are assigned to
a certain class. Then D has a column with only zeros. In a situation with a
large number of classes, this is a possibillity. Restrictions, a general inverse,
or just an assignment rule that does not lead to a singular D can be used
to overcome the problem of singularity.
Note that it does not matter, for the use of the correction procedure,
what assignment rule is used, as long as the assignments are dependent of
the response pattern (and D is not singular). This means that for instance
a simple rule as
-~ 1 ifyEYl
( )
15
e2 ifyeY2i
with Yl some subset of all responses y, and Y2 the complement of Yl, can
be used.
13

As an illustration, A- ED-1 is written in the dichotomous case as

( a21

a22 )~ IDI ( e21

e22 )`

ad21

d 12 ~

The matrix D is singular when dll - d21 (and thus d12 - d22). This is
the case when bly - b2y forall y, that is, when the probablity of having a
response y is the same for latent class 1 and latent class 2. The indicators
do not represent the latent variable (there is zero correlation between y and
B). This is a situation, for which no good assignment rule exists, but which
may never occur in practice when the indicators are well chosen.
The dichotomous matrix D can also be singular when all individuals are
assigned to only one latent class. This probability is, however, very low.
In the case of polytomous variables it can happen, with certain assignment
rules, that no individuals are assigned to one of the latent classes. Tliis
always has to be checked. And it always has to be tried to find some assignment which lead to a non-singular D. In general, not much is required. It
is usually enough that the assignment is dependent of the response y.

Generalization
Till now only a simple model in which the external observed variables x are
exogenous, and the latent variables 9 are endogenous, is considered. However, all kinds of relations between latent and external (observed, other tllan
the indicators) variables may exsist. The correction formula in the two-step
procedure can be used in most relations. The only restriction to use the
correction formula on a model is that it is assumed that there are no relations between the indicators and the external observed variables. Figure 1
provides a graphical representation of all possible relations between external and latent variables. The symbols x, z, 91, 92 represent vectors (thus
can be multi-dimensional) of exogenous and endogenous external and latent
variables respectively, yl and Y2 represent vectors of indicators, and 91 and
92 represent vectors of predicted latent variables. Between the variables no
arrows are drawn because the relations can lie in both directions, except the
relations between 6, y, and B. The indicators y are only directly determined
by 9, and the predictions 6 are only directly determined by y. The numbers refer to the numbers of the relations as they will be quoted below. All
possible relations between (external) observed variables and latent variables
can, in fact, be reduced to three types:
14

r

x

`I~

z

92

- Y2

92

Figure 1: A general model
. Relations between external variables (e.g., relation 5) can directly be
estimated. There will be no difference between the two-step procedure
and the one-step procedure.
. Relations between external and latent variables (e.g., 1,2,3, and 4). This
is the type already described in this paper. Till now, however, the conditional probability, in which the latent variable depends on the external variable, is concerned. In general the joint distribution between a
latent variable 9 and an external variable u can be considered. In this
case, it does not matter whether u determines 9, or 9 determines u.
For the calculation of the log odds ratios conditional as well as joint
distributions can be used. In Figure 1, u stands for x or z, and 9
stands for 91 or 62. The relation between u and B can in the one-step
procedure be represented by p(6, u), and in the two-step procedure by
p(9, u). This last probability can be written in terms of p(9, u):

eus - p(e - s, u) -~ p(e - t, u) ~ p(YI e- t)p(e - S~Y) t

y

~ p(9 - t, u)p(9 - sI6 - t) - a.~t.dts,
t
or in matrix notation E- A.D.

15

(16)

. Relations between latent variables (e.g., relation 6) can in a one-step
approach be represented by p(61, 92), and in a two-step approach by
p(el, 62). This can be written in terms of p(91i 92) as:
p(Baei) -

~

p(x)p(eilx)p(B2lei,x)P(Yllei)p(eiIY1)p(Y2Iez)p(ezlYz)

2t1 t2yly2

-~ p(e2, ei, )~ p(Yl I el )p(ei I Yl )~ p(Y2I e2)p(B2I Y2 )
t~t2

yi

y2

- ~ p(82, ei, )p(ái l8i ) p(82182)
t, t2

- Qtltz~tlylCylslft2yz9yzsz

-

esls2

Thus
E-H'AD
The external variables (x) have no influence on this relation, and therefore are summed out.
In general, it can be stated that if E is the matrix of the predicted joint
or conditional disributions representing the relation between two variables,
and A is the matrix of the desired joint or conditional distributions, then:
E - H'AD,

(17)

with H a matrix belonging to the independent variable and D a matrix
belonging to the the dependent variable. If both variables are observed
H- D- I, if one variable is observed only one of H or D equals I, and
if both variables are latent both H and D do not equal I. A correction
formula can be computed by
A - (H')-iED-i
Only when there are relations between external variables and the indicators, no correction formula excists. If there are two (or more) groups of
latent variables with (partly) overlapping indicators, these two groups can be
seen as one large vector of latent variables with one large vector of indicators
of which some (partly) represent other latent variables than others.
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H I
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x ~61--62-- z

Ir

Figure 2: The simulated model
Examples
The theory presented above concerns population theory. In practice samples
are drawn to estimate population values such as the joint and conditional
probabilities. Results found for population values, such as the fact that
the one-step conditional probability between a latent and external variable,
and the two-step conditional probabilities deviate, and that it is possible
to correct for this deviation, still can be used but results will be less exact
because of estimations and rounding errors. To illustrate this and to make a
comparison between the one-step and the corrected two-step procedure, two
examples are presented. First a large simulated data set, is presented, in
which the problems of the one-step and two-step procedures are illustrated.
Second, a(smaller) real data example is presented, of which is known that
the models estimated are stable and good. This example is presented to
demonstrate the correction of the two-step estimations of the log odds ratio's between latent variables and external variables. It is followed by some
remarks about the standard error.

A simulation example
Figure 2, represents the population which is simulated. The latent variable
B1 consists of 3 latent classes, and latent variable 92 of 4 latent classes.
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Tlie external variables x, y, and z have 6, 4, and 2 catergories respectively.
There are eight indicators (denoted by A to H) for latent variable 91 with
2, 2, 2, 2, 3, 3, 3, and 6 categories respectively, and eight indicators (denoted
by I to P) for 91i with 2, 2, 2, 2, 4, 4, 4, and 6 categories respectively. A
sample of 1000 is drawn from the population. This sample is considered not
too large in the sense that it will be almost exactly the population and not
too small in the sense that this magnitude would be considered desirable if
the data were real. Note that though all variables are denoted bold, which
is a vector notation, they are only one-dimensional.
The model as presented above is estimated in one and two steps. The
estimation is performed in eEM (Vermunt, 1997). Estimating the model
with a one-step procedure costs a few minutes4, and results in every run to
other solutions. There exist many local solutions. All solutions show the
same trend as the population, but differ with each other, with respect to
the boundary solutions. Table 1 provides the log odds ratio for the relation
between the external variable z and the latent variable 91 for the population,
for 2 random runs of the one-step procedure, and a run with the population
values as starting values (run 3). For reasons of simplicity, the relation
between z and 92 is chosen as an illustration, because it has the smallest
number of log odds ratios. The simulated conditional probabilities of z~e2
~~-ere

p(z-1~92-1)-0.3 p(z-2~B2-1)-0.7
p(z-1~92-2)-0.5 p(z-2~92-2)-0.5
p(z - 1~62 - 3) - 0.7 p(z - 2~62 - 3) - 0.3
p(z - 1~92 - 4) - 0.9 p(z - 2~92 - 4) - 0.1.
In the following, the runs with the population values as starting values
tivill be used as reference. It is the model most close to the population.
In the two-step procedure, first the latent class model for the the latent
variable 81 and seperately that for the latent variable 92, are estimated,
with the population values as starting values. LCA on 91 always provides
the same results. LCA on 92 provides a few different solutions which result
in almost no differences in the modal assignments based on the models. The
second step in the two-step procedure always provides the same result if
the same assignments are used. If the second step was based on different
assignments, different results were obtained, but of a smaller scale than in
4 When the standard errors are estimated it takes about 2 hours on a standard pentium
100
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z~B2
ln a12
In a13
ln a14
ln a23
ln a24
In a34

population
-0.85
-1.69
-3.04
-0.85
-2.20
-1.35

1-step (runl)
-0.30
-1.11
-2.13
0.19
-1.90
-2.10

1-step (run2)
-0.36
-1.95
-2.43
-1.59
-2.07
-0.48

1-step (run 3)
-0.32
-1.30
-2.34
-0.98
-2.02
-1.04

Table 1: The log odds ratios of the population values of the relation between
z and B2 and the estimated log odds ratios in 3 seperate log-linear analyses
(1-step procedures) on a sample of 1000 out of the population. Of 10 runs,
run 1 provided the lowest XZ and run 2 the highest. Run 3 provides the
results of the log-linear analysis when the population values are used as
starting values

the one-step procedure. In contrast to the one-step procedure there were
only a few different end solutions.
Table 2, provides the log odds ratio's for the relation between the external variable z and the latent variable 82 in the population and the log
ocids ratios estimated in the two-step procedure, before and after correction
with the correction procedure described in this paper. From Table 2(and
Table 1) it can be seen that the log odds ratios estimated in the two-step
procedure are worse than those estimated in run 3 of the one-step procedure
when compared with the population. After correction with the procedure

z~B2
ln al l
ln a12
ln a13
ln a23
ln a2~
ln a34

population
-0.85
-1.69
-3.04
-0.85
-2.20
-1.35

2-step before correction
-0.23
-1.42
-1.91
-1.18
-1.67
-0.49

2-step after correction
-0.31
-1.40
-2.20
-1.09
-1.89
-0.80

Table 2: The log odds ratios of the population values of the relation between
z and B2, and the log odds ratios estimated in the two-step procedure (with
the population values as starting values) before and after correction.
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presented in this paper, the solutions are improved.
In practice, no population information is known. A one-step or a twostep procedure will be performed to estimate the model. Some remarks
can be mad. Especially in the case of a one-step procedure often various
solutions are found when the estimation is repeated. It is not easy to find out
which one is best. Furthermore, in this paper is shown that the estimated
parameters in the two-step procedure are underestimations, but also that it
is possible to correct for this. Before a model is estimated, however, a good
model has to be found. Therefore, an interesting question is: How do the
one-step and two-step procedure perform with repect to finding the correct
model? In practice you cannot check this, but in the above simulation
example ~ve exactly know the population, and can thus really check this.

Suppose researchers of the sample of 1000 described above, have some
hypotheses about the model for this data which deviate from which we
know is the correct model. Three deviating models are considered. Below
is described in what aspect(s) these three differ from the population model:
1. No relation is assumed between y and 9z
2. No relation is assumed between y and 62i and it is assumed that B1 is
directly caused by x and y, with x and y indepent.
3. The indicators A,B, and H are left out of the estimation
In the first two cases it was found that the models did not fit the data very
well in the one-step procedure and in the two-step procedure. In the twostep procedure no fit problems were found in the latent class models but
only in the log-linear analysis in the second step. In the third case were 3
important indicators for 91 were left out, there ~vere no lack of fit problems
found in the one-step procedure though the latent class model for 91 showed
that the 5 indicators left did not fit the LC11 at all.

A real data example
As a real data example a not too large example is chosen, of which is known
that the model is stable and will not be rejected. This problem is presented only to illustrate the correction procedure described in this paper.
No problems such as described in the simulation model above occur. Results from the one-step and two-step procedures are, therefore, stable and
can be compared. The estimated log odds ratios of the one-step and two-step
prodecures will, however, not be exactly equal to the true (but unknown)
20

A

B

C

D

1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2

1
1
1
1
2
2
2
2
1
1
1
1
2
2
2
2

1
1
2
2
1
1
2
2
1
1
2
2
1
1
2
2

1
2
1
2
1
2
1
2
1
2
1
2
1
2
1
2
tot

R-1
I-1
P-1
6
5
2
0
1
2
0
3
2
15
1
4
4
10
0
10
65

R-1
I-1
P-2
15
21
0
5
1
8
2
3
9
59
2
12
4
33
0
44
219

R-1
I-2
P-1
5
7
1
1
0
2
1
3
0
11
0
2
0
6
1
14
54

R-1
I-2
P-2
14
17
2
2
1
4
2
6
4
32
5
20
1
17
2
44
160

R-2
I-1
P-1
18
22
0
3
1
4
0
8
16
53
1
15
4
27
2
44
218

R-2
I-1
P-2
7
13
1
1
1
2
0
1
8
41
0
13
2
22
1
26
139

R-2
I-2
P-1
13
25
4
3
2
7
1
8
15
33
4
19
2
23
2
39
200

R-2
I-2
P-2
16
18
2
5
0
5
0
6
10
39
2
12
3
25
2
41
186

tot
94
128
12
20
7
34
6
38
64
283
16
97
20
163
10
249
1241

Table 3: A real data example: The 1241 german respondents on the political
action study. A,B,C, and D are the indicators, and R,I, and P the external
variables, for explanation see text.

log odds ratios, and also not equal each other, because we are
samples. Though the correction of the predicted probabilities
lation case will exactly provide the true probabilities, this will
be the case, because we are dealing with estimated predicted
based on samples.

dealing with
in the popunow also not
probabilities

The real data example ~vas presented before by Hagenaars (1990, pp137142), in a slightly different form and without correction. The data come from
a political action study, an international comparative survey conducted in
eight countries (Barnes 8L Kaase, 1979). It was investigated whether the
different perspectives people have on government tasks leads to different
political party preferences (P). A distinction is made between a left wing
(1) and centered right wing (2) preference. Two background variables, Religiousness (R) and Income characteristics (I) are concerned (for both: 1-1ow
and 2-high). The perspective people have on government tasks is the latent
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A

B

C

D

Figure 3: The causal model used in the real data example.
variable (B). It has three categories. When people think that the government
has an essential task in "ideal" and "material" matters B- 1, in "material"
but not in "ideal: matters 8- 2, and has no essential responsibilities B- 3.
Respondents were asked which of a list of ten issues have to be considered
as a responsibility of government. Four issues are selected to serve as indicators (A: guarenteeing equal rights for men and women; B: providing a
good education; C: providing a good medical care; D: Providing equal rights
for guest workers). The indicators are dichotomous, a person concerns it an
essential responsibility of the government (1) or not (2). The data of 1241
respondents in Germany are summarized in Table 3, and the model considered is presented in Figure 3. As can be noted, a slightly different notation
for the variables is used.
In Hagenaars (1990) the above model is estimated with log-linear analysis, a one-step. The model {RI, I6}{RIB, RIP, BP, BA, 9B, BC, BD} is found
to be the best log-linear model. Also a two-step procedure was used. For the
measurement part to be identified, it is assumed that people who only think
the government has an essential task in material matters find ideal matters as
less essential as people who think the goverment has no essential responsibilities (p(A~B - 2) - p(A~B - 3) and p(D~B - 2) - p(D~B - 3)), and find material matters as important as people who think both material and ideal matters are important (p(B~B - 2) - p(B~B - 1) and p(C~B - 2) - p(C~B - 1)).
In this paper the same one-step and two-step models as in (Hagenaars,
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1-step
B~I
log a12
log a13
log a23

0.79
0.11
0.68

2-step
modal random
0.46
0.12
0.10
0.11
0.37
0.23

corr. 2-step
modal random
0.86
0.44
0.09
0.09
0.68
0.53

corr. bootstr. 2-step
modal
random
0.84
0.93
0.15
0.11
0.69
0.81

Table 4: The estimated log odds ratio's of the latent variable (6) (3 latent
classes) given income (I) (2 classes), in the one-step procedure and in the
two-step procedure after modal assignment and random assignment, before
and after correction. The last two columns contain the log odds ratios after
corrected bootstrapped and multi imputed modal and random assignments.

1-step

P~B
log a12
log a13
log a23

0.26
1.17
0.91

2-step

modal
0.04
1.04
1.09

random
0.05
0.99
0.94

corrected 2-step

modal
0.11
1.08
0.97

random
0.14
1.05
0.91

Table 5: The estimated log odds ratio's of Party preference (P) (2 classes)
given the latent variable (B) (3 latent classes), in the one-step procedure and
iri the two-step procedure after modal assignment and random assignment,
before and after correction.

1990) are estimated in QEM (Vermunt, 1997). In the one step procedure the
parameters of the causal model {RI, IB} {RIB, RIP, BP, 6A, BB, BC, BD} are
estimated simultaneously (Pearson XZ - 100.63; L2 - 104.39; 106 degrees
of freedom; p- 0.53). The same log-linear parameters are found as in
(Hagenaars, 1990). Tables 4 and 5 provide the estimated log odds ratios for
the relations between 9 and I, and 9 and P respectively.
In the two-step procedure first a Latent Class Analysis, with the same
restictions as described above, is performed on the indicators. This is followed by a modal class assignment as well as a random assignment. In both
cases the predicted individual latent scores are used, as if they are observed,
in a loglinear analysis with Religeousness (R), Income (I) and Party preference (P), in the same structural model as in the one-step procedure. The
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estimated predicted log odds ratios after modal and random assignment are
denoted in Tables 4 and 5.
The estimated probabilities on which the estimated predicted log odds
ratios are based are corrected with the correction formula of Equation 14.
The resulting corrected estimated predicted log odds ratios are also denoted
in Tables 4 and 5.
From Tables 4 and 5 it can easily be seen that the log odds ratios in
the two-step procedure are lower than the largest log odds ratio in the onestep procedure. The one-step procedure log odds ratios are not the 'true'
log odds ratios, but are estimations of it. The predicted two-step log odds
ratios are underestimations of the true log odds ratios. Especially in the
relation between B and I it can be seen that modal assignment performes
better than random assigbment. After correction the estimated predicted
log odds ratios of the two-step procedure are improved a lot when compared
with the estimated log odd ratios of the one-step procedure.

Standard errors
When samples are used instead of populations, standard errors become important. Some remarks about standard errors will be made in this section.
The asymptotic standard error of the log odds ratio between the (classes tl
and t2 of the) latent variable 6 and the (classes xl and x2 of the) external
variable x can be computed with the delta method by
1
-i1
~
1
-11 )~
Qlog(a~~~zt~tz) - ( na~,tl
~,a~~tz
~a~zt~
nQxztz

(18)

with a~t - p(x - x, 9- t).
In the same way, a prediction of the standard error in a two-step procedure can be computed by filling in the estimated predicted joint probabilities
p(x, e). As expected, this standard error underestimates the 'true' standard
error. A corrected form can be obtained by filling in the corrected estimated predicted joint probabilities5. This, however, still underestimates the
standard error in the one-step procedure. In a one-step procedure the latent variable is realy latent, thus not known or predicted as in the two-step
procedure. Therefore, the estimation for p(9~x) in the one-step procedure
contains more uncertainty than that for p(9~x). Not only the probability,
but also the corresponding "observed" proportion is unknown.
Sor calculating (because A- E.D-1): Var(row of A) -(D-1)'Var(row of E)D-1,
which is exactly the same.
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When parameters are estimated with a maximum likelihood method the
standard error can be estimated based on the information matrix. An estimation of the one-step standard error without estimating the one-step
procedure can be provided by filling in the corrected estimated conditional
probabilities in the theoretical information matrix of a one-step procedure.
However, the (theoretical) information matrix can become very complex.
Approximations of the standard error based on the two-step procedure
that come close to the values of the one-step procedure can be provided with
Multiple Imputation ( Rubin, 1987), a technique developed for missing data.
In missing data theory a lot of possibilities exist to replace missing data by
itnputed values. In Multiple imputation, the missing data are not replaced
by one set of imputations but by several ( m) sets of imputations, resulting
in m completed datasets on each of which complete data set analyses are
performed.
In this paper, a single imputation concerns assignment of all individuals
to latent classes. Based on this imputation the second step of the twostep procedure is performed, resulting in log odds ratios for the relation
between the latent variables, and~or the latent variables and external variables. These log odd ratios can be corrected with the correction procedure
and a standard error can be estimated. This whole sequence of procedures
is repeated rn times starting each time with a new assignment. In this way
not only m standard errors or variances of the log odds ratios are computed,
but also the variance between the m (sets) of log odds ratios can be computed. This last variance is denoted by B, and the mean of the m variances
of the log odds ratios ( the witliin variance) is denoted by U. The multiple
imputation standard error is then computed by
~ -

U f (1 f m-i)B,

The total variance T is corrected in the sense that it is based on the corrected conditional probabilities, and in the sense that not only variability
due to measurement error is taken into account, but also variability due to
sampling error. Acccording to Rubin, the number of imputations m, can lie
somewhere between 2 and 10 to provide reasonable T values.
Note that only probabilistic assignment rules can be used together with
multiple imputation. When deterministic assignment rules, such as modal
assignment, are used each individual is assigned to the same latent class in
each of the m repetitions. In this case the between variance B will be 0.
Table 6 provides the standard errors of the log odds ratios for the relation
between B and I as presented in Table 4 in the one-step procedure, the two25

1-step

log a
log a12
log a13
log a23

modal
0.30
0.18
0.27

2-step

random
0.16
0.13
0.14

random
0.16
0.13
0.14

corr. 2-step

M.I. corr. 2-step

random
0.14
0.16
0.15

0.30
0.17
0.32

Table 6: Standard errors of the log odds ratios of Table 4, in the one-step
procedure and in the two-step procedure after modal assignment and random
assignment, before and after correction. The last two columns contain the
log odds ratios after corrected bootstrapped and multi imputed modal and
random assignments.

step procedure before and after correction, and after correction together
with multiple inputation. It can easily be seen that the standard errors
in the two-step procedure underestimate those in the one-step procedure,
even after correction. Only, after the multiple imputed corrected two-step
procedure with random assignment the standard errors are of the same order
as the one-step procedure. Though modal assignment seems to lead to better
parameter estimates in the (uncorrected) two-step procedure, it cannot be
used in the calculation of standard errors presented here.
This section provides approximations of standard errors. It is only intended to show a possibility how one-step standard errors can be approximated in a two-step procedure. Improvements probably can be found when
also the uncertainty of the measurement model is incorporated. This can be
achieved, for instance, with bootstrap methods, but lies out of the scope of
this paper. Furthermore, the problem with methods like this and multiple
imputation is that they are very time consuming as long as they are not
incorpareted in standard software.

Conclusions
In this paper a comparison is made between one-step and two-step procedures. The t~vo-step procedure, as defined in this paper, has some advantages above the one-step procedure. Instead of one complex model a few
smaller models are estimated. In such a way a sparse data solution is created. Tliis makes it possible to handle more variables. The smaller models
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are less prone to local optima, etc. Besides that, it is sometimes impossible
to estimate a complex causal model in one step. And sometimes, measurement models are estimated anyway. On the other hand, the one-step
procedure has also advantages above the two-step procedure. One of which
is very important and first had to be resolved before the two methods can
really be compared. In contrast to the one-step procedure, relations between
latent variables, or latent variables and external (observed) variables in the
two-step procedure are estimated with bias.
In this paper, it is shown why relations between latent variables and
external variables are estimated with bias in the two-step procedure, and
more important it is shown that it is easy to correct for this bias. Conditional
and joint distributions are used to represent the relation between variables.
Log odds ratios are used as summarizing measures for the strength of the
relation between variables. It is proved that in the two-step procedure in
general the log odds ratios of relations between latent and external variables
are underestimated. The central idea of the problem is that in the two-step
procedure not the relation between the external variables and the latent
variables is estimated, but the relation between the external variables and
the predicted latent variables, which are used as if they are observed. The
conditional or joint probabilities of the external variables and the predicted
latent variables are not the same as the conditional or joint probabilities of
the external variables and the latent variables, which are estimated.
However, the conditional (or joint) probability of the predicted latent
scores e given the external variables x, p(9~x), can mathematically be
written as a function of the true probability p(9~x), as follows:
E - A.D,
where E is the matrix with elements p(6~x), A the matrix with elements
p(9~x), and D is a matrix with known probabilities as elements. In the
population case a correction can easily be found with
A - ED-1,
given that D-1 exists, which can usually be guaranteed. In practice, when
samples are used and elements of E and A are estimated, the formula still
can be used because all elements of D are known or estimated after the
second step. Ofcourse, the sampling results contain some sampling error,
but are generally quite good. The correction formula can be used in all
kinds of recursive or non-recursive causal models with one or more external
and latent variables. Restrictions on the models are allowed.
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In the last part of the paper the one-step procedure and the corrected
two-step procedure are compared in a simulation and a real data example.
It is shown, among other things that the two-step procedure is less prone
to local optima then the one-step procedure, and that the correction of the
two-step procedure also works in practice, but then goes together with some
errors. Furthermore, some remarks are made about the standard errors.
Standard errors of estimated parameters in the two-step procedure are, before but also after correction, under-estimated. This is also due to the fact
that in the two-step procedure predicted latent scores are used, while the
one-step procedure only considers true latent variables. In the two-step procedure variables are treated as observed while they are in fact latent. This
causes underestion of the variability. A possibility to deal with this can be
provided by multiple imputation technique, developed by Rubin (1987).

Appendix A
Theorom 2 is a special case of a theorem, here denoted by Theorem 3, which
can be proved by induction.
Theorem 3 Let ai and bi be a series of numbers for which ai ~ 0 and
b2 ~ 0, with i- 1... n, then
ai
~. ai
at
G max 1
min - G
i bi
2
~i 6z
bi

In this Appendix, only the proof (also by induction) of the left part of
theorem 2 is presented:
...,~Proof of the left part of Theorem 2. Assume that min( ~,
wl
u,,,
w and max( w,..., w)-~, and aZ - v,tv2 and b2 - wZvt, then
i) In the case of n- 2:
~ ~ ~
wm

-

wM

~ v,,.,,wM C w,auM
~ u„1wMVM G w„euMvM
~ u,nwNjv]I~I ~ v,,n,w,,,,v,n
~ u-m.(bm -~ bM)
~ ~ ~ a1 fa2
wm
blfb2

C w,n,~,1,1vNf ~ v,,,,,w,av,,,,

G wm(am ~ a1L1)
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(19)

ii) Suppose for n- 1~: u~j c~ k a' , then if
wm

-

~i bi

(k)
a)w~i C w~(kj ~ ukfl(~i bi) C wkfl(~kai)
m

k

k

~ ~k~l(~ bi) ~ uk~lwk-~lvkfl G wktl(~ ai) f v,k1-iwkflvk~-1
i

kfl

k~-1

~ uk-f-1(~ bi) C wkfl(~ ai)

(k)

(k)

(k)

b) w~~ ~ ~m
u~j~ uk~fl C wktl

uk~l

kfl a
G ~2
Z

wk-~1

i

C k~l
L, i

b

. Furthermore u~,~~(~Z bi)

k

C
- w~k)(~i~ ai)
k

~ 2t~,n~(~~ bi) ~ wk}1 ~k-Fiwkflvk~-1 C w(k)(~i~ ai) ~ wk~l ukflwk-~lvkf-1
k
(k)
k
k
w~k)
~ u~~~(~k-~1 bi) - u~ ~(~k bi) ~~~; ukflwkfivkfl C u( )(~i bi) ~ wk fl ukfiwkfivkfl

~ w~k~(~~~-1
ai)
Z

(k)
ktl Q
u
~
~
~w~~ ~~
r~.
m

L~i

The proof of the right part goes exactly the same.
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