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Core and Equilibria of Socially Structured Economies
The Nlodelling of Social Constraints in Economic Behavzour
van R.P. Gilles

I

Zij E-((A,~, Rf), s,g) een twee persoons hierarchisch gestruktureerde handelseconomie zodanig dat
.

A - {a, b},

.

~ - {{a,b},{a}},

.

RE - {{a,b}},

.

s~ti~(a) - sw.(b) - A voor W-{(a,b)} en

.

y: A--~ Rf x 'P zó dat g(a) -(wa, ~a) en g(b) -(wb, ~6)
met
wa~-wy~~0en
de pre~ferentie relaties ~a en re op Rt monotoon, continu
en strict convex.

Dan is ieder evenwicht in E walrasiaans in de zin dat ieder evenwicht gegeven wordt door een paar ((A, W), ( f, q)) met (A, W)
de echelon boom gegeven door W-{(a, b) } en ( f, q) een handelprijs-systeem op de relatie r -(a,b) zodanig dat wa - f(r) en
wb -f f(r) een walrasiaanse evenwichtsallocatie beschrijven bij de
walrasiaanse evenwichtsprijs q(r).
~Zie ook Hoofdstuk 5 van het proefschrift]
II

In een sterk geïnstitutionaliseerde economie leidt het economisch
handelen van de instituties alleen tot een evenwichtsallocatie,
1

welke door een anonieme prijs ondersteund kan worden, indien
de institutionele struktuur van de economie zowel pluriform als
flexibel is. Bevordering van de pluriformiteit en flexibiliteit van
de institutionele struktuur is daarom noodzakelijk voor het scheppen van een omgeving waarin walrasiaanse evenwichten mogelijk
zijn.
III

Omvangrijke regelgeving en starre bureaucratische strukturen leiden tot economische onevenwichtigheden.

IV

De ontwikkelingen in oost Europa na de tweede wereldoorlog en
de ineenstorting van veel centraal geleide economieën in het jaar
1989 vormen een bevestiging van bovenstaande stelling.

V

Vele onevenwichtigheden in de niet centraal geleide economieën in
west Europa, zoals de onevemvichtigheid van het aanbod van en
de vraag naar bepaalde soorten arbeid, worden mede veroorzaakt
door starre bureaucrat,ische strukturen en omvangrijke regelgeving.

VI

Het machtsdenken en het machtsstreven van de mens is een tot
nu toe onderbelichte faktor in de verklaring van het economisch
handelen van mensen binnen bepaalde organisatievormen.
[Referentie: R. van den Brink en R.P. Gilles (1990), An Axiomatic
Social Power Index jor llierarchically Structured Populations of
Economic Agents, Mimeo, Department of Economics, Tilburg
University, Tilburg]

VII

Het handelen van economische subjecten kan niet alleen verklaard worden door individueel gedetermineerde faktoren. Dit
handelen wordt eveneens in sterke mate bepaald door sociaal en
historisch gedetermineerde faktoren, welke nieL te herleiden zijn
tot individueel gedetermineerde faktoren, zoals organisatiestrukturen, ethische normen en esthetiek.

VIII

Speltheorie a1s enige modelleringstechniek is onvoldoende om een
kader te scheppen waar binnen een verklaring is te geven voor het
economisch handelen van de mens.
.~

IX

Het kiezen van simpele indicatoren voor de bepaling van moeilijk
meetbare verschijnselen geeft een kwalitatief slecht resultaat. Het
is tekenend dat juist voor de bepaling van de kwaliteit van het
wetenschappelijk onderzcek vrijwel unaniem gekozen wordt voor
het aantal geproduceerde geschriften.

X

De toetsing van wetten aan de grondwet en de grondrechten door
de rechterlijke macht is een noodzakelijke aanvulling om te komen
tot een hoger democratisch gehalte van de huidige Nederlandse
geïnstitutionaliseerde rechtsstaat.

XI

Door het expliciet. uitsluiten van militaire dienstplicht als zijnde
slavernij of dwangarbied in de europese versie van de rechten van
de mens erkent men impliciet dat militaire dienstplicht wel als
zodanig aangeduid dient te worden. Deze expliciete uitsluiting
dient verworpen te worden, aangezien het de reikwijdte van de
recht,en van de europese mens te zeer reduceert.
[Referentie: Mr. N.II.M. Roos, "Dienstplicht dwangarbeid voor
klein deel bevolking", Open forum, de Volkskmnt, 11 april 1989]

XII

De onvergelijkbaarheid van het schaken met andere bezigheden
dient schake~rs er toe te bewegen de relativiteit van hun bezigheid
in te zien. Vanuit dit oogpunt is het aan te bevelen om niet
langer stellingen over schaakstellingen bij een wetenschappelijk
proefschrift op te nemen.
[Referentie: J.H. Donner, "Schaken is alleen maar schaken", Elseviers 61'eekblad, 22 augustus 1959]

Tilburg,
20 april 1990
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Chapter 1
Introduction
This monograph presents some theorical considerations in the field of general eyuilibrium analysis. The fundamental idea that an economy is normally in some iiaturally
stable state, already dates from the 18th century. We specifically recall the work of
Adam Smith. Although Smith focussed upon the economic activities in the society
from a dynamic point of view, his concept of the ánvisible hand can be regarded
as a rudimental form of general equilibrium analysis. It states that if there is no
(governmental) interference with the economic activities of the agents in the society,
then these individual activities bring about a stable situation, which can be valued
as a natural equilibrium in the economy. We emphasize that the work of Smith does
not just deal with this issue, but develops a philosophical and ethical framework
to comprehend all economic activities in a society. (See also the first chapters of
Backhouse (1985).)
During the past two centuries the idea of the invisible hand has been repelled
as well as taken as the starting point in the design of some economic theory. We
mention for example Marxian economics in which the idea that an economy sets itself
in a fair and stable state, is refuted. On the contrary, the main thesis of classical
Marxian economics is that the capitalist economy heads directly for a crisis. On
the other hand the work of Walras on his famous general equilibrium theory accepts
the thesis of an invisible hand as the underlying hypothesis of the market allocation
mechanism. The assumption of perfect competition, i.e., the price taking behaviour
of all participating agents on the markets, still reflects the idea of the invisible hand.
In fact the market prices are assumed to be "objective" in the sense that there is no
participating agent setting those prices. Hence, the objectivity of the market prices
is essentially a reflection of Smith's idea of the invisible hand.
The objectivity of the prices as described above brings us to one of the main
problems in general equilibrium analysis. How do these prices come about? Walras
introduced his concept of the tdtonnement process to arrive at a plausible explanation for the origin of these objective market prices. It involves an auctioneer on
the market as the main instrument to reach these prices. In the 1950's Debreu constructed a so-called abstract economy to give a game theoretic analysis of this theory
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and the implementation of an auctioneer on the market. The solution remained however unsatisfactory. One turned to other explanations for perfect competition as a
behaviouristic assumption, and, hence, to a foundation for the idea of the invisible
hand.
The theory as developed in this monograph is based on the assumption that
the organization of the trade processes in the economy is crucially important. In this
light we value the Walrasian general equilibrium concept as an expression of a very
specific and efTicient form of organization of the trade processes in the economy. The
assumptions, or "rulesr, as described in such an organizational environment are in
the Walrasian general equilibrium model mainly reflecting the very unrealistic axiom
of perfectly competitíve behaviour of the agents in the market. Hence, we argue that
the Walrasian general equilibrium theory is reflecting the fundainental idea of the
invisible hand, but that it is far too unrealistic to be an acceptable description of
real life economic phenomena and trade processes.
In this monograph we propose other forms of organization of trade processes
in the economy such as markets with imperfect competition and primitive recontracting processes, which in our view give a better description of the economic
processes that take place in reality. It is the purpose of our theorizing to compare
these other forms of organization with the efficient organization form of a system
of perfectly competitive markets. Such a comparative analysis is mostly considering the conditions under which such an alternative trade organization generates the
perfectly competitive allocations. Thus, we analyse the conditions under which this
alternative trade organization behaves according to the rules of the invisible hand.
This shows that we do not believe that the invisible hand is a real life phenomenon,
but that we value it as a norm in our theoretical considerations.
The monograph is consisting of three parts, each discussing certain aspects
of the modelling of alternative forms of trade organizations. In this chapter we
give besides a general introduction, a separate discussion of these three parts. We
emphasize that the monograph is constructed such that the three parts can be read
independently.

1.1

Socially structured economies

Contemporary micro-economic theory is essentially founded on methodological individualisrri. In this methodological framework the - individual - decision taking
economic agent has a central position in the theory. In most cases an economy is
just described as a configuration of such individual economic agents, who try to optimize some pre-determined goal or objective. This implies that economic decision
processes in the economy are completely determined by the individual decision behaviour of these economic agents and by the configuration in which these economic
agents are located.

A more precise description is given in Chapter 2 of this monograph in which
2

economic agents are mathematically represented by some action space and a decision
rule. As mentioned above the decision rule mostly is some optimization rule on the
action space of the economic agent. The configuration in which the individual
economic agents are located, is putting certain constraints on the action space of
the individual economic agent and determines the agent's decision rule. Thus, the
action space is partly determined endogeneously by the configuration of the agents
in the model as a whole, and the "rules of the gamen as adopted in the model. These
rules of the game also determine the decision rule of the economic agent.
One of the major additional assumptions, that is prescribed by methodological individualism, is that the individual economic agent can be described completely
with the use of individual attributes only. Examples of these individual attributes
are an endowment bundle of commodities, individual production capacities, and an
individual preference relation on the set of achievable commodity bundles for that
particular economic agent. As an illustration of this important assumption in the
setting of inethodological individualism we refer to the well known Arrow-Debreu
model of a perfectly competitive market system.l In this model the collection of
agents consists of a class of consumers and a class of producers. The consumers try
to optimize a certain individual preference relation over the collection of achievable
commodity bundles, while the producers try to maximize their profit given their
individual production capacities. These economic agents are placed within the context of a system of perfectly competitive markets, which puts certain constraints
on the possibilities of these agents. The major constraint is in fact determined by
the price on the market. Given this price, the consumers have to limit themselves
to a certain budget set, while the producers adapt their production plan to achieve
maximal profits.
It is clear that the framework as prescribed by the application of inethodological individualism is a very specific one. Essentially only individual decision takers
are participating in the processes that take place within the economy. Moreover,
methodological individualism requires that the individual agents are mainly depending on each other through the exogeneously given rules of the game rather than on
their (individualized) attributes. This means that agents are essentially individuals,
who are interacting with each other according to the rules of the organization, and
not with each other as a primitive (social) characteristic in their behaviour. As an
example we mention the well established models of oligopolistic markets - whether
Cournotian or Bertrand competitive - in which the producers through the rules
of the game are allowed to act as market leaders, while the consumers just act as
price takers. This hierarchical difference on the market is not determined by certain
attributes denoted to the agents, but rather by the rules of the game, which state
that producers are leaders in an oligopolistic setting. In other words, there is no
1This model was introduced by Arrow and Debreu (1954), and elaborated by Debreu (1959).
Since then the model has served as the focus point in general equilibrium analysis as can be
ascertained in the work of Debreu (1983), Hildenbrand (1974), Mas-Colell (1985), and many other
authors in this field of economic research.
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foundation to this behaviourial assumption given in the attributes of the agents. In
the sequel we return to this example.
The discussion of inethodological individualism as given above illustrates that this
method in (micro-~ economic theorizing implicitly involves the implementation of
certain requirements on the "rules of the game". As shown above some of these rules
are not explicitly taken into consideration when designing some economic model.
For example in an oligopolistic model the leadership of producers over consumers
is accepted as a natural fact, while in our opinion one should carefully consider the
causes of this hypothesis. This brings us to the following considerations with respect
to the modelling of an economy.

In this monograph we explicitly recognize that the "rules of the game" as
well as the social structure of the economy are crucial in the design of a descriptive
model of trade processes in that economy. So agents are not just individual decision
takers, but decision takers within a certain organizationalenvironment, in which this
organizational environment is consisting of a social structure of the economy and
certain behaviouristic rules of the game. The agent is therefore still considered to be
a decision taker with some individual objective or goal, but now explicitly considered
within some organizational environment. The fact that an agent is considered as
embedded within an organizational environment, leads to the acceptance of certain
so-called social constrairzts on the behaviour of that economic agent. These social
constraints are put on the decision variables of that agent by his or her organizational
- or social - environment.
As an example we again consider the standard Cournotian model of an
oligopolistic market2 in comparison with other models of an oligopolistic market
such as Bertrand competitive models, Chamberlinian models of monopolistic competition, and Bertrand-Edgeworth equilibrium models. We argue that all these
models describe an oligopolistic market - or system of oligopolistic markets - in
which the organization of the market is changed. Hence, a comparison of these
models implies that one compares different forms of organization of an oligopolistic
market. The traditional Cournotian model considers the case in which the producers set quantities, which is a very specific assumption on the organization of the
market, while the Bertrand-like models consider price setting oligopolists, which is
representing a different type of organization.

Traditionally in the literature one does not give an explicit analysis of the
reasons for certain behaviouristic hypotheses in the model. We argue that such an
analysis is only possible within a comparative model in which one compares different
types of economic organizational environments. It is the purpose of this monograph
to contribute to the design of such comparative economic theories and to analyse the
consequences of the acceptance of different organization forms in economic processes.
~Although this model is a partial description of an economy, i.e., it only considers one market
rather than a complete system of markets, we can extend this model to a general equilibrium
setting. This is done by Mas-Colell (1982a).
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As a final example in this introductory section we globally analyse the traditional
Arrow-Debreu model of a Walrasian general equilibrium model of a pure exchange
economy with a system of perfectly competitive markets. In this global analysis we
explicitly take into consideration the setting of a perfectly competitive market as a
very efficient and smooth working allocation mechanism. Hence, such a perfectly
competitive market is regarded as a very specific economic organization, that allocates the commodities in the economy in a very efficient way. We point out that such
a market puts several social constraints on the behaviour of the economic agents as
participants on that market.
A perfectly competitive market in the Arrow-Debreu model of an exchange
economy consists of a(finite) set of agents with as individual attributes a preference
relation and an initial bundle of commodities. The social - or organizational environment of such an agent is described with the use of a market price and the
behaviouristic hypotheses of the model that every agent takes only this objective
price into consideration in his or her decision process. The social constraints that
result from these hypotheses are that every agent limits his or her scope to a budget
set, which is completely determined by the market, which can be considered as
being condensed into an objective price. The agent chooses an optimal bundle
within this budget set with respect to his or her preferences. The market system is
in equilibrium if the prices are such that the resulting market demand and supply are
in balance. This market demand and supply are just summations of the individual
demand curves and endowments, respectively.
The very short description as given above shows that the objective market
price expresses a specific form of aggregation, that we indicate as Walrasian aggregation, and which is a hypothesis of the organization as represented by the market.
In the Arrow-Debreu model the price is representing the aggregation of demand and
supply within the organization of a perfectly competitive market. Thus, all agents
communicate with each other through the market price only, and not with each
other directly. This shows that a perfectly competitive market is indeed a particular organizational environment. Moreover, we argue that this organization form
is extremely efficient. Firstly, as mentioned above, all communication ís limited to
reacting to the market price, which is efficient in comparison with more direct forms
of communication as e.g. described in models of oligopolistic markets. Secondly, all
agents are symmetric, i.e., there are no agents, who are dominating certain other
agents. This implies that there is a flat hierarchical structure within the organization, which again contributes to the efficient functioning of the market. Thirdly,
the participating agents on the markets are purely individualistic. The agents are
completely described by their individual preferences and their initial endowments.
There are no ( additional) social features and attributes, that influence the behaviour
of the agents, which again shows that the functioning of the market is not influenced
by other factors than the market price.
Although perfectly competitive markets are efficient allocation mechanisms,
we emphasize that they are an unrealistic description of real life economic processes.
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We observe in real life phenomena that prices are certainly not objective, but nearly
always set by some agent having a dominant position over certain other agents in
the economy. This shows that perfectly competitive markets as described above
are refuted as proper descriptions of real life economic situations. Therefore we
accept the described configuration as an ideal organization form of economic trade
processes, and thus we may use this organization form as a benchmark in our analysis
of other, more descriptive, models of organizational environments. In the analysis
of such a descriptive model we use a perfectly competitive market as a"normn with
which we compare the features of that descriptive model. The perfectly competitive
market acts liere as an ideal organization form of economic decision processes. The
ideal properties of this "perfect" organization form, such as efficiency, have to be
aspired in e.g. the organization of economic decisions, and certain economic policies.
After the discussion of the role of organization forms in economic analysis and the
ideal properties of perfectly competitive markets as organizations of economic trade
processes, we are able to formulate some objectives of our theory as developed in this
monograph. Our first objective is to design a more descriptive model of an economy
than is achieved in the Arrow-Debreu model of an economy with a system of perfectly
competitive markets. In such a description we take into account that the design of
the organizational environment of the economic processes is the central issue. This
implies that we have to take into account not only the individual characteristics of an
agent, but also the social characteristics of the agents in the economy. These social
characteristics are largely determining the organizational environment in which the
agent operates.3 Imperfections in certain social abilities of an economic agent imply
that the organizational environment has to satisfy certain properties, that reflect
these imperfections. The organization of the economic processes has to be such that
these imperfections are diminished or even evaporated, and, hence, the economic
processes are not hampered by these imperfections.
Our second objective is to design a setting in which we are able to compare
certain organization forms. This implies that the introduction of social characteristics into the description of an economic agent has to be done as general as possible.
Only in case the introduction of these social features into the description is done
within a setting which is as general as possible, we are able to derive some fundamental properties of the organization forms that we are able to describe with the use
of these social characteristics. In this monograph we point out that the introduction of social characteristics into the description of economic agents implies certain
properties of the models that can be considered in that setting.

The third objective of this monograph is to work out some descriptive models, which are based explicitly on the introduction of social characteristics into the
description of economic agents, and to compare these models with the ideal organi3We may indicate this objective of our modelling as the introduction of social capita( into the
description of economic processes. It is our purpose to show that social capital is indeed crucial
for a further understanding and analysis of real life economic phenomena.

b

zation as represented by an economy with a system of perfectly competitive markets.
This normative analysis of some of these descriptive models leads to some very important insights into the consequences and implications of social imperfections in
real life economic situations. The consequences of this normative analysis with respect to economic policy are considered also. It turns out that if one considers the
organizationalenvironment of the economic processes explicitly, that in certain cases
fundamental axioms of economic policy are no longer applicable.
The next sections of this introductory chapter give a summary of the analysis as performed in the rest of this monograph and the description of some of the
results of this (economic) analysis. In the monograph we consider two ways to introduce social chartacteristics into the description of economic agents. These two
implementations have different consequences for the process of economic modelling,
i.e., the properties of the models differ with respect to the adopted method to introduce social characteristics into the description of economic agents. These "natural"
properties are discussed for both of these methods to describe social characteristics
separately. First we consider the implementation of direct economic relations in the
description of an economy. Subsequently we consider the implementation of inemberships of certain coalitions as social characteristics into the description of economic
agents. These coalitions have the property that they are truly formable and able to
participate in the trade processes. The methods are called the relational approach,
respectively the coalitionalapproach, to the implementation of social characteristics
into the description of economic agents.

1.2

The relational approach

As mentioned in the previous section there are several methods for introducing social
characteristics into the description of economic agents. Each of these methods has its
own limitations and puts certain constraints on the models, that are based on such
a method of description. In Part II of this monograph we discuss a method, which
introduces social characteristics into the description of economic agents directly.
In this so-called relational approach we describe social characteristics as potential
binary relationships between economic agents, that are relevant with respect to
the economic actions of these agents. We interpret such a binary relationship as
a possibility to communicate with each other in order to achieve some economic
objective. The most natural application is therefore to regard these relationships
as potential binary trade relations. The two agents, who are related in such a way,
may activate their (mutual) trade relation if that is profitable for both of them.
We emphasize that the introduction of social characteristics into the description of economic agents induces a certain global social structure on the collection
of all agents in the economy. We explicitly recognize that social characteristics cannot be individualized, but that they always remain "relational" in the sense that
they are involving more than one economic agent to exist. For these reasons we
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introduce the relations between economic agents as described above separately from
the individual characteristics of those agents. This assumption is indicated as the
Separation Principle. Moreover, it is obvious that the collection of relationships
between agents - as a whole - imposes a relational structure on the set of economic
agents. The whole of the set of agents and the collection of binary relations on that
set is denoted as a relationally structured population of economic agents. It gives a
detailed and complete description of the social characteristics of the agents in the
economy.4
It may be clear that from this application of the Separation Principle we arrive
at a graph as a proper mathematical concept to describe a relationally structured
population of agents. The next stage in our modelling procedure is to analyse the
requirements on the economic model, which are imposed by the acceptance of such
a relational structure as the description of the social characteristics of the agents in
the economy. This is done in Chapters 3 and 4 of the monograph, while in Chapter
5 we complete the analysis by constructing a trade economy, which is based on the
application of a graph theoretic description of the underlying relationally structured
population of traders.
Evidently the relational structure on the population puts certain social constraints on the behaviour of the individual agents in the economy. The subsequent
steps in our analysis is to describe these social constraints on the economic actions of
the agents in the population. The first issue to be addressed is that of the possibilities of the agents to communicate with each other. We require that in an economy
every pair of agents is able to communicate to each other through a finite number of
intermediary agents. In Chapter 3 we address the question under which conditions
this requirement is satisfied.
Subsequently we introduce another fundamental assumption into the description of economic agents within the relational approach. The InterdependencyPrinciple says that the individual characteristics of an economic agent are interdependent
with his or her social environment. Hence, we assume that an economic agent is
interacting with his or her social environment as described by the relational structure of the population. In the monograph we adapt the traditional procedure with
respect to the modelling of individual characteristics, in order to fit in the interdependency requirement with respect to the social characteristics of the agents. In
general equilibrium theory these individual attributes are modelled as some topological space. mostly a metric space in which the distance between two tuples of
attributes is interpreted as a measure of similarity of two economic agents. This
leads to the introduction of the notion of "neighbouringn economic agents as analysed in Debreu (1969), Grodal (1974), and applied in Core-theory by Schmeidler
(1972), Grodal (1972), and Vind (1972).
4We remark that the relational structure on the population usually is chosen to be incomplete
ín the sense that not every pair of agents is potentially directly related. Thus, there are agents
who are not related directly with each other within the relational structure of the population.
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In our adapted procedure we also introduce individual attributes in the form
of some topological space. On the other hand we require that the topological structure of such a attribute space is interdependent with the relational structure of
the population in the economy. This requirement is just a proper mathematical
expression of the Interdependency Principle as described above.
The implementation of the Interdependency Principle in our modelling gives
us many insights into the desired property of full communication, i.e., the property
that every pair of economic agents is able to communicate with each other through
a finite number of intermediary agents. We are able to reduce this property to the
requirement that classes of neighbouring agents have to be linked with each other
in the relational structure of the population.
Kalai et al. (1978) already remarked that if one imposes social imperfections into
the description of economic agents, then one can expect dominance from one agent
over the other. The description of communication as given above makes clear that
intermediary agents are crucial in all economic processes, especially in case of many
social .imperfections. In some sense these intermediary agents dominate certaín
other agents in the economy, just because of their social abilities. Kalai et al.
(1978) describe a simple three agent case in which one (potential) direct relationship
is missing. Thus one arrives in a situation with one middleman and two pending
agents. It is intuitively clear that the middleman is dominating the other two agents
in the economy. Kalai et al. however show that the position of the middleman is in
some sense more cumbersome than profitable. A comparative static analysis of the
Core for this case leads to the result that the middleman does not profit from his
dominating social position.
In order to analyse the positions of economic agents in arbitrarily given relationally structured populations, we introduce a generalization of the concept of
middleman. This generalized middleman concept is referred to as a network. It consists of a collection of agents, who together have a dominant position in the social
structure of the economy with respect to the other agents. It is intuitively clear that
a network is able to handle all communication within the economy. Furthermore,
networks can be considered as natural configurations within the communication
patterns that occur within a relationally structured population. Thus, there always
are involved certain networks in the economic processes that take place in such a
relationally structured economy.
The main problem, that we address with respect to networks, is that of their
existence. It turns out that there nearly always exist networks, and that there always
exist certain network-like configurations in any relationally structured population.
Hence, we may refer to networks as natural organization patterns or structures
within an economy, in which there are imperfections in the social structure, especially
the communication structure. In our subsequent analysis of relationally structured
economies with imperfections in the social abilities of the agents, we therefore always
use the network concept as our starting point and as the primitive notion in our
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modelling of trade processes in such economies. We may assume that essentially all
economic processes in such economies involve the use of networks as building blocks
of organization forms, that are able to handle the trade processes in the economy.
To implement these insights into the description of trade processes in a relationally structured economy, we distinguish two kinds of behaviour of economic
agents. In cooperative as well as non-cooperative behaviour the social constraints
resulting from imperfections in the communicative abilities of the agents in the economy are of crucial importance. These imperfections lead to (social) dominance of
certain agents over others, which has major influences on the behaviour of economic
agents in general.
With respect to cooperative behaviours we note that imperfections in communicative abilities of economic agents lead to direct as well as indirect constraints in
coalition formation. Simply because certain agents are not able to communicate with
each other directly, it is clear that this kind of imperfection leads to the impossibility
to form certain groups of agents as participating coalitions in certain economic processes. Thus we may interpret these direct constraints in coalition formation simply
as feasibility conditions resulting from imperfections in the communicative abilities
of the agents in the economy. Besides these direct consequences of imperfections
in the social structure of the economy, we distinguish indirect constraints in coalition formation, that are resulting from incomplete information and knowledge on
the individual attributes of potential coalition partners. We emphasize that in our
setting these informational imperfections are also resulting from imperfectíons in
the communicative abilities of the economic agents. The description of these social
constraints in coalition formation, direct as well as indirect, is taken up in Chapter
4, and again is mainly based on the description of an organizational environment
with the use of the notion of a network in a relationally structured population.
In the description of non-cooperative behaviour of agents in a relationally
structured economy we develop a detailed description of a trade organization, in
which the network concept acts as the major building block. In an intuitively natural
way we develop from the notion of a network the concept of a hierarchy, which is
defined as a nested sequence of networks within networks. A hierarchy is clearly the
basic tool in the description of a hierarchically structured trade organization. Such
a trade organization implies that certain agents dominate other agents because of
their social abilities. Next we assume that this domination translates itself into price
setting behaviour of the dominating agent, while the dominated agents act as price
takers. Hence, we develop a generalization of the traditional Arrow-Debreu model
with an auctioneer as the only dominating agent to a situation of a generalized
SWe remark that cooperative behaviour consists mainly of actions of coalitions of economic
agents, rather than of economic agents as individuals. One of the well studied cooperative economic
processes is the recontracting principle, which is formulated by Edgeworth (1881) and analysed
thoroughly in an extensive field of literature. Important surveys are Hildenbrand (1974 and 1982),
and the one contained in Hammond et al. (1989). Recent developments and extensions are given
e.g. by Mas-Colell (1989), Dutta et al. (1989), and Hammond et al. (1989).
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system of hierarchically structured markets with price setters and price takers. It is
clear that thís model of non-cooperative behaviour describes also monopolistic and
oligopolistic situations as special cases, provided the exclusion of production in our
analysis.
In Chapter 5 we analyse the properties of a hierarchy and its existence, and
subsequently construct a model of a hierarchically structured trade economy in
which we describe non-cooperative as well as cooperative behaviour. The equilibrium
concept, which is developed for this setting, requires that the equilibrium allocation
has to be stable against individual actions of the agents in the economy as well as
cooperative behaviour as performed by coalitions within a certain specified collection
of truly allowable and formable coalitions. Thus, the resulting equilibrium allocation
is individually efI'icient as well as stable against recontracting. We emphasize that
this model of a hierarchically structured market as well as the equilibrium concept
belonging to it, are intuitively and naturally plausible specifications within the more
global setting of a relationally structured economy.
Our final considerations in the second part of the monograph, which is developing and analysing the relational approach, are dealing with the normative analysis
of the resulting model of a hierarchically structured trade economy. We are able to
show that in case of suflicient possibilities to form coalitions, that. can participate
in the recontracting processes in the economy, we arrive at a Walrasian equilibrium
allocation. This conclusion has major consequences in the valuation of the model
as a description of real life economic activities. In a certain sense it confirms the
conclusions of Kalai et al. (1978), that in certain cases domination is not profitable
and may even be a burden. It also confirms the point of view as formulated in traditional Core-theory in which the freedom of individuals to participate in coalitions
is leading to a socially efficient equilibrium allocation.

1.3

The coalitional approach

In the third part of this monograph we focus on cooperative behaviour of economic
agents. More specifically we construct a model with the purpose to give a description of trade processes that are based on Edgeworth's recontracting principle. In
these recontracting processes it is assumed that agents do not undertake economic
actions individually, but within the setting of coalitions of economic agents. Hence,
coalitions of economic agents engage in trade rather than the agents individually.
We remark that it is generally recognized that recontracting processes are
describing a primitive organization of trades, contrary to the perfectly competitive
market, which reflects a very sophisticated type of organization. The comparison of
both types of organization of trade processes is therefore one of the most fundamental
sEdgeworth's recontracting principle is analysed thoroughly by Hildenbrand (1974 and 1982).
Hildenbrand (1983) gives some background information on the valuation of this principle, while
Hildenbrand and Kirman (1988) give an excellent textbook introduction to these matters.
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problems in economic theory. Edgeworth (1881) already formulated and addressed
this problem, and concluded that in large economies both types of organization
generate the same equilibrium allocations. Extensions are provided e.g. by Debreu
and Scarf (1963), Aumann (1964 and 1966), Hildenbrand (1974), and Hammond,
Kaneko and Wooders (1989).
The literature as mentioned above does not use social characteristics into the
description of these recontracting processes, but rather sticks to a strict application
of inethodological individualism. This implies that coalitions are considered as gatherings of economic agents rather than as organizational formations or configurations
of agents that undertake certain economic actions. In fact this involves complete
freedom with respect to the communicative abilities of those agents. Agents are
able to join every collection of economic agents, and then engage into trading activities within this gathering of economic agents. This shows that any group of
economic agents is allowed as a participating coalition in the recontracting processes. Hildenbrand (1983) and Hildenbrand and Kirman (1988) recognize that this
assumption is only fitting in small economies rather than some larger economies.
In such (sufficiently) small economies it is indeed plausible that coalitions can be
formed by random gathering of economic agents. In somewhat larger economies
this seems however too bold an assumption. This leads to the point of view that
these recontracting processes are suitable instruments in the normative analysis of
the Walrasian general equilibrium concept, but that the recontracting principle has
no descriptive value on its own. This point of view is accepted by many economists.
We do not support this point of view. By accepting social characteristics
into the description of economic agents the recontracting principle can be revaluated as a proper form of organization of trade processes in the economy. Hence, it
is suited as such an organization form in finite as well as large economies. In our
analysis we concentrate on the description of Edgeworthian recontracting processes
in large economies. This requires that we do not apply the assumption as mentioned
above that any group of economic agents is able to engage into trade. Therefore
we explicitly introduce membership of coalitions that indeed are able to engage into
trade as a relevant social characteristic in the description of economic agents. Thus,
our starting point is a collection of agents and some class of pri~rcitive coalitions of
which those economic agents can be a member. Primitive coalitions are defined as
organizational configurations of economic agents, which jointly are able to participate in the Edgeworthian recontracting trade processes in the economy. (We may
also interpret these primitive coalitions as institutions in the Edgeworthian trade
processes that take place in the economy.) This implies that not any group of agents
is a primitive coalition, but a specified collection of groups of economic agents. As
real life examples of primitive coalitions we mention e.g. families, labour unions,
enterprises, firms, consumer organizations, and governmental institutions.
In this model an economic agent is member of only a limited number of
primitive coalitions, and hence membership has to be valued as an important social
characteristic of such an economic agent. Moreover, since this membership is lim-
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ited, it puts certain social constraints on the economic behaviour of the agents in
the economy. This is very important with respect to the description of the trade
processes that take place in such an economy. By recognizing membership as a
social characteristic of the agents in the economy, we have to describe these agents
in a coalitionally structured population, which is consisting of a collection of agents
and a class of primitive coalitions endowed with some mapping that assigns to every primitive coalition some size.' This description makes clear that we may use
the mathematical concept of a non-classical measure space to express a coalitionally
structured population of economic agents.
Accepting measure theory as the proper mathematical tool in our economic
analysis, we have to put some requirements on the collection of primitive coalitions
in the population. Taking into account that the collection of primitive coalitions has
to be limited, we require that this collection is a semi-ring rather than a Q-algebra as
used in the traditional literature on large economies. Thus we arrive at the concept
of a non-classical measure space with a semi-ring of primitive coalitions instead of
a classical measure space with a v-algebra of coalitions.
From the economic notion of coalitionally structured population as described above,
we design two descriptive equilibrium concepts in our model of the Edgeworthian recontracting principle. In both concepts we make certain assumptions with respect to
the behaviouristic abilities of a primitive coalitions in assigning bundles of commodities to their members. In the most primitive equilibrium concept, which we call the
Contract-Core, we assume that primitive coalitions act as entities in the recontracting processes. That is, every member of a participating primitive coalition receives
the same bundle of commodities. Thus, within a participating primitive coalition
there is no internal discrimination in the assignment of the commodities. This restriction leads to the property that the resulting class of equilibrium allocations is
normally quite large. Examples show that in some cases even certain Pareto-efficient
allocations cannot be supported by the recontracting processes, that are based on
this restricted assumption.
The second equilibrium concept deals with the situation of internal flexibility,
i.e., the participating primitive coalition are allowed to distribute commodities freely
over their members in achieving a better bundle of commodities for those agents. The
application of this assumption leads to the equilibrium concept of the Semi-Core,
which is regarded as the "core"-concept for this specific model. As in the traditional
Core coalitions are allowed to act freely, and thus the Semi-Core resembles the Core
in many ways, except for the constraint that only a limited collection of primitive
coalitions is allowed to engage into the trade processes in the economy. Normally
the Semi-Core is therefore larger than the Core, but otherwise it is much smaller
'We remind the reader that we limited our scope in this analysis to large economies. As in the
literature this implies that we allow uncountable infinite collections of economic agents into our
theory. To describe such large collections of economic agents and the primitive coalitions on such
a large collection, we therefore have to introduce some measuring device into our analysis.
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than the Contract-Core.
So far we have only dealt with the descriptive part of our economic theorizing
with respect to the Edgeworthian recontracting processes in the setting of a large
economy. The next stage of our theorizing is consisting of a normative analysis of
these descriptive equilibrium notions. A substantial part of Chapter 7 is devoted to
the comparison of the collection of Walrasian equilibrium allocations, and the two
descriptive equilibrium concepts as described above. As remarked before we consider
the Walrasian equilibrium concept as a representation of an ideal organizational environment for trading processes. A perfectly competitive market acts as a smoothly
and eíf'iciently functioning allocation mechanism, and hence a normative analysis
of a descriptive model consists of a comparison of the descriptive concepts and the
Walrasian equilibrium concept. From such a comparison we deduce the conditions
under which real life economic processes function as smoothly and effiiciently as a
system of perfectly competitive markets.
The comparative normative analysis as described above is presented in the
form of two fundamental equivalence theorems. The first one states that in an
atomless coalitionally structured exchange economy the Semi-Core precisely generates the Walrasian equilibrium allocations. This seems a direct extension of the well
known equivalence theorem of Aumann (1964), but its interpretation is considerably different. In Aumann's theorem atomlessness of the economy is regarded as
an expression of largeness of the market, but in our setting it puts certain requirements on the coalitional structure of the population of economic agents. Hence,
we interpret atomlessness as a pluriformity condition on the collection of primitive
coalitions, which seems a plausible interpretation in the light of the result and the
setting of the model. Interpreting the result we may conclude that many recontracting primitive coalitions let the Semi-Core shrink to the (small) collection of
Walrasian equilibrium allocations.
The second equivalence theorem states that the Contract-Core precisely generates the Walrasian equilibrium allocations if the economy is atomless as well as
conformable. Conformability is interpreted as a flexibility condition on the coalitional structure of the population in the sense that the collection of primitive coalitions is flexible with respect to the collection of all theoretically allowable groups
of economic agents in the setting of that particular coalitionally structured population. Again this interpretation seems plausible, since the additional assumption
of the Contract-Core is an inflexibility property on the assignment of commodities
within a recontracting primitive coalition. Conformability is therefore a necessary
requirement to overcome this internal defect in the recontracting processes.

The concluding Chapter 8 of this monograph is devoted to some operational conclusions from the normative analysis of the Edgeworthian recontracting processes
in a large economy as described in our model of a coalitionally structured exchange
economy. We compare our conclusions that a pluriform and flexible coalitional structure in the economy generates exactly the Walrasian equilibrium allocations, with
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the main conclusion of the traditional Cournotian analysis of perfect competition.
There it is concluded that largeness of the market is sufficient to guarantee perfect
competition, and thus the support of Walrasian equilibria. One of the main questions is therefore: Are we able to support that conclusion from our own analysis of
the recontracting processes?
In our approach to economic modelling we put the organization of trade
processes in the focus point of economic theorizing. In the coalitional approach as
described above we model an economy with the use of a very primitive organization
of trade and compare it with an extremely efficient allocation mechanism. In the
Cournotian approach, as described in the well known literature, one starts from
a market with imperfect competition as an allocation mechanism. This type of
organization clearly is less efficient than a perfectly competitive market, but stíll it
is much more advanced than a primitive system as the ones based on Edgeworth's
recontracting principle. This is also our conclusion in Chapter S. There we arrive
at the conclusion that largeness is sufficient for perfect competition in a market
environment, but that in much more primitive an organizational environment, this
conclusion cannot be supported.
More specifically in our model of a coalitionally structured exchange economy with Edgeworthian recontracting processes as the allocation mechanism, we
conclude that only certain severe requirements on the coalitional structure of the
population support perfect competition. Thus, largeness of the population in the
economy is certainly not sufficient to support perfect competition. This indeed
shows that a market environment - with explicit pricing - itself is a very efficient
organization. The mechanism of such a market itself is efficient, while more primitive organizational environments require more conditions under which they function
efficiently.
With respect to economic policy we therefore make the recommendation to
take carefully into account the organizational environment of the processes in the
economy. If the allocation mechanism can indeed be identified as some market, than
one can support the desirable Walrasian equilibrium allocations quite easily by quantitative measurements only such as tax policies and income distributions. (These
rules are mainly based on the two Welfare Theorems as formulated by Debreu in
the setting of the famous Arrow-Debreu model of an economy with a system of perfectly competitive markets.) If a more primitive allocation mechanism is identified
as the allocation mechanism, then the two Welfare Theorems cannot be supported
by applying simple quantitative policy instruments. The government additionally
needs certain qualitative measurements to give renewed support to these fundamental policy laws. Some equivalence theorem can supply the necessary instruments for
the support of the market mechanism by the economy. In our model we conclude
that the government needs to take into account pluriformity and flexibility of the
coalitional structure of the population of economic agents. This implies that in economic policy one should take into account an extensive spectrum of sophisticated
qualitative measures to stimulate the social behaviour of the agents in the economy.
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1.4

Methodological considerations

In the previous sections we have sketched the outline of the theory as presented
in Parts II and III of this monograph. In this theory we explicitly introduced
the description of economic agents with the use of individual attributes as well as
social characteristics. We emphasize that the introduction of social characteristics
into the description of economic agents involves the acceptance of a global, socia]
structure within the economy as a whole. By describing this social structure we
are in fact describing the social characteristics of the agents in the economy. This
is illustrated by noting that social characteristics are essentially relationa! in the
sense that they involve more than one agent in their existence. As mentioned in the
previous sections, the introduction of social characteristics into the description of
economic agents brings forth certain social constraints on the economic behaviour of
those agents. Hence, agents are not longer considered to be only individual decision
takers, but decision takers within some social or organizational environment that
puts constraints on the agent's decision taking process.
The remarks above lead to the conclusion that we deviate in certain essential
ways from methodological individualism, which is used as the framework for microeconomic theorizing. The introduction of social characteristics into the description
of economic agents implies that the methodological foundation of our economic modelling has to be reexamined carefully. This is precisely the purpose of the first part of
this monograph. In Chapter 2 we consider some methodological considerations with
respect to the consequences of the introduction of social or relational characteristics
into the description of economic agents.
In the methodological analysis of our modelling we put the description of
the organization of the economic processes as the central issue in the design of
the model or the theory. This consideration has some major consequences for the
methodology to be followed in the design of such a descriptive economic model. In
fact it implies that we also have to accept the description of an organization form of
the allocation mechanism as the central issue in the methodology of economic theory.
Hence, the organizational aspect of the economic processes has to be supported in
the methodology as a central issue in economic modelling. This has some major
consequences with respect to a revaluation of the existing Lakatosian and Popperian
methodological theories applied to economic science as described by e.g. Weintraub
(1985) and Rosenberg (1986).
In Weintraub (1985) the Walrasian general equilibrium model of an economy
with a system of perfectly competitive markets is presented as the hard core of the
Lakatosian research programme in economics. The belonging paradigm is therefore
indicated as the neo-Walrasian paradigm. As Weintraub (1985) sketches, the neoWalrasian research programme in economics consists of a hard core, containing the
Walrasian general equilibrium model and some heuristics of economic modellings,
sWe mention as a fundamental heuristic in economic analysis Debreu's mathematical consis-
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and a protective belt of theories, which are based on the axioms and heuristics in the
hard core and which protect the research programme as a whole against threatening
anomalies and inconsistencies. Thus, the methodological framework as developed
by Weintraub (1985), and reconsidered by Rosenberg (1986), is in fact a simple
application of the methodology as developed by Lakatos (1978) on the theories of
Popper and Kuhn.
It is clear that the neo-Walrasian research programme is largely founded on
general equilibrium theory as developed by Arrow and Debreu (1954) and Debreu
(1959), since this theory forms the main ingredient of the hard core of this research
programme. This general equilibrium theory is largely based on methodological
individualism. Since we essentially reject methodological individualism as a proper
framework for the development of economic theory, we also have to recognize that the
neo-Walrasian research programme as a whole does not provide a proper foundation
to the modelling of socially structured economies. In this research programme we
are not able to capture the essential features of relational or social characteristics
as part of the description of economic agents. Another fundamental drawback of
this research programme is that it is not the proper framework in which we are able
to analyse and compare different organizational environments with respect to the
processes in the economy to be described in the theory. This implies that we have
to take this neo-Walrasian research programme in careful reconsideration.
As an alternative to this well accepted neo-Walrasian research programme we
propose a methodological framework, which involves a modification of the methodological considerations of Lakatos. We take into reconsideration the historic development of the so-called hard core of the research programme in economics, and we
conclude that this hard core is not as hard as Weintraub (1985) and Rosenberg
(1986) state it is. Major changes have occured during the "marginalist revolution"
in the 1870's as initiated by Jevons, Menger, and Walras as well as during the period of 1930 - 1950 in which period the work of von Neumann and Morgenstern
(1944), Arrow and Debreu (1954), and many others introduced game theory into
the description of economic decision processes. Both "revolutions" brought about
considerable alterations in the hard core of the research programme in economic
science.
We therefore propose a methodological framework, that is a modification
of the theories of Popper (1965 and 1968) and Lakatos (1978), and which allows
considerable changes in the hard core of the research programme without initiating
a total revolution in science as described by the theory of Kuhn. Our methodological
considerations are therefore leading to a descriptive methodological framework rather
than to a normative methodological theory as was the purpose of Popper as well as
Lakatos.9
tency requirement. It requires that every model, stripped from its economic interptetation, has to
stand the severe test of being a consistent mathematical construction. For details and the relation
to our alternative paradigm, we refer to Chapter 2.
sThe normativity of Popper's [alsificationism is clear. On the other hand Lakatos introduced
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Based on the methodological considerations as described above we are able to
implement the introduction of social characteristics into the hard core of the research
programme without too many difl~iculties. We argue that this introduction of social
characteristics into the description of economic agents involves a generalization of
certain heuristics and foundational axioms in the hard core of the neo-Walrasian
research programme. In the renewed hard core we replace methodological individualism by a set of other axioms and heuristics as described in Chapter 2 of this
monograph. Furthermore, this renewed - or "generalizedn - hard core provides us
with a better framework in comparing organization forms of economic processes
with each other. We show that the models as developed in Parts II and III of this
monograph are essentially part of this new research programme rather than the neoWalrasian research programme as described e.g. by Weintraub (1985). Especially
the acceptance of the Walrasian general equilibrium concept as a normative notion
rather than as a descriptive theory, is certainly not allowed within the setting of
the contemporary research programme. With principally removing this Walrasian
model from the hard core of the research programme, we however allow for the acceptance of the Walrasian model as a normative theory instead of a descriptive or
positive theory.
This shows that indeed we have succeeded in designing a methodological
framework in which we are able to capture the theories as developed in this monograph more properly than can be done with the contemporary neo-Walrasian research programme. Chapter 2 further discusses the consequences of the generalization of certain heuristics and axioms in the hard core of the (neo-Walrasian) research
programme in economic science. One of the major consequences is that we base our
procedures in economic modelling on a tripolar approach to the design of economic
theories. In this tripolar approach organization is one of the three crucially important poles or spanning forces in the theory, which shows that our methodology can
handle organizational environments and compare them to other organization forms
of economic processes.
The tripolar framework forms also a foundation for a dynamic, evolutionary
approach to the description of economic processes. Future theory will focus on
learning processes and other evolutionary descriptions of economic behaviour. It is
clear that the evolutionary development of the organization form of the economic
processes has to play a prominent role in these descriptive dynamic models. This
can be based on the static framework as given in this monograph as well as the
methodological framework as given by the tripolar model.

This monograph consists of three parts. Each part can be studied separately. The
first part deals with the methodological issues with respect to our modelling of
the notions of progressive and degenerating research programmes into his essentially descriptive
Cramework. He argued that a research programme has to be progressive in order to give a foundation
to a productive science. For more details we refer to Weintraub (1985) and Rosenberg (1986) as
well as to Chapter 2 of this monograph.
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socially structured economies. The second part develops the relational approach in
detail. Finally, the third part discusses the coalitional approach and the modelling
of Edgeworthian recontracting processes in a socially structured economy.
Part I on the methodological framework only consists of one chapter. In that
chapter we introduce our methodology in a historical setting as an extension of the
work of Popper and Lakatos. Moreover, we undertake an attempt to describe some
axioms and heuristics in the hard core of the research programme in contemporary
economics. The hard core heuristic is mainly based on the tripolar model, while
the two main hard core axioms are identified as the analytic principle and the comparability principle. We close Chapter 2 with a comparison of our methodological
considerations and the neo-Walrasian research programme in economics as sketched
by Weintraub (1985).
The development of the relational approach is done in three chapters. Chapter
3 introduces direct relationships as relevant social characteristics in the description
of economic agents. It gives the basic definitions and discusses in length the problem
of communication among agents in such a relationally structured economy. Chapter
4 analyses the social constraints, that result from the implementation of relations
into the description of economic agents. We introduce the notion of a network and
consider the problem of its existence. Next we consider social constraints in coalition
formation. In Chapter 5 we complete our framework by developing a model of a
hierarchically structured trade economy in which we study non-cooperative as well
as cooperative behaviour. An equilibrium concept, that combines both kinds of
behaviour, is constructed and discussed.
The final part of this monograph is devoted to the coalitional approach. It
consists of three chapters in which we develop in detail a descriptive model of Edgeworthian recontracting processes. Chapter 6 introduces the foundations and basic
definitions. Membership of certain coalitions is discussed as a relevant social characteristic in the description of economic agents with the purpose to describe recontracting processes. In Chapter 7 we provide some descriptive equilibrium concepts
and compare them with the normative Walrasian equilibrium concept in the form
of two major equivalence theorems. Furthermore we make some comparisons with
the existing literature on Core theory and Core equivalence theorems. Finally, in
Chapter 8 we analyse these equivalence results in detail to obtain some operational
insights, such as recoinmendations with respect to economic policy. It turns out that
certain properties of the social structure of the economy are crucially important to
achieve a Walrasian equilibrium allocation.
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Part I
The Foundations

21

Chapter 2
Methodology of Economic
Modelling
The purpose of Part I of this monograph is to give some remarks with respect to
the appraisal of economic theory. We think that the models as discussed in the
monograph can be viewed best in the setting of a slightly different methodological
framework than the framework as offered by e.g. Debreu (1959) and Weintraub
(1985). The reason for this is that many of the concepts as developed in this monograph do not fit properly in the setting of traditional general equilibrium theory as
based on what is indicated as methodological individualism. As mentioned in the
introductory chapter oí this monograph it is our purpose to model social constraints
in economic behaviour, which involves the introduction of social characteristics into
our analysis. This conflicts in many respects with methodological individualism,
and hence with traditional general equilibrium theory.
To arrive at an apptaisal of economic theorizing, which can handle the aspects as mentioned above, we start out from the existing theories in methodology of
economic science. The design of economic models has been subject of many studies
of economists as well as philosophers. The main problem is to give a firm foundation to scientific conduct in economics. In the appraisal of economic theorizing one
usually refers to the philosophical theories, dealing with methodology of scientific
conduct in general. The main general theories applied in the methodology of economic science are Popper's falsificationism, and Lakatos' theory of scientific research
programmes. These theories will also serve as foundations with respect to our own
remarks on the methodology in economics.
The historical development of economic theory gives a foundation to many
of the theories and remarks made with respect to the appraisal of economics as
a science. It is clear that an application of Lakatos' theory of scientific research
programmes cannot be given without a thorough understanding of the history of
economic theorizing and modelling. This line of reasoning also serves as a foundation
to our owm remarks as presented in this chapter.

Major breakthroughs in the development of economic theory are, from a
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contemporary point of view, the marginalist revolution in the 1870's initiated by
Jevons, Menger, and Walras, and the introduction of game theoretical elements in
the economic analysis in the period from the thirties till the fifties. The marginalist
revolution gave a subjective foundation to the theory of value, while e.g. in the work
of von Neumann and Morgenstern (1944), Arrow and Debreu (1954), and Debreu
(1959) this subjectively based theory of value was fitted properly into a framework
interacting economic agents - or players.l
Together with these fundamental contributions to economic analysis, there
came scientific rules of "How to do economicsn. One of the most fundamental rules
in contemporary economic science is the heuristic that one should do economic
theorizing according to the ariomatic method. Although this axiomatic method
is already known to economists for a longer period, it entered economic analysis
forcefully through the account of general equilibrium theory as developed by e.g.
von Neumann, Wald, Koopmans, Arrow, and Debreu in the period from the thirties
into the fifties. (A full account of the axiomatic method in general equilibrium theory
is given in Debreu (1959).) The axiomatic method is consisting of two fundamental
rules dealing with economic modelling:
1. The primitive economic concepts of the model are selected, and then, each one
of these primitive concepts is represented by a mathematical object.
2. Assumptions on the mathematical representations of the primitive concepts are
made explicit and are fully specified. Mathematical analysis then establishes
the consequences of these assumptions in the form of theorems.
In our methodological considerations we do not explicitly deal with the axiomatic
method, but take it as given as an additional heuristic in the Lakatosian hard core
of the contemporary research programme in economic science. We do not as much
focus on the two rules as given above itself, but rather with the underlying economic
process of modelling, hence the choice of the primitive economic concepts of the
model and the economic structure in which these concepts are configurated. Thus,
we are specifically considering the induction process in economic theorizing.
Our position with respect to the axiomatic method is illustrated with a further discussion of Debreu's approach to economic analysis. Besides the axiomatic
method itself, Debreu makes the requirement that an economic theory or model
should be mathematically consistent. To use the words of Hildenbrand (1983), p.
5: "According to Debreu, any axiomatic economic theory has to pass the severe
test of removing all the economic interpretations interspersed throughout the model
and of checking whether its bare mathematica,l structure stands by itself." It is
clear that mathematical consistency is only dealing with the derived structure of the
~ For a more closely and detailed account of the marginalist revolution we refer to Backhouse
(1985) and Negishi (1989). Backhouse (1985) can also serve as a good account of the developments
in the period of the 1930's till the 1950's, while for an account from a Lakatosian point of view we
refer to Weintraub (1985).
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mathematical model. It is dealing with the resulting model after the application of
the axiomatic method. This has implicitly consequences for the choice of the mathematical representation of economic primitive concepts, but it does not explicitly
deal with the configuration of the economic primitive concepts themselves.
We emphasize that mathematical consistency in the context of the axiomatic
method has been a major contribution in the development of economic theory, but in
our opinion is insufficient to achieve a high standard of economic theorizing. Therefore we introduce the concept of economic consistency of a descriptive model. We
explicitly recognize that an economic model is a configuration of economic primitive
concepts. (As mentioned before, each economic primitive concept is represented by
some mathematical object.) Now economic consistency requires that there are no
contradictions between the economic primitive concepts of the model, i.e., the configuration of economic primitive concepts has to be consistent with respect to the
economic content of these primitive concepts.
To show that economic consistency is not a trivially satisfied condition we
may indicate the Arrow-Debreu model as an example of an economically inconsistent
model. In the theory of missing marketsof e.g. Hart (1975) it is implicitly recognized
that the contemporary account of the Walrasian general equilibrium model is not
consistent in the sense as described above. For a more detailed discussion of the
economic inconsistency of the Arrow-Debreu general equilibrium model we refer to
the last section of this chapter.
We summarize the previous discussion by noting that our two consistency
requirements lead to an economic model, consisting of mathematical representations
of economic primitive concepts, in which the bare mathematical structure as well as
the economic configuration are consistent. A more precise expression of the concept
of economic consistency will be given in the next sections of this chapter.
Above we recognized that the axiomatic method and the requirements of mathematical and economic consistency have to be considered as parts of the hard core
of the Lakatosian research programme in contemporary economics. Additionally we
introduce in this hard core a heuristic rule, which gives a proper and consistent
framework for economic theorizing. This framework is known as the tripolar model.
Next we discuss its main features.
In general, an object of scientific research can only be understood in the
context of an environment that determines the significance and meaning of the
object. For a thorough scientific analysis of some object it is crucial to determine
the relevant elements that constitute the environment in which the object has to
be understood. In our methodology we explicitly recognize that there are various
forces acting on such an object, which constitute or span the environment of the
object of the scientific research. (We emphasize that not all forces are relevant for
studying the object, but only certain spanning forces are crucial in understanding the
object of the research.) As an example we remark that in our opinion the study of an
equilibrium in an economy is only relevant if we give a description of all economically
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relevant forces that constitute an environment in which that equilibrium is a stable
situation.
An object together with its relevant environment, as spanned by certain relevant forces, is indicated as a construct or a whole. A framework to give a proper
representation of a construct is provided by the tripolarrnodel as developed by Ruys
(1974 and 1981). It gives a consistent framework to analyse the forces that are working on a certain scientific object. In the sequel of this chapter we use this tripolar
model explicitly to analyse certain economic phenomena. Therefore it is helpful to
give a formal introduction to this tripolar model.2

The tripolar model
A construct is a collection of elements, indicated as positíons, which satisfy the
following three requirements:
(~)

Each pair of positions determines uniquely a third position. A triple of
positions, which satisfies the property that two positions determine uniquely
the third, is referred to as a relation.

(ii)

For every relation there is at least one position that does not belong to that
relation.

(iii)

Take any relation and any pair of positions, which do not belong to this
relation. Then this pair of positions determines a third position within this
relation.

In the tripolar model, as given above, a construct is isomorph with the well known
"Plane of Fano". It consists of exactly seven positions and seven relations. Every
relation contains exactly three positions and every position is contained in exactly
three relations, i.e., every position is determined by exactly three pairs of positions.
A consequence of this property is that any position is related in a specific way to all
other positions in the tripolar model.
The main consequence of the two determining properties of a construct as
described above is however that there exist eactly three positions, which are independent with respect to all other positions in the model in the sense that they do not
constitute a relation. All other triples of positions in the model however constitute
a relation, and thus are dependent. The three independent positions in a construct
are reserved for three independent polar forces or poles, that span the environment
of the scientific object to be studied.

Another consequence of the heuristic method as described above is that by
the tripolar model each pair of polar forces generates a third position, which we call
an effect. It is clear that there are exactly three effects in a construct. The effects
are evidently dependent in the sense that they form a relation. Finally the seventh
position is taken by the object itself. Hence, the object of the analysis as chosen
ZFor a formal algebraic definition we refer to Ruys (1981), p. 24.
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in the first step of our heuristic method is contained in each of the three relations
generated by an effect and a polar force. So, we arrive at the situation in which a
construct, describing an environment of an object of scientific analysis, consists of
three polar forces, three effects, and the object itself, which are related with each
other such that the three polar forces are the only unrelated positions in the model.
The tripolar model is well equipped to express a notion of equilibrium with
respect to the object of the analysis. More specifically the relations between the
positions must be in equilibrium. This leads to the definition that a construct is
in equilibrium if all relations between the positions are in equilibrium. One of the
consequences that a construct is in equilibrium is that the three polar forces are in
many respects equally forceful. If one of these forces is less or more developed than
the others, the construct will thus be in disequilibrium. It is obvious that a tripolar
model, which is in equilibrium, provides a far better environment for the analysis of
some object than a construct, which is in disequilibrium.
The application of a tripolar model in the development of science in general
is consisting of two heuristic rules:

1. One chooses an object of the analysis and determines three independent polar
forces, which are relevant for the object to be analysed. We indicate two of
these polar forces as centrifugal, while the third is indicated to be centripedal.
2. One assumes that the elements as chosen in the first step of the analysis satisfy
the requirements of the tripolar model.3
In this monograph, especially in this chapter, the tripolar model is applied to give
an environment in which economic modelling can be placed. The object of the
application of the tripolar model to economic theorizing is thus a certain actual
situation in the economy, which can be referred to as a stable situation.4 This is done
in the second section. Next we give some additional axioms and heuristics, which
are related to the framework as given by our application of the tripolar model to
economic analysis. We close this chapter by a discussion of some striking differences
between our methodological framework and that of contemporary economic science,
which we indicate as the neo-Walrasian research programme.

2.1

The foundations of economic theory

According to Backhouse (1985) the development of economic science has been a
steady process, without too many discontinuities. The major breaches or discon3The three chosen independent polar forces are thus to be identified with the three independent
positions in the tripolar model as described above. The object of the analysis has also to be
identified with a position in the model, and thus in principle can be reduced to the three well
chosen polar forces.
4As an example we mention an equilibrium allocation within a market system such as a Walrasian equilibrium allocation within a system of perfectly competitive markets.
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tinuities, that have been occuring during its history, are the Marxist criticism on
classical economic theory as initiated by Marx and in a much less radical way the
marginalist revolution initiated by Jevons, Menger, and Walras in the 1870's. Backhouse (1985) however also notices that a satisfying methodological foundation to
this (steady) scientific process has not yet been established. In a historical perspective we can distinguish several attempts. Before the second World War verification,
as defended e.g. by Robbins (1932) and Hutchison (1938), was assumed to be a
sound basis for the description of scientific conduct in economics. This method of
appraisal of economic theory can no longer be defended, since it too heavily depends
upon a positivistic and empiristic point of view.
After the important contributions of Popper (1965 and 1968), economists and
methodologists mostly refer to his theory of falsificationism as a proper foundation
for understanding scientific conduct in economics. This falsificationist approach has
still many drawbacks, since it depends too much upon a positivistic and empiristic point of view. More recently the theory of scíentific research programmes as
developed by Lakatos is also accepted as a proper description of economic science.
It expands Popper's falsificationist approach to a historic and systematic account
of scientific conduct. Weintraub (1985) and Rosenberg (1986) apply this approach
to explain scientific conduct in economics, but they still reach some controversial
conclusions. In this section we focus on these modern methods in the appraisal of
economic theory, and elaborate on the many drawbacks of these methods if these
are applied to explain scientific conduct in economics without modifications. Next
we sketch a slightly more practical alternative in the appraisal of economic theory,
which is essentially based on these approaches.
The falsificationist approach of Popper to scientific conduct in general is essentially based on an empiristic point of view. A science or theory as a whole has
to be valued with respect to the resulting "lawsn or "thesesn as derived from the
assumptions in this theory. In Popper's view, science is thus a continuous process
of the generation of conjectures, which result from the assumptions in the scientific theories, and the refutation of these conjectures. If a conjecture is refuted, the
Popperian approach to scientific conduct prescribes that one has to search for alternative theories, which generate conjectures that resolve the anomalies that occured
in the refuted theory. As Hands (1985) remarks, economists take this as a correct
characterization of scientific conduct in physical sciences, but note that economic
theory fails miserably when judged by these same falsificationist standards.s The
main consequence of this consensus is that theories are not to be refuted by empirical
evidence only. This has been resulting into modifications of Popper's falsificationism, that led to the development of alternative accounts of scientific conduct as e.g.
given by Kuhn (1962) and by Lakatos (1978).
SThis point of view is also defended by Weintraub (1985), Backhouse (1985), and Negishi (1989).
Hands (1985) shows that this was also confirmed by Popper himself, who developed the notion of
situational analysis instead of falsificationism to deal with the social sciences.
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With respect to the valuation of Popper's lawlike approach in economics
we additionally note that falsificationism is heavily depending on the testability
of a theory. In physical sciences there are many sophisticated instruments to test
a theory, but there is a considerable lack of sophisticated instruments to test the
theories as developed in economic science. We will return to this problem in the
description of our own foundations.
The second well established modern approach to science is that of systematic
science. The major contributors to this approach are Kuhn and Lakatos. Kuhn
(1962) developed the notion of normal science in which the development of science
is viewed as a sequence of paradigms. A paradigm is defined to mean "research
based upon one or more past scientific achievements that some particular scientific
community acknowledges for a time as supplying the foundation for further practícen. A paradigm is replaced by another through means of a scientific revolution.
Such a crisis is initiated by internal inconsistencies or the discovery of anomalies,
which cannot be explained by the paradigm.
Kuhn developed his methodological framework from a study of the Copernican revolution in astromony. The major feature of this systematic account of scientific development is that the process of scientific conduct is not longer approached
normatively by insisting on rational rules of discovery and adaptation of the theory,
but as a historical process in which there may occur "irrationalitiesn in the sense that
a scientific theory, which is falsified, is not refuted immediately. 5cientific progress
is thus marked by long periods of steady refinement and expansion of the paradigm.
These (stationair) periods are occasionally interrupted by scientific revolutions as
mentioned above. It should be emphasized that overthrowing a paradigm can only
occur in case there are too many inconsistencies and anomalies of the theories in
that paradigm with reality, and, futhermore, there exists an alternative paradigm,
which is developed enough to take over.fi
From the Kuhnian theory of paradigmatic science, Lakatos (1978) developed
his notion of a scientific research programme. It consists of a hard core of foundational axioms and heuristics. Around it there is a protective belt of theories, which
explain reality with the use of the foundational theories in the hard core and thus
protect the research programme as a whole from threatening anomalies. Thus, real
life phenomena are explained with the use of theories, which are contained in the
protective belt of the scientific research programme. This conduct reduces science
to the engineering of theories with the (single) purpose to protect the hard core axioms and heuristics, and thus the scientific research programme as a whole. Negishi
(1989) refers to this Lakatosian explanation of scientific conduct as a"halfway house
between Popper and Kuhn".
In Weintraub (1985) the concept of a Lakatosian scientific research programme is applied in the appraisal of economic theory. He argues that general
6For examples of such Kuhnian revolutions in economic science we refer to Negishi (1989),
Chapter 1.
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equilibrium theory forms the hard core of contemporary economic science. Weintraub gives a precise account and description of the hard core axioms and heuristics
of the current research programme in economic science, which he calls the neoWalrasian research programme. The protective belt of this research programme is
now understood as a collection of economic theories, and econometric methods and
heuristics, which are based upon the hard core of the research programme, consisting
of foundational axioms, heuristics, and basic theories. Furthermore, this protective
belt is assumed to defend the hard core, and therefore the research programme as a
whole, against any threatening anomaly.
Another major aspect of the Lakatosian approach is the notion of progress
or degeneration of a scientific research programme. A research programme has to
be understood as an immutable hard core with a protective layer of competing
series of changing theories. If changes in the protective belt increase the content
of the theories, then the research programme is called progressive, while in case
these changes are "ad hoc" and decrease content, the research programme is called
degenemting. In the valuation of a research programme these two concepts are
essential.' Only progressive research programmes are to be accepted as contributing
to the understanding of certain phenomena.
In his critique on the application of the Lakatosian approach to economic
science by Weintraub (1985), Rosenberg (1986) however reaches the conclusion that
the Lakatosian framework is in fact empty: Lakatos has a problem of demarcation,
since his theory is not able to distinguish between science and non-science.g Since
it is impossible to determine the research programme in economics, we have found
a case in which it is impossible to apply the Lakatosian approach properly. Rosenberg thus concludes that the Lakatosian appraisal of economics leads implicitly to
the methodological implications of the application of Feyerabends methodological
anarchism: Anything gces, there is no such thing as scientific method. (For this
theory we refer to Feyerabend (1975).) This implies that Lakatos may give a good
description of the history of economic thought, but that it is inadequate to appraise
economic theory or science.
Besides the two main methodological approaches to science as described
above, we mention the historical approach of Toulmin and the interpretive approach
of Polanyi as described in Schmidt (1988). She concludes that all of these four
methods do not give a proper foundation to social sciences in general.
~In fact we have to understand this part of the Lakatosian approach as an alteration of Popper's falsificationist explanation of scientific conduct. Here falsificationism is not applied on single
theoties, but on the research programme as a whole.
dThe main reason for this problem of demarcation is the impossibility of detetmining the age
of the neo-Walrasian research programme in economics. If it starting point is to be located in
the 1870's, then it has to viewed as a well established programme, while in case it started in the
1950's it has to be viewed as a young programme. The determination of age is ctucial since young
programmes do not have to be progressive and therefore have to be treated gently. For details we
refer to Rosenberg (1986).
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"In social science ... all four approaches raise questions about the scientific rationality of the social sciences as a whole as well as about the
justifiability of its particular models of explanation. The social sciences,
more specifically, turn out to contain methods of explanation which have
little if any possibility of proof of lawlike proximity to truth, to consist
of research communities which lack the single-mindedness of purpose
and separation from the concerns of society which could ensure their
explanatory systems' success, to encompass disciplines which lack the
shared concepts and procedures or the agreed-upon goals which could
ensure their historical progress, and to incorporate individual scientists
who are without the common rules or societal reinforcement which could
encorage their interpretive creativity." [Schmidt (1988), p. 198]
She thus deduces that modern methodology does not give a proper foundation to social sciences and that developing such a foundation is "somewhat more complicated
than one might assume" [Schmidt (1988), p. 199]. This shows that methodology
does not offer `A' solution to the appraisal of economic theory, but only a multitude
of different methods of appraisal. Together with Weintraub (1985) we therefore arrive at the conclusion that we have to lead ourselves by the practice of economic
science, i.e., the valuation of the processes of designing economic models. This
forms the point of departure in our own methodological considerations with respect
to economic science, specifically theoretical micro-economics.
Our methodological considerations are twofold. Firstly we reconsider Popper's falsificationism as a normative basis of scientific conduct. Henceforth, we consider falsificationism not as much a descriptive model of inethodology in scientific conduct,
but rather as a normative framework of "how should one do" scientific research in
economics. Secondly we relate this normative principle with a historical description
of the development of economic theory. Here we focus on a systematic methodological account, which is a modification of the Lakatosian framework as described
above. Together these methodological considerations form more or less a practical
account of scientific conduct in economic science.
We argue that scientific conduct essentially has to be valued on basis of
falsificationist considerations, rather than on verificationism or purely theoretical
approaches. Although the criticism on the Popper's falsificationism, when applied
to economics is severe, we think that the proposal of a modified, weaker form of
this method is applicable. In our description we make two remarks. Firstly, falsificationism has always to be viewed in the setting of a historical development of
economic theory. This essentially involves the acceptance of the framework of a
Lakatosian research programme in which economic conduct takes place. Secondly,
the possibility of falsifying a scientific theory or conjecture is heavily depending
upon the instruments, which are available, to test the conjectures or theses of the
theory involved.
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With respect to the second remark we distinguish roughly two types of economic theories, namely quatitatively and quantitively based theories. Qualitative
theories are mostly abstract descriptions of economic behaviour, which are based on
an axiomatic foundation. These theories are to be located in the vicinity of the hard
core of the Lakatosian research programme, and mostly even in the hard core itself.
The quantitative theories however have to be located in the protective belt of the
scientific research programme. Next we discuss some falsificationist considerations
with respect to these two fundamentally different types of economic theory in the
Lakatosian research programme in economics.
Quantitative theories in the protective belt of the research programme are
mostly describing certain specific economic phenomena, and thus can be referred to
as partial theories. This has important implications with respect to testing these
theories. Since many (sophisticated) instruments are available to test these quantitative partial theories9, it is not so hard to accept a falsificationist approach for
these types of theories. Indeed, the process of theorizing in the protective belt is in
many cases a process of refutation and adaptation of theories, based on empirical
falsificationist considerations.
Qualitative theories as descriptions of economic phenomena are mostly much
more general and abstract than quantitative theories. In these theories the qualitative structure of the model as a whole has to be tested, if possible. This implies that
we have to apply certain holistic tests, mostly resulting from the testing of certain
qualitative laws or theses of the theory. As yet this is not possible. Such advanced
tests for qualitative features of theories have yet to be developed.
This does not mean that in the future more sophisticated instruments will
be developed and turn out to be useful in the construction of economic models and
theories, which are closer to the hard core of the research programme. We emphasize
that recently the search for these sophisticated instruments to test qualitative features of theories empirically is taken up by e.g. Hildenbrand (1989), Sutton (1988),
and Roth (1987). We note that these new instruments especially focus on the testing
of qualitative statements of the theory rather than on the quantitative modelling
of the theoretical hypotheses such as is the case in econometrics. This implies that
a purely quantitative approach to economic modelling has to be abandoned, and
is replaced by a weakened form of the falsificationist approach, which focusses on
certain qualitative theses resulting from the theory.lo

As noted above we essentially accept the Lakatosian account of scientific conduct to
9As such advanced testing insttuments we mention econometric methods, empirically founded
theorizing, statistical tests, and simulation. More specifically we mention price indices as partial
quantitative tests of economic conjectures with a very limited scope. A common feature of these
quantitative tests is that the underlying theoretical structure is not taken into account completely.
loNote that thus in our approach falsificationism is not rejected completely, but rather adapted
to the level of sophistication of the instruments to test and falsify economic theory. This expresses a
dynamic understanding of the notion of falsification, since better instruments may lead to adaption
of the methodology of economic science.
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explain the historical development of economic science. As argued above falsificationism cannot be applied properly to the qualitative theories close to or in the hard
core of the research programme, but only to the quantitatively based theories in the
protective belt. As Rosenberg (1986) concludes, the Lakatosian approach is in fact
empty, since the precise age of a research programme cannot be fixed in detail. If
we however "weaken" the hard core, then this problem becomes irrelevant.lt The
next discussion has as its sole purpose to give a description of the weakening of the
notion of the "hard core" in a Lakatosian research programme.
In our opinion research programmes in economics are not only changing in
its protective belt of quantitative theories, but also and especially in the collection
of qualitative theories and the hard core of axioms and heuristics itself. Weintraub
(1985) shows that in the period from the thirties into the fifties the hard core of
the (main) research programme in economics is changing considerably. He calls this
process the "hardening" of the hard core, since in his opinion the hard core did not
change much since that period. In our opinion this process of changes in the hard
core is continuous in the sense that periods of less change are followed by periods of
considerable change. Thus, in our opinion the period from the thirties into the fifties
is only a period of considerable change in a history oí continuotis deformation of the
hard core of the research programme in economics. Similarly we can distinguish the
marginalist revolution in the 1870's as a period of considerable change.
Since, as argued above, the hard core of a research programme is subject to
continuous change, we may roughly distinguish three types of periods of adjustment
in this continuous process. The periods of little change in the research programme
can be indicated as periods of normal Lakatosian proliferation of the research programme. In these periods the research programme essentially behaves as described
by Lakatos, i.e., it consists of a stable hard core, which changes only very slightly,
and a protective layer of theories, which deal with threatening anomalies and thus
defend the research programme as a whole. Periods of more change are indicated as
periods of amplification of the research programme. More revolutionary periods can
be indicated as Kuhnian paradigmatic shifts in the research programme. In these
rare occasions whole research programmes are rejected and replaced by another.
We elaborate on these three types of progress or change in research programmes in
economics.

Lakatosian proliferation
This form of progress is the well established Lakatosian development of theories in the protective belt of the research programme in economics. It largely
consists of adapting and generalizing existing economic models to dissolve thellIn the Lakatosian approach the hard core is assumed to be immutable. In reality we however
observe relevant adjustments in the hard core, without radically changing the hard core and thus
the research programme as a whole. These cases are not allowed in the original theory of Lakatos
in which competing research programmes are strictly seen as stable configurations with no overlaps
in the hard core axioms and heuristics.
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oretical irregularities, and to incorporate certain globally observed real life phenomena into the theories as developed in the research programme.12 From the
two forms of proliferation as mentioned, the purely theoretical form is mostly
consisting of a mathematical generalization of a certain economic model or conception. This purely theoretical development within a research programme is
illustrated by the development of core theory from Edgeworth's contract curve
to the introduction of the core and core-like concepts such as the e-core, fcore, and the bargaining set. Many developments in economic theory are not
purely theoretical, but consist of adaptions of previously developed notions in
the theory based upon some global observation or feeling of a real life phenomenon. Again we refer to the introduction of the bargaining set in which
blocking is made more sophisticated by rationalizing the blocking behaviour
of coalitions.
Besides the purely theoretical proliferation within the economic research programme, we distinguish another form of proliferation. In this type of proliferation the theory is not adapted out of theoretical considerations, but rather
out of observations of real life phenomena, which do not match the existing
theories. An example of this kind of scientific progress is the introduction of
imperfect competition on markets by Chamberlin and Robinson in the early
1930's, which resulted from a global incorporation of differentiated commodities and globally observed imperfectly competitíve behaviour of the producers
of these commodities into Marshallian economics.
Amplification
In our opinion one of the most powerful forms of progress in economic theory
is that of critical adaption of the foundations of the research programme, and
thus of the research programme as a whole. In this type of progress the hard
core of the research programme is not radically rejected, but its foundation
extended and adapted to satisfy certain theoretical demands, which it cannot
fulfil. We remark that the amplification of a research programme may be
resulting in modifications of existing (qualitative) economic models, especially
with respect to their economic foundations, as well as the changing of the basic
axioms and heuristics in the hard core of the research programme. Mostly these
changes do not involve a radical change of the research programme as a whole,
but rather consist of a moderate, however significant, sháft. We emphasize that
such a shift can also have the form of a generalization of certain foundational
axioms and heuristics in the hard core of the scientific research programme.
Such significant shifts can be initiated by anomalies, that can be resolved by
moderate adaption of axioms or heuristics. Also they can be initiated by purely
theoretical considerations in the development of qualitative, abstract models
~ZThis form of scientific conduct is closely related to the engineering of models to protect the
hard core as originally described by Lakatos. For a good description of such conduct in economics
we therefore refer to Weintraub (1985).
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of economic behaviour close to or in the hard core of the existing research
programme.
We can indicate at least two major examples of amplifications of research
programmes in the history of economic thought. The first to be identified as
such is the development of the theory of value on subjective utility theory by
Jevons, Menger, and Walras in the period of 1870's, normally indicated as the
marginalist revolution. The second example is the introduction of game theory
in economic analysis and the development of general equilibrium analysis in
the period from 1930 to 195013

Revolutionary change
A much more radical form of change in economic science is that of a complete
rejection of a certain research programme, and the proposal of an alternative
one. In such a period of revolution, the hard core of a research programme,
consisting of axioms and heuristics, is rejected as a whole. One starts from
scratch with a new research programme. Such crises may be valued as periods
of extreme amplification. The cause of such a drastic change may be a Kuhnian crisis.
An example of such a rejection is the development of Marxist economics as an
alternative to the paradigm of classical political economics. Other examples
in which the current well established research programme is rejected radically, are given by the institutionalistic approach to economics by Veblen and
Commons as developed in the first half of this century, and more recently by
Galbraith. All these economists essentially rejected the well established research programme, since in their opinion it did not satisfactory explain major
features in economic reality. These examples also show that pure criticism in
many cases does not give a workable alternative, in the sense that the proposed
alternative research programme completely takes over the supremacy of the
well established research programme.

These instances of revolution with respect to a research programme may however have great influence on the hard core axioms and heuristics of the well
established research programme. Marxist theory initiated for instance many
changes in the neo-classical research programme in economics.
From the description of progress or change in economic theorizing, especially that of
amplification of the research programme, we may conclude that economic theory has
always been an abstraction of globally observed real life economic phenomena. An
economic model is thus a construction, which is carried by some basic assumptions
t3This last example is indicated by Weintraub (1985) as the period in which the hard core of the
current neo-classical tesearch programme was "hardened". We however see this hardening of the
hard core rather as an amplification or shifting of the hard core of the Marshallian or neo-classical
research programme in economics towards the contemporary research programme in economics,
usually indicated as the neo- Wa(rasian research programme.
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and which as a whole gives a description of certain economic phenomena. (A more
precise definition of an economic model will be given in the next section.)
In this monograph we especially deal with certain qualitative theories, which
are to be located close to or in the hard core of the Lakatosian research programme.
The qualitative, or theoretical, valuation of an economic model stands in the center
of our approach, rather than the quantitative falsification of the theory. As argued
previously this point of view is supported by the lack of sophisticated instruments
to test qualitative theories with respect to observations of real-life economic phenomena. Thus, we conclude that the theoretical and logical structure of the model,
which is based on the hard core axioms and heuristics of the research programme, in
principle cannot be refuted by empirical findings such as econometric observations.
The discussion above shows us that we may distinguish economic theories and
models with respect to their degree of abstraction of economic real life phenomena.
We thus arrive at a hierarchy of economic models, each elaborating certain aspects of
a more abstract model or theory. The more abstract theories have to be located in or
closely around the hard core of the research programme, and thus can be indicated as
qualitative theories. On the other hand less abstract theories are mostly supported
by empirical findings, i.e., they are measurable or quantitative, and are therefore
to be located in the protective belt of the research programme. This makes clear
that this hierarchical structure of the research programme is to be regarded as an
extension of the broad division of economic theory into qualitative and quantitative
theories as made above.
As an example of this hierarchical setup of economic theories we mention
that partial theories of bargaining, as developed by e.g. Rubinstein (1982), can be
viewed as elaborations of the internal bargaining processes within blocking coalitions
in the theory of a certain general equilibrium concept, which is a description at a
hierarchically higher and more global level of abstraction.'a It is clear that from more
abstract theories we may only expect very broad and global conclusions, while from
more detailed models we may expect more detailed conclusions. As an example of
very global and abstract operational conclusions we mention the Welfare Theorems
as global and abstract conclusions from a general model of economic behaviour,
which gives a theoretical support to economic policy. As an example for some more
detailed operational conclusions we mention the main results of Rubinstein's theory
of bargaining in which it is concluded that in case of full information the bargaining
between two rational individual agents should end in one period.

In such hierarchies of economic theories we can distinguish globally three
major types of theorizing activities. We emphasize that in all three types of these
laThis example can be illustrated by refetring to the work of Gale (1987) and Rubinstein and
Wolinsky (1985 and 1990) on the application of bargaining models in the setting of a market.
Agents are assumed to meet each other randomly and go through a certain process of bargaining. The resulting allocations can under certain conditions be identified as Walrasian equilibrium
allocations. Here, such an allocation is reached without an explicit valuation of the commodities
through an objective price, as is the case in the traditional Waltasian setting.
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theorizing activities we may distinguish different levels of abstraction, and thus a
hierarchy of economic models. These three major types of theorizing conduct are
the following:
Descriptive theorizing
This type of economic theorizing and modelling has as purpose to describe real
life economic phenomena and explain the occurence of certain features. We
emphasize that in this type of theorizing or economic scientific conduct the
explanatáon of certain economic phenomena is the most prominent goal. As
mentioned above, the theories of this type can be ordered hierarchically with
respect to their level of abstraction. The higher levels contain more abstract
theories, while the lower levels consist of the partial or quantitatively based
models. As an example of a descriptive theory we mention the model of a
pure exchange economy with a Contract-Core as described in Part III of this
monograph. It is a model of a high abstraction, which describes the trading
processes in the economy as a whole, i.e., it globally describes the trading
processes in the economy. Its purpose is to understand the consequences of
exchange or trade for the economy as a whole. It shows the minimal requirements, which a resulting allocation should satisfy in an economy with private
trading processes.

Normative theorizing
The purpose of this type of theorizing is to compare a descriptive theory or
model with certain well chosen normative concepts, or benchmarks. The conclusions under which conditions the descriptive model shows the features as
described in the normative model are mostly of high interest with respect to
economic policy, and operational applications of the theory. The goal of this
type of modelling is mainly to obtain theoretical insights into the possibilities
of changing real-life economic situations in which a certain norm acts as an
aspiration level.
As an example we mention the comparison of the (Contract-) Core with the
Walrasian equilibria. In this comparison the collection of Walrasian equilibria
acts as a benchmark, that describes the set of efficient, justified, or "natural"
allocations which can be supported by some "natural" price expressing an
objective valuation of the commodities as available in the economy. The conclusion that only under certain very specific conditions an exchange economy
generates these natural outcomes, leads to some important global considerations with respect to the two Welfare Theorems, and thus to the foundations
of economic policy.

Operationa} theorizing
The application of the insights as developed in the use of descriptive and especially normative theories to more practical issues is the major concern of what
we refer to as operational theorizing. In this type of economic modelling,
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the theoretical insights of the process of descriptive and normative modelling
are translated into more practical considerations and operational conclusions.
This level of economic theorizing explicitly deals with the protective belt of
the Lakatosian research programme in economics. It can be regarded as the
phase of engineering and model design as originally described by Lakatos to
take place in the protective belt to defend the research programme as a whole
against occurring anomalies. We also remark that the hierarchical structure of
economic theory as described above is also prominent in this type of modelling.
Thus, operational valuations and applications of descriptive and normative
theoretical results are depending on the abstractness of this descriptive and
normative theory. Highly abstract theories mostly result in global operational
conclusions, while detailed theories may result in the application of detailed
recommendations.
As an example of operationalization of an abstract theory we elaborate the example of the comparison of the Contract-Core with the Walrasian equilibria as
given above. This comparison gives a theoretical support to the well accepted
heuristic rule of "laissez faire" or "privatization" in the neo-Walrasian research
programme, i.e., the principle that governments do not have to interfere too
much with the trading processes in the economy. Too many bureaucratic rules
can bring the economy in a Walrasian disequilibrium, which is evidently an
undesirable situation. This support for economic policy is given on basis of two
welfare theoretical conclusions of the normative analysis of the Contract-Core
as described above:
~ The first welfane principle in combination with the results of this normative analysis shows that only under certain severe conditions on the
social structure of the economic society the allocation mechanism is able
to achieve Pareto optimal allocations.

~ The second welfane práncáple in combination with the normative analysis
of the Contract-Core model learns that any desirable efficient allocation
has to be supported by quantitative means such as income distribution as
well as qualitative policy instruments, which have to establish a flexible
and pluriform economic society.
As one can see the original cornerstones of economic policy must be modified
severely if one departs from another foundation, in this case from a pure barter
process instead of a sophisticated system of perfectly competitive markets.
Economic policy does not only have to satisfy the quantitative requirements
to achieve its goal, but also has to fulfil basic qualitative properties, which
form a delicate balance between freedom and flexibility at the one side and
the willingness to use this individual freedom to act socially on the other hand.
This example also indicates the importance of the amplification of a research
programme as a form of progress or change in economic science. The assump-
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tion to depart from pure barter instead of a perfectly competitive market
system can be valuated as a shift of one of the hard core axioms in the neoWalrasian research programme. This may lead to an amplification of this
research programme as a whole. The reason for this amplification is that
the modified hard core axioms and heuristics may dissolve some important
theoretical issues such as the valuation of the two welfare principles in the
sight of the major financial problems of governments in contemporary capitalist economies. With the strict maintenance of the hard core axiom of
methodological individualism it seems impossible to address these problems
satisfactory.
In this monograph we especially focus on descriptive modelling, also modifying and
generalizing some major axioms and heuristics in the neo-Walrasian research programme, and on the normative analysis of two resulting descriptive theories. The
example as sketched above describes one of these theories with a possible extension
to the level of operational modelling. Since this theory is very abstract and general,
the operational conclusions have to be valuated as being global and only of concern
to the foundations of economic policy.
Although our methodological remarks do not yet form a completed appraisal
of economic science, it may serve as a point of departure in further discussions with
respect to the appraisal of economic theory. The major methodological conclusion
is that economic theory cannot be falsified by purely quantitative means only, but
in particular by the testing of qualitative statements of the theory with the use of
sophisticated instruments. The reason for this is that economic models are mostly
very abstract and therefore do not satisfy the basic requirements for empirical testing
in the traditional sense. The example of the two modified welfare theorems shows
that testing on the operational level of a theory may also give some considerable
problems, since its operational conclusions are too abstract to be tested by existing
instruments. Thus, a purely quantitative falsificationist basis in the construction
of an economic theory has therefore to be rejected. This leaves us with a modified
Lakatosian approach in which the hard core of a research programme is argued to
be weaker than in the original Lakatosian appraisal.

In describing economic progress and the matrix construction of econornic theory into levels of abstraciion and the three step division into descriptive, normative,
and operational theorizing, we however did not yet give requirements, a construction
has to satisfy, to be accepted as an economic theory. Based on our considerations on
the division of economic theory and our rejection of a purely quantitative approach
of falsificationism, we are able to formulate some requirements which an economic
model minimally has to satisfy. This will be done in the next section.
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2.2

Economic models

As argued in the previous section we consider economic theories or models to be
abstractions of real life economic phenomena. This however does not yet determine
the minimal requirements with respect to the structure of these economic theories. These requirements can be interpreted as the axiomatic and heuristic rules of
economic modelling, which are part of the hard core of the Laka,tosian research programme in economics. We consider this hard core to be not as hard as regarded by
other authors, but subject to changes and extensions in the sense as described with
the notions of proliferation and amplification of the economic research programme.
In this section we specifically focus upon these axiomatic and heuristic requirements
from the viewpoint of the process of amplification of the research programme in economic theory. In this description we especially take into consideration the practice
in the descriptive type of theorizing in contemporary economic science.
To arrive at a proper framework in which the design of economic models can
be described, we initially make some considerations with respect to scientific conduct
in economics. We argue that real life economic phenomena can be described from
different point of views. Many economists model the relevant economic phenomena from the viewpoint that economic models are abstract descriptions of economic
agents, while others emphasize that such models are just descriptions of stable situations (equilibria) in economic markets, or, more general, in the whole economy. In
the first case the individual economic agent is the object of the process of theorizing,
while in the second case the equilibrium concept forms the crux of the model.
We focus upon economic modelling from a fairly different viewpoint. It is
our point of departure that the object of economic theorizing is that of an abstract
economic commodity. In the processes of descriptive theorizing, economists focus
on certain aspects of reality that are related to economic commodities rather than
economic agents or stable situations. This leads to the conception that the process
of economic modelling can be viewed as the construction of an abstract account of
certain economic forces, which are to be related with what we identify as economic
commodities. Thus, in terms of the tripolar model, economic modelling is a process of describing an abstract economic commodity construct. Within an abstract
economic commodity construct the object or central concept is a stable allocation
of these (abstract) commodities in the economy. We emphasize that an abstract
commodity construct is resulting from an economist's view upon reality, and so the
tripolar model as developed in the introduction of this chapter can act as a basis
for the appraisal of economic scientific conduct.

As mentioned before a construct is based on three independent polar forces or
potes that span the environment in which the object has to be analysed. Before we go
into a detailed description of these three poles we remark that an abstract commodity
construct has to be distinguished strictly from the notion of a"commodity" as used
in general equilibrium theory as described by e.g. Debreu (1959), Hahn (1973), and
Balasko (1988). In this literature an economic commodity is defined as a marketable
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entity with the three well known dimensions of physical properties, time, and place.
Our notion of a commodity construct is far more abstract, including aspects which
are not captured by this traditional notion of economic commodity. For a full
comprehension of the difference between these concepts, we first have to describe
the poles that span an abstract commodity construct, and thus the economic model
as a whole.
In our analysis of economic modelling we distinguish the forces of notional demand, notional supplyls, and organization of demand and supply as the three poles,
that span an abstract commodity construct, and thus an economic model. This
involves the assumption that an abstract commodity construct can be described
completely by certain aspects of demand, supply, and the organization of this demand and supply. These poles can be regarded as forces that are generating or
spanning the abstract commodity construct, and hence the model as a whole. We
first go into detail on the components of descriptive economic modelling, in which
we take the Walrasian model of a perfectly competitive system of markets as an
example.

Notional demand
This pole in the description of an abstract commodity construct expresses the
needs of an economic society for certain entities with certain (physical) properties. In other words, notional demand expresses the capacities to consume
in the economic situation to be described by the model. The expression of
notional demand can therefore only be effectuated if these entities can be described and measured. The description of these entities is mostly done with
the use of the introduction of the - derived - notion of commodity, which in
fact can be regarded as the physical carrier or sediment of the commodity
construct.ls The needs for these entities are mostly described with the use of
preference relations on sets of attainable bundles of these entities.
The example of general equilibrium analysis makes clear that notional demand
has to be separated strictly from the notion of effective demandl', which is the
expression of notional demand in the organization. In a general equilibrium
1sWe emphasize that the concepts of notional demand and notional supply as used in the tripolar
framework are to be distinguished from the notions with the same name as used in the theory of
rationing as developed by e.g. Benassy (1975). In our setting these notions express certain poles
or polar forces in the tripolar model, while in the theory of rationing these concepts are related to
certain rationing schemes.
tsNote that this definition oí the notion of commodity implies that it forms the physical carrier
of the economic model as a whole. All properties of the commodity construct, i.e., also those of
notional demand and supply, and the organization in which demand and supply are confronted
with each other, therefore have to be described with the use of this physical carrier. This is exactly
what can be found in contemporary mathematical models of economic situations.
17Again we remark that our notion of effective demand has to be distinguished from the notion
with the same name as used in the theory of rationing, as developed in e.g. Benassy (1975).
In our setting effective demand is the effectuation of notional demand within the organizational
environment as described in the model.
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model notional demand is expressed with the use of preference relations on a
space of bundles of commodities, i.e., the physical carriers of the commodity
construct that forms the central conception of the model. On the other hand in
a system of perfectly competitive markets this notional demand is effectuated
as an aggregated market demand. We note that effectuation of notional demand can only take place in some form of organization, which brings together
the basic needs and the supply or provision of these physical entities.

Notional supply
The second pole of the commodity construct is the polar force of notional
supply. Notional supply represents the capacities of provision or production
within the economic situation to be described by the model. Mostly notional
supply is expressed as the capacities with respect to the creation or supply of
certain entities with certain (physical) properties. Again the derived notion of
commodity as the physical carrier or sediment of the commodity construct is
essential in the description of the supply side of the economic processes. We
remark that the creation of commodities is complementary to the needs for
these commodities and vice versa. Only in case these two fundamental aspects
of scarcity are equable we can give a proper effective expression of a natural
and stable valuation of these physical economic commodities.
In a general equilibrium model the supply of the commodity construct is normally expressed by the distribution of (physical) commodities over the agents
in the economy, i.e., the endowment, and a description of the production
technologies that are available in the economy. This notional form of supply, expressing the provision capacities in the economy, is effectuated on the
market in the form of an aggregated supply correspondence. Again we note
that notional supply can only be effectuated in the presence of some form of
organization that confronts demand and supply in the economy.
Organization
Notional demand and supply are not sufficient to achieve a full description of
the abstract commodity construct, which underlies an economic model. The
third main pole, that spans such a commodity construct, is that of the organization of the confrontation of demand and supply, and therefore the possibility
to express or effectuate those features of the commodity construct. Organization is as important a feature of the commodity construct as notional demand
and supply since without it the demand and supply cannot be confronted
with each other. Mostly the form of organization belonging to a commodity
construct is some market form. However, there exist commodity constructs
without a market as an organization form, such as a primitive system of exchange as described by a core-like concept as the Contract- or f-core, or a
collective system as occurs in socialist economies.
In general equilibrium analysis one mostly limits oneself to a system of per-
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fectly competitive markets. In such an organization structure, notional demand and supply are matched through means of an objective price.'s Notional
demand effectuates itself through an aggregate demand correspondence as a
reaction "curve" to this objective price. Similarly notional supply is either a
fixed amount, as is the case in a pure exchange economy, or an aggregate supply correspondence as a reaction "curver to the objective price on the market
in the case of a competitive economy with production. The confrontation of
effective demand and supply on the market leads to a Walrasian equilibrium,
consisting of an objective price and corresponding demand and supply patterns. The resulting equilibrium price can be regarded as an expression of the
notional valuation of the commodity construct as described in the notional
demand and supply. Thus, the Walrasian equilibrium is resulting from a confrontation of notional demand and supply in a perfectly competitive market
system as an organizational environment.
We emphasize that all three poles of an abstract commodity construct, which forms
the conceptual basis of an economic model, are essential features in the description
of the processes within the economic situation to be described in the tnodel. It
is clear that this is the case for notional demand and supply as described above.
In the sequel we especially stress the importance of the organization aspect of the
commodity construct, and thus in the description of the notion of scarcity, which
traditionally underlies the notion of an economic commodity. Without a proper
organizational environment, notional demand and supply cannot be effectuated, and
therefore cannot be confronted with each other. As mentioned in the introduction
to this chapter we distinguish two centrifugal forces and one centripedal polar force
in the tripolar model. Here we identify notional demand and notional supply as the
centrifugal forces, while organization is regarded as the centripedal force.
Examples of entities with features of notional demand and supply, but without an organizational environment, are e.g. the contemporary problems of pollution,
acid rain, and congestion. The main problems of economic policy with respect to
these examples are essentially the design of a proper organization to confront the
evidently visible notional need for e.g. clean air with the supply through measures
to limit the pollution of the environment. The form of this organization can consist
of certain laws and behavioural rules as set by the government, but it can also come
out of certain competitive behaviour in a market-like environment as is analysed
and discussed in models with semi-public goods.19 These examples show that in
modern economic theory an emphasis has to be given to the organizational pole
"~To clarify the notion of objeciive pnce we compare the perfectly competitive general equilibrium
setting with that of an imperfectly competitive market system. In such an oligopolistic model,
(notional) demand and supply are matched through suójective prices, which are explicitly set by
certain agents on the market.
19For some recent work on these models we refer to Ruys and van der Laan (1987) and Ruys
(1988). A variation on this kind of commodity constructs can be found in Drèze (1980).

43

Notional
demand

Valuation

Organization

F i gure A

44

Notional
supply

of the commodity construct in order to reach a proper description of the economic
pmblems in contemporary societies.
The structure of a commodity construct and therefore of an economic model
can be represented in a similar diagram as developed in Ruys (1974, ch. 7). The
three poles are notional demand, notional supply, and organization, while several
derived notions can be distinguished, namely effective demand, effective supply,
valuation, and equilibrium. The whole of this construction can thus be represented
in a diagram as given in Figure A, which is a variation of the well known "Plane of
Fanon.
The three spanning poles of an abstract commodity construct are located on the
three cornerpoints of the triangle. All lines or edges in this figure denote some kind
of confrontations or relationships. Any confrontation between two notions as given
in the figure leads to a derived notion or effect, which results from this confrontation.
As remarked above, notional demand and notional supply are in fact polar concepts.
Confrontation of these notional forces leads to the effect of valv,atíon. Note that
this concept is not solely an expression of the confrontation of notional demand and
notional supply, but that it is also carried by the derived notions of effective demand
and effective supply, and the third pole in the commodity construct, namely that of
organization.
This leads to a threefold interpretation of the notion of valuation. Firstly, it
expresses a notional value, resulting from the confrontation of notional demand and
notional supply. This form of valuation of certain entities with physical properties is
to be regarded separately from the organizational environment. Even entities that
are not (yet) organized such as pollution can in principle have a notional valuation,
since notional demand and notional supply of these entities may exist. It remains
however an ideal valuation, since it cannot be expressed in some organizational
environment, and thus cannot yet be effectuated in some (effective) price or value.
Secondly, the notion of valuation expresses an effective price, since it is carried
by effective supply and effective demand. We remark that the relations of valuation
as an effective price with effective demand and effective supply is expressing a form
of interaction. The circle in Figure A is thus describing a level of interaction between
the three basic forces of demand, supply, and price or valuation. The confrontation
of these three effective forces ultimately results in some equilibrium, which is in fact
some actual allocation of the commodities, that form the physical sediment of the
commodity construct.
Thirdly, valuation acts as an aspiration value within the organizational environment. In this respect it acts as a social goal with respect to the valuation of
the commodities in the economic situation as described with use of the abstract
commodity construct. The aspiration is resulting in an equilibrium situation in the
economy, i.e., the social value is in fact effectuated in the organizational environment
by the resulting equilibrium. We remark that this effectuation is only partial, as is
the case with the effectuation of notional demand and notional supply in respectively
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effective demand and effective supply.
A similar interpretation can be given for the derived notions of effective demand and effective supply, which are already discussed in the description of the
three poles in a commodity construct. We shortly give an overview of the three
interpretations of effective demand. (A similar line of reasoning can be followed in
the interpretation of effective supply.) As remarked above, effective demand is to be
interpreted as the effectuation of notional demand within the organizational environment. On the other hand, it can also be viewed as a form of effective demand, which
is interactive with the valuation as an effective price and effective supply. Thirdly,
it acts as a realization of demand with respect to notional supply. In this case notional supply acts as an aspiration level with respect to effective demand, similar
as valuation acts as an aspiration level with respect to the organization form. (The
aspiration or notional level consists naturally of notional demand, notional supply,
and valuation.) Hence, demand and consumption patterns adapt themselves with
respect to the production and~or provision capacities as available within the pole
of notional supply. Similarly effective supply adapts itself with respect to the consumption capacities as shown in notional demand, i.e., notional demand acts as an
aspiration level with respect to effective supply. An expression to this form of aspiration of the supply side of the economy is given in the development of marketing
as part of management science. Eventually this aspiration is only reached partly in
the resulting equilibrium allocation.
Finally we discuss the object of an abstract commodity construct itself,
namely that of a stable allocation of economic commodities, or simply economác
equilibriurn As can be derived from its central position in Figure A, it is regarded
as the actualisation of the economic situation as a whole as described with use of an
abstract commodity construct. Equilibrium in fact represents the allocation, that
results from the confrontation of notional demand and supply within the organizational environment as represented by the pole "organization". On another level it
is the resulting allocation from the interaction between effective demand, effective
supply, and valuation as an effective price. In fact we argue that equilibrium in this
application of the tripolar model is the object of economic analysis as described in
this model.

As can be deduced from the discussion above we are able to distinguish three spheres
within the whole conception of a commodity construct. The notional sphere is consisting of the three poles, i.e., notional demand, notional supply, and organization.
This sphere consists only of notions, and has to be effectuated to be analysed. The
second sphere is therefore the effective level, consisting of the derived notions of
effective demand, effective supply, and valuation as an expression of an effective
price. Most commodity constructs can be analysed on this level, although models
of core-like concepts are exceptions to this rule.20 The third sphere is that of the
actualisation given by the equilibrium as an allocation. In all models this sphere
20In such a model effective demand and supply cannot be deacribed as mathematical notions. In
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always can be described with the use of certain mathematical notions, and thus can
be analysed. As argued above, the equilibrium is the crux of the commodity construct as a whole. Its analysis is therefore the analysis of the commodity construct
as a whole.
With the use of the three distinguished spheres within the description of a
commodity construct, we are able to introduce a comparative element within our
methodological description. The sophisticatedness of an economy can namely be
expressed with the use of these three spheres. In order to illustrate this we make
use of two examples. We use the modelling of a core-like equilibrium concept as
an example of a primitive economy, while we introduce the model of a Walrasian perfectly competitive - market system as an example of a very sophisticated form
of organization in the economy.
If a commodity construct is described by a model of a core-like equilibrium
concept, such as the Semi-Core, the Contract-Core, or the Bargaining Set, it may
be clear that it expresses a primitive kind of economic situation. The organization
level is in fact low, since the model only deals with the processes of barter itself. The
notional sphere of the model is roughly described by needs for commodities expressed
in preferences over certain commodity spaces, provision through an endowment, and
organization in the form of pure barter within certain formable coalitions of economic
agents. On the effective sphere of the model the description does not gain many
insights. Effective demand, effective supply, and valuation are not expressed as
certain mathematical comprehensible concepts. In fact the notional sphere of the
model condenses immediately into the actual sphere of the equilibrium concept itself.
This is done through the introduction of some notion of blocking or improving upon.
The resulting stable set of allocations are indicated as the equilibrium allocations
within this setting.

From this we deduce that in primitive organizational environments the effective sphere remains primitive also. Effective demand is introduced in a scattered
form, while the valuation remains on a notional sphere. The only objects that can
be analysed are the resulting equilibrium allocations.
In a sophisticated organizational environment, such as a system of perfectly
competitive markets, the effective sphere of the model expresses itself in certain
correspondences which can be analysed quite easily. A sophisticated organization
presents an environment in which the notional sphere can easily be effectuated.
Even the valuation is effectuated into a single objective price, usually indicated as
the equilibrium price. The equilibrium allocation, that results within this setting,
is simply the Walrasian equilibrium allocation belonging to the objective price as
expressed in the notion of valuation in Figure A.

It is clear that the two cases as described roughly in the previous paragraphs
these cases effective aupply, demand, and valuation can only be regarded as implicitly generated
notions. This is contrary to the situation in many models of marketable commodities such as the
Walrasian model of a system of perfectly competitive markets. There effective demand and supply
are certain correspondences, and thus can be analysed thoroughly.
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are two extreme cases in the spectrum of organization forms to regulate pure barter
processes. Notional demand and notional supply remain fixed while the third pole,
i.c. organization, is changed. These examples make clear that organization is the
central feature in contemporary economic modelling and analysis. In a comparison of core-like equilibrium models and Walrasian equilibrium allocations through
equivalence theorems, we in fact compare a primitive organizational environment
with a sophisticated "idealn system of perfectly competitive markets. In Part III of
this monograph we will elaborate this example with the use of a model of a primitive
barter system, described with use of the notions of Semi-Core and Contract-Core,
and its comparison with a system of perfectly competitive markets through some
equivalence theorems.

2.3

Some basic axioms of economic modelling

In the previous section we have considered an economic model as a certain abstract
commodity construct in the sense of the tripolar model. The primitive forces within
this structural approach to an economic model were generated by the poles of the
model, i.c. notional demand, notional supply, and organization. We described the
relations between these primitive notions and some resulting derived concepts such
as the equilibrium of the model. We however did not address any further principles
and heuristics, which we take into account when describing such a structure or
model.
The next step in our analysis therefore has to be a presentation of certain
basic rules, axioms, and heuristics, which are used in the construction of an economic model. These axioms and heuristics, which can be located in the hard core
of the Lakatosian research programme in economic science, are to be valued as natural consequences of the tripolar model as described and developed in the previous
section. This tripolar model forms the foundation of our valuation of an economic
model as a description of a certain abstract commodity construct. Hence, the axioms and heuristics, that structurize the modelling procedure, are to be regarded as
results within the setting of this tripolar model.
The most primitive of these axioms or heuristics is of course the structural
setting of an economic model as described in the previous section. The modelling
of a certain abstract commodity construct is always situated within the setting of
such a structure or scheme. The recognition that a schematic setting as described
in the previous section underlies (micro-) economic analysis, serves as one of the
cornerstones of our methodological remarks as presented in this chapter. Other
axioms and heuristics always have to be considered within the light of this basic
schematic setting.

In this section we mainly focus on some other major axioms and heuristics
in economic theorizing. Without these fundamental assumptions, which are to be
located within the hard core of the Lakatosian research programme in economic
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theory, we are not able to get a full comprehension of contemporary micro-economic
analysis. We note that the overview of these fundamental axioms and heuristics
within the hard core of the research programme is quite different from those as
mentioned by Weintraub (1985) and Rosenberg (1986). There are several reasons
for this difference in description.
Firstly, we think that a proper exhaustive description of the hard core of a
research programme is very problematic. We therefore do not claim that we give an
exhaustive account of all axioms and heuristics in the hard core of the contemporary
research programme of economic analysis. This implies that we do not claim that
certain axioms and heuristics as mentioned by Weintraub (1985) should be excluded
from the list. It is however our purpose to give a complementary account of certain
aspects of economic modelling, which are not mentioned by Weintraub (1985) and
Rosenberg (1986). Otherwise our account can be regarded as an extension of certain
axioms and heuristics in the list of Weintraub (1985), who is somewhat short in his
comments on these basic axioms.
Secondly, as remarked in our description of the contemporary research programme in economic science, we regard the hard core not as hard as certain other
authors. This implies that certain axioms and heuristics can be replaced more easily
by alternatives, which is certainly not the case in the original approach of Lakatos.
Thus, our account of axioms and heuristics in the hard core of the research programme may be different from those other authors, such as Weintraub (1985) and
Rosenberg (1986).
Next we turn to the description and discussion of two fundamental principles in contemporary (micro-) economic analysis. From these principles we derive
some axíoms and heuristics, which can be viewed as natural consequences of these
principles.

2.3.1

The analytic principle

Without reservation we may indicate the analytic principle as the basic axiom of
scientific conduct in general. This principle says that the object of scientific research
has to be fragmented into partial problems, which are then studied - and analysed
- separately, and subsequently put together in a certain global structure such that
the original object or problem can be comprehended through these fragments. In
the sequel we indicate the fragments or partial objects as the atoms in the analysis
of the object, while we refer to the global structure as the aggregator. Thus, the
analytic principle says that one should understand a scientific object through an
aggregation of its atoms.
It is clear that the analytic principle is not only consisting of the fragmentation of an object into (smaller) atoms, but also of the aggregation of these atoms
in order to comprehend the original object. To give an example from economic
theory we refer to the Arrow-Debreu model of a competitive market. The object
of the analysis, i.e., of the model, is the perfectly competitive equilibrium in which
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commodities are valuated at objective or natural prices. Now this object is analysed through the aggregation of atomistic behaviouristic uníts, which are indicated
as economic agents. Every agent is represented by some demand and~or supply
reaction correspondence. Now the analysis is completed by a summation of these
reaction correspondences and arriving at an aggregated market demand and supply
curve. In this context the market itself acts as the aggregator.
In view of the description of the analytic principle as given above, requirements or assumptions with respect to the fragmentation of a certain object into
atoms leads to certain properties of the aggregator. This is a consequence of the
relation between the fragmentation and the aggregation. In certain cases these consequential properties on the aggregator can be viewed as undesirable. As an example
we mention the requirement of Independence of Irrelevant Alternatives (IIA) in social choice theory, which leads to the consequential property that Condorcet profiles
are excluded on the aggregated levelin the analysis. For an elaboration of this
example we refer to Storcken (1989).
We recognize the analytic principle as the most fundamental axiom in scientific research. We however remark that this fundamental axiom has as a consequence
that a relative weakly developed aggregator - in comparison with the development
of the analytic means with respect to the atoms - may lead to a weak or even
unbalanced model of the object of analysis. Similarly relative weakly developed analytic means with respect to the atoms may lead to unbalanced models of the object
of the analysis. It is therefore necessary to achieve a balance between the aggregator
as well as the analytic means with respect to the object of the analysis.

Methodological individualism
In contemporary economic methodology one usually refers to the applied form of
the analytic principle as methodological individualisrn. The economic situation is
described with the use of symmetric and atomistic decision units, indicated as economic agents, which are described with the use of purely individual attributes as
well as certain social characteristics.21 The economic agents are taken to be symmetric, and the notional demand and supply are reduced to the level of that individua]
economic agent. Organization thus reduces to some form of organized interaction
between individual economic agents. We focus on the polar force of organization as
the aggregator in the application of the analytic principle in economic theorizing.
(This is illustrated by the above example of the Walrasian model of a system of
perfectly competitive markets.)
In our opinion the contemporary form of inethodological individualism has
to be valued as an unbalanced application of the analytic principle. As mentioned
before the history of economic analysis, as discussed in e.g. Backhouse (1985) and
Negishi (1989), shows that the development of analytic means with respect to the
2'[n the sequel we elaborate on this point. We refer to this type of description of an economic
agent as the Axiom of Descriptive Modelling. See subsection 2.3.2.

50

individual behaviour of an economic agent is very well developed. In the 19th century
economists have developed analytic means to describe the behaviour of consumers
as well as producers. Specifically the development of a subjective valuation theory
based on the agent's preferences is a very strong analytic instrument in the modelling
of a commodity construct. On the other hand we remark that the aggregator is
much weaker developed in this traditional form of inethodological individualism.
The problem of aggregation is less developed and not yet solved satisfactory. In the
sequel we focus on this specific problem from the viewpoint of the tripolar framework
as well as the analytic principle.
Before we go into detail on the aggregation problem with respect to the
application of the analytic principle in economic theory, we focus on the atoms in
the scientific analysis of (micro-) economic situations. An economic agent is formally
introduced as a decision unit within the model as a description of a certain abstract
commodity construct, which is constructed from two essential features:
A Decision Rule This is an external axiom, that gives a description of the rationality within the model as a whole, given in the global setting of the three
poles in the description of the commodity construct, i.e., notional demand,
notional supply, and especially organization. We note that this external axiom is in fact a localization of the abstract commodity construct. Thus, in a
certain sense it describes the "rules of the game".
A Choice Space This is a set of strategies from which the economic agent may
choose as a decision unit within the economic situation to be described. This
choice space is usually endogeneously given through the organization of the
economic decision and trading processes, i.e., the "rules of the game".
In our setting an economic agent is not only described by individual characteristics,
but especially defined within the setting of the economic situation, given by the
commodity construct as a whole. The agent's decision rule and choice space are
also determined by that setting, i.e., the social configuration of the economy. As
an example we mention the model of a core-like concept. In its description we
specifically included the possibility that certain groups of economic agents cannot
act as blocking coalitions.

Closely related to our description of inethodological individualism as an application of the analytic principle is the axiom of rational behaviour. This fundamental
axiom also has to be described in the setting of the analytic principle and in a certain
sense describes the aggregation problem in methodological individualism.
The axiom of rational behaviour

This axiom in the hard core of the contemporary ( neo-Walrasian) research programme in economics has to be valued as a consequence and specification of the
analytic principle. As mentioned above an economic agent is roughly consisting of
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a decision rule and a choice set. We also mentioned that the decision rule was given
by some external assumption. The axiom of rational behaviour is dealing with this
externally given decision rule. It says that the decision rule of an economic agent,
within the setting of the model, has to lead to a certain coherent behaviour within
the model. This implies that the decision rule of an economic agent has to be a
refiection of the aggregator in the model, which is identified as the polar force of
organization.
The axiom of rational behaviour thus implies that the economic model describes a certain form of behaviour in the setting of the commodity construct as
spanned by the three poles of notional demand, notional supply, and organization.
The (individual) economic agent thus acts according to some decision rule which is
consistent with the setting of the commodity construct, and which expresses a certain rationality in the given situation as a whole. Hence, we conclude that this axiom
implies that behaviour gets a global character in the sense that it is an expression
of a rational consensus within the reality of the model.
To illustrate the axiom of rational behaviour we return to the pure exchange
model with a system of perfectly competitive markets as given by the Walrasian
equilibrium concept. There the decision rule of the agents on the market is that
the agent acts as a price taker, given the endowment, and that the agent takes the
maximal bundle of commodities which he or she can afford, given the prices and the
agent's endowment. This is precisely the expression of a rational consensus in the
model as a whole. The price as occurring on the market is taken to be "objective",
and thus the agents take it as given. The objective price is therefore the focus point
of the aggregator in the economic analysis, which in this case is the market itself.
Hence, price taking behaviour is a reflection of the aggregator in the model. This
behaviouristic rule is combined with the notional demand as expressed in the needs
of the agent, i.e., the agent's preference relation on a certain choice set, and the
notional supply as given by the endowment. The resulting decision rule is simply
the optimization of the preference relation given the objective prices on the markets
and the agent's endowment.
The example above also makes clear that the decision rule attributed to an
agent is an external rule expressing some rational consensus that is part of the commodity construct, more specifically the aggregator. If one replaces the system of
perfectly competitive markets by some system of oligopolistic markets, then the decision rule is changed drastically. The rational consensus is also changed drastically,
since the organizational environment has a completely different character than in
the case of a system of perfectly competitive markets. This illustrates that the axiom of rational behaviour is indeed part of the hard core of the scientific research
program in economics.

It is the purpose of this monograph to strengthen the aggregator in comparison to
the application of the analytic principle in contemporary (neo-Walrasian) economic
theory. In order to achieve this goal we remark that the aggregator has to be
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reflected in the atom. Thus certain properties on the level of the atoms have to
reflect properties of the aggregator. As an example we refer to the decision rule of
an economic agent, which in fact can be valued as a reflection of the "rules of the
game„, i.e., it can be seen as part of the description of the aggregator in the economic
model. This makes clear that in a certain sense the decision rule of an individual
agent is a reflection of the aggregator in the model. As argued above the reflection
of the aggregator has to be strengthened, and thus besides the decision rule also
other properties of an economic agent have to be reflections of the aggregator in the
model.
In this monograph this is done through the introduction of social characteristics into the description of an economic agent. These social characteristics have
a global character and thus are to be valuated as (partial) reflections of the aggregating structure in the model as a whole. Next we deal with the introduction of
these social characteristics in more detail by focussing on the second main principle
or axiom, which is relevant in economic theorizing.

2.3.2

The comparability principle

As described in the previous subsection we view an object of scientific analysis as
an aggregation of its atoms. Each atom is analysed separately and the object as a
whole is then understood by the aggregation of its atoms. Furthermore, as described
in the previous sections, in economics the object is analysed in the setting of a tripolar framework in which the object is spanned by three polar forces namely notional
demand, notional supply, and organization. Combining these two fundamental principles of economic analysis we arrive at the conclusion that the two centrifugal poles
have to be atomized with use of the notion of an economic agent, and that the
centripedal polar force of organization acts as an aggregator.
The summary as given in the previous paragraph makes clear that implicitly
we already have introduced another fundamental principle, which we indicate as
the comparability principle. This principle states that the three polar forces in the
tripolar model can indeed be expressed in analysable concepts and that we are able
to compare these concepts. The expression of these polar forces is done through
a physical sediment or carrier, which we indicate as the notion of an economic
commodity belonging to the abstract commodity construct. So a commodity is not
simply determined by this (physical) carrier or sediment, but by the polar forces
which are working on this carrier. To illustrate this we note that a certain physical
entity is only an economic commodity if it is notionally demanded, i.e., it is part of
preference relations of economic agents, it can in principle be supplied, and finally
there exists an organizational environment in which demand and supply can meet.
Without one of these three fundamental forces upon that carrier, this entity cannot
be identified as an economic commodity: The commodity construct determines its
carriers, and not the other way round.

On another level we note that the comparability principle is valid with respect
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to the reflection of the aggregator into the atoms as described in the subsectíon on the
analytic principle. Thus the atoms in the scientific analysis have to be comparable
and have to express in a certain sense the aggregator.
In economic science the two appearences of the comparability principle are
closely related. The three polar forces in the tripolar setting are expressed with
the use of commodities, but otherwise are also expressed through economic agents.
This implies that not only economic agents as atoms have to be comparable within
the organization as the aggregator, but also the economic commodities. These commodities are carriers of the three polar forces in the commodity construct, and hence
they also are carrying certain aspects of the organizational environment within the
model. As an example we mention the Arrow-Debreu model of a Walrasian equilibrium in a system of perfectly competitive markets. In that model commodities
are assumed to be marketable. Thus, through the market - as the organizational
environment - these commodities are comparable with each other. This implies that
the commodities have to be distinguishable and measurable within the setting of the
market.
As argued above the comparability principle also expresses the implicit assumption in the tripolar model that one is indeed able to effectuate the three poles
in effective demand, effective suplly, and some effective price. Such an effectuation
also involves a comparison of these notional polar forces in a certain organizational
environment, and thus a reduction of these notions to measurable effects, and entities. As mentioned before the effective concepts are indeed mostly measurable. As
an exception to this rule we mentioned the economic models of pure barter processes
with the use of core-like equilibrium concepts.

Next we discuss two consequential axioms of the comparability principle in
the hard core of the research programme in economic science. The first one is the
measurability assumption, which deals with the expression of the three polar forces
in certain sediments, indicated as economic commodities. Secondly, we focus on
the axiom of descriptive modelling, which mainly deals with the expression of the
three polar forces in the atoms of the model, namely the economic agents. In both
cases the underlying principle is that the three polar forces in the tripolar framework
can be effectuated on an analysable level. Either in measurable units of economic
commodities or in analysable concepts to be attributed to the economic agents.
The measurability assumption
The measurability assumption states that an economic commodity, which is the
sediment or carrier of an abstract commodity construct, i.e., the economic model
as a whole, has to be analysable. This implies that economic commodities have
to be distínguishable one from another, and furthermore be measurable according
certain dimensions with respect to the organization as the centripedal polar force
in the tripolar framework. As an illustration of thís important assumption and its
consequences we focus on a service. Such a service itself can indeed be distinguished
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from other economic commodities, but otherwise it cannot be measured directly.
We have to choose certain dimensions which are measurable in some units such as
hours of labour involved in the production of the service.
One of the major consequences of the measurability assumption is that economic commodities indeed become distinguishable as well as comparable by certain
measurable dimensions. This shows that the measurability assumption is a specification of the more general axiom of comparability. Again we remark that the
organizational environment of the economic commodities is important with respect
to their measurability. This is illustrated by noting that on markets only well measurable economic commodities are traded. Commodities which are not well measurable are mostly "unique" in some sense, and thus are traded within an appropriate
organizational environment such as an auction. As an example of such less wPll
measurable commodities we mention paintings.
Another major consequence of the measurability assumption is that the commodity construct is expressed in physical entities as reflections of certain (economic)
properties, such that these bearers can be modelled with the use of some mathematically well defined space. Mostly this mathematical space is denoted as the
com~aodity space. Usually this space is taken to be some Euclidean space, but for
certain commodity constructs general Riesz spaces can be more appropriate. The
precise mathematical representation of these commodities depends on several other
assumptions with respect to the commodity construct. Addional properties such
as divisibility of the commodities, and the finiteness of the variety of commodities
lead to comprehensible mathematical constructions. These additional requirernents
are again closely related to the organizational environment. The additional assrimptions are mostly details in the procedure of modelling a certain abstract commodity
construct. Their precise content therefore depends heavily upon the commodity
construct at hand as well as the "art" of the modeller.
We emphasize that the measurability assumption, and certain additional assumptions with respect to commodities such as divisibility, are a reflection of a
capitalistic point of view. A capitalistic economy is namely essentially based upon
the private ownership of economic commodities. (Even so called public goods are
essentially consumed as were they a private commodity.) This basic principle is reflected in the commodity construct at hand, and thus in the axioms with respect to
economic modelling. In our opinion the measurability axiom is the basic expression
of the private ownership of economic commodities. In contrast we mention that
in more primitive cultures commodities may be owned and consumed collectively,
which leads to another conception of the notion of a commodity.

The axiom of descriptive modelling
In our description and discussion of the analytic principle we introduced the notion
of an economic agent as the basic particle in the modelling of abstract commodity
constructs. An economic agent is a decision unit, which is roughly consisting of a
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decision rule and a choice space. We however did not go into detail on the problems
with respect to the description of these two basic concepts. The axiom of descriptive
modelling now states that an economic agent can be described exhaustively by determining certain relevant characteristics with respect to which the agent's decision
behaviour can be related. This implies that the commodity construct as a whole
can be described with the use of certain characteristics to be assigned to the agents
in the model.
The description of the decision rule and the choice space of an economic agent
in such a model is thus done with the use of certain well chosen characteristics. The
choice of the relevant characteristics depends heavily upon the abstract commodity
construct as described in the model. In the light of the analytic principle the axiom
of descriptive modelling has to be valuated as the principle, which requires that the
atoms must be described with use of certain characteristics or attributes. These
characteristics have to reflect the aggregator in the sense as described in subsection
2.3.1. There it was argued that the reflection of the aggregator in the atoms is essential with respect to the balancedness of the aggregator and the atoms. In economics
this means that the organizational environment is reflected in the description of an
economic agent. This will be elaborated in the sequel.
We essentially distinguish two categories of characteristics, which can be used
in the description of economic agents. We indicate these two categories as the
category of positional characteristics and the category of relational characteristics.
We describe these categories as follows.

Positional characteristics
This collection of characteristics is containing the individualizable or static
characteristics, which are usually used in economic modelling. As mentioned
before the contemporary conception of inethodological individualism is in fact
based upon this category of characteristics in the sense that one describes economic agents with the use of this category of characteristics only. Examples
of positional characteristics are well known variables such as preference relations on certain commodity spaces, endowments, production sets, and other
individual capacities such as strategy spaces. We emphasize that positional
characteristics can nearly always be reduced to the individual economic agent.
Usually positional characteristics are also indicated as individual characteristics, although this indication may be less precise.

Relational characteristics
This category of characteristics consists of those characteristics, which only
have an economic meaning for a certain agent in relation with at least one
other economic agent. These characteristics therefore have a major influence
on the organizational environment of the agent. We emphasize that this category of characteristics is essentially reflecting the organizational environment
at the level of the single economic agent. It is precisely this collection of relational characteristics that is excluded from the description of economic agents
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in traditional methodological individualism.
Examples of relational characteristics are potential trade relations of a certain
economic agent with other agents in the economy, memberships of formable
coalitions, and the social position of a certain economic agent with respect to
other agents in the economy. An application of this last example is given in
the well known Stackelberg model of a duopoly. In this model the two producers may have the same positional characteristics, but differ in the fact that
one is a leader with respect to the other. This is therefore a crucial relational
characteristic, which has enormous influence on the description of the decision
rules of the agents in that model.
Since relational characteristics are only relevant in the setting of certain social
configurations of agents, we usually will indicate those characteristics as social.
Again this is a less precise indication, but within the context of the models to
be discussed in this monograph the meaning is clear.
Finally we emphasize that the explicit introduction of relational characteristics
in the description of an abstract commodity construct makes the discussion
on methodological individualism obsolete. This category of characteristics relates economic agents with each other, and thus introduces certain forms of
social asymmetries between the agents in the economy. Since this feature is
excluded in traditional methodological individualism, it cannot be captured
by the methodological discussion with respect to this aspect of economic modelling.
From another point of view we may indicate positional characteristics as particular
or private, while relational characteristics are viewed upon as global. This is clarified
in the application of the axiom of descriptive modelling in certain models as discussed in this monograph. In all these models we refer to the specific introduction
of relational characteristics in the description of economic agents with the notion of
socially structured economy. Together with the description of economic agents with
the use of positional or particular characteristics, these agents are placed within a
global structured environment, that forms an expression of the relational characteristics attributed to the collection of economic agents as a whole. We illustrate this
kind of application of the axiom of descriptive modelling with a global description
of the two main models as analysed in this monograph.
In Part II of this monograph we discuss a model in which economic agents
are described with the usual individual or positional characteristics and a specific
collection of relational characteristics, that gives an expression to the possibilities
to communicate with other agents in the economy. In this model the relational
characteristics of the agents are constructed as relations between agents. A relation
is expressing the possibility to communicate for the economic agents involved in
this relation. We emphasize that the introduction of this type of relational characteristics into the description of the agents involves a structure of relations - or a
pattern of communication potentials - between agents, and thus the introduction of
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a global setting in which all these agents take their decisions. Thus, the relational
characteristics are expressing a definite global feature within which the agents make
their choices.
Large portions of the work as presented in Part II of this monograph is therefore dealing with the analysis of the influences of these relational characteristics in
the construction of the decision rules of the economic agents in the model. Our main
conclusion is that the introduction of relational characteristics of this kind involve
the acceptance of a hierarchical structure within the economy or the market. This
hierarchical structure has clearly to be incorporated into the decision rules of the
economic agents. This feature is opposite the application of a purely methodological
individualistic approach to economic modelling. There the agents are assumed to
be essentially symmetric with respect to their relational characteristics. With the
explicit introduction of relevant relational characteristics into the description of an
economic agent this symmetry cannot longer be uphold.
A more indirect introduction of relational characteristics into the description
of economic agents is given in Part III of this monograph. There we analyse a
model of pure barter processes without explicit pricing as described by certain corelike equilibrium concepts. The basic assumption of this kind of models is that
barter takes place within certain groups of agents, or coalitions. It is logical to
introduce membership of these groups as a relevant characteristic into the description
of the economic agents. Membership has however to be identified as a relational
characteristic, rather than as a positional characteristic. Namely it involves other
economic agents as well to be member of a certain group, i.e., membership is a
relational feature, that results into a global structure within the economy. This
global structure can explicitly be given by the collection of all groups of economic
agents, that can take part in the barter processes in the economy.
The resulting global structure of coalitions in the economy has major consequences in the analysis of the constructed equilibrium concept. All conditions
that result from this analysis can be related or expressed with respect to this global
coalitional structure. This is contrary to the contemporary practice in economic
modelling with positional characteristics in the description of the economic agents
only. There all resulting conditions are valuated on the (local) level of the individual
economic agent, which seems a natural consequence of inethodological individualism,
but which has to be refuted as such. The introduction of relational characteristics
into the description of economic agents does however involve the valuation of certain
features, which result from the analysis of the model, on the (global) level of the
structured collection of agents as a whole.

Thus we may conclude that by the weakening of the axiom of descriptive
modelling, i.e., by allowing the use of positional as well as relational characteristics
in the description of economic agents rather than positional characteristics only, is a
generalization of certain axioms and heuristics in the hard core of the contemporary
neo-Walrasian research programme in economics. This weakening of the axiom also
involves the break down of inethodological individualism as a single hard core axiom
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or heuristic into several weaker, more global, axioms such as the analytic principle
and the comparability principle. This also illustrates that the change of a single
axiom in the hard core of a scientific research programme has to be followed by a
total re-valuation of the hard core of the research programme as a whole. Here the
heuristic of inethodological individualism is reconsidered - and rejected - through
the weakening of another axiom in the hard core of the research programme.
We have discussed two fundamental principles and four derived axioms and heuristics in the hard core of the contemporary scientific research programme in economics.
Together they form a sufficient description of this hard core. The axioms and heuristics we did not mention may implicitly be expressed by these discussed fundamental
axioms. As mentioned before the axioms are slight variations of the main axioms
and heuristics in the neo-Walrasian research programme in economics. In particular
the introduction of relational characteristics in the axiom of descriptive modelling
and the weakening of the analytic principle, compared to traditional methodological
individualistic considerations, indicate that the analysis in this monograph should
be understood under a different regime than is the case with contemporary economic
theory.

2.4

Some comparisons with the neo-Walrasian
paradigm

As described by Weintraub (1985), the contemporary research programme in economic science is based on the Arrow-Debreu model of a general equilibrium in a
system of perfectly competitive markets. According to Weintraub (1985) thís model
together with some other axioms and heuristics, which are consistent with its structure, forms the hard core of this neo-Walrasian research progmmme in economics.
This is also the point of view of Rosenberg (1986), Hahn (1973), and Desai (1986).
The last author formulates the hard core of the contemporary research programme
in economic science as follows:
"The autonomy and the primacy of civil society - the theorem of the
Invisible Hand - forms of course the heart of economics. Successive generations have stripped off from Smith's original proposition all the historical and social connotations and refined and generalized their proofs.
Starting with Ricardo, through Walras to the present-day Arrow-Debreu
economy, the equilibrium of the private economy without any outside interference is a jewel in the crown of economics, or some might say the
most elegant empty box ever devised." [Desai (1986), p. 4]

This leads to the conclusion that the contemporary research programme is built
up as a hard core, consisting of some axioms and heuristics based on the ArrowDebreu framework, and a protective belt of theories, which are based on the rules
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as contained in the hard core, and which are defending the research programme
as a whole from threatening anomalies. One of the most striking heuristics in this
neo-Walrasian research programme is that some equilibrium concept stands at the
focus point of every model and of any paper dealing with a model. Most models
are just derived from the basic Arrow-Debreu model, as discussed in Hahn (1973),
and thus deal with modifications of a certain general equilibrium concept or some
partial equilibrium concept, which can be placed within the context of a general
equilibrium model.
In the previous sections we have mainly dealt with a modification of the
methodological framework of Lakatos, which is based on a weakened form of Popper's
falsificationism. We follow the princip]e that the hard core of a research programme
in economics is subject to a continuous process of changes. Hence, our approach
is contrasting the well established methodology as described above, in which the
hard core is taken as a non-changing collectíon of axioms and heuristics. From our
approach we derive a description of economic modelling with the use of the tripolar
model. The next step is to compare this approach with the axioms and heuristics as
accepted in the neo-Walrasian research programme in economics. We test these well
accepted axioms and heuristics, as based on the Arrow-Debreu framework, with the
axioms and heuristics as developed within the framework of the adapted hard core,
which is based on our tripolar approach to economic modelling.
In comparing the axioms and heuristics in the hard cores of the two (slightly)
different research programmes, we in fact compare the two research programmes as
a whole. As defended in the previous sections of this chapter, our research programme comes forth from a slight modification of the axioms and heuristics in the
hard core of the contemporary neo-Walrasian research programme. In particular
we reconsider the heuristic, that is usually indicated as "methodological individualismn. It prescribes that an economic agent only has to be described with the use of
positional - or individual - characteristics. We explicitly accept positional as well
as relational characteristics into the description of an economic agent. This modification, together with the tripolar approach to economic modelling, form the basis of
the next discussion of the main differences between the contemporary neo-Walrasian
research programme in economics and the one as proposed in this chapter.

We present the remarks we make with respect to the heuristics and axioms of the
contemporary neo-Walrasian research programme in the following list.
1. The first major difference between our approach and that of the neo-Walrasian
research programme is that a model, which is based on the Arrow-Debreu
framework, is a description of a market rather than a description of a certain
commodity construct. This is closely related to methodological individualism, since the theory deals with the description of the economic behaviour
of individual agents in the setting of a market or a system of markets. The
standard case is the ideal situation of a perfectly competitive market, which is
described with the use of a behaviourial assumption, e.g. the assumption that
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price taking behaviour describes the decision rule of an economic agent. ln our
tripolar description of economic modelling the decision rule of the economic
agent has to be consistent with the commodity construct as a whole. Hence, it
is not consistent with the organizational environment only. (This is precisely
required by the axiom of rational behaviour.)
2. This brings us to a reconsideration of the commodity concept as used in the
Arrow-Debreu framework. In a neo-Walrasian model or theory commodities do
not play a central role in the process of economic modelling, but on the other
hand the chosen concept of an economic commodity forms the justification of
the neo-Walrasian research programme. To be able to discuss this important
point we give the description of the concept of an economic commodity as e.g.
given by Hahn (1973).

"Goods are distinguished one from the other by their physical property, by their location in space and in time, and by the state of the
world.n (Hahn (1973), p.6]
Economic commodities are thus based on a purely quantitative approach to
empiricism. Any model, which is based on this notion of economic commodity,
is therefore empirically founded, and thus has its roots in the account of scientific conduct as described Popperian falsificationism. Besides these basic consequences of this empirical notion of economic commodity, the Arrow-Debreu
model itself has the pretence to give a description of all economic trading
processes, that take place in the present and the future in the setting of a
system of perfectly competitive markets. Time is however not an explicit part
of the model, but rather an implicit consequence of adopting the notion of an
economic model as described above. The model itself is still a static model,
which from a theoretical point of view is very unsatisfying in the light of the
commodity notion as described above.
Without the notion of an economic commodity as given above, the ArrowDebreu framework, which roughly gives a description of all economic activities
based on a quantitatively empirical point of view, cannot longer be accepted as
the central model in the hard core of the neo-Walrasian research programme.
In principle the Arrow-Debreu model is accepted as a quantitatively testable
model, which property is a necessity in the light of Popper's falsificationism.
If we however depart from the tripolar description of economic modelling, we
arrive at the conclusion that the Arrow-Debreu model does not give a full account of all properties of the commodity concept as described above.22 Besides
these points we mention that a commodity in the tripolar framework is considered to be the physical sediment or carrier of the commodity construct. Thus,
22As mentioned above, time is not explicitly taken into account in the Arrow-Debreu framework.
The same can be said with respect to location, and the state of the world. All three of these aspects
should be modelled explicitly, rather than to be discharged in an implicit way.
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a commodity as a physical entity cannot bear more properties than described
by the commodity construct.

This leads to a revaluation of the commodity concept in the setting of the
Arrow-Debreu model as a physical entity, that only has the properties to be
part of preference relations of economic agents, and to be subject of certain
trading processes within organizational environments as described by the system of perfectly competitive markets. Therefore we arrive at a very abstract
notion of economic commodity, wíthout an explicit quantitatively oriented empirical foundation. That is, an economic commodity is explicitly regarded as
some physical entity having exactly the economic properties, that are explicitly described by the model, i.e., the properties of the commodity construct.
The Arrow-Debreu model therefore turns out to be only testable in the qualitative sense as described in the previous sections, and therefore not in the
quantitative sense as believed by many economists.
3. As mentioned previously, the notion of an equilibrium is central in the process
of economic modelling in the neo-Walrasian framework. The model is just
a description of a certain equilibrium concept, which is based on behaviour
of economic agents in a certain organizationa] environment. In the tripolar
approach, the notion of equilibrium is emphasized to be an actualisation of the
whole construction as spanned by the three poles of notional demand, notional
supply, and organization. Thus the equilibrium allocation itself is not subject
to the process of economic modelling, but is rather a consequence, i.e., an
actualisation of the two basic forces of demand and supply in an organizational
environment. The equilibrium therefore should be consistent with respect to
the description of the three poles, which span the commodity construct. We
already denoted this aspect as economic consistency of the theory.
4. The Arrow-Debreu model is based upon a purely quantitative foundation of
falsificationism. The research programme is protected against quantitative
anomalies, but qualitative considerations are not taken into account with respect to the valuation of the practice in neo-Walrasian modelling. One of the
consequences from this approach is that one does not defend models or theories
as abstract descriptions of real life phenomena, but rather considers aspects,
not being modelled explicitly in the theory, to be part of that theory in an
implicit way. As mentioned above one of the forms to do that is by defining an
economic commodity in a very detailed way, without taking into account these
details in the model - or the equilibrium concept - itself. Another example
of this form of defending a theory against quantitatively based objections, is
described by Hahn (1973), pp. 15 - 16:
"An Arrow-Debreu equilibrium can be interpreted as a state of affairs where (aJ all actions are decided upon at only one instant of
time and (b) actions always contain contingent elements. The latter
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follows from including the state of nature in a definition of goods
and representing actions in the space of all goods. However this
interpretation if it to make sense requires there to be markets in all
goods and so a large number of contingent future markets. We have
an empirical confrontation since we know that these markets are in
fact very scarce. We also have a theoretical confrontation. (.. .)
So we are in the following position. We can use the Arrow-Debreu
equilibrium in a very effective and empirical fashion. We can easily
refute propositions such as those on exhaustible resources which I
have already referred to. Moreover, one can locate precisely where
the argument gces wrong. On the other hand we have now yet
another reason why this equilibrium cannot be claimed to describe
properties of all potential terminating point of any actual process."

The quotation illustrates the heuristic in the neo-Walrasian research programme that theories are considered to be yartial descriptions of real life
economic phenomena, rather than abstractions of reality. If that is possible, phenomena, that are not explicit part of the model or theory, have to be
taken into account through the interpretation of the model, i.e., the notions
as used in the model are interpreted as widely as possible. From the tripolar
point of view this conduct is rejected in the sense that phenomena, which are
not described by a theory, have to be absorped through a change of the model
itself, rather than through an adaption in the interpretation of the model.
5. The neo-Walrasian research programme in economics is centered completely
around the modelling of economic phenomena with the use of some market
form. All reasonings are taking place within the setting of some kind of market form. As consequences of this basic heuristic we already referred to the
central position of the notion of equilibrium in the modelling processes, and
the practice that only results which are related to some equilibrium concept
are worthwhile.
In our tripolar approach to economic modelling we shifted the purpose of the
analysis from the equilibrium concept to the model as an abstract commodity construct. The main consequence of this conduct is that markets are no
longer a necessity, but that other organizational environments are also to be
considered in economic theory. The main purpose of economic modelling now
becomes the description and incorporation of the three poles of notional demand, notional supply, and organization into a consistent whole, which actualizes into a certain equilibrium concept. Furthermore, the equilibrium concept
is emphasized to have a consequential character in the sense that it follows in
a natural way from a consistent description of the three spanning poles within
the commodity construct.

This brings us to some considerations on economic consistency with respect
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to economic modelling from the tripolar point of view. In our view economic
modelling is a delicate balance in the description of the three poles, that span
an abstract commodity construct. Hence, the equilibrium concept is the result
of a carefully and economically consistent construction, which as a whole gives
an abstract account of certain real life economic phenomena. In this account
the role of "organizationn is emphasized. In our view it should form the central
issue of contemporary economic modelling.23 This leads to the consideration
that economic modelling specifically has to deal with the development of comparisons between several organizational environments. Thus, the modelling
of organization as the centripedal pole of the commodity construct has to be
taken as the central issue within the development of economic theory. This is
contrary to the contemporary practice in economics, which declares the development of the equilibrium concept itself as its main goal.
In short we emphasize that organization matters in the sense that it has to
become the focus point of economic modelling. In coherence with the analytic principle and the axiom of descriptive modelling we may state that we
therefore have to model with the use of relational as well as positional characteristics. The introduction of relational characteristics into the description
of economic agents namely strengthens the pole of organization as the aggregator with respect to the agents as atoms. This shows that the description
of the social structure in the economy must take an important place in the
development of economic theory.
6. In many instances it becomes clear that general equilibrium theory is alienated from many modern theories, that are to be located outside the hard core
of the neo-Walrasian research programme. As examples of these theories we
mention the large amount of game theoretic models, that are describing partial
equilibria and are mostly presented under the heading of industrial organization. The foundations as defended in the Arrow-Debreu framework are not
explicitly taken into account withín these game theoretic models and theories.
In particular we refer to the quantitative empirism that underlies the ArrowDebreu model, but that is not taken into account explicitly into the models in
the theory of industrial organization.

This example illustrates our conclusion that in a certain sense the ArrowDebreu hard core of the neo-Walrasian research programme is not compatible
with the practice of theoretical development in contemporary economics. A
new foundation to these developments in economic modelling should be wel23Note that the development of the theory of value as has taken place in the 19th century and
the first half of this century, within our framework can be identified as the development of proper
descriptions of notional demand and notional supply. As a reault of this diacussion we now may
consider utilitistic consumption theory and production theory as the cornerstones in the description
of these two poles of the commodity construct. A similar development has still to take place with
respect of the third (binding) force within our framework, namely that of organization.
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come. It is clear that such a foundation has to deal with the practice of
economic modelling, rather than to be led by some normative methodological
account such as Popper's falsificationism. On the other hand it has to fill in
the gaps between the contemporary practice in economic modelling and the
quantitative testing of theories.
Finally we return to our opening remarks with respect to the mathematical and
economical consistency of a theory. There we emphasized that an economic model
not only has to be a mathematically consistent construction, as is described by e.g.
Debreu (1959), but also has to fulfil some requirements with respect to its consistency
from an economic point of view. With the use of the concepts as developed in this
chapter we can sharpen these economic consistency requirements.
As resulting from the tripolar approach to economic modelling we conclude
an
economic theory is spanned by three poles. The model as a whole actualizes
that
itself into a certain equilibrium concept. Now economic consistency can argued to
be that the concepts as used in the description of the three poles, that span the
commodity construct, form a delicate balance such that the commodity construct
as a whole can be viewed as an unequivocal logical construction.
With respect to the criticism as mentioned above we may state that the
Arrow-Debreu model is economically inconsistent. The physical bearers or carriers
of the commodity construct, i.e., the goods that are traded on the markets, are
considered to have extremely detailed properties, depending upon location, time,
physical properties, and state of the world. This is however economically illogical
with respect to the place of these commodities in the commodity construct, i.e., the
model as a whole. There these detailed properties are not taken into consideration
and are not explicitly taken into account into the description of the three spanning
poles of the commodity construct. This is illustrated by referring to the theory of
incomplete market structures or missing markets. The foundation of this theory is
described as follows.
"In the Arrow-Debreu theory of general equilibrium, it is assumed
that markets exist for current goods and also for goods to be delivered
at future dates and in uncertain events. Under this assumption, and if
economic agents face no transaction costs, all economic decisions will be
made at one time and markets will open only once.

In the real world, however, we observe that few markets for contigent future goods exist at any one time, and that markets reopen many
times.n [Hart (1975), p. 418.]
This illustrates that one implicitly recognizes that there is a major discrepancy between the detailedness of the notion of an economic commodity and the rather global
description of a market organization. Hence, we have an economic inconsistency between the notion of an economic commodity and the description of the commodity
construct within the Arrow-Debreu model of a Walrasian general equilibrium.
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In order to make the Walrasian general equilibrium model economically consistent again we have to discard the detailed properties and stick to the interpretation
of commodities as abstract bearers of the properties as explicitly resulting from the
commodity construct as a whole. These properties are only the marketability of the
commodities, the distinction of one commodity from the other24, the need of these
commodities as expressed in the preferences of the agents in the economy, and the
measurability and divisibility of these commodities.

24In the Arrow-Debreu model one considers a finite number of commodities. These can obviously
be distinguished írom one another. This distinction is also made plausible in the assumption that
commodities are preferred or producable by agents. Note that "distinction" is much more weaker
an assumption than the assumption that a commodity bears certain physical properties. These
properties are not explicitly taken into account in the model.
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Part II
The Relational Approach
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Chapter 3
Relationally Structured
Economies
In the first part of this monograph we have discussed the foundations and the
methodology in contemporary economic analysis. Our main purpose was to give
a reconfiguration of the hard core of the neo-Walrasian research programme in economics. The description of this reconfiguration largely consisted of an application
of the tripolar model on the design of an economic model. With this method we
have introduced certain fundamental axioms and heuristics, that are to be located
in the hard core of the reconfiguration of the neo-Walrasian research programme.
One of the reconsidered axioms in the hard core of the neo-Walrasian research programme is the Aaiom of Descriptive Modelling. It states that economic
agents have to be described by certain well chosen characteristics or attributes. We
consider two separate classes of attributes, namely positional and relationalcharacteristics. In this monograph our purpose is mainly to analyse some consequences of
the introduction of relational characteristics into the description of economic agents
and thus into economic analysis.
In this part we consider a specific introduction of relational characteristics
into the description of economic agents, that leads to models of so-called relationally
structured econo~nies. In these type of economies the introduction of relational
characteristics is done through the construction of a social structure on the collection
of all agents in the economy. Such a social structure is assumed to be consisting
of direct (economic) relations between some, but not necessarily all, agents in the
economy. A direct relation between two agents in the economy is expressing the
possibility of these agents to communicate directly with each other and to take
joint actions such as exchange, cooperative behaviour, and joining some coalition.
This implies that such a relationship only is activated in an economíc sense if the
two participating agents are gaining by the activation of their relationship. This
underlines the valuation of such a relationship as a"potentialn or "capacity" of
these agents.

The collection of all potential economic relationships between the agents in
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the economy establishes a certain social structure within the collection of agents.
We emphasize that certain agents in the economy are not able to communicate
with each other directly. The impossibility of certain agents to be able to activate a
direct economic relationship between themselves, is the source of asymmetries in the
social positions of the agents. In this second part of the monograph we analyse some
consequences of these social asymmmetries, that are resulting from the introduction
of relationships between economic agents in the model.
In this chapter we construct a model of a relationally structured economy.
The fundamental assumption of this model is that we treat the (potential) economic relationships between agents deterministically. The literature also discusses
certain models of communication structures in which the use of these relations is
random. In case the structure of all potential relations is complete, i.e., every pair
of economic agents is able to activate a direct relationship, Greenberg and Weber
(1983) and Kirman, Oddou, and Weber (1986) give an analysis of the core as an
equilibrium concept in this kind of economies. The decision to activate a relation is
however taken to be random. The resulting (random) social structures are analysed
in Kirman (1983) and Ioannides (1988).
The basic assumption that the use of potential economic relations between
agents is random or probabilistic, is rejected by us. We think that this assumption is
in fact contradicting the Axiom of Rational Behaviour as discussed in the previous
chapter. Rationality of the economic agents asserts that they should rationally
choose their actions, i.e., according to some well described decision rule. We think
that the activation of a certain possibility to communicate or trade with another
agent in the economy should also be subject to such a rational decision process.
Hence, there cannot be randomness in the social structure of the economy, unless it
results from other sources than randomness in the decision taking processes of the
agents in the economy as explicitly mentioned in Greenberg and Weber (1983), and
Kirman et al. (1986).
The literature on the analysis of communication structures and relationally
structured economies in deterministic sense is very scarce. A seminal contribution
was given by Kalai et al. (1978 and 1979). They analyzed the core of a three person
game, consisting of one middleman and two pendant agents. In a comparative
static analysis it was shown that the middleman does not gain by his or her position
as an intermediair person. Another contribution was made by Allen (1982), who
applied a determinístic relational structure for the analysis of accepting innovations
by producers. She assumed that the acceptance of innovations is only influenced by
the actions and choices of the neighbouring producers in the relational structure.'
This chapter is trying to sketch another method of modelling a relationally
structured economy. The foundations of this method of modelling are given in
the main references of this chapter, namely Gilles and Ruys (1988) and Gilles,
'This implicitly involves the application of the ln2erdependency Principle as developed in Section
2 of this chapter.
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Ruys, and Shou Jilin (1989b). The first two sections of this chapter introduce
the two main principles of our method. The Separation Principle separates the
social characteristics from the individualized attributes, while the Interdependency
Principle intertwines these two spheres again. In the third section we formulate a
proper model of a relationally structured economy, based on these principles. The
last two sections are devoted to the construction and discussion of some examples.

3.1

The separation principle

In this section we develop a model of a relationally structured economy. The collection of agents in such an economy is endowed with a certain relational structure
consisting of a number of direct relations between pairs of agents. As described in the
introduction to this chapter such a relational structure expresses certain relational
characteristics of the economic agents. To design a proper mathematical formulation
of a relationally structured economy we take into consideration the mathematical
design of a general equilibrium model of a system of perfectly competitive markets.
We emphasize that contemporary general equilibrium analysis is largely based
on the assumption that in principle all economic agents in the economy are able to
communicate freely with each other. From this point of view economic agents are not
hampered in their abilities to communicate and investigate, and so these agents are
to be regarded as purely individual decision takers. This consequence of the "free
communication" axiom is reflected in the mathematical formulation of a general
equilibrium model. The agent is always considered as an individual decision taker
within a certain environment. In this environment only the decisions of the other
agents in the economy are taken as constraints on the set of possible actions of that
agent.
In a more elaborate way we sketch the consequences of this very fundamental
assumption with the use of the well known Walrasian general equilibrium model of
a perfectly competitive pure exchange economy.2 As a first consequence of the free
communication assumption the agents in the economy are treated as pure individuals. Mathematically this is exemplified by denoting the collection of agents as a
certain set of labels. This set is without any structure, except a certain counting device, usually a measure on some v-algebra of ineasurable subsets. Using the A2iom
of Descriptive Modelling, these agents are then described by assigning some tuple of
attributes to the labels representing the agents. Formally, this leads to the definition
of an economy as a mapping from the set of agents into some topological space of
attributes. The topology on the collection of attributes is regarded as a structure,
which reflects a notion of distance between certain tuples of attributes.3
ZThe main textbooks on this model are Debreu (1959), Hildenbrand (1974), Mas-Colell (1985),
and Hildenbrand and Kirman (1988).
3For a more elaborate treatment of topological attribute spaces and its economic foundatíons
and consequences we refer to Debreu (1969), Hildenbrand (1974), and Grodal (1974).
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The model of a perfectly competitive market economy is completed by introducing the notion of the Walrasian equilibrium concept. This notion includes
the postulate that there exists a market system, and that the agents on the market
act perfectly competitive, i.e., as price takers. In this setting the market system is
an ínstitution, which puts certain constraints on the behaviour of the agents. We
explicitly note that all agents in such a model are essentially symmetric, in the sense
that the only asymmetries originate in the differences in the individual attributes of
those agents.
It is our purpose to extend the procedure as described above to include the use of
relational characteristics in the description of the agents in the economy. As described in the introduction to the current chapter we specifically focus on the social
structure generated by relationships between agents. To apply the same mathematical techniques as used in general equilibrium theory, we base our analysis on two
principles, which are to be located in the general setting of the Axiom of Descriptive
Modelling. In this section we focus on the first of the two principles of our modelling, namely the Separation Principle. This principle simply states that we can
separate the whole collection of characteristics, with which we describe the agents
in the economy, into two subcollections. Each of these subcollections describes a
different category of attributes. We indicate the two subcollections as the collection
of social or relalionalattributes respectively the collection of individual or positional
attributes.

The subcollection of social attributes consists of the characteristics, that describe the a priori given social structure in which every agent has a certain position.
These social characteristics have a potentialcharacter in the sense that the economic
agents are able to make use of their social or relational position in their economic
behaviour. On the other hand the social or relational position of an economic agent
puts certain constraints on his or her economic behaviour.4 In general we refer to
these constraints in the behaviour of economic agents as social constraints. This implies that social characteristics have an active character as well as a passive character
in the sense as described above.
The second subcollection of characteristics is the collection of positional or
individualized attributes, as traditionally used in the modelling of economic decision
and trade processes. Although we explicitly introduce a priori given social relations
and positions into our modelling, agents are essentially still individuals. We consider
economic agents therefore as individuals wíthin a given social structure of relationships. Their social position imposes constraints on the economic behaviour of the
economic agents, while in essence they remain individual decision takers.

Both subcollections described above lead to the introduction of two primitive
concepts into the model of a relationally structured economy. The first one is that
9We emphasize that we cannot ignore the passive character of social characteristics, as can be
done with individualized attributes. Although the social characteristics only are potential, they
always impose constrainta on economic behaviour.
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of a relationally structured population, which describes the social positions of the
economic agents. In this part of the monograph we assume that the social positions
are completely described by the structure consisting of potential (economic) relationships between the agents in the economy. Before we formally introduce these
notions we define the set A as a collection of labels, which we use in the description
of social as well as positional attributes of a certain economic agent. Although, as
given in Chapter 2, such an agent is considered as a choice set and a decision rule, we
abstract from these notions in our analysis. For simplicity we therefore refer to the
set A as a collection of economic agents. This condenses into the following definition
of the first primitive concept of our model of a relationally structured economy.
Definition 3.1.1 An ordered pair (A, R) is a relationally
tion of agents if A is a set of economic agents and R C A
symmetric relation on A, i.e., for every agent a E A it holds
every two agents a, 6 E A it holds that (a, b) E R if and only

structured populax A is a refle2ive and
that (a, a) E R and for
if (b, a) E R.

The definition above gives the first primitive concept of our modelling as being a
relationally structured collection of agents. This implies that the social positions
and relations are directly allocated to the agents, since they are introduced as labels
within a certain ordered set.s The ordering on this set of labels is symmetric and
reflexive and describes all potential (economic) relations between the agents in the
population. So, the relation R is such that two agents in A are related according
to R if and only if they are potentially directly related in some economic context.
In the sequel of this part of the monograph we will denote a relationally structured
population simply by "populationn. In this part the context is unambiguous so that
this dces not lead to any confusion.
We remark that the collection A of economic agents may be infinite or even
uncountable. The reason for this is that we try to model a relationally structured
economy as general as possible. Hence, we also include "largen economies. Secondly,
we note that a population only describes the potential direct economic relationships
between agents. Implicitly it is therefore a description of social positions of economic
agents in a socially (relationally) structured environment. This implies that this
description emphasizes the asymmetries of these agents with respect to one another's
social position in the population. Hence, asymmetries between economic agents
come from differences in their individual economic characteristics as well as from
their social position, as described by the relation R.

The graph theoretic description of a population with a certain relational
structure also allows for the description of a regular but indirect form of communication between economic agents. This indirect form of communica.tion is essential in
our description of a relationally structured economy, since it is our point of departure
that every two agents in an economy have to be able to communicate indirectly with
SIn fact agents are introduced as the vertices in a graph of which the edges are describing the
potential relations between the agents. The graph is assumed to be undirected.
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each other. Otherwise we would have a model, which contains the description of a
number of separated economies. Thus, communication in the indirect sense is in fact
essential for all economic interaction. This is reflected in the following definition,
which introduces the property of full communication of a certain population.
Definition 3.1.2 Let ( A, R) be a population. Two agents a, b E A are able to communicate in (A, R) if there e2ists a fanite number of agents cl, . .., c„ E A such that
~ c~-a;
~

Cn-b~

~(c„c~~l) E R for every j E {1,...,n - 1}.
The population (A, R) satisfies the full communication property if every two
agents a, b E A are able to communicate in (A, R).
The ability to communicate is a global property. It just states that any two agents
are able to activate a finite communication line between each other within the given
relational structure of the population. In principle our notion of communication
requires that one is in finite reach of one another, i.e., one can reach the other agent
within a finite number of steps or "handshakes". The full communication property is
essential into the description of a relationally structured economy, since we observe
that in an economy (indirect) communication is essential for all forms of trade. If
certain agents cannot reach any of the other agents in the economy, they form a
separate economy without any links to the other agents in the population. So, we
must assume that every proper model of a relationally structured economy has to
satisfy the full communication property. It is therefore vital to know under which
conditions this property is satisfied. This is one of the main purposes of this chapter.
We explicitly note that the concept of full communication is essentially different from the notion of complete communication. This latter notion expresses the
situation in which every agent potentially has a direct relationship with any other
agent in the population, i.e., the population (A, R) satisfies the complete communication property if R- A x A. In the complete communication case we have no
asymmetries in the social positions of the economic agents. In these cases the social
characteristics of every agent are the same and therefore not relevant in the model.
In our modelling we mainly focus on situations with incomplete, but full communication. This leads to situations of populations (A, R) for which R~ A x A and
tr(R) - A x A, where tr(R) is the transitive closure of R.

As described above the application of the Separation Principle leads to two subcollections of characteristics. The notion of population has been described above. The
second subcollection is that of individualized attributes and is denoted by C.
The Separation Principle implies that C can be defined independent of the
population. We assume that a collection of individualized attributes only contains
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(abstract) attributes, being traditionally viewed upon as personal, individual, or
individualizable. Thus, examples of such attributes are tuples of quantities of certain
commodities as endowments, preferences, and (individual) production capacities.
This implies that we consider all traditional attributes to belong to this category.
Other attributes, which are more controversial, are sex, cultural aspects such as
language, and colour of skin. In economic or sociological discussions these attributes
are mostly indicated as "social" characteristics. In our approach we however consider
them as positional or individualizable, i.e., they are part of the description of a
single agent by means of personal characteristics, just as endowment and preference.
Contrary to these positional or individualizable attributes the Separation Principle
also allows for the description of the social position of a single agent, but as seen
above this involves the description of all agents in the economy as a whole.s
According to the Axiom of Descriptive Modelling we have to describe all
agents in the economy with the use of certain characteristics and attributes. (See
also Chapter 2 of this monograph.) To complete the first step in our modelling of a
relationally structured economy we next describe the agents in a relationally structured population with the use of a suitable collection of individualized attributes. In
this description we have to take into account the potential (economic) relationships
between the agents as described within the population. This is done in the next
definition of a description.
Definition 3.1.3 Let (A, R) be a population of economic agents, and let C be some
collection of attributes. The function g: A-~ C is a pre-characterization of (A, R)
into C if for every attribute a E g(A) the set g-1(a) C A is fcnitely connected as a
subgraph of (A, R), i.e., for every two agents a, b E g-1(a) there ezists some finite
number of agents cl, ..., c„ E g-1(a) such that
. a-c1 ;
. b-c„;
. for every i E { 1, ..., n- 1} it holds that (c;, c;~l ) E R.
The description of the population (A, R) in the collection of attributes C under the
pre-chamcterizatíon g is the pair (A, R), consisting of

. A - g(A) ;
. 1Z -{(a,Q) E A x A ~ 3(a, b) E R such that g(a) - a and g(b) -(i}.
The purpose of the definition above is to give a tool for describing economic agents
in the setting of a relationally structured population with the use of a collection of
óThis implies that characterization of social positions requires a holistic or global description
of the collection of agents, while the individualized attributes describe an agent as a personalized
entity, i.e., not within the context of his or her position in a certain social configuration.
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individualized attributes. We note that this definition does not exclude the situation
in which we use a topologically structured attribute space instead of an unstructured
collection of attributes.
If the pair (A, R) is a descríption of the population (A, R) in the collection
of attributes C under the pre-characterization g, then the tuples of attributes a in
A are denoted as types. It is clear that every agent a E A belongs to a certain type
c~ E A. This leads to the interpretation of the description (A, 7Z) as a collection
of types endowed with a relational structure, which is derived from the relational
structure within the population. The definition above states that two types are
directly related if there exist agents of that type who are directly related within the
population.
The four notions as developed above, namely relationally structured population, collection of individualized attributes, pre-characterization, and description,
together form the foundations of a description of a relationally structured economy,
which is based on the Separation Principle within the setting of the Axiom of Descriptive Modelling. The next definition makes clear that this description is still
somewhat incomplete.
Definition 3.1.4 A relationally structured pre-economy is an ordered triple
((A, R),C,g) consisting of a relationally structured population (A, R), a collection of
attributes C, and a pre-chamcterization g of (A, R) in C.
It is clear that to every pre-economy ((A, R),C, g) there belongs a unique description
(A, ~Z), which is the image of the population (A, R) in the collection of attributes
C under the pre-characterization g. This specific description (A, 7Z) will be denoted
as the description of the pre-economy ((A, R),C,g).
We note that the definition of a pre-economy above is still an incomplete
description of an economy, since especially in the case of a large population, i.e., in
case A is a continuum or an uncountable set, the information as given is insufficient.
Since the collection of attributes does not explicitly have a topological structure,
we are not able to derive global properties of that construction. This is reflected
in the next lemma, which is the best we can achieve with respect to our main
goal in this chapter, namely the description of a population, which satisfies the full
communica,tion property. The proof of the lemma is trivial.
Lemma 3.1.5 Let ((A, R),C,g) be a pre-economy. The population (A, R) is satisfying the full communication property if and only if for every two types c~„~ E g(A)
there are agents a E g-'(c~) and b E g-1(Q), who are able to communicate within
(A, R).

The lemma above indeed shows that the concepts of description and pre-economy are
quite weak. The next section of this chapter considers an additional assumption,
which uses a topological structure on the collection of individualized attributes.
Before we turn our attention to that additional assumption, we give a discussion of
76

the developed notion of a pre-economy, which is based upon the Separation Principle
within the setting of the Axiom of Descriptive Modelling.
Firstly, the Separation Principle introduces a priori two collections of characteristics with which the agents in the economy are described. The first one is
describing the social positions of agents with respect to each other, and the second
one is simply a collection of positional or individualized attributes. This separability of the characteristics leads to the possibility of modelling economic agents
asymmetrically on before hand, i.e., a priori. By assigning different social positions
to different economic agents, one directly characterizes certain social constraints on
economic behaviour. These constraints are not isolated in the traditional setting,
in which every agent is described by individualized attributes only.7 Thus, our approach of economic modelling can be regarded as an extension of the traditional
method of economic modelling.
Secondly, the isolation of social positions of economic agents in a relationally
structured population is relevant. In certain cases it is important to know a priori
the institutional position of a certain agent, i.e., whether or not it can be used as an
instrument in the modelling of agents. This is also important with respect to the
analysis of social relationships and positions when isolated from the economic processes. Questions like whether a different institutional organization of the economy
leads to significant changes in the trading and allocation processes in the economy,
can only be formulated properly within a model in which these social positions are
isolated a priori.
Thirdly, the explicit introduction of relational characteristics into the description of economic agents in an economy is relevant with respect to the proper
description of trading processes in the economy. Social characteristics are relevant
in these processes and therefore have to be modelled appropriately. Also, it may
be clarifying when these social characteristics are treated differently from the traditional handling of attributes. This is made explicit in the definition of the social
characteristic~s in the form of a graph, whereas individualized attributes are traditionally modelled as a(topologically structured) collection or set.

Within the context of the developed construction of a relationally structured
pre-economy we are able to give some additional properties. This is done with the
use of some additional tools, which are given in the next definition.
Definition 3.1.6 Let ((A,R),C,g) be a pre-economy, and let (A,7L) be its description.
~Note that in the ttaditional literatute one nearly always assumes complete communication.
Thus, the traditional cases can be well described by using complete communication structures
inatead of incomplete, but full communicative populations. Although certain models handle incomplete communication, such as Greenberg and Weber (1983), Ioannides (1988), and Kirman,
Oddou, and Weber (1986), they "symmetrize" the social positions by assuming that communication is developing according some stochastic process. We however follow the lines of Kalai et al.
(1978 and 1979), and assume that communication and the social structure on the collection of
participating agents has to be treated deterministically.
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(a)

The agent-relation mapping of ((A, R), C, g) is the correspondence F: A--~
2A, which for every agent a E A is given by

F(a) :- {6 E A ~( a, b) E R}.
(b)

The type-relation mapping of ((A, R), C, g) is the correspondence .F: A~
2A, whích for every type a E.4 is given by
,F(a) :- {Q E A ~(a, ~3) E ~Z}.

The interpretation of the mappings as introduced above is straightforward. The
agent-relation mapping assigns to every agent in the population his or her directly
related agents. Thus, this mapping describes the social neighbourhood of a certain
agent in the population. Furthermore, it is clear that the pair (A, F) contains the
same information as the population (A, R) itself, in the sense that the agent-relation
mapping F completely determines the relation R.
The type-relation mapping assigns to every type or tuple of attributes a neighbourhood of "relatedn types. The definition implies that for two types a, ~i E A it
holds that ,0 is related to a if there exist for both types agents, which are directly
related, i.e., there exist a E g-r (a) and b E g-1(~3) such that (a, 6) E R. This
property guarantees that agents of two related types are able to communicate with
each other. This is made clear by noting that for every type a E A it holds that
~(a) -

U

9(F(a)) - 9F9-i(a)

(3.1)

aE9-~ (al

Equation 3.1 immediately implies that the agent-relation mapping F and the precharacterization g completely determine the type-relation mapping .F. However,
it does not hold that the type-relation mapping f and the pre-characterization g
completely determine the agent-relation mapping F.8 The next proposition states
some properties of the description (.4, 7Z) and the type-relation mapping of a preeconomy.
Proposition 3.1.7 Let (.A,1Z) be the description of the pre-economy ((A, R),C, g),
and let ,F be the induced type-relatiorz mapping.
(a)

The set R C A x A is a symmetric and re,flexive relation on A.

(b)

For every two types a, Q E A it holds that

aA trivial example is that for every agent a E A it holds that g(a) - a, where C-{a}. Thus
every agent is described with the same attributes, and so the population consists of a group of
agente of the same type. In this specific case the agent-relation mapping F can be non-trivial,
but g-i.Fg(a) - A for every agent a E A. This impliea that the type-relation mapping .F and the
pre-characteri2ation g cannot describe F properly.

Ïó

~ E f(,Q)

if and only if ,0 E .~(a).

PROOF

(a)

Reflexivity
Let a E,A be a type and let a E g-1(a) C A be an agent of that type. By
definition of R it holds that ( a, a) E R, and so (a, a) E 1Z.
Symmetry
Let (~, ~3) E 1Z. Then by definition there exist agents a E g-1(a) and 6 E
g-1(Q) such that ( a, 6) E R. Thus by symmetry of R it holds that (b, a) E R,
and so (~3, a) E R.

(b)

This is evident.
Q.E.D.

3.2

The interdependency principle

As mentioned in the introduction to this chapter it is our purpose to develop a
modelling procedure to construct a theory in which we use positional as well as
relational characteristics in the description of the agents in the economy. In the
previous section we developed a first step of this procedure. To be able to analyse certain properties of a relationally structured population, we however have to
introduce some tools that express a certain form of interdependency of positional
and relational characteristics. Therefore we have to introduce some notion of the
nearness of tuples of positional or individualized attributes. This is done as follows.

As introduced in Section 3.1 the individualized attributes are mathematically
presented as some set C, which we denoted as a collection of attributes. We remark
that this collection might be multi-dimensional. In the sequel we want to introduce a
concept, which can measure the "distance" between different tuples of individualized
attributes in the collection C. In order to achieve this goal we endow the collection
C with a topological structure9. We remark that we do not a priori assume that
there is some topological structure on this collection of attributes C, but with the
purpose to model a relationally structured economy properly we have to impose such
a structure, especially in the case of a large population.

Definition 3.2.1 An attribute space is a pair (C,T) consisting of a collection of
attributes C and a topology r C 2c whic.h satisfies the Ti-separation property, i.e.,
9We emphasize that we view a topological structure as a concept representing a generalized
concept of distance on the collection of attributes. See also Kopperman (1988). This "distance"
can be viewed as technical, but can also be regarded as in intetaction or interdependence with
the social structure of the population. This viewpoint will be explored in the next section of this
chapter.
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for every x, y E C with x~ y, there exist an open set V E r such that x E V and
y~ V and an open set U E r such that y E U and x~ U.

The definition of an attribute space as given above is very useful in the setting of
a large economy, as we will see in the complete model of an economy with the use
of the primitive notions of population and attribute space. We remark that the
definition above does not exclude the traditional attribute spaces as used in economic theory, especially in the modelling of perfectly competitive markets. These
spaces are mostly taken to be Hausdorff or metric. An example is the traditional
attribute space for a pure exchange economy, denoted by P x R~. In this expression R~ reflects an e-dimensional commodity space. Hence, it is assumed that the
economy has e E N commodities, and that all commodity bundles in this economy
can be abstracted to be non-negative vectors in the 2-dimensional Euclidean space.
Moreover, ~ stands for the collection of all preferences on the commodity space R~
endowed with the topology of closed convergence as defined and analysed in Grodal
(1974) and Hildenbrand (1974).'o Now the attribute space consists of all attributes
of the economic agents relevant to describe a pure exchange economy properly, and
therefore for the analysis of a general competitive equilibrium concept.
The example above shows that the choice of the suitable or relevant collection of attributes is crucial in the procedure of modelling a certain economic environment properly. Furthermore, it shows that the topological or metric structure of
the attribute space is an expression of an a priori given notion of nearness or neighbourhoods. This was firstly recognized by Debreu (1969). A further application of
this "a priorir given notion of neighbouring or nearness was given by Grodal (1972).
She describes a model of economic recontracting processes of neighbouring economic
agents in small coalitions. There it becomes clear that the topological structure of
the attribute space in effect reflects the notion of neighbouring economic agents. If
agents are described by vectors of attributes in a certain topological neighbourhood,
then they are assumed to be alike. In the sequel we explore this notion of interdependency. We refer to the idea behind this notion as the Interdependency Principle.
Next we show that this principle can be expressed with the use of the Axiom of
Descriptive Modelling in the context of a topologically structured attribute space.

In a mathematical formulation of the Interdependency Principle we again
refer to the practice in general equilibrium analysis. Especially in the work on large
economies this principle is used frequently. More specifically we remark that the
Interdependency Principle forms the foundation of the work of Debreu (1969) and
Grodal (1972). In particular the model of Grodal (1972) is expressing the fundamental properties of the Interdependency Principle. In that model economic agents
are only allowed to act cooperatively if they are neighbouring in their individualized
attributes, i.e., their individualized attributes and cooperative abilities are interdeloThese analyses learn that ~ endowed with the topology of closed convergence, as seminally
defined by Hausdorfí, is in fact a metric apace. Hence the attribute space ~ x Rt is in fact a
metric space.
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pendent. In our setting this idea has to be reformulated in terms of interdependency
of individual attributes and social characteristics of the economic agents. This is
formalized in the following definition.
Definition 3.2.2 Let (A, R) be a population, and let (C, r) be an attribute space.
A local characterization is a pre-chamcterizatáon g: A-~ C, which satisfies the
property that for every type a E A there exists some topological neighbourhood Utr E r
such that
~3 E Ua n A

implies (c~, Q) E 1Z,

where ( A, R) is the description of (A, R) in C under g.
The pair (,A, R) is a typification of the population ( A, R) in the attribute space
(C,T) if there exists a local characterization g of which (A,7Z) is the description.
The additional property that a local characterization must satisfy, formalizes the Interdependency Principle. It states that neighbouring economic agents are assumed
to be socially related. Thus, two agents of neighbouring types are able to communicate with each other through a"shortn chain in the sense that the chain is finite
and consists of agents of these two types only. It is evident that this formalizes the
same principle being studied by Debreu ( 1969), Grodal ( 1972), and more general by
Hildenbrand ( 1974).
We note that in the standard case of complete communication, the conditions
as formulated in the definition above are trivially satisfied. This is also the case
for a finite population. We illustrate the definition above by refering to common
practice in general equilibrium theory, where an economy is defined as a mapping
E: A-~ P x R}. Each agent in A is described by his or her preference, given by an
element in P, and by his or her endowment, given by a point in the t'-dimensional
commodity space R~. So we are describing the economy with use of a typification,
where E' is the local characterization induced by that typification. In such models
one is not dealing with the agents themselves, but only with the types, and hence
with the typification.
The example above shows that the framework as developed in this chapter is
a generalization of the theoretical practice as followed in general equilibrium theory.
The construction of a typification is evidently only relevant in the case the population
at hand is "large~, i.e., consisting of an uncountable number of agents. This implies
that the Interdependency Principle in conjunction with the Separation Principle
is mostly relevant in the description of large economies and sequences of growing
economies. In these cases the restricted attribute space, denoted by (A, r~A), where
T~A :- {E n A ~ E E T}, is of crucial importance in the analysis of such theories.
This is illustrated by the models of large economies and core theory as presented in
textbooks of Hildenbrand ( 1974) and Mas-Colell ( 1985). The next proposition states
some simple properties of the construction as developed in the previous paragraphs.
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Proposition 3.2.3 Let (A,1Z) be a typáfication of the population (A, R) in the attrióute space (C, r). Then the following statements are valid.
(a)

For every type a E A it holds that a E int(.F(a)), where the interior int(.) is
taken with respect to the restricted attribute space (A,r~A).

(b)

The type-relation mapping is point-closed in (A, r~.A) if and only if for every
two distinct types a, Q E A with (a, ~3) ~ 1Z there exists a neighbourhood
UtrEr~AofaE.Asuchthat
ry E U~ implies (y, ~) ~ 7Z.

PROOF

(a)

This immediately follows from the definition.

(b)

Only if
Let the type-relation mapping .F be point-closed. Now, if for every type
a E .4 it holds that .F(a) - A, then the assertion is evidently true.

So, suppose that for some type a E A it holds that .F(a) ~ A. Take ~3 ~
~(a), then obviously a ~,F(Q). Thus from the closedness of .F(Q) there
exists a neighbourhood U~ E r such that Utr f1.F(~i) - 0.
If
Let the typification (A, R) satisfy the property as stated in the assertion.
Moreover, let a E A be a type. Suppose that there exists a type Q E,A such
that Q ~.F(a). Then by assumption there exists a neighbourhood Up E r
such that Up f1.F(a) -(~. This implies that we can write

A`.F(a) - U{Up ~ Q ~ ~(a)}.
So, we conclude that A`.F(a) is an open set in (A, r~A). Therefore .F(a)
has to be closed in (A,r~A).
Q.E.D.
The main question which we address in this chapter is under which conditions the
population satisfies the full communication property. As argued in the previous
section, full communication is a very natural property of a population of economic
agents. In the rest of this section we analyse under which conditions on a typification of a population in some attribute space, this population satisfies the full
communication property.

Before we are able to formulate the main property that a typification has to
satisfy in order to have a population that satisfies the full communication property,
we have to introduce a mathematical tool. Let E be some nonempty set. Moreover,
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let B, C C E be two subsets of E. Then a finite sequence D~ ,..., D„ C E of
subsets of E is an irreducible chain between B and C in E if it satisfies the following
properties:

1. D1-BandD„-C.
2. For every integer j E{ 1, ..., n- I}: D; n D;~, ~ 0.
3. For every two integers h, j with ~h - j~ ) I it holds that Dh n D; -~.
This mathematical notion of irreducible chain can be used appropriately in the
analysis of the full communication property. The foundation is layed in the next
definition.
Definition 3.2.4 Let (A, R) 6e a typification of the population (A, R) in the attribute space (C, r). The typification (A, R) is type-connected if for every two
types a, Q E A there exists some finite sequence of types 7i ,..., 7„ E A such that the
sequence int(.F(7r)),...,int(,F(ry„)) forms an irreducible chain between int(.F(a))
and int(,F((3)) in A.rl
The concept of type-connectedness of a typification is expressing the property that
one can smoothly wander from one type to another without any loops. The use
of irreducible chains instead of ares or paths is explained by the weak properties
that the topological structure of an attribute space has to satisfy. In these weak
structures it is not proper to use the strong notion of ares in the definition of typeconnectedness.
Economically the notion of type-connectedness on a typification of a certain
population in some attribute space is expressing the property that agents are able
to communicate with each other through a finite chain of agents of related types.
Theorem 3.2.5 as stated below confirms the intuitive feeling that type-connectedness
of the typification is equivalent to the full communication property of the population. Thus, the result shows that the Interdependency Principle accomplishes that
the ability to communica,te is equivalent to the ability to communicate specifically
through a(finite) chain of economic agents of related types.
Theorem 3.2.5 Let (A, R) be a typification of the population (A, R) in the attribute
space (C, r). Then the following statements are equivalent:
1. The population (A, R) satisfies the full communication property.
2. For every two types a, (i E A there is a finite sequence of types yl, ..., yn E A
such that yl - a, 7„ - a, and for every integer j E{ I, ... , n- 1} it holds that
(7.i,7ifi) E R.
11In thie definition we use the convention that if E C.4, then int(E) is the relative interior of E
with respect to the restricted topological space (A, r~A).
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~. The typification (A, R) is type-connected.
PROOF
Let g be the local characterization of (A, R) into C, of which (A, 7Z) is the typification.

1 implies 2
Let a,Q E,A be two types. Furthermore, let a E g-1(a) and b E g-1(~3) be two
agents of these types. Now by statement 1 there exists a sequence of economic
agents cl, ... , c„ E A with cl - a, c„ - b, and for every integer j E { I, . .., n- 1} it
holds that (c„c~~~) E R.
Let {7i, . .. , ryk} - g({cl, . .., c„}) C~1 be the image of that sequence under g. Note
that k C n. Now we order the set {ry1i ... , ryk } such that yl - a, ryk -(i, and for
every j E{ I, ..., k - 1} it holds that (y„ ry~~l ) E R.
2 implies 3
Let ryr, . .., y„ E.A be a sequence of types between any two types a, Q E .A as given in
statement 2. Then it is obvious that the sequence of sets int(.~(ryl)),...,int(.~(ryn))
in A is a chain between int(.~(a)) and int(.~(fi)). As an easy consequence this chain
can be reduced such that it becomes irreducible.
3 implies 1
Let a, b E A be two agents. If g(a) - g(b), then by definition of a typification a and
b are able to communicate through a chain of economic agents of the same type.
Hence, suppose that g(a) - a~~i - g(b). Then by the type-connectedness there
is a sequence of types ryl, ..., y„ E A such that .~(ryl), ...,.~(y„) is a chain between
.~(a) and .~(Q). That is yl - a, y„ - Q, and .~(ry;) fl ,~(ry;~i) ~ 0 for every
1 C i C n- 1. Next we construct a finite sequence of agents between agents a and
6 through which they are able to communicate.

First for every i E {2, ..., n} let b; E A be a type such that
b; E .~(ry~-~ ) n .~(ry;).
Complete the sequence by bl :- g(a), and b„}1 :- g(b).

It immediately follows that for every i E { 1, ..., n} it holds that (b;, ë;~l) E 7Z. Next
we choose a collection of agents d; , d; E A for i E { 1, ..., n f 1} such that
i
d1-a;
d;,d; Eg-'(ê;)
t
R

( t,d;fi) E
dnt, - b.

i-1,...,n}1;

i- 1,...,n ;

The construction of such a sequence is possible by the properties of bl, ..., b„}1 E A.
Let i E{1,...,n f 1}.
Since d; , d? E g-1(b;) it follows from the definition of a typification that there exists
a finite sequence of agents
84

i

i

1

cl,...,Ck, E 9- (bi),
such that

ci - d; and ck - d,? ;
(c'~,c'j}1) E R for i E {I,...,k; - 1}.

Now the union of all these ( finite) sequences over i, as given by
n}1

i
i
U {Cl,...,Ck,},

i-1

is a finite sequence through which the agents a and 6 are able to communicate.
Q.E.D.

3.3

Typologies and economies

A typification, as defined in the previous section, is describing a population in some
attribute space with the use of some local characterization. The economic foundation
of the property that neighbouring economic agents are indeed socially related is
given by the Interdependency Principle. This implies that if two agents are of types
within a certain given neighbourhood, then these agents are also socially related,
i.e., related within the social structure of the population.
We can globally distinguish two classes of attribute spaces. The first class
consists of those for which the collection C of attributes consists of an at most
countable number of elements. In these cases it is evident that every description is
also a local characterization. This implies that in these cases the Interdependency
Principle is trivially satisfied. Economically this can be defended by noting that
populations, which can be described in at most countable attribute spaces, are
simple of structure and therefore can be analysed without sophisticated tools.12
In the case of an at most countable attribute space or typification, it is therefore
not necessary to explain the social relations between agents by their individualized
attributes.

The second class of attribute spaces is those consisting of spaces with an
uncountably infinite number of elements. In these cases the conditions of a typification are not trivially satisfied. Thus, in these cases the conditions of a local
characterization guarantee that from a suitable set of attributes we can infer non
trivially substantial parts of the social relations between agents in the population.
The technica.l reason for this important property is that one is able to understand
'ZWe refer to the analysis of replicated economies, in which the economy consists of a number
of agents of a finite number of difterent types only. The analysis can be kept simple as is shown
by Debreu and Scarf (1963 and 1972).
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an uncountable graph only when one uses additional techniques, such as the technique of description as developed in the previous section, or a randomization of the
graph as is done in Kirman (1983), Kirman, Oddou and Weber (1986), and Ioannides (1988). The uncountable case seems however very important for the theory of
large economies, coalition formation in such economies, and perfect competition as
is sketched in the next chapters of this monograph.
We are however able to construct examples of uncountable typifications, in
which the additional properties of a typification are trivially satisfied. In these
examples it holds that the restricted attribute space (A, r~A) has a topology in
which for every type a E A there exists some neighbourhood Utr E r~A such that
UQ -{a}. In those cases it is clear that the topological structure of the typífication,
i.e., the collection r~A, does not give additional information with respect to relations
between agents of certain types in the population. In these cases type-connectedness
is clearly an economically trivial characterizationof the notion of full communication
of the population.
The next example discusses a case in which an uncountable typification does
not explain the (economic) relationships between agents in the population by their
individualized attributes.
Example 3.3.1
In this example we construct the following class of populations: Take A:- 1- [0, 1],
and let R C I x 1 be any reflexive and symmetric relation on I. It is obvious that
(A, R) is a population. Next take the attribute space to be the set C:- II, endowed
with the product topology r emerging from the Euclidean topology on the unit
interval I. So (C, r) is a compact Hausdorff space and hence an attribute space.
Next we construct a local characterization of (A, R) in (C, r) by g(a) :- fa, for
a E I- A, where fa:I ~ I is defined as fn(a) - 1, and fa(b) - 0, b~ a. The
typification (A, 7Z), which results from this local characterization, is trivial in the
sense that it does satisfy the technical requirements.

On the other hand it does not satisfy the intuitive economic foundation of our
modelling that the chosen attributes describe the individual characteristics as well as
the social position or relations of the agents in the population. In this case the social
position and relations are not described or reduced by the description, i.e., the social
structure of the typification is as complicated as the original population. Thus, we
have nothing gained by describing the agents. This is illustrated by noting that for
every type a E A there exists a neighbourhood Ua E r such that (Ua `{a} )flg(A) 0.
The example above shows that we have to restrict ourselves to situations in which
the Interdependency Principle is a non-trivial condition upon the description or
typification of a large population, i.e., a population consisting of an uncountable
number of types of agents. This is done by the introduction of a global conditíon
on the structure of a typification, and hence on the local characterization of such
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a population in the attribute space. A local characterization which satisfies this
additional property is denoted as a characterízation, while the induced typification
is denoted as a typology of the population in the attribute space.
Definition 3.3.2 Get ( A, R) be a population, and let ( C, r) be an attribute spaee.
The local characterization g: A-~ C is a characterization of (A, R) in (C, r) if there
exists an at most countable sequence of connected subsets (Cn)nEN of the restricted
attribute space (,A,r~.,4) such that
x

,,4 - U Cn,
n-1

where (fl,1Z) is the description of (A, R) in (C, r) induced 6y g.
The pair (A,1Z) is a typology of the population ( A, R) in the attribute space (C, r) if
there exists a characterization g oj(A, R) in (C, r) such that (A, TZ) is its description.
The definition of a characterization and a typology makes clear that the mere existence of these concepts expresses the requirement that the attribute space and
its topological structure are rich enough to describe the relational structure of the
population in a non trivial way. The additional global condition on the restricted
attribute space excludes the examples as discussed above. Therefore a typology
is a description of a population into an attribute space in which the Interdependency Principle is sufficiently satisfied to have an economically relevant model of a
population of socially related economic agents.
From mathematics we know that this additional property implies that there
exists a unique sequence (.,4n)nEN of maximal, topologically connected subsets of the
restricted attribute space (,A, r ~,A) such that UAn - A. The elements of the sequence
(An)nEN are called the components of the restricted attribute space (.A, r~A). The
components An, n E N, of the restricted attribute space (A,r~A) form a partition
of the collection A. Moreover, each component is an open as well as closed subset
of .4.13
Economically we denote the sequence (An)nEN as the subdivision of the typology (.A, R). This implies that a typology has a unique subdivision. The components
in this unique subdivision can economically be denoted as macro-types, consisting
of a collection of neighbouring (micro-) types. These macro-types are precisely expressing a certain social characteristic common to all the (micro-) types in such
a macro-type. We note that this aggregation is endogeneous in the sense that the
characterization in combination with the topological structure of the attribute space
generates such a unique subdivision. We argue that macro-types can easily be distinguished in a characterized population or typology, and that it therefore expresses
an obvious social common characteristic. An example will be provided in one of the
next sections of this chapter.
13We refer to Császàr (1978) for an elaborate discussion of these topological notions.
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The existence of a subdivision (An)nEN of a typology ( A,1Z) into a set of
macro-types, implies that we are also able to divide the population ( A, R) into a
countable number of pairwise disjoint classes A class is defined as the collection of
agents An C A such that g(An) - An for some integer n E N. Thus, a class is a
collection of agents in the population of the same macro-type, and so they have the
same common social characteristic. Examples of such classes are quite well known in
daily life situations, namely classes of people distinguished by characteristics such as
nationality, colour of skin, date of birth ( generations), and income ( income classes).
We now return to our main theoretical problem in this chapter, namely under
which conditions a population satisfies the full communication property. In the case
of a typology, we can give a useful solution to this problem. Firstly, we have to
introduce a technical tool, which describes the global structure of the typology of a
population in some attribute space.
Definition 3.3.3 Let (A,1Z) be a typology of the population ( A, R) in the attribute
space (C,r). Furthermore, let (An)nEN 6e the unique subdivision of (A,7Z). A pair
(A, R), with A C A and R C A x A, is a condensation of (A, R) if there exists a
surjective mapping c: A-~ A, which satisfies the following properties.

1. For any n E N and any pair of types a, ~3 E An it holds that c(~) - c(Q) ;
,~. For every two integers n, m E N, with n~ m, and any two types a E An and
Q E Am it holds that c(a) ~ c(~3) ;
3. (x, y) E R if and only if there exist integers n, m E N and two types a E An
and (j E Am such that
~ c(a) - x ;
~ c(Q) - y ;
~ (a, p) E R.
Definition 3.3.3 gives a construction of an at most countable graph, describing the
bare macro-type structure of a typology. The condensation of a typology just describes all external relations between the macro-types in the typology. It may be
clear that this at most countable graph can be described and analysed very well for
the different situations. The next property of a condensation can therefore easily be
verified in the context of a certain characterization.
Definition 3.3.4 Let (A, R) be a typology of the population (A, R) in the attribute
space (C, r). The typology (A,7Z) is component connected if there exists a condensation (A, R) of (A,7L), which is a finítely connected graph, i.e., for every two
points x, y E A there exists a finite sequence z1i ..., zn E A such that z~ - x, zn - y,
and for every j E{ 1, ..., n- 1} it holds that (z~, z~ ft) E R.
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We remark that component connectedness is quite a natural condition on typologies.
It just prescribes that there exist communication lines between all macro-types.
Hence, in the class-structure of the population there exists communication between
any two classes, and so no class is socially isolated.
We remark that from the definition of a typology it is clear that it is always a typification. Thus, a typology can be type-connected. The main result of
this section, as stated below in Theorem 3.3.5, gives a full characteriza.tion of the
notion of component connectedness in terms of the concept of type-connectedness.
Together with Theorem 3.2.5 this provides us with a complete description of the full
communica.tion property in terms of component connectedness of a typology. This
can be used in the definition of an economy.
Theorem 3.3.5 Let (A,7Z) be a typology of the population (A, R) in the attribute
space (C, r). The following statements are equivalent:
1. The population (A, R) satisfies the full communication property.
2. The typology (.A, 7Z) is type-connected.
.i. The typology (A,7Z) is component connected.
PROOF
The equivalence of statements 1 and 2 has already been proven in Theorem 3.2.5. We
therefore only have to prove the equivalence of type-connectedness and component
connectedness of a typology.

Therefore, let (A„)„EN denote the unique subdivision of (A,1Z). Moreover, let the
pair (A, R) be a condensation of (,A, 7Z), and let c be the corresponding mapping as
defined in Definition 3.3.3. Now decribe the set A as follows: A- {án E A ~ án c(An) for n E N}.
2 implies 3
Suppose that (A, 7L) is type-connected. Take two points á, b E A. We will show
that á and b are finitely connected within (A, R).
Take types ~ E c 1(á) and Q E c-'(b), then by assumption a and Q are connected
in the sense of type-connectedness. Hence, by Theorem 3.2.5 there exists a finite
sequence ryl, ..., ry„ E A such that yl - a, ry„ -~i, and for every j E{ 1, ..., n- I}
it holds that (-y„ryj}1) E R.
Now define {cl, ..., ck} :- c({ryt, ..., ry„}) C A, with obviously k C n. Then we can
order this set such that cl - á, ck - b, and for every j E { 1, ..., k- 1} it holds that
(c„c~~l) E R.
Hence, we have proved that ( A, R) is finitely connected, and so ( A,1Z) is component
connected.
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3 implies 2
Suppose that (,4, R) is component connected. For the proof that all types in A are
connected in the sense of Theorem 3.2.5 statement 2 we need the following claim:
CLAIM
For any integer n E N, every pair of types a, Q E.An is connected within A,,,
i.e., there exists a finite sequence (ryl, ..., ryk) in A„ such that y~ - a, ryk - Q,
and (ry;, y;tl ) E R for every j - 1, ..., k-1, and moreover for every (j- h ~ ) 1
it holds that (y;,yh) ~ 7Z.
PROOF OF THE CLAIM

Apply lemma ( 10.3.8) of Császàr ( 1978)14 on the sets f(a) and ,~(~i) as subsets
of the connected subspace A„ of the restricted attribute space (A, r~A) by
taking as open covering of A,,, the collection Ci :- {int(.~(a)) ~ a E A„}. This
lemma asserts the existence of an irreducible chain of elements in 13 between
~(a) and .~(~3).
Let {int(.~(ó;)) ~ j- 1, ..., na} be the collection which forms this irreducible
chain. Now by reordering and extending the collection of agents {ól, ..., óm }
we can easily construct a sequence (ry~, ..., ryk) which is just the sequence as
asserted in the claim. This completes the proof of the claim.
To complete the proof of the theorem we take two types a, ~3 E A and consider two
cases:

Case 1:
There exists an integer n E N such that a E A„ as well as Q E .A,,. Then
direct application of the claim asserts that a and Q are connected in the sense
of type-connectedness.

Case 1!:
There exist two distinct integers k, m E N, with k~ m, such that a E .Ak and
íi E .Am.
By the definition of component connectedness of (A, R) there exists a finite
sequence in A, say (b~, ..., b„), such that bl - ák, b„ - ám, (b;, b;tl) E R for
every j E{ 1, ..., n- 1}, and (b;, bh) ~ R if ~ j - h~ ~ 1. Now we construct the
following sequence in ,A:
~rytr-a;
~ ry;2 E c-'(b;) for j - 1,...,n- 1, and
ry;i E c-' ( b;) for j- 2, ... , n such that
;
(ryi2,ryift,t) E 7Z for j - 1,...,n- lls
14The lemma states that in a topological space (E, r) the following property holds: Let C C E
be a connected set, Li an open cover of the set C, and let A, B be two non-empty subsets of C.
Then there exists an irreducible chain between A and B consisting of elements of [i.
'sThe existence of such pairs is guaranteed by Definition 3.3.3 and component connectedness.
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~ ryn2 - li.

Now for every j E { 1, . .., n} the claim asserts the existence of a finite sequence
of intermediate agents between y~l,ryj2 E c-1(b~), and thus by the fact that
(y~s,1'~fi,i ) E 7Z for j- 1, ..., n- 1, the union of all these finite sequences is
again a finite sequence, which is irreducible. Hence a and Q are connected in
the sense of type-connectedness.

Q.E.D.
As stated previously, it is our basic assumption that a relationally structured economy has a population, which satisfies the full communication property. Moreover,
we wanted a model of such an economy founded on the Separation Principle as well
as the Interdependency Principle, as developed within the setting of the Axiom of
Descriptive Modelling. The discussion of both principles in this and the previous
sections leads to the following definition of a relationally structured economy.

Definition 3.3.6 A relationally structured economy is an ordered triple E((A, R), (C,T),g) consisting of
~ a population (A, R), which satisfies the full co~nmunication property ;
~ an attribute space (C, r) ;
~ and a characterization g: A-~ C of the population (A, R) in the attribute space
(C, r).
The definition above makes clear that a relationally structured economy is a description of all agents in the economy with respect to their social positions as well
as their individualized attributes (Separation Principle). Moreover, in such a relationally structured economy there is an interdependency of social position and
individualized attributes in the sense that neighbouring agents are socially related
(Interdependency Principle). Finally, the population belonging to such an economy
satisfies naturally the full communication property.

It is also clear that to a relationally structured economy E there belongs a
uniquely determined typology (A, ~Z). Furthermore, this typology consists of an
at most countable collection of macro-types, which are representants of classes of
agents with a certain common socialized characteristic or attribute. Finally, by
Theorem 3.3.5 it is evident that the typology of a relationally structured economy
is component connected. This provides us also with a handy tool to construct large
relationally structured economies. This will be done in the subsequent sections of
this chapter.
We complete this section with a discussion in which we compare our method of
modelling a relationally structured economy with the literature on the modelling of
(large) general equilibrium economies.
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In the literature institutions are mostly brought into the model independently
of the individualized attributes of the agents in the economy. Mostly one does not
concern with incomplete communication, but only considers complete information,
i.e., every economic agent is free to communicate with any other agent in the economy. We illustrate this practice with reference to some literature on core theory.
In Hildenbrand (1974 and 1982), Khan (1974a and 19746), and Mas-Colell (1986)
the agents are assumed to communicate freely and thus cooperate in arbitrary way.
Institutions such as the rules in which coalitions are formed and able to threat to
block a certain allocation, are formulated independently of the description of the
agents. Grodal (1972) formulates very restrictive rules on coalition formation a posteriori, i.e., in the definition of her core-like equilibrium concept, and not in the
description of the agents themselves. Also in the literature on the Bargaining Set,
e.g. Mas-Colell (1989), Grodal (1986), and Dutta et al. (1989), the rules of blocking
are set a posteriori and independently of the characteristics of the agents.
In our approach we emphasize that institutions and rules are interactive with
the individualized attributes of the participants of the processes, which are influenced by these institutions and rules. It is therefore our goal to describe this interaction between the institutional and individual sphere "a priori". This leads to the
introduction of the Separation and Interdependency principles into our modelling.
These two fundamental principles are formulated within the setting of the Axiom of
Descriptive Modelling as developed in the second chapter of this monograph.
The Separation Principle a priori isolates the institutional sphere from the
individual sphere. Social relations and positions are considered to be separable from
the collection of individualized attributes. Since most models in the literature are
only concerned with the description of economic agents with the use of individualized
attributes, while dealing with the instítutional sphere a posteriori, this assumption
makes it possible to follow the lines as set out by the literature into our modelling.
This implies that essentially a relationally structured economy can be modelled as a
mapping from some relationally structured collection of agents into some collection
of individualized attributes. This method is conforming with the existing methods
as described in Malinvaud (1972), Hildenbrand (1974), and Mas-Colell (1985).
The Interdependency Principle states that we assume that there is some form
of interaction between the institutional sphere and the individual sphere. Thus, the
separated spheres are connected with each other in some way. This assumption
implies that an institution or rule is interactive with its members or the economic
agents who have to deal with it. We therefore actually assume that an institution
or rule can be changed by actions of those individual agents, that are subject oí
that institution or rule. On the other hand the institution or rule influences the
individualized attributes of the economic agents, which are its subjects. In our
static model of a relationally structured economy this leads to the assumption that
neighbouring economic agents are socially related within the population.
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3.4

The construction of socially induced typifications

The technical problem to be addressed in this section is that of the construction of an
economy from the information as contained in a pre-economy. In other words: Given
a pre-economy ((A, R),C, g), are we able to construct an economy ((A, R), (C, r), g)
from the information contained in that pre-economy ((A, R),C, g)?
The problem as formulated above involves the construction of a topological
structure r C 2~ on the collection of attributes C such that the pair (C, r) is an
attribute space, i.e., (C, r) has to satisfy the Tl-separation property. Furthermore,
this topology has to be constructed from the information as contained in the triple
((A, R),C,g). The second requirement is that this topological structure is such that
the pre-characterization g is a local characterization of the population (A, R) into
the constructed attribute space (C,r), i.e., the topology has to be such that every
type ~ E A has a neíghbourhood Ua E r such that Ua x{a} C 1Z. Finally, the
topology has to satisfy a third requirement, which states that the collection of types
A has to be covered by some at most countable sequence of components (An)nEN.
In this section we give three ways to construct a topology on the collection of
attributes C in the pre-economy ((A, R), C, g) such that the pair (C, r) is an attribute
space and the pre-characterization g is a local characterization of the population
(A, R) into the attribute space (C, r). This implies that the description (A, ~Z) of
the population in that attribute space is a typificatíon. It is however still an open
problem under which conditions these constructed typifications are typologies of
the population (A, R) in the attribute space (C, r). Therefore we are not yet able
to construct an economy ((A, R), (C, r), g) from the information contained in the
pre-economy ((A, R),C,g).
Since the topologies in these constructions are solely based upon the information in the pre-economy ((A, R),C,g), we refer to the typifications belonging to
these constructed attribute spaces as socially induced typifications. The economic
interpretation of the construction of such a typification is straightforward. Globally,
types are defined to be neighbouring if and only if the agents belonging to these
types are socially related. The diversification into three construction methods for
different topologies, expressing this notion of neighbouring types, is mainly based
on the different ways to construct neighbourhoods of this kind. It however should
be clear that all these different topological structures on the collection of attributes
are all expressing the same principle, namely the equivalence of neighbouring and
related types.

The first topology is generated by a fine grid on the collection of types A,
which is consisting of subdivisions of collections of related types into subcollections
of types of socially related agents in the population. It is obvious that this topology
satisfies the Interdependency Principle as formulated in the definition of a local
characterization.
93

The second method of construction is considering a coarser grid on the collection of types, namely the one based on the collections of related types. This implies
that the topology resulting from this method is coarser than the topology resulting from the first method, but it still dces satisfy the Interdependency Principle as
formulated in the second section of this chapter.
The third kind of socially induced typification is constructed with the use of
a standard topology on the collection of agents A, which is based on the relations
between the agents in the population (A, R). Now the topology on the collection
of types is taken as the finest topology such that the pre-characterization g is a
continuous function from the set of agents endowed with this standard topology into
the attribute space. Again, the attribute space resulting from this method satisfies
the Interdependency Principle and so the description (A, R) is a typification.
That these three methods of constructing a socially induced typification are
closely related, and even intertwined, is shown in the property that if the precharacterization is an injective function, then all three socially induced typifications
are the same. Hence, in some respect these methods are equivalent. The three
methods of constructing socially induced typifications are given and analysed in the
subsequent subsections.

3.4.1

Finely induced topologies

Let ((A, R),C,g) be a pre-economy, and let (A,1Z) be the description corresponding
to ít. In this subsection we focus on those sets of types in A, which represent the
socially related agents of a single agent in the population. Thus, for every agent
a E A the set of types with that property is given by

g(F(a)) -{g(b) ~ 6 E F(a)} C A.
Evidently we may base a topology in the collection of types A on those sets of types,
which are related to the same agent. This immediately leads to the definition of the
following collection of subsets of A:
~1 :- {9(F(a)) ~ a E A} C 2A.

Obviously it holds that the elements of 4'1 cover A.
It is easily established that the collection ~1 satisfies all the conditions of a topological subbase. Now we denote by r~ C 2A the topology on A generated by the
subbase ~1 C 2A. By set theoretical inclusion r~ is the smallest topology, containing
the collection ~1 as a subcollection. Hence, rl is the smallest topology in which the
sets in ~1 are open. The generated topological space is denoted by (A, rl). The
topology rl will be indicated as the fine topology on A induced by the pre-economy
((A,R),C,g). The main question to be solved is under which conditions this fine
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induced topological space (.A, rl) is in fact an attribute space, i.e., under which conditions it satisfies the Tr-separation property.ls This is done in the first result of
this section.
Theorem 3.4.1 Let ((A, R),C,g) be a pre-economy, and let the pre-charncterization
g: A-~ A 6e such that for every type a E A it holds that g-~ (a) C A is a finite set.
Then (A, rl ) is an attribute space ij for every two agents a, b E A it holds that
F(a) C F(b) implies a- b.
PROOF
Let a,Q E A be two distinct types, i.e., a~~3. Moreover, let g-1(a) -{al,...,a„}
and g-1(~3) -{b~,...,b,,,}. Since a~~3 it is obvious that a; ~ 6~ for every i, j.
Take a E g-r(a). Then for each agent 6~ E g-r(Q), with j E {1,...,m}, by the
property as formulated in the assertion there exists some agent c~ E F(a) `F(b~).
Next define U~ :- g(F(c~)).
Then by definition U~ E ri. Furthermore, for every j E{ 1, .. ., m} it holds that
a E Uj and b~ ~ F(c~). Moreover, it is clear that
m

U:-nU;Er1.

~-~

Thus, we immediately conclude that
m

a E U and g-r(,Q) fl ( n F(c~)) -~.
~-r
Hence, it holds that
m

m

m

~ U, - U.
Q~g( ;-~
Í1 F(~~)) -~Í
;-~ g(F(e~)) - ;-~
This proves that a E U and Q ~ U, and so ( A,rl) satisfies the Tl-separation
property.

Q.E.D.
The interpretation of this result is quite obvious. It states that types can be separated by the topology rl if any two (different) agents are socially related to different
collections of agents. This is trivially deduced from the property that the statement
of Theorem 3.4.1 is equivalent to stating that for two different agents a, b E A it
holds that F(a) `F(b) ~ 0 as well as F(b) `F(a) ~ 0. Hence, two agents can
socially be distinguished by looking at their social relationships in the population.
1606viously the topological space (A, rl ) does not need to satisfy the TI-separation property,
and therefore it is not necessarily an attribute space.
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This is closely related to the notion of social identification as discussed in
Chapter 8 of this monograph. There it is analysed that in a socially structured
economy the identification of a single agent in the population, by only investigating
the social structure of the economy, is closely related to well known concepts such
as largeness and pluriformity of an economy. In Theorem 3.4.1 we again link a fundamental property of the description of socially related agents in some collection of
attributes with the identification properties of a relationally structured population.
Finally we remark that, since for every type a E A it holds that .~(a) E rl, it
follows that under the condition as stated in Theorem 3.4.1 the pre-characterization
g is indeed a local characteriza.tion of the population (A, R) in the fine attribute
space (A, rl), as induced by ((A, R),C,g). This shows that this first method of constructing a socially induced typification is indeed satisfying the basic requirement.

3.4.2

Coarsely induced topologies

Let ((A, R),C,g) be a pre-economy, and let (A,R) be the description belonging to
it. We next develop a topology on the collection of types A, which is coarser than
rl. In order to be able to give this definition, we note that for any type a E fl it
holds that
~(a) -

U

g(F(b))

bE9-~(a)

and so for any type a E,A we have .F(cx) E ri.
It is therefore obvious that we are also able to obtain a coarser topology, say
rz, on the collection of types A with similar properties as rl by using the collection
~z :- {.F(~) ~~ E A} C 2A.

Formally, let rz be the topology on ,A, which has the collection ~z as its subbase. It is
obvious that rz is the smallest topology of which the collection 4'z is a subcollection
of open sets. We denote the induced topological space by (A, rz) and call it the
coarse topological space induced by the pre-economy ( (A,R),C,g).
It should be clear that the collection ~z is coarser than the collection ~1 in
the sense that for every set F E~1 there exists a set E E 4'z such that F C E and,
furthermore, for every set E E 4'z there exists a subcollection ~E C 4't such that
E- U4'E. This immediately implies that the topological space ( A, rz) is coarser
than the topological space (.A, rt ) in the ordinairy sense that rz C rl.
Finally, we address the problem under whích conditions the generated topological space ( A, rz) satisfies the Tl-separation property, and hence is indeed an
attribute space. The answer to this problem is given in the next theorem, which is
very similar to the result as formulated in the previous subsection.
Theorem 3.4.2 Let ((A,R),C,g) 6e a pre-economy. Then the induced topological
space ( ,4, rz) is an attrióute space if and only if for every two types ~, ~3 E,A it holds
that
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.~(a) C .~((j)

implies a - ~3.

PROOF

Only If
Suppose that ( A, r2) satisfies the Tl-separation property. Let a, Q E A be two distinct types. Then by definition of the topology r2 C 2A and the Tl-separation
property there exists a finite collection of types -yl, ..., ryn E A such that
n

a E n.~(ry~) E r2
;-~
n

Q~II~(7~)Er2.

~-i

Thus we deduce that there exists a type y E A such that a E.~(ry), while Q ~.~(ry).
This implies that y E~(a) `.~(Q). Hence, f(a) `,F(~i) ~ 0.
Similarly we derive that ,~(Q) ~ .F(a) ~ ~.
If
Let a, ~3 E A be two distinct types. Then by assumption
f(a) `~(Q) ~ ~ ~ f(Q) `f(a)Now we can define two open sets, namely
Ul :- U{f(ry) ~ y E.~(a) `.~(Q)} E r2 and
U2 :- U{.~(ry) I 7 E f(Q) `.~(a)} E r2.
Then it immediately is clear that a E Ul and Q ~ U~, while it also holds that
a~ UZ and Q E U2. This implies that a and Q are separable in the sense of the
Tl-separation property.

Q.E.D.
Theorem 3.4.2 indicates that the coarser topology rz on the collection of attributes
A is possessing the same social identification property in connection with the Tlseparation property as r~ does. Here it is however not the social identification of
a single agent in the population, but that of a type in the typification. It may be
clear that economically the latter one is a less satisfactory characterization of the
Tl-separation property of the topological space (A, rz).
Obviously it holds that the pre-characterization g is a local characterization
if (A, r2) satisfies the Tl-separation property, and thus that (A, r2) is an attribute
space.
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3.4.3

Naturally induced topologies

Let ((A, R), C, g) be a pre-economy, and let (A,1Z) be the description corresponding
to it. The basic observation on which we found our third topology is that if we endow
the set of agents A with some topological structure, then through the mapping g
we are able to construct a topology on the collection of attributes A such that the
mapping g: A~ A is continuous with respect to this topology. Our first aim is
therefore to provide a natural topology on the set of agents A."

To construct such a topology on the set of agents A, we have to introduce some
concepts and notation. First we make the convention that if ~ is some collection of
sets, then we define fl~ :- (~EE~ E and U~ :- (.JEE~ E. With use of this notation
we can obtain a natural topology on the set of agents A.
(a)

Let E C A be some finite set of agents. Then we define

F(E) - n F(a).
aEE

(b)

With the riotation as introduced in (a) we construct the following collection
of subsets of A:

Ci(R) :- {F(E) ~ E C A, E is finite }.
It can be shown that Ci(R) U{(t1} C 2A can serve as a basis of some topology
on the collection of all agents A. This topology is characterized by

T(R) :- {U~ ~ ~ C Ci(R)}.
We refer to the resulting topological space (A,T(R)) as the natural topological space induced by the population (A, R).
(c)

Let a E A be some agent. Then we define the collection
JV(a) -{U C A ~ F(E) C U for some finite E C F(a)}
as the system of neighbourhoods of a E A in the naturally induced topological
space (A,T(R)). (For a formal proof of this fact we refer to Proposition 3.4.3.)
In the context of the pre-economy we can refer to these neighbourhoods of
some agent a E A as his or her social neighbourhood. This illustrates that the
natural topology T(R) on A is indeed reflecting the social structure of the
(pre-) economy.

"This subsection is largely based on private communication with Dave Furth, who provided me
with many valuable insights. I gratefully acknowledge his petmission to publish these results in
this monograph.
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With the use of the framework as given above we can derive some useful properties.
Proposition 3.4.3 Leta E A 6e an agent and let (A,T(R)) be the naturally induced
topological space.
(i)

N(a) is a neighbourhood system for a E A in the topologyT(R).

(ii)

For every neighbourhood U E N(a) there exists a neighbourhood V E N(a)
with V C U such that V E N(b) for every agent 6 E V.

PROOF

(i)

One can easily deduce that if U E N(a), then a E U. Furthermore, if
additionally V E N(a), then also U fl V E N(a). Finally, if U E N(a) and
V C A is such that U C V, then clearly V E N(a).

(ii)

Let E C F(a) be a finite set. Then by choosing V:- F(E) we only have to
show that for every agent 6 E F(E) there exists a finite collection G6 C F(b)
such that F(Ge) C F(E).

This is easily shown by noting that b E F(E) implies that E C F(b). Hence,
choosing Gy - E leads to the desired result.
Q.E.D.
To complete the construction procedure we define the topology r. on the collection
of types A as the finest topology on A such that the description g: A --~ A is a
continuous function from (A,T(R)) into (A, rt). The topology r. is usually denoted
as the quotient topologycorresponding to the topology T(R) on A and the mapping
g. (We refer for its properties to Császàr (1978), section 7.4.a.) As one easily sees
the topology r, is closely related to the other topologies constructed above.

Again we focus on our main problem, namely under which conditions the
topological space (A, r,) satisfies the T~-separation property, and thus is an attribute
space. This problem can best be resolved by focussing on the naturally induced
topology T(R) on A, rather than on the corresponding topology r,, on .4. This leads
to the following important result.
Theorem 3.4.4 The natural topological space (A,T(R)) induced 6y the population (A,R) satis,fies the Ti-separation property if and only if for every two agents
a, b E A, with a ~ b, it holds that either ( a, 6) ~ R, or ( a, b) E R and there exists an
agent c E A with ( b, c) E R and ( a, c) ~ R.
PROOF
Let a, b E A with a~ 6.

If
We distinguish two cases:
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(i)

(ii)

a ~ F(b)
Then F(b) E T(R) is a neighbourhood of 6, which does not contain a.
a E F(b)
Then by assumption there exists an agent c E A with ( b, c) E R and (a, c) ~
R. Thus b E F({b,c}) and a ~ F({b,c}). But then F({b,c}) E T(R) is a
neighbourhood of 6, which does not contain a.

In both cases as described above we conclude that the complement of the singleton
{a} is open in (A,T(R)). Thus the set {a} is a closed set with respect to T(R).
Only if
Suppose that the assertion is not true. Then there exist two agents c, d E A with
c~ d for which it holds that
(c, d) E R and F(c) C F(d).
By definition of the neighbourhood systems it thus follows that J1~(c) C.A~(d). This
implies that there exists no neighbourhood U E ~V(c) such that d~ U. And so
(A,T(R)) cannot be satisfying the Tl-separation property with respect to c, d E A.

Q.E.D.
The result as presented above can be reformulated in the following way.
Corollary 3.4.5 The naturally induced topological space (A,T(R)) is a Tl-space if
and only if for every two agents a, b E A with a~ b it holds that F(a) `F(b) ~(b.
The main purpose of our investigations is however to reach a characterization of
the Tl-separation property for the space (A, r.). The following corollary has to be
viewed in the light of Theorem 3.4.2.
Corollary 3.4.6 Let ((A,R),C,g) be a pre-economy. If the pre-chamcterization
g: A-~ A is such that for every type a E A it holds that g-I(a) is a ftnite set, then
(.A, r„) is an attribute space if for every pair of agents a, b E A, with a~ b, it holds
that F(a) `F(b) ~ 0.
PROOF
Let ~ E A. Now we have to show that the singleton {a} is a closed set in (A, r,).
This is satisfied if and only if the set g-'(cr) is closed in (A,T(R)). This is clearly
the case when (A, T(R)) is a Tl-space. We apply the corollary as formulated above
to arrive at the desired conclusion.

Q.E.D.
To complete our analysis of socially induced topologies on the collection of attributes
C within the setting of a pre-economy ((A,R),C,g), we consider the special case of
an injective pre-characterization. The next result states some of the properties as
resulting from this very specific and trivial situation.
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Theorem 3.4.7 Let (( A, R),C, g) be a pre-econotny of which the description g: A-a
,A is an injective mappíng. Then (~i, rt )-(Ji, r2) -(, ~4, r,), and the following
statements are equivalent.
1. (A, r,) is an attribute space, i.e., it satisfies the Tl-separation property.
,2. For every two agents a, b E A it holds that
F(a) C F(b)
~.

implies a- b.

For every agent a E A it holds that MÍ(a) -{a}.

PROOF

The equivalence of the topological spaces (A, rl ), (A, r2), and (A, r~) is evident. Furthermore, the equivalence of statements 1 and 2 is an immediate consequence of the
equivalence of the three constructed topologies and the Theorems 3.4.1 and 3.4.2. To
complete the proof we show that statements 1 and 3 of the assertion are equivalent.
1 implies 3
Let a E A be an agent. Take a type ~i E A such that ,Q ~ g(a). Then by the
Tl-separation property there exists some r,~-neighbourhood Up E r,, such that

g(a) E Up and ,(3 ~ Up.
By taking for every (3 ~ g(a) such a neighbourhood Up E r, this simply implies that
n Up - {g(a)}.
R~s(a)
Next we note that the collectionN(a) just consists of all sets, which can be described
by g-1(U), where U E r, is some neighbourhood of g(a). Thus the equation above
implies that
I I 9-1(U9(b)) - {a}.
6~a

And hence fl N(a) - {a}.
3 implies 1
Let a E A be a type and a:- g-'(a) E A.

Then the property that fl ~1i(a) - {a} implies that for every agent b~ a there exists
some neighbourhood U E N(a) such that 6~ U.
Thus for every type Q E A, with Q~ a, there exists some neighbourhood U E JV(a)
such that g-' (Q) ~ U. Hence, for every p ~ a there exists some neighbourhood
U E ~V(a) such that Q~ g(U).
But then, by the construction of the topological space (.A, rl) -(A, r,), for every
Q~ a, with Q E A, there exists some topological neighbourhood V E rl such that
~ E V and ~3 ~ V. This completes the proof of the assertion.

Q.E.D.
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3.5

Some examples

In this section we develop some examples of descriptions, typifications, and typologies of populations in certain attribute spaces. We will mostly use the construction
methods for socially induced typifications as developed in the previous section, and
additionally check whether or not the resulting typification has an at most countable
subdivision into components. If this is the case, then the typification is a typology
and we have constructed a relationally structured economy, provided that that typology is component connected. In nearly all these examples the foundation of the
analysis is given by Theorem 3.3.5 and Theorems 3.4.1, 3.4.2 and 3.4.7.

Our first example deals with a specific kind of attribute spaces, namely those
which can be regarded as multi-dimensional.
Example 3.5.1
Multi-dimensional attribute spaces
In this example we consider attribute spaces with more than one dimension. In
economics these cases are used frequently. We refer e.g. to the modelling of a
general equilibrium model of a pure exchange economy, in which the underlying
attribute space is the product of a space of preferences and some finite-dimensional
Euclidean commodity space.
More specifically we call an attribute space (C, r) multi-dimensional, when
for some k E N there exist k collections of attributes Cl, ..., Ck endowed with the
topologies rl, ..., rk, respectively, such that

~ the collection of attributes is the product of the k collections of attributes, i.e.,
~
C-~C; ;

;-~

~ the topology r

C 2~ is the product topology of the k different topologies

Ti,...irk i

~ for every number i E { 1, ..., k} the topological space (C;, r;) satisfies the Tlseparation property.
From the definition it is clear that every multi-dimensional attribute space is an
attribute space. In many applications, a"dimensionn of the attribute space can be
viewed upon as a certain class of attributes expressing the same general characteristic.
To make use of the multi-dimensionality of a certain attribute space we have
to adapt the definition of a pre-characterization. Therefore, let (A, R) be a population and let (C, r) be a multi-dimensional attribute space, being the product of
k E N attribute spaces as described above. The mapping g: A -a C is a multidimensional pre-characterization if g-(gl, ...,gk) satisfies the property that
for every i E{ 1, ..., k} it holds that g;: A-~ C; is a pre-characterization and for every
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i E { 1, ... , k} and a; E g;(A) the set (~k ~ g; 1(a;) is a finitely connected subgraph
of (A, R). It is immediately clear that every multi-dimensional pre-characterization
is indeed a pre-characterization.
Similarly, we modify the notion of local characterization: A multi-dimensional pre-characterizationg -(gl,...,gk) of the population (A,R) in the multidimensional attribute space (C, r) is a multi-dimensional local characterization
if there exists for every i E {1, ..., k} and every ct; E g;(A) some neighbourhood
U; E T; such that
k
Q E ~(U; flg;(A))
~-i

implies

k
3 a E n 9: I(~;) d b E 9-1(Q)- (a, b) E R.
~-~
Clearly this generalizes the definition of a local characterization as given in the previous sections. Thus, based on the definitions above, we can define multi-dimensional
typifications and typologies as descriptions corresponding to multi-dimensional preand local characterizations of certain populations in multi-dimensional attribute
spaces. We do not analyse the specific properties of multi-dimensional typologies
and the belonging economies.

Example 3.5.2
In this example we consider a very simple economy. We will show that by a slight
modification of the relational structure of the population of agents of the economy,
the typology of the population in the corresponding attribute space breaks down
completely. Thus, we show that the modelling of a relationally structured economy
with the use of the Separation and Interdependency Principle may be very sensitive
for small pertubations or shocks in the relational structure.
First we consider the economy E:- ((A,R),(C,T),g) consisting of the following
items:
~ The population is described as A:- R- the real line - and the social
relationships are described by the agent-relation mapping F: A --~ 2A, which
for every agent a E A is given by

F(a) :- {b E A ~ ~b - a~ G 1},
where ~x - y~ is the Euclidean distance between x, y E R.
~ The collection of attributes is given by A:- R.
~ The description g: A -~ A is given by the identity mapping g(x) - x for every
xER.
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~ The topology T, C 2R on A is given as the (uniquely defined) socially induced
topology as described in Theorem 3.4.7.
It is clear that (A, T,~) is indeed an attribute space, and that g is a local characterization. The typification (A, R) as described above clearly consists of one component
only. Thus it is a typology, which is component-connected. Therefore we have
constructed a relationally structured economy E-((A, R), (C, r), g).
Next consider the case in which all items are chosen as above, but the relational
structure of the population (A, R) is slightly altered. We now assume that the
agent-relation mapping F: A--~ 2A for every agent a E A is given by

F(a) :- {b E A ~ ~b - a~ C 1}.
Now the socially induced topology is the discrete topology on A- R. Indeed, for
every agent a E A it holds that F(a) -[a-l, af l] and so {a} - F(a-1)(1F(a f l) E
T,~ .

This example makes clear that slight alterations in social relationships by agents
in the population may cause to break down the structure of the economy. In the
first part of the example we could construct an economy, while in the second part
of the example we can only speak of a pre-econorny. Hence, the mapping g is not
a characterization, but merely a description. This shows that in some cases the
Interdependency Principle is clearly visible: Unilateral changes in the relational
structure, without altering the individualized attributes of the agents, breaks down
the model. Thus we may conclude that the Interdependency Principle of our methods oí modelling a relationally structured economy does not allow for these unilateral
changes, but requires changes in both spheres.

The previous example sketched the sensitivity of the method of modelling a relationally structured economy with the use of the Interdependency Principle. The next
examples shows that there are less trivial cases for which the chosen topological
structure on the collection of attributes is of crucial importance.
Example 3.5.3

In this example we develop an economy of which the corresponding typology consists
of a finite number of macro-types. A slight alteration of the topology of the attribute
space, however totally destructs the fabric of the typology and its nice properties.
First we describe the main items of the economy.
~ The population consists of the set

A:- (-oo, -2J U Q U[2, oo) C R,
where Q is the set of all rational numbers on the real line. The social relationships on this population of economic agents is described by the agent-relation
mapping F: A~ 2A as, for every agent a E A, given by
104

F(a) :- {b E A ~ ~6 - a~ C 1},
where ~x - y~ is again the Euclidean distance between x, y E R. It is clear that
(A, R) satisfies the full communication property in the sense that every two
agents in the population are able to communicate with each other by some
finite sequence of intermediairies.

~ Next we define the collection of attributes as the set
r4 :- (-00,-2) U{0} U(2,00) C R.
~ The description g: A--~ A is for every point in the population a E A given by
~ x

g(~) ~-

0

for xE(-oo,-2)U(2,oo)

for x E[-2, ~j n Q.

~ Finally we define the topology on the collection of attributes A- g(A) to
be the socially induced topology rl as given in the previous section of this
chapter. It is clear that (A,TI) is indeed a topological space, which fits the
definition of a typification. Hence this implies that the mapping g is a local
characterization. It is evident that (A, R) consists of an at most countable
number of components. This is formally proven below.
We show that the topological space (,A, r~ ) has three components, and thus we prove
that the description of the economy satisfies all requirements to be a typology. Obviously, the sets (-oo, - 2) and ( 2, oo) are components of the topological space (A, Tl ).
Next we show that the set {0} is a topologically open set, and so a component in
(A, r~ ). Firstly, we note that 0 E g-1(0) and, secondly, that

{0} -g(F(-~)) ng(F(z)) E T,.
It is clear that the typology (A, R) is component connected. We may conclude that
we have constructed an economy ((A, R), (C, T), g) consisting of three macro-types.
Finally, we remark that these facts only hold if we choose the topological space
to be (A,rl). We remark that the topological space (A,TZ) is not satisfying the
Tl-separation property, but only the To-separation property. This immediately
shows that the choice of the topological structure is very important with respect
to the definition and construction of an economy. In this case we have constructed
an economy with the use of the topological space (A,rl), but we are not able to
construct similarly an economy with the use of (A, r2). This shows that in case of
(A,T2) we have to stick to a pre-economy, which is quite unsatisfactory.

The final example of this section deals wíth an economy in which all aspects of our
method of modelling according the Separation and Interdependency Principle are
illuminated.
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Example 3.5.4

In this example we sketch some typologies of a population in different attribute
spaces consisting of an infinite but countable number of components or macro-types.
The different typologies characterize the agents with respect to different kinds of (individualized) attributes or characteristics. Throughout the example the population
is the same, but the attribute spaces and the characterizations to be considered are
describing very different collections of characteristics.
Firstly we sketch the population (A, R), which is described as follows:
~ The collection of all economic agents in this population is given by the set
z
A:-

U Sn C R2,
n-1

where for every n E N we define Sn :- (wn, xn] x[yn, zn] to be a compact block
in the Euclidean space R2. We assume that all these subcollections (Sn)nEN
are pairwise disjoint.
~ For each integer n E N we choose one agent an E 5,,, which we denote by the
communicator of Sn. The precise function of this particular agent becomes
clear in the definition of the social relationships between the agents in the
population.
~ We define the social relationships of the population (A, R) by giving the agentrelation mapping F: A~ 2A. In order to do so we take a number e 1 0, and
denote by Bf(x) C RZ the e-ball around ~ E R2 in the Euclidean topology on
R2. For every integer n E N and every agent a E Sn, with a ~ an, we define

F(a) :- B~(a) n Sn.
Moreover, for every n E N we define
F(an) :- (Bc(an) ÍÍ Sn) U {al,az,a3,...}.

The population clearly satisfies the full communica,tion property. Next we will discuss two characterizations of this population in two different attribute spaces.

Economy A
Our first characterization only considers the global residence of an agent in the
population (A, R) and the property whether or not an agent is communicator. We
define

A :- N u {o}.

Ios

So, the collection of attributes consists of all nonnegative integers. Next we define
the mapping g: A-a A, which is given by for every integer n E N
f g(a) - n
l g(an) - 0

if a E Sn and a~ an
for all n E N

It is clear that this mapping g is a pre-characterization, which characterizes the
global residence of the agents in the population, except for the communicators in
the population.
Next we endow the set A with the ri topology. It is clear that (A, ri )-(A, rz)
is a discrete topological space with an infinite but countable number of elements.
Hence, ( A,rl) consists of a countable number of components and satisfies the Tlseparation property. This implies that (.A, R) is a typology, being component connected with a countable number of components. Thus we have constructed an
economy ((A, R), ( C, r), g) which is non-trivial and satisfies all conditions.

Economy B
Let n E N. Firstly we define

,.4„ :- [2n - 1, 2n] x[0,1] C R2.
It is clear that for every n E N there exists an affine ( or linear) function gn: Sn --~ A,,,
which maps the set S„ C R2 one-to-one in the set A„ C R2.

Now for every n E N we fix such an affine function gn and denote an :- gn(an) E .An
as the image of the communicator of Sn under the mapping gn. Next define the
collection of attributes as the set
~
A :- U [~ `{CYn}] U {0}.
n-1

To complete the description, we now define a characterizationg: A-~ A, which gives
a precise description of residence in combination with communicatorship. For every
n E N and every a E Sn, with a~ an, this mapping is given by
9(a) :- 9n(a) E .Qn `{an}.
Furthermore, we define for every n E N
9(an):- 0.

Finally, take the socially induced topology rl on the collection of attributes A. This
completes the description of the triple ((A, R), (C, r), g). We now show that this
triple is indeed an economy with a countable infinite number of components.
Firstly, we note that the topological space (A, rl) indeed satisfies the Tl-separation
property. Secondly, it is clear that the subset ,,4„ `{an} C A is connected in the
topological space (A, rl ). In fact we can assert that it is a component of (A, rl ).
Thirdly, to complete the proof that (A, rl) contains only a countable number of
components we show that the singleton {0} is also a component of (A, rl). In fact
take an E g-'(0), then we can define
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Un :- g(F(an)) - {0} t.1 ~gn(Be(an)) ` {an}] E Tl.

Since gn is an affine mapping we assert that for every two integers n, m E N with
n~ m it holds that Un fl Um - {0}. So, we may conclude that {0} is indeed a
component of (A,r~).
We conclude that (A,TI) consists of a countable number of topological components,
and hence the typology (A,1Z) is component connected. Thus, we have constructed
a relationally structured economy ((A, R), (C,T),g), which consists of a countable,
infinite number of macro-types. One macro-type, the "zero-thn, can be referred
to as the macro-type of communicators. With respect to the other macro-types,
we remark that in fact they are related to the (micro as well as macro) types of
economy A as developed above. In economy A we stressed the global residence,
while in economy B we stress the precise residence of the economic agents. The
emerging macro-types in economy B turn out to be precisely the types of economy
A, and hence they are characterizing the gloóal residence of the economic agents.
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Chapter 4
Networks and Coalition
Formation
In the previous chapter we have introduced a model of a relationally structured
economy. In that model the relational characteristics as used in the description of
economic agents, are approached directly by describing the economically relevant
relations between economic agents in the population. The resulting relational structure on the collection of all agents in the economy has to interpreted as a description
of these relational characteristics attributed to the agents in the economy. It is clear
that this structure imposes certain constraints on the behaviour of the agents in
such an economy. These constraints are referred to as relational constraints. In this
chapter we focus on some direct consequences of these constraints in the behaviour
of the agents in the economy.
We recognize that all economic activities such as trade, production, and bargaining, are essentially based on the communication possibilities available to the
agents in the economy. In a relationally structured economy it is evident that free
communication is hampered in many respects. Thus, in the setting of a relationally
structured economy there are many direct - relational - constraints with respect
to these vital communication activities by the agents in the economy. It is therefore
crucial to know the nature of the organization structures, which are able to maintain full communication in the economy and thus secure the functioning of economic
(trade) processes. It is obvious that this kind of organization structures are resulting
from the relational constraints as present in the economy.
The first step in the analysis of the organization of communication in a relationally structured economy is the formulation of the minimal requirements which
such an organization structure has to satisfy. This leads to the introduction of the
notion of a network A network can be regarded as a group of types, who are potentially able to take care of all communication and social interaction within the
economy. It is however not evident that such an organization structure is actually activated in some economic trading process. A network only satisfies certain
minimal requirements with respect to the social abilities of its members. Thus,
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the individualized attributes are not taken into account. This immediately leads
to the conclusion that networks are only to be regarded as potential organization
structures, which regulate all the communication within the economy.
In the first section of this chapter we define and discuss the minimal requirements, which such a potential organization structure or communication device has
to satisfy. This also immediately raises the fundamental question under which conditions on the typology of the relationally structured economy, there exists such a
network. This problem is addressed in the second section. There we show that
in nearly all "normal~ economies such potential organization structures exist. The
specific properties of networks in economies with only a finite number of different
types, i.e., with a finite typology, are the topic of the third section of this chapter.
In Section 4.4 we again turn to the existence problem of networks. There we show
that gerrerically in every relationally structured economy there exist network-like
organization structures. The modelling of economic processes with the use of these
specific organization structures is therefore generically allowed.
The second major issue of this chapter is that of coalition formation. Given
the relational structure in the economy it is crucial to know which coalitions are truly
feasible in that setting. Based on these potentially formable coalitions we are able
to study the cooperative economic behaviour in detail, as will be done in the next
part of this monograph. Obviously, relational constraints in communication lead to
constraints on coalition formation. In Section 4.5 the problem of coalition formation
is addressed in general, while in Section 4.6 we discuss a particular example in which
networks are the fundamental tools in coalition formation. Through these networks
agents in the economy are able to communica,te and hence to form coalitions.

4.1

Networks

The model of a relationally structured economy as developed in the previous chapter
poses some important questions with respect to the communication between agents
in the economy. In particular we studied the problem under which conditions the
population satisfies the full communication property, i.e., the property that any
pair of agents in the economy can reach each other through a finite number of
intermediairy agents. From this property we can deduce that certain agents in the
economy are able to take care of communication or at least of certain communicative
actions in the economy.

The last remark leads to the point of departure of the analysis in this chapter.
This point of departure is the observation that in normal cases' specific coalitions
in a population take care of information streams or of the provision of services and
' With the indication of "normal" cases we refer to the well known and widely used models of
economies. In general equilibrium analysis one limits oneself to the cases of a compact topological
attribute space and a continuum of agents. These cases are covered by the existence results as
presented in this section.
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commodities. For instance in an economy the group of physicians takes care oí
the "health" of all the agents in the population, while labour unions take care of
conditions in working situations and of wages. The collection of all these kinds of
coalitions, with specific properties with respect to communication and reachability,
forms an organization structure of the whole population, and therefore of the economy as a whole. In fact the organization structure as developed by these specific
coalitions concerns all agents in the population. Hence by describing these kind
of coalitions, we are in fact also describing an organization structure of the whole
economy.
In this section we introduce a collection of coalitions in the population, which
form the basis of potential organization structures, which are able to take care of
the provision of certain services and commodities. In fact we state a number of
conditions which are minimal for such an organization structure to satisfy. In this
way we construct a class of coalitions, which form the basis of organization structures
satisfying these minimal conditions. In the formulation of these rninimal conditions,
we are led by the work of Kalai et al. (1978). They introduced the notion of a
middleman in a simple graph theoretic model of a population of three agents.2 The
main property of a middleman is that he or she is intermediair of all communicative
economic activities such as trade, exchange of information, and the provision of
services.
In our analysis we replace a middleman by a coalition of types, in which case
coalition
as a whole has a certain position in the typology of a population in
that
the attribute space belonging to it. Such a coalition satisfies certain properties with
respect to its position in the relational or communicative structure of the population
and hence of the typology of that population. This implies that the conditions
stated for such a coalition are only dealing with the communicative abilities of the
members of that coalition, and not with their individualized attributes. Thus, we
have to regard these coalitions as representations of potential organization structures
in the given typology. The actual organization structure that will emerge in certain
situations, is naturally also depending upon the individualized attributes of the
agents involved.
In the sequel of this chapter we take a fixed population (A, R), a fixed attribute space
(C, r), and some characterization g: A--~ C. We denote by (A, ~Z) the corresponding typology of the population (A, R) in the attribute space (C, r). Furthermore,
we denote by (A, r~A) the restricted attribute space, and by (An)„EN the unique
subdivision of (A, 7Z) into macro-types. We remark that (A, 7l ) does not have to be
component connected, and thus the population (A, R) is not a priori satisfying the
full communication property.

Within the setting as sketched in the previous paragraph we are able to inZA more general approach to the notion of middleman was undertaken by Muto et al. (1987).
In a game theoretic setting they studied so called "Big Boss" games, in which we can interpret the
big boss as a kind of middleman.
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troduce the first few properties, which a coalition as described above has to satisfy.
Both properties as introduced below are stated with respect to the communicative possibilities of the coalition as a whole. Coalitions, which satisfy these global
properties, can be viewed as potential "communication devices" in the typology.
Definition 4.1.1 A collection of types N C A is a pre-network in the typology
(,A,1Z) if it satisfies the following properties:

(i)

Reachability
The class of related types of the members of N is the total collection oj types
,4, i.e., it holds that

~ .~(~) - A.
aEN

(ii)

Connectivity
The subgraph (N,1Z~N)

of the typology (A,1Z)

is fcnitely connected,

i.e.,

for every two types a,Q E N there exists a finite sequence y1,...,7„ E N
such that 7~ - a, -yn -~3, and for every j E { 1, ..., n - 1} it holds that
(7i,7ifi) E R.

In the sequel we denote the collection of all pre-networks in the typology (.A,1Z) by
~(.A,1Z), or simply by ~. We explicitly remark that the collection ~ may be empty
for certain typologies (A, R).
The reachability condition as defined above is reflecting the notion, that an
organization structure in a relationally structured economy has to be reached directly
by every agent in the population. That is, any type in the economy can reach the
pre-network as a whole by direct communication. To return to the example of a
health economy, any agent in that economy is able to go to some person, who can
give medical care and assistance. Thus, the coalition of all agents employed in the
health sector of the economy, can be reached directly by any agent in the economy.
Connectivity is a formalisation of the natural condition that a communication
device has to be able to send a message from one agent to any other agent in the
economy. In a trade economy, a pre-network can be regarded as a trade organization
structure consisting of shipping and distribution institutions such as shops, transportation firms, and mining corporations. Reachability now states that any agent
in the population is able to go to a shop, while the connectivity condition demands
that any agent in the population can potentially be provided by any commodity
available in the economy. Thus, an agent is able to go to a shop, which can provide
him or her with any commodity available in this trade economy.

We remark that a middleman in the framework of Kalai et al. (1978) satisfies
both conditions of a pre-network. Secondly, we remark that both conditions are
plausible with respect to the notion of an organization structure within a relationally
structured economy. The next result shows that the existence of pre-networks is
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trivial within the setting of a population, which satisfies the full communication
property.
Proposition 4.1.2 There exists a pre-network in the typology (.A, 7Z) if and only if
(.A, 7Z) is component connected.
PROOF

Only if
Suppose that tY ~ 0. Now by the results in the previous chapter we only have to
show that (A, R) is finitely connected.
Therefore take two types a, ~ E A and let N E~. Then by reachability of N there
exist two pre-network members a', ~3' E N such that (a, a') E 1Z and (Q, Q') E ~Z.
By connectivity there exists a finite sequence ryl, ...,-yk E N such that -yl - a',
yk - Q', and for every j E{ 1, . .., k- 1} it holds that (77 y~~l ) E R.
Now define a sequence (b~, . .., bk}2) in A, which is given by bl :- a, bkt2 -~,
and ój :- y~-1 for every j E{2, ..., k f 1}. It is obvious that this ftnite sequence
connects a and ~.
If
Let the typology (A, R) be component connected. Then, by the results in the
previous chapter, (A, R) is a finitely connected graph. Thus it immediately follows
that the collection of all types A is a pre-network, i.e., A E~. This completes the
proof of the assertion as formulated in the theorem.

Q.E.D.
The existence result for pre-networks as proved above is emphasizing the naturalness of the full communication property of a population. The full communication
property does not only impose that the economy cannot be divided into two separable sub economies, between which there exist no communication lines, but it also
provides the existence of certain potential organization structures.

Our next aim is to show that the conditions of reachability and connectivity
are stíll too weak to provide us with a proper definitíon of a potential organization
structure in a relationally structured economy. This is shown in the next result,
which asserts that the collection of pre-networks ~(A,1Z) is extremely large. Before
we state and prove that result we extend the type-relation mapping ,F to the mapping
.~: 2A ~ 2A which for every subset E C A is given by
.~(E) :- U .~(a).
aEE

This immediately leads to the reformulation of the reachability property as the
condition that for any pre-network N E ~(A,7Z) it holds that .~(N) - A.
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Proposition 4.1.3 If N E~(A,1Z) is a pre-network in the typology (A, R), then
any collection of types M C A, with N C M, is also a pre-network, i.e., for every
pre-network N E~Y(A, R) it holds that {M C A ~ N C M} C~(A, R).
PROOF
Let the subset N E ~(A, 7Z) be a pre-network, and suppose that M C A with
N C M. Now if M`N - f~, then the assertion is obvious. Hence assume that
M`N~O.
Since N C M it is evident that A-.~(N) C.~(M) and so the reachability property
is also satisfied by M.
To prove that M satisfies the connectivity property, we note that for every a E M`N
there is a type ~3 E N such that cx E.~(Jj). (This follows directly from the fact that
N is a pre-network.) Hence we arrive at the conclusion that o E M`N is able to
communicate with any other type in the pre-network in the sense as formulated in
the definition of a pre-network. So the connectivity of M is proven. This concludes
the proof that M is also a pre-network.

Q.E.D.
Proposition 4.1.3 shows that the collection of all pre-networks in a certain typology
can be extremely large. Therefore we introduce an additional condition, which
can be interpreted as a(crude) efficiency criterion. In the sequel we will focus
on the subcollection of all minimal pre-networks of a typology. This minimality
condition requires that there are no superfluous agents in the pre-network, who can
be disposed off without distorting the reachability and connectivity properties of
that pre-network. This implies that in such a minimal pre-network the removal of
a single type would break down the organization structure as represented by that
pre-network. Such minimal pre-networks are denoted as networks. Formally this is
defined as follows.

Definition 4.1.4 A network in the typology (A, R) is a pre-networkN E~(A, R),
which additionally satisfies the following property:
Minimality
There is no type a E N such that the subcollection N`{a}
in (A, R).

is a pre-network

In the sequel we denote the collection of all networks in the typology (A, R) by
~(A, 7Z) or simply by ~. A network is interpreted as a minimal collection of types,
which can handle all communication activities in the economy. This implies that
every agent in the population can reach the network directly, and secondly, the
network can deliver the message to any other agent in the population by communicating it through network members only. The minimality property requires that
all participants in the network are essential in the sense that the removal of one
participant is fatal for the functioning of that network as an organization structure
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in the relationally structured economy. The next characterization emphasizes this
interpretation from a theoretical viewpoint. It shows that the collection of networks
is just the collection of all set-theoretically minimal pre-networks in the typology
(A, ~).
Proposition 4.1.5 A collection of types N C A is a network in the typology (A, 7Z)
if and only if it is a pre-network and there is no proper suócollection M C N, with
M~ N, which is also a pre-network in (A,1Z).
PROOF
The if-part is evident.

Therefore we only have to check the only if-part of the

assertion.

Suppose that N C A is a network in the typology (A,1Z), and suppose that there
exists a pre-network M C N, with M~ N. Then by the minimality property we
know that ~(N `M) ~ 2. Now take a type a E N`M. Then by Proposition 4.1.3
and the fact that M C N`{a} C N, we know that N`{a} also has to be a
pre-network in (A, R). Hence, by definition of a network, N cannot be a network.
This is a contradiction.

Q.E.D.

4.2

Existence of networks

The introduction of the notion of network as a potential organisation structure in the
setting of a typology (,A, R) of a population (A, R) in some attribute space (C, r)
immediately raises important questions with respect to the size of the generated
collection ~. It is our conjecture that the collection of networks for any component
connected typology is not empty, and that it is even quite large. This conjecture
seems plausible, since the notion of a network as defined in the previous section
is based on the concept of pre-network, which always exists in the setting of a
component connected typology. Moreover, a network is an expression of a potential
organization structure, which implies that in many cases many of these potential
structures should exist.
In this section we will consider the conjecture as formulated above. Especially we focus on the existence problem in the setting of a component connected
typology. It turns out that we are not (yet) able to prove generically the existence
of a network in an arbitrary component connected typology. The existence of a network is however crucial in view of the applications of networks in models of coalition
formation and in the design and analysis of allocation mechanisms. In all these cases
we have to rely on the unconditional existence of networks, when they are required
in the modelling of coalition formation or in the equilibrium concept.

Our main existence result, which we are able to present in this section, deals
with "normal" relationally structured economies. By a"normal„ economy we denote
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the generally accepted situation in which the collection of types is a compact subset of some topological attribute space, i.e., the restricted attribute space (A, r~A)
corresponding to the typology (A, R) is a compact subspace of the attribute space
(C, T). In the literature on general equilibrium theory this kind of economies are
widely accepted as representations of the relevant normal cases. It incorporates the
finite economies as analysed in Arrow and Debreu (1954) and Debreu (1959) as well
as the large economies as studied in Aumann (1964 and 1966) and Hildenbrand
(1974). Nearly always a"normal" large economy serves as a limit of a sequence of
growing finite economies or as an abstraction of a finite, but large, economy. In both
cases it is plausible to have a compact space of types.
The next existence theorem covers these "normaln economies. In these economies the existence of networks is always guaranteed. Moreover, we can even show
that there exists a finite network in such cases.
Theorem 4.2.1 !f the restricted attrióute space ( A,T~A) cornesponding to the typology (A,1Z) is a compact topological space, then there exists a finite network in the
typology (,A, R) if and only if the typology (,A, R) is component connected.
PROOF
Suppose that (A, r~,A) is a compact topological space.

Since the "only if"-part of the proof is evident by application of Proposition 4.1.2
to this specific situation, we only have to concern ourselves with the proof of the
"ifr-part.
5uppose that (A, 7Z) is component connected, or, equivalently, type-connected.
Since (A,T~A) is compact, we know that the open covering, {Ua E T~A ~ a E A},
where Ua is chosen as an open neighbourhood of a E A such that (a, ~i) E 7Z for
all types ~3 E Ua, has a finite subcovering. ( The existence of such neighbourhoods
is guaranteed by the definition of a local characterization of a population in some
attribute space.) Let us denote the finite subset of types generating this subcovering
by W C A.
Next we define
Q:- {N C A ~ N is finite and satisfies reachability and connectivity }.
First we show that Q~ 0.

It is clear that W C A is finite and satisfies reachability. Next define the mapping
~: W x W --~ 2A, where 0(~, Q) is the finite set {y1i ..., 7„ } C ,A, which can be
ordered such that yl -~, y„ - ~3, and for every j E { 1, . .., n- 1} it holds that
(ry„ ryJtl) E R. (The existence of such subsets is guaranteed by type-connectedness
of (A,R).)
Let ~ :- lrJ,~Eyyxw 0(~). Now by the fact that W C ~, and hence .~(~) ~.~(W )A, it is clear that ~ has to satisfy the reachability condition. Furthermore by
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construction of ~, it also has to satisfy the connectivity assumption. Moreover we
know that ~ is finite, and thus ~ E Q.
Take any totally ordered subcollection Ci of Q. (The ordering of 13 is with respect
to set theoretic inclusion.) It is clear that f1Ci is a lower bound of the collection L3
with respect to inclusion, and that f1Ci ~ 0. From the finiteness assumption on Q it
is also clear that f1C3 E Q.
Now by application of Zorn's lemma3 there exists a minimal element in the collection
Q, say N`. Obviously this minimal set N` is finite. Moreover it satisfies reachability
and connectivity, and so it has to be a network in (A, R).

Q.E.D.
An immediate consequence of Theorem 4.2.1 is that any relationally structured
economy, with a compact collection of types, has finite networks. The proof of
Theorem 4.2.1 also gives us a flavour of the size of the collection of networks ~
of the typology of such an economy. We probably can generate many selections,
indicated by W in the proof, so that we have an indication that the collection Q,
and hence the collection of finite networks in a compact typology is quite large.
Next we give an extension of Theorem 4.2.1 to the more pathological cases
of a large typology with a countable number of compact components, which can be
ordered in some specific way. This case covers many pathological economies. For
instance it covers the case of an economy which is build up out of an ordered and at
most countable sequence of compact typologies, which are knitted together in some
specific way.
Before we are able to state and prove this extension, we have to introduce
some tools. The first instrument is a specific notion of component connectedness of
a typology, denoted as strong connectedness. This notion of connectedness requires
that the components in the typology are related with an at most finite number of
other components in the typology.
Definition 4.2.2 The typology (A, R) of a population (A, R) in sorae attribute
space (C, r) is strongly connected if there exists a condensation (A, R) of (A, ~Z),
which is a finitely connected graph, and which satisfies the property that for every
~ E Á it holds that
~{y E A ~(x, y) E R} C oo.

Obviously, strong connectedness of a certain typology implies that the typology is
component connected. Another formulation of strong connectedness is that for the
typology (A, 7Z) there exists a condensation ( A, R) such that it is not only a finitely
connected graph, but that furthermore for every á E A it holds that
3Zorn's lemma states that if in a partially ordered set, every totally ordered subset has an upper
bound, then there exist maximal elements. It is well known that Zorn's lemma is equivalent to the
well ordering principle and the axiom of choice. For a precise statement and analysis of this basic
result we refer to Quigly (1970) and Császàr (1978).
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~[R fl ({á} x A)J G oo.
From this property of a typology we can derive an important preliminary result,
which seems less relevant from an economic theoretic point of view, but which is of
great importance to the formulation and the proof of any extension of Theorem 4.2.1
to the cases as described above.
Lemma 4.2.3 (Reordering Lemma) Get (A, R) be a strongly connected typology, and let (A, R) be a condensation as given in Definition 4.2.2. Furthermore, let
c: A~ A be the mapping which belongs to that specific condensation.

Now we can order the set A- {an ~ n E N} such that
(i)

for any k E N the subgraph (~Jm-1 c-'(am),1Z~ ~Jm-1 c '(a,,,) ) is a component connected typology, and

(ii)

the set A can be divided into a countable sequence of (finite) groups (B;);EN,
i.e., ~J~1 B; - A, which is given by
Bl - {al},
BZ -{a2, ..., a,,, }

for n~ 1 1,

Br -{a,,,-,,...,an,} for nr 1 n,.-1 (r ~ 2)
where nr (r E N) are finite integers.
Moreover, if ~rl - rz~ - 1, then there exist ak, E Br, and ak2 E Brz such
that (ak, , ak, ) E R.

And if ~r1 - r2~ 1 1, then for every ak, E B,, and ak~ E B„ it holds that
(ak„aky) ~ R.

PROOF
With the use of induction the assertion of this lemma can easily be derived from
the definition of strong connectedness. Take for instance any a1 E A. Next define
Bl :- {al} and B2 :- {a E A`B~ ~(a,al) E R}. Further, let B,-1i with r~ 2, be
constructed, then we choose
.-i
B,:-{aEÁ` UBk ~ (a,6)ER, 6EBT-1}.
k-1
We remark that the ordering of A is not unique. Moreover the sequence of groups
(B;):eN may not be unique.

Q.E.D.
118

With the use of the Reordering Lemma 4.2.3 we are able to prove Theorem 4.2.4
as formulated below. This result is the most general existence result we have yet
formulated and proved for networks in typologies. Although it does not cover the
conjecture as described above, we have succeeded in proving the existence of networks for substantial collections of typologies, which describe all normal and many
pathological relationally structured economies. This implies that without reservation we can use the notion of network as a potential organization structure in our
models of coalition formation and the design of equilibrium concepts in certain relationally structured economies.
Theorem 4.2.4 Let (.A, R) be a typology, and let (An)„EN be the unique subdivision
of (A, R). Let the following properties be satisfied:
1. The typology (A, 7Z) is strongly connected ;
2. The restricted attrióute space (A, r~A) is a Hausdorff space ;

~. For every integer n E N, An is a compact subset of the restricted attribute
space (A,T~A) ;
4. As constructed in Lemma 4.2.3 there exists an ordering of the subdivision
denoted by (Ak)kEN, and a partition of the ordered condensation indicated by
the sequence ( B~)JEN, and an integer N E N, such that when j 1 N, there is
a unique type ~~ E c-1(B~) such that

~(~~) n e-'(B~f~) ~ 0.
Then there exists a countable network in the typology (A,1Z).
PROOF
Let (.Ak)kEN and (B~ )~EN be as given in condition 4 of the assertion and the Reordering Lemma 4.2.3. Moreover, we indicate for every integer k~ N by ák E c-1(Bk)
the unique type such that
-

.~(~k) n ~ '(Bkt~) ~ 0.
Note that from Lemma 4.2.3 it follows that for a fixed k E N it holds that for all
types a E c-1(Bk) and integers m E N wíth ~k - m~ ~ 1: .F(a) fl c-~(Bm) -~.

We now take a fixed number k E N.
We define the collection S~ C 2A as the class of all finite pre-networks H in the subtypology ((J~-1 c-i (B~), 7Z~ (-J~-~ c-I(B~)) such that dk E H. Note that this collection
is not empty. (This is deduced from an application of Theorem 4.2.1 to the compact
typology as described above.) Moreover, it is evident that the collection Sk has a
minimal element. We denote this minimal element by Ek. We remark that Ek is a
finite pre-network containing á~, but that Ek is not necessarily a network.
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From the sequence (Ek)kEN we now construct another sequence, denoted by (Ek)kEN,
satisfying for every k E N that the collection Ek is a network in the sub-typology
(U~-1 c-~(Bi),~~ U~-i c-~(Bi)).
Let k E N, then we have two possibilities:
(i)

If Ek is a network in (~J~-~ c-1(Bi), 7Z~ ~J~-~ c r(B~)), then we take Ek - Ek.

(ii)

If Ek is not a network of (~J~-~ c-'(Bi), R~ ~JJ-r c-'(Bi)), then by construction of Ek and Property 4 of the assertion it follows that Ek `{ák} is a network in the sub-typology (U~-, c-'(Bi),R~ Uj-1 c-'(Bi)). Hence, we take
Ek :- Ek `{t7k}.

Now let k~ N, then it holds that Ek C Ektl.

In fact, since Ektl is a pre-network, it holds by assumption 4 of the assertion that
dk E Ekfl. But it also holds that Ek `{ák} C Ektl, since there is no direct relation
between any type in Ek `{i7k} and any type in Ek~~ `Ek, i.e., 1Z n(Ek `{ák} x
Ek~l `Ek) -~. From these properties it easily follows that by construction the
assertion as formulated above is true.
Hence, from a certain point onwards the sequence (Ek)kEN is increasing with respect
to inclusion, and so we can define the following set:

E' :- Li(Ek) - Ls(Ek).
By the results as obtained by e.g. Klein and Thompson ( 1984) and Hildenbrand
(1974)4 it is easily established that E' is the closed limit of the sequence (Ek)kEN.
It is now easily proved that the collection E' is in fact a countable network in the
typology (A,1Z):
Countability
E' is an at most countable subset of A, since for every k E N the collection
Ek is finite.
Reachability
We show that ,F(E') - A. Suppose that this is not true. Then there exists
a type ~ E A such that n~.~(E'). But there also exists a number lí ~ N,
such that o E c-'(UK 1 Bi) - ~JK ~ c'(Bi), and hence a E .~(EK) C.~(E').
This is a contradiction.

Connectivity
The relational sub-typology ( E',R~E') is finitely connected.
Take any pair of types a, Q E E', then there exists a number lí ~ N such
4For the definitions of the operators "Li" and "Ls" in connection with the topology of closed
convergence on a hyper-space of closed subsets of a certain topological space we also refer to these
authors.
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that a,Q E EK. By construction of the sequence (Ek)kEN it holds that a and
Q are finitely connected within EK, and hence are finitely connected within
E~ for every j 1 li. Therefore a and Q are finitely connected within E'.
Minimality
Suppose there exists a type a E E` such that the collection E' `{a} also
satisfies reachability and connectivity, i.e., E' `{a} is also a pre-network in
(A~ ~).
Now there exists an integer j E N such that a E c-r(B~), with a ~ cz~ if
j~ N. Then it is easy to show that for K :- max{ j, N} it holds that Eh- can
not be a minimal element in the collection SK, consisting of pre-networks in
(~JK r c-~(B~),1Z~~JK 1 c-'(B~)) containing the unique element ~h- E c '(Bh).
This is in contradiction with the assumptions on Ek-, and hence with the
assumptions on E`.
This concludes the proof of the assertion as formulated in the theorem.

Q.E.D.
The typologies as described in Theorem 4.2.4 are essentially consisting of a head and
a tail. The "head" of such a typology consists of a compact sub-typology consisting
of a finite number of components, which are finitely related in a condensation of the
typology. This implies that the head is a component connected sub-typology.
The "tail" is somewhat more complicated. It consists of an at most countable
sequence of compact sub-typologies consisting of a finite number of components.
These subsequent sub-typologies in the tail have the property that they are related
with the previous sub-typology through a single type in that previous sub-typology.
In other words, every sub-typology in the tail contains a unique type, which acts as a
communicator with respect to all communication with the subsequent sub-typology
in the tail. Note that we do not require that a sub-typology in the tail has to be
component connected. The link between the "headn and the "tail" is rnade by a
unique type in the head, which regulates all communication between the head and
the first sub-typology in the tail. This description of the typologies as analysed in
Theorem 4.2.4 shows that these typologies are indeed of a very special structure.

4.3

Networks in finite typologies

In this section we address the problem of describing networks in finite typologies.
The reason for limiting our scope to the field of populations consisting of a finite
number of different types of agents, is that in these specific cases we are able to
apply graph theory. With these instruments we are able to give a satisfactory
description of the collection of networks. Furthermore, finite typologies can be
regarded as descriptions of all "traditional~ economies such as finite Arrow-Debreu
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economies, replicate economies, and nearly all other finite economies with a limited
communication structure.
Before we go on with the analysis of networks in the setting of a finite typology, we formally introduce the fundamental notion of finite typology. Our starting
point is that we only focus on typologies corresponding to a population, which satisfies the full communication property and consists of a finite number of types. It
is evident that such finite typologies are component connected. This implies that,
by application of Theorem 4.2.1, any finite typology has a non-empty collection of
networks.
Definition 4.3.1 A finite typology is a component connected typology (A, R) of
which the collection of types A is finite.
It is our purpose to relate the notion of network in a finite typology with the graph
theoretic notion of spanning tree. Trees in the setting of finite typologies are very
convenient tools to describe communication paths in the economy. We formalize
this in the next definition of a spanning tree in the setting of such a finite typology.
Definition 4.3.2 Let (A,1Z) be a finite typology, and let n:- ~A. The finite
typology (A,~Z) is a tree if ~R - 3n - 2. The sub-typology (A,V) of (A,7Z) is a
spanning tree in the typology (A, R) if V C 7Z, and (A, V) is a tree.
A convenient property of a tree is that in such a typology there is one and only
one communication path between two types. Thus, let (A, R) be a tree and let
~, ~ E A be two distinct types in that typology. Then there is a unique sequence
ryi, ..., yn E A such that 7i - a, y„ -~3, and for every j E{ 1, . .., n- 1} it holds
that (ry„ 7~~~ ) E ~Z. This implies that the typology (A, 7Z) is component connected
in a minimal sense. Namely the disposal of a single relation in R is "impossible" in
the sense that either the relation R C A x A would no longer be reflexive, or the
resulting typology would no longer be type- or component connected.
The notion of spanning tree in the setting of some finite typology is therefore
reflecting a collection of communication paths between all types in the economy.
Thus, a spanning tree can be regarded as an actualisation of certain communication
paths in the economy. This also makes clear that the notion of spanning tree should
be closely related to the concept of network as a potential communication device.
A spanning tree, as a collection of communication paths, should be supported in
some sense by a"communication devicen, which regulates all communication on
these paths. This is indeed shown in the next result, which states that any tree is
supported by a unique network in that tree. On the other hand, we partially can
reverse this relationship by stating that the (unique) network of a spanning tree of
some typology is a pre-network in that typology.
Theorem 4.3.3 Let (A,1Z) be a finite typology consisting of at least three types,
i.e., ~A ~ 3. Futhermore, let (A,V) be a spanning tree in the typology (A,1Z).
Then the following statements hold.
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(a)

There exists one and only one network in the suó-typology (.A, V).

(b)

Any pre-network in (A,V) is a pre-network in (A,TZ), i.e., it holds that
~(A, V) c ~(.A, R).

PROOF

Proof of (a)
Assume that ~A ? 3.
We define A:- {a E A ~ ~.~y(a) - 1}, where .~y(a) :- {~3 E A`{a} ~(a,~3) E
V} C.~(a). So A is the class of so-called "pendant" agents of the tree (A, V). This
class is non-empty. Next we define N- A`A. Since ~A ~ 3, it is obvious that
N~ 0. We now show that the set N is a network in (A,V).Reachability :
This is obvious frorn the definition of N.

Connectivity :
This is a natural consequence of the connectivity of the spanning tree (,.4, V)
and the definition of A.

Minimality :
Let Q E N. Now consíder the collection N`{Q}.
cases:

(i)

We have to deal with two

~({Q} x N`{~3}) n V- 1.
Then there is at least one ry E A with (~, y) E V.5 This means that
N`{~} cannot reach ry in one step, i.e., reachability is not satisfied for
the collection N`{Q} in (A,V).

(ii)

~({Q} x N`{~3}) n V? 2.
Let ryl, y2 E N`{Q}, with ryl ~ ry2i be such that (Q, ryl) E V as well
as (Q, ry2) E V. Now take the edge (,0, ryr) out of the collection V.
Then yl cannot reach ry2 anymore within the restricted graph on the
subset of nodes N`{~}. So the collection N`{~} is not be a prenetwork within the sub-typology (A, V), since it does not satisfy the
connectivity condition.

Moreover there exists no other network than N in the sub-typology (A, V).
Suppose the contrary and assume that M~ N is a network in the sub-typology
(A, V), then it is obvious that M n A~ 0. But a pendant agent is obviously
non-relevant in a pre-network, i.e., it can be disposed of without destroying the
SIf that is not the case, then ~i E A. This is a contradiction to the definition of the collection
N.
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reachability and connectivity properties of M. Hence, M`.A is also a pre-network
in (A, V). This is a contradiction.
Proof of (b)
Assume that 1V is a pre-network in the sub-typology (A, V).
(a) it has a subset N' C N, which is the unique network of
N' is a pre-network in the typology (,,4, R), and hence set-theoretic inclusion result as stated in Proposition 4.1.3
pre-network in the typology (A,1Z).

Then by application of
(A, V). Now obviously
by application of the
- N also has to be a

Q.E.D.
From Theorem 4.3.3 we immediately may conclude that the unique network in a
spanning tree in some typology is always a pre-network in the original typology. This
implies that the communication device, which takes care of the communication on
these paths, is a pre-network in the typology containing all potential communication
paths. This makes clear that a set of communication paths can indeed be supported
by some communication device in the original typology.
We remark however that Theorem 4.3.3 is supporting only partially the statement as formulated above. A set of communica.tion lines is not necessarily supported
by a network in the typology, but only by a pre-network in the typology. If a set
of communication lines is supported by some network, then it may be clear that
this set is "efficient" in the sense that it is supported by a minimal collection of
types, which regulate the communication. If it is however the case that a set of
communication lines is only supported by some pre-network that is not a network,
then evidently this set of communication lines is inefficient in that respect. Clearly
this kind of sets of communication lines are not sustainable in the setting of the
typology at hand. It is implausible that these sets of potential communication lines
are actually activated in some situation in which networks are crucial. This is our
point of view in the following sections on the analysis of equilibria in relationally
structured economies.
The reverse of the statement as described above in Theorem 4.3.3 can also
be supported. In fact we are able to prove that any potential communication device
in a finite typology supports some set of communication lines. This implies that
a network in some finite typology always is supporting some set of communication
lines in the economy, which belongs to that typology. Formally this assertion is
stated and proved in the theorem below.s
Theorem 4.3.4 For every network N E ~(A,~Z) in the finite typology (.A,7Z),
there eaists a spanning tree (A,V), for which it holds that ~(A,V) -{N}.
6The proof of the theorem is essential for the understanding of the notion of network, since
it is based on an algoritmic or computational procedure. Following the lines in the proof, one is
able to construct without much difficulty the spanning trees belonging to a certain network in the
typology.
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PROOF
We shall device an algorithm in the finite typology (A,1Z) to derive and compute
the desired spanning tree.

Let N E ~ be a network in (A, R).
Note that by rewriting the reachability property for every type a E A`N it holds
that

({a} x N) fl ~Z ~ 0.
Hence for every agent a E A`N take an edge wtr E ({a} x N)f1 R. Next let us denote
the relation (Q, a) by -wtr if wQ -(a, (i) and Q E N. Therefore -wa E(N x{a} )f17Z.
Moreover denote by ( N,V') a spanning tree of the subgraph (N,(N x N) f1 R).
Then obviously we can construct the pair ( A, V) as a spanning tree of the typology
(A, R), where

V:-

U {Wa, -wa, (a, a)} U V'.
aEA`N

We now prove that N is a network in (A, V).
Reachability :
For every a E A`N it holds that wa E V. Hence the reachability condition is
trivially satisfied.

Connectivity :
Since V' C V it is obvious that the graph (N, (N x N) fl V) -(N, V') is
connected.
Minimality :

Suppose that there exists an agent ~3 E N such that the subset N`{~3} is a
pre-network in (A, V). Then by application of assertion (b) of Theorem 4.3.3,
it follows that N`{~3} is also a pre-network in (A,7Z). This is however in
contradiction with the assumption that N is a network in (A, R).
This completes the proof of the assertion.
Q.E.D.
The combination of the Theorems 4.3.3 and 4.3.4 learns us immediately that we
can approximate the collection ~Y(A, 7Z) of all networks in (A, R.) by constructing
the collection of (unique) networks in spanning trees of that typology. In many
cases this collection will be strictly larger than the collection of networks, but in
all cases it is strictly smaller than the collection of pre-networks in that typology.
So it is a better approximation of the collection of networks than that collection of
pre-networks.

A further property of the collection of networks in spanning trees of some
typology is that we can easily compute the number of elements in that collection.
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This is done by applying Theorem 4.3.3 and
unique network. So the number of elements in
of spanning trees of the typology. The well
theory, which, e.g., can be found as Theorem
formula of that number. Thus this number
number of networks in a finite typology. This

noting that any spanning tree has a
this collection is equal to the number
known matrix tree theorem in graph
lOC in Wilson (1985), gives an exact
can serve as an upperbound of the
is formalized in the next corollary.

Corollary 4.3.5 Let (.A,7Z) be a finite typology. Furthermore, let 7Z' :- {(a,Q) E
1Z ~~~~i}, which implies that 7Z - qZ' U {(~, ~) ~~ E A}. Let 1Z' - {r~, ..., rk},
then we define a k x k-matriz M-(rn;~) as gíven by
~ for everyi E {1,...,k} it holds that m;; - p(r;), where p(r;) is the degree of
edge r; E 7Z' in the graph (A,7Z') ;
~ m;~ --1 if r; and r~ are adjacent, i.e., they are relations of a common type,
and
~ m;~ - 0 for all other cases,

then ~~(A,~Z) C M, where M is equal to the cofactor of any element of M.

4.4

Quasi-networks

In Section 4.2 we showed that in all "normal" economies there exist networks.
We also conjectured the generic existence of networks in relationally structured
economies. In this section it is our purpose to show that this conjecture is indeed
justified. We show that in some respect there always exists a network-like collection of types in a component connected typology, given some regularity conditions
on the restricted attribute space (,A,r~A). This implies that we have shown that
generically the following statements can be sustained.

(~)
(~~)

In nearly all relationally structured economies there exist networks.
In all relationally structured economies there exist network-like organization
structures.

The first statement was supported by our investigations in Section 4.2. The second
statement will be discussed in the present section.
To support the second statement we develop a notion of a network-láke collection of types in some typology. In fact we develop the notion of quasi-networl~
which is a collection of types, which can be regarded as the limit of a sequence of
networks or network-like collections of types. To be able to describe this notion
properly, we introduce the following preliminary concept of a closed pre-network.
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Definition 4.4.1 Let (A,1Z) be a typology. The collection of types N C A is a
closed pre-network in (A, R) if N is a pre-network as well as a closed subset of
the restricted attribute space (,A, r~A).
A closed pre-network is a collection of types, which satisfies the reachability and
connectivity properties, and which is a closed subset of the restricted attribute
space. This closedness property implies that all "limiting" types of that collection
are belonging to it, i.e., if for a type any of its neighbourhoods has a non-empty
intersection with that collection, then it belongs to it. Economically this can be
interpreted as that all neighbouring types of a closed pre-network belong to that
pre-network.
We immediately can distinguish some important properties of closed prenetworks in a typology (A, R). Firstly, there exists a closed pre-network, namely
the collection of all types ,4 itself. Secondly, the closure of any pre-network in the
topological space (A, r~A) is a closed pre-network. Finally, by the Tl-separation
property of the attribute space (C, r), and hence of the restricted attribute space
(.A, r~A), it follows that any finite pre-network is a closed pre-network.
On the other hand we also conclude that an arbitrary pre-network or even
a network does not have to be a closed pre-network. This makes clear that the
collection of closed pre-networks in many cases is a strict subcollection of the class
of all pre-networks ~Y, and that the collection of all networks tY is in general not a
subcollection of the collection of closed pre-networks.
The notion of a quasi-network is based on the concept of closed pre-network in
the setting of the topological space (.A, r~A). Before we are able to give a formal
description of that notion, we have to introduce some mathematical tools to endow
the collection of all closed pre-networks with some topology in which we are able
to describe a limit of sequences of closed pre-networks. This is done by introducing
the topology of closed convergence on the set of all closed subsets of the topological
space (A, r~,A).
Let (A, r~A) be the restricted attribute space belonging to the typology
(,4, 7Z). Define the class of all its closed subsets as

F:- {E C A ~ E is a closed subset of (.A, r~A)}.
Take a compact subset K E F in the restricted attribute space (A,r~A), and let
~ C r~A be a finite family of non-empty open subsets of (A, r~A). Now define
U(K,~):-{EEF~Ef1K-0

and Ef1G~0, GE~}.

The topology 7~ C 2F on the set F of all closed subsets of (A, r~A), which is
generated by the collection of all the classes U(K, C'j),where K E F is some compact
subset and G C r~A is a finite family of open subsets, is denoted as the topology of
closed convergence. For an overview of all its properties we refer to the standard
reference Hildenbrand (1974, section I.B) and Klein and Thompson (1984).
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In the sequel we denote the topological space consisting of the set F of closed
subsets of the restricted attribute space (A, r~A) and of the topology of closed
convergence T~ on that set, by (F, T~). We remark that for any typology (A, TZ) we
can construct such a topological space (F, 7). In the sequel we refer to the space
(F, T~), corresponding to the typology (A, R), as the hyper space of that typology.
With the notions of topology of closed convergence and hyper space of a
certain typology (A,R) we are able to define the main concepts in this section.

Definition 4.4.2 Lel ( A,1Z) be a typology, and let ( F,T~) 6e the hyper space of
(A, ~).
(a)

A collection of types M C A is an asymptotically closed pre-network
in the typology (A,7Z) if M is a closed set, i.e., M E F, and for every T~neighbourhood V,y E T~ of M, there exists a closed pre-network N such that
N E VM.

(b)

A collection of types N C .A is a quasi-network in the typology (A,7Z) íf
N is an asym.ptotically closed pre-network in (A,7Z) and there is no proper
subset M C~', M~ N, which is also an asymptotically closed pre-network
in (A, R).

We interpret an asymptotically closed pre-network as a collection of types, which is
"nearlyn a closed pre-network with respect to the topology of closed convergence.
We can immediately see that an asymptotically closed pre-network is the limit of a
sequence of closed pre-networks. This discussion makes it also possible to give an
interpretation of a quasi-network as a minimal asymptotically closed pre-network.
This implies that a quasi-network nearly satisfies the three basic properties of a
network as defined in the previous sections. However in case of a quasi-network it
is clear that it is based on minimality with respect to a class of collections of types,
which can be approximated arbitrarily close to a closed pre-network. This leads
to the conclusion that a network does not have to be a quasi-network, and that a
quasi-network does not even have to be a pre-network.
On the other hand we are able to give a general existence theorem for quasinetworks. This result therefore supports the statement that, up to some regularity conditions, in any relationally structured economy there nearly exist networks.
Furthermore, this existence theorem also describes the strength of the component
connectedness condition on a typology.
Theorem 4.4.3 (Existence of Quasi-networks)
Let (A, R) 6e a typology such that the restricted attribute space (A, r~A) is a locally
compact Hausdor~J space. If (A,1Z) is component connected, then there exists a
quasi-network in (A,1Z).
PROOF
Take a fixed type d E A. Next define
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Sd :-

N C.A

dENandNisan
asymptotically closed pre-network

.

in (A,R)
We note that by the component-connectedness of (.A, 7Z) the set of all types A is a
(closed) pre-iietwork and so A E Sd.
In order to use Zorn's lemma on the class Sd, we now take a totally ordered subcollection Cid in Sd. Since for every asymptotically closed pre-network N E Cid it holds
by definition that d E N. Therefore it is obvious that

d E No :- nCid.
We now will prove that the set No is an underbound for the totally ordered subcollection !3d in Sd, i.e., we will prove that No E Sd.'
In fact we know that the collection L3d is a decreasing net with respect to inclusion,
and so No - Li(13d) - Ls(Cid). So by application of theorem 4.5.4 of Klein-Thompson
(1984), we establish that No - limNEne N in the topology of closed convergence 7c
on the class of closed sets F.
Now, for each 7-open neighbotirhood U(K, CJ)of No in the hyper space (F, T~),
there is an asymptotically closed pre-network N~ E Lid such that Nl E U( K, ~). But
j) is also a 7~-open neighbourhood of Nl, and hence by the definition of
then U(If,C'
an asymptotically closed pre-network, there exists a closed pre-network, denoted by
N, such that N E U(K,G).
So we conclude that for every 7~-open neighbourhood U(K, C) of No, there is a closed
pre-network N E Cid such that N E U(K,G). With the use of the definition of an
asymptotically closed pre-network, we establish that No is also an asymptotically
closed pre-network in the typology (A,1Z), i.e., No E Sd.
By application of Zorn's lemma on the collection Sd we establish that there exists a
minimal element, say N, in Sd. (Note that d E N.)
Next we define the following collections:
S:- {N C A ~ N is a closed pre-network in (A,1Z)}

S' :- {N C A ~ N is an asymptotically closed pre-network in (A, 7Z)}
Obviously S C S'. In order to complete the proof of the theorem we first have to
prove the following claim:
CLAIM
There is no asymptotically closed pre-network N E S' such that N is a proper subset
of N `{d}.
7In order to do so, we note that we only have to check whether or not No is an asymptotically
closed pre-network in (A, R).

129

PROOF OF THE CLAIM

Suppose that there is an asymptotically closed pre-network N E S' such that N C
N`{d} as well as N~ N`{d}. Then N U{d} C N' and N U{d} ~ N.
First we note that NU{d} is a closed subset in the restricted attribute space (A, r~A).
(Use the Tl-separation property of (C, r).) Next take a T~-open neighbourhood
U(K,C
~) of NU {d}, where K C A is a compact set and G -{G1,...,Gk} C r~A is
a finite collection of open subsets of the restricted attribute space (A, r~A). We now
prove that there exists a closed pre-network in this T~-open neighbourhood U(Ií, G)
of N U{d}. First define

C~':-{GEG~d~G}.
If G' ~ 0, then U(Ií,G') is a neighbourhood of N. Since N E S' we know that there
is a closed pre-network N E S such that N E U(K, ~').
If ~' - 0, then U(K, {A}) is a neighbourhood of N. By the same reasoning as
above, there exists a closed pre-network N E S such that N E U(Ií, {A}).
In both cases above it is obvious that N U{d} belongs to S, i.e., N U{d} is a closed
pre-network, and moreover that (N U{d}) E U(If,Q). Hence, we may conclude
that N U{d} is an asymptotically closed pre-network, and thus N U{d} E Sd. This
contradicts the minimality assumption on N in the collection Sd.
THIS COMPLF,TES THE PROOF OF THE CLAIAt.

Next we distinguish two cases:
(i)

N`{d} is an asymptotically closed pre-network, i.e., N`{d} E S'.

Then by the claim, the set N`{d} has to be a minimal element of the
collection S', and so N`{d} is the required quasi-network in (A, R).
(ii)

N`{d} is not an asymptotically closed pre-network, i.e., N`{d} ~ S'.
Then by applying the claim we arrive at the conclusion that N is a minimal
element in S', and so N is the required quasi-network in (A, 7Z).

Q.E.D.
The theorem above on itself is not so interesting with respect to economic theory
and the theory of coalition formation in populations. However, the result not only
gives a very powerful description of the notion of component connectedness, but it
is also of crucial importance to general application of networks in economic theory.
With respect to our first remark on this result we note that it just states that in very
general situations the condition of component connectedness implies the existence
of a network-like structure in the population. This means that in most economies,
even in pathological ones, such structures exist. And this is of crucial importance to
the application of networks and network-like concepts in economic theory and the
modelling of economies with limited communication.
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To complete the analysis of network-like concepts in a component connected
typology we state under which conditions there exists a countable quasi-network.
This final theorem is a generalisation of a similar theorem on the existence of a
countable network as given in Theorem 4.2.4. To establish the existence of such a
countable quasi-network, we only have to deal with strongly connected typologies.
Hence, we can drop some of the additional conditions as required in Theorem 4.2.4.
Theorem 4.4.4 Let (A,7Z) be a typology, and let (An)nEN 6e its uniquely defined
subdivision. Assurne that the following properties are satisfied:
(i)

The typology (A, R) tis strongly connected ;

(~~)

The restricted attribute space (A,r~A) is a Hausdorff-space ;

(iii)

For every integer n E N, An is a compact subset of (A, r~A).

Then there eaists a countable quasi-network in (A,1Z).
PROOF
First

we note that under the assumptions above the restricted attribute space

(A, r~A) is a locally compact topological space.
densation of (A, 7Z) as given in Lemma 4.2.3.

Suppose that (A, R) is the con-

Using the Reordering Lemma 4.2.3

we can order the sequence (An)nEN such that for every k E N it holds that
k
( U Am, RI
m-1

k
U A

,n) is a component connected sub-typology.

m-1

Next take for every n E N the set Nn as a finite network in (An,~Z~A„),
construct the following sequence (F„)nEN of finite subsets of A:

and

~ Fi : - Ni ;
~ Let n E N, and let Fn be given. Then we construct Fn~r :- FnUNn}i U{a, Q},
where for some number 1 G k G n such that (ák, ánfl) E R, we choose ~ E Ak
and Q E Anfr such that (a,Q) E 7Z.
Now for each n E N the set Fn is finite, and thus closed in (A,r~A). Obviously
Fn is a pre-network in the relational sub-model (Bn, R~Bn), where B„ :- ~Jm-r Am.
Moreover, the sequence (Fn)nEN i s increasing, i.e., F; C F;tl for all j E N.

Define N:- lim(Fn) as the closed limit of the sequence (Fn)nEN in (F, 7~). It is
easy to check that N is a closed subset of (A, r~A), which satisfies all properties of
a pre-network. Hence, N is a countable closed pre-network.
This implies that there exists a countable asymptotically closed pre-network in
(A, 7Z). Take d E A, and define:
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d E N and 1V is
an at most countable asymptotically
closed pre-network in (A, R)
Since N U{d} E Sd, it is evident that Sd ~ 0. Similarly as is done in the proof
of the general existence theorem on quasi-networks (Theorem 4.4.3) we are able to
establish that:
1. By Zorn's lemma there exists a minimal element in the collection Sd.

2. Finally, let
N is an at most countable
closed
pre-network in (A,1Z)
and

S':-

Nc.A

N is an at most countable
asymptotically closed
pre-network in (.A, R)

.

By repeating a course of reasoning which is similar as in the proof of the general
existence theorem, we arrive at the conclusion that there exists a minimal
element in the collection S'. This is the desired countable quasi-network in
(A~ ~)~

Q.E.D.

4.5

Coalition formation

As mentioned in the introduction to this chapter and in Chapter 1 of this monograph,
we distinguish two fundamentally different approaches towards the description of
social constraints in economic behaviour. The relational approach is the topic of
this part of the monograph and gives a direct description of potential economic
relationships between agents in a population. In this approach the constraints are
put on the economic relationships between economic agents directly, i.e., potentially
some agents are not able to reach certain other agents in the population. We can
therefore refer to this kind of social constraints on economic behaviour as relatáonal
constraints. No agent in the population can act independently of these constraints.
The coalitional approach is described in the third part of this monograph.
It does not describe the economic relationships between agents in a population,
but the formable coalitions of which the agents are potentially a member. That
is, every economic agent is assumed to act within the setting of a certain group
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of agents, when he or she undertakes an economic action. This implies that t.he
social constraints on his or her economic activities are described by enumerating
the potentially formable coalitions of which he or she is a member. These coalitions
essentially have a slumbering existence, and are only activated if its members want
to undertake some (joint) economic action. This implies that certain groups of
agents are a priori excluded to be a potentially formable coalition, i.e., these group
cannot be activated in some economic process. Hence, the coalitional approach
describes social constraints as constraints on coalition formation, i.e., as coalitional
constraints.
In this and the next section we give an analysis of the possibility to derive
a model of coalition formation in which, given certain relational constraints, we
describe the collection of allowable or formable coalitions, i.e., we are translating
the relational constraiats into coalitional constraints. This is done by describing the
groups of agents, which can be regarded as potentially formable coalitionsg, given the
relational constraints on the communication between the agents in the population.
In order to be as general as possible we describe such a procedure as a"black
box". So, given a relationally structured economy, some procedure, that is not
described explicitly, describes the collection of potentially formable coalitions, that
are allowed to form within the relational framework as described by the relational
structure on the population. In the next section we describe an example of such a
procedure of coalition formation, which is based on the networks in the econo~ny, in
full detail.
In order to be able to describe the minimal conditions such a procedure or model of
coalition formation has to satisfy, we have to develop the framework of the coalitional
approach. In the sequel we denote by primítive coalitions those groups of agents
in the population, which can be regarded as potentially formable coalitions to be
activated in case of certain economic processes.
Formally, let E-((A, R), (C, r), g) be a relationally structured economy.
Then a collection I' C 2A of groups of agents is denoted as a collection of primitive
coalitions. It is quite natural that this collection has to satisfy certain conditions.
These conditions are the following:
(i)

(ii)

The collection of primitive coalitions is non-empty, and contains the empty
set, i.e., ~ E 1,.
The collection I' is a semi-ring, i.e., the generated collection
N

fl(I') :- { U En ~ N E N, E„ E I' pairwise disjoint}
n-1

`~We stress that a potentia((y formable coalition is a group of agents, which can be formed
and activated when needed. The conditions under which such a potentially formable coalition is
actually formed and activated, is described with the use of a cooperative equilibrium concept. For
some examples we refer to the third part of this monograph.
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is a ring in the sense that for every two primitive coalitions E, F E I' it
holds that E`F E S2(I') as well as E fl F E f2(I').9
As is shown in the third part of this monograph on the coalitional approach, the
description of social constraints on the economic behaviour of agents as coalitional
constraints is closely related to the design of cooperative equilibrium concepts. This
implies that the coalitional approach is closely related to the work of e.g. Aumann
(1964 and 1966), Vind (1964), Hildenbrand (1974), Shitovitz (1973 and 1982), Armstrong (1985), Hammond et al. (1989), and Mas-Colell (1989). In all these cases
the size of a coalition is of crucial importance. It not only makes it possible to
implement measure theory as the basic mathematical tool, but it also shows which
- potentially formable - primitive coalitions are a priori powerless because they
have no size. This leads to the following definition of a coalitional structure, which
is a description of the primitive coalitions and a measure, which assigns to every
primitive coalition some size.
Definition 4.5.1 Let A 6e the collection of agents in the economy E.
(I', p) is a coalitional structure on A if it consists of

The pair

~ a collection of primitive coalitions I' C 2A, which is a semi-ring on A;
~ p: I' -~ [0,1] ás a normalised measvre on ( A, I'), i.e.,
1. p(0) - 0 ;
2. p is v-additive on I', á.e., for every sequence ( En)nEN of pairwise disjoint
elements in I' át holds that if ~J,~ r En E I', then
~( U En)
n-1

-

~ Íl(En) ;
n-1

`d. sup{~~ , Ec(En) ~ En E I', n E N, pairwtise dásjoint }- 1.

The tráple (A, I', p) is denoted as a coalitionally structured population.
Note that the definition above expresses our feeling about limited communication,
so that only finite operations on the generated primitive coalitions are feasible. Especially in our model where communication is in principle defined by finite chains
of relations between agents, it is not appropriate to allow for infinite unions and
intersections of primitive coalitions as being truly feasible or formable coalitions.
Examples, as developed in the third part of this monograph, show that semi-rings
can be very restrictive collections. Thus we may conclude that the semi-ring requirements are reflecting coalitional constraints on economic behaviour of agents in
a satisfactory way.
9For further details and the basic properties of semi-rings we refer to Janssen and van der Steen
(1984) and the third part of this monograph.
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The main goal of this section is to introduce a general formulation of the
problem of modelling coalition formation in the setting of a relationally structured
economy. So given the typology (A,1Z) of the economy E -((A, R), (C, r),g) we
define a model of coalition formation to be a method of generat,ing a semi-ring of
primitive coalitions from the information as contained in that typology. The subsequent problem is to state the conditions under which we can construct a measure
on a given model of coalition formation, such that the combination is a coalitional
structure on the class of agents A. This is formalized as follows.
Definition 4.5.2 Let (A, R) be the typology belonging to the relationally structured
economy E- ((A, R), (C, r),g). A model of coalition formation on E is a
collection I'(A, 7Z) C 2A of yroups of agents in the population, such thal the followiny
properties are satisfied:
1. I'(A, 7Z) is based only on the information as contained in (A, R), in the sense
that there ezists a collection ~ C o(r~A)io such that
I'(A,1Z) - {g-'(E) ~ E E ~}.
~. I'(A,1Z) is a semi-ring on A.
If there exists a normalised measure ~: I'(A, R) -~ [0, 1], then (I'(A, R), tc) is referred
to as a coalitional structure generated by the typology (A,7Z).
As mentioned above we call the members of a model of coalition formation I'(A,TZ)
on (A, R) primitive coalitions. The main difference with the primitive coalitions as
analysed and discussed in the third part of this monograph is that in the case as
described above the primitive coalitions are explicitly generated within the setting
of a relationally structured economy.
It is clear that the collection ~ as introduced in Definition 4.5.2 condition 1
is also a semi-ring on A. Furthermore, it is obvious that the pair (I'(A, ~Z), la) as
constructed in the last part of Definition 4.5.2 is indeed a coalitional structure. It
expresses the basic postulate that a model of coalition formation has to be based on
information inferred from a typology of the population at hand. Note that we assume
- in condition 2 of Definition 4.5.2 - that the collection ~ has to consist of Borelsets
only. This measurability condition seems however quite natural. It explicitly gives
an economic foundation to something that has been accepted as a purely technical
requirement in the traditional setting of Aumann (1964) and Hildenbrand (1974).
The next example of a finite typology is quite trivial and used frequently in the
existing literature on graph-theoretically structured games. The main references to
these cases are Myerson (1977) and more recently Owen (1986), who study coalitions
of this type.
'oBy o(r~,A) we denote the o-algebra of all Borelsets as generated by the open sets of the
restricted attribute space (A, r~A). For the precise definition we refer to Part III of this monograph
and Janssen and van det Steen ( 1984).
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Example 4.5.3
Let us take a relationally structured economy E-((A, R), (C, r), g) with a finite
typology (A, R). Next define the following collection of groups of types in this
typology: E C A is in the collection ~ C 2A if and only if the graph (E, ~Z~E) is
connected as a sub-graph of (.A,R). It immediately follows that ~ is a semi-ring.
Now we have constructed a model of coalition formation by

I'(A,1Z) - {g-'(E) ~ E E ~}.
Clearly this model of coalition formation is satisfying some relevant properties for
the problems as studied in Myerson (1977) and Owen (1986). We will not go into
detail on these problems and the purpose of this theory.
The main question of this section is with how much additional information on a
typology of a population we are able to construct a coalitional structure on that
population. So we investigate under which conditions on the typology and requirements with respect to additional information on macro-types, we are able to generate a coalitional structure. To solve the existence of a measure, which completes a
coalitional structure, we first need some tools.
Definition 4.5.4 The typology (A,7Z) of the economy E-((A, R), (C, r), g) is
proper if its subdivision (An)nEN satisfies the properties that
1. for every n E N the component A„ is a compact subset of the restricted attribute space (A, r~,4), and
2. there exists a sequence of real nnmbers (ó„)„EN such that ó„ ~ 0 for all n E N,
and ~ ó„ - 1, where ó„ describes the fraction of types in ,A, who are member
of the macro-type A,,, n E N.

Definition 4.5.4 states that an economy is typified properly if we do not only have
assigned to every agent some tuple of individualized attributes, but we also have
knowledge about the size of the resulting macro-types, or about the size of the corresponding classes of agents in the population itself. In fact this implies that we
assume some knowledge about the aggregated population. This additional information is reflected in two ways, topologically and measure theoretically.
Topologically we reflect the additional information in the assumption that
the components are topologically compact subsets in the restricted attribute space
(A, r~A). So we actually assume that in some way each class of agents in the
population, who are ( socially) neighbouring to each other, is bounded. This seems
to be a very natural requirement.

In measure theoretic terms we assume that the size of a component or macrotype can be expressed explicitly by some non-negative number or fraction. In fact
this requires that we indeed can measure the size of those macro-types, or the
136

corresponding classes of "neighbouringn agents in the population. This implies that
there is knowledge about the aggregated population in explicit terms.
By stating the conditions under which there exists a non-trivial measure on
some model of coalition formation, satisfying the requirements of Definition 4..5.2, we
have completed the procedure of formulating a very general description of modelling
coalition formation based on a particular typology of the population.
Theorem 4.5.5 (Existence)
Let the relationally structured economy E-((A, R), (C, r), g) be such that it has a
proper typology (A, ~Z). Furthermore, let I'(A, R) be a model of coalition formation
on E.
If the restricted attribute space (A, r~.A) is locally connected 11 and metrizable, then
there exists a non-trivial normalised measure p: I'(A,1Z) ~[0, 1] such that the pair
(I'(.A, 7Z), p) is a coalitional structure on A. Moreover, this measure can 6e chosen
such that for every index set Z C N and every sequence of pairwise disjoint primitive
coalitions (En)nEN irz r(A, R) it holds that
U g-t (A;) C U En
n-1

~EZ

implies

~b; G~ p(En).
iE7

n-1

PROOF
Let (A, R) be the typology as described above, and let (An)nEN be its subdivision.
For any integer n E N, the component .An is a connected, compact, locally connected, and metrizable subspace of the restricted attribute space (A, r~.A). (Local connectedness of ,An follows from Theorem (10.2.3) of Császàr (1978) and the
fact that An is closed as well as open in (A, r~,4).) By application of the HahnMazurkiewicz theorem12 there exists a continuous function fn: I -~ An - where
I-[0,1] is the unit interval - which is surjective.

Now we define v: v(r~A) -~ I as the measure which is defined by
~
U(F) :- ~ bn ' ~(f„'(F n An)),
n-1

where F E a(r~A) is any Borelset of ( A, r~A), bn is as given in Definition 4.5.4, and
~ is the Lebesgue measure on ( I, v(E'I)), where o-(~I) is the Q-algebra of all Borelsets
on the unit interval.
It is obvious that v is a measure on o(r~A), since for every integer n E N the
mapping fn is continuous. Thus for every set F E v(r~A) and any n E N, the
domain f„1(F n ,A,L) is Borel measurable, i.e., f„1(F n An) E a(r~A).
11A topological space is locally connected if and only if it has a base consisting of connected sets
only. See also Császàr (1978).
1~The Hahn-Mazurkiewicz theorem states that every locally connected and metrizable continuum
is a continuous image of the unit interval I-(0, 1] endowed with the Euclidean toplogy E~.
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Next take the given model of coalition formation I'(A,1Z) with respect to the typology as fixed in the theorem. For every primitive coalition G E I(A, 7Z) we define
p(G) :- v(g(G)). We show that p is indeed a normalised measure on (A, I'(A, 7Z)).
First note that p(0) - v(g(~)) - v(~) - 0.
To prove that p is a a-additive function on I'(A, R) we note that by Definition 4.5.2
there exists a semi-ring ~ on A such that I'(A, R) -{g-1(E)~E E~}. Now take a
sequence (E„)„EN of pairwise disjoint members of I(A, R) such that UE„ E I'(A, R).
Next note that for every n E N there exists a set of types F„ E~ such that
E„ - g-1(F„). Since (E„)„EN consists of pairwise disjoint sets, it is evident that
(Fn)nEN consists also of pairwise disjoint sets. Hence g-~(UF„) - Ug-1(F„) - UE,,.
Therefore

~(~En) - ~(g-'(uFn)) - ~(gg-'(uF„)) - Y(uF„)
-

~ v(Fn) - ~ Ulgg~~(Fn~) - ~ Í~(En)~

Hence we have proved that p is o-additive.
From the definition of p, with using the properties of v, and the o--additivity of p it
is easily established that p also satisfies the normalisation property. This completes
the proof that p is a normalised measure, and hence the triple (A, I'(A, 7Z), p) is a
coalitionally structured population.

Q.E.D.
To illustrate the possibilities of further applications of the framework as sketched
above, we give a characterization of a standard atomless coalitional structure, which
describes the perfectly competitive case. This result confirms the description of
perfectly competitive economies as given in Gilles (1988a) and Chapter 8 of this
monograph. There it is concluded that a continuum economy has a very pluriform
social structure. In our framework it leads to a restatement of this conclusion in
terms of pluriformity of types in the population.
Theorem 4.5.6 Get E-((A, R), ( C, r), g) 6e an economy, which has a proper typology (A, R) as defined in Definitáon 4.5.4. Ass~ame that there ezists a coalitional
structure ( I'(A,R),p) on A, which is genemted by (A,7Z) such that the Jollowing
assumptions are satisfied:

(i)
(ii)

The eztended measure space (A, Q(I'(A, R)), ~) is atomless ;
For every n E N it holds that g-1(An) E Q(F(A,1Z)) and ~(g-1(An)) - dn.

Then for all n E N with b„ ~ 0 it holds that the component A„ is a continuum, i.e.,
consásts of uncountably many types.
PROOF
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Take the measure spaces (A, I'(A,1Z), p) and (A, o(I'(A,TZ)), ~) as given in the assertion as formulated in the theorem. Next take an integer n E N such that ó„ ~ 0.
Since g-1(A„) E~(I'(,A,1Z)) and it holds that j~(g-'(A„)) - ó„ J 0 it follows from
application of the atomlessness condition that there exists a set F E Q(I'(A,TZ))
such that F C g-1(A„) and

O c p(F) c!~(g-'(An)) - ó,,.
But this implies that g(F) E~(r~A) and that g(F) C An. Moreover it implies that
A„ `g(F) ~~ and g(F) ~~. But then it easily follows that j~A„ 1 2. Hence, by
the Tl-separation property of (~I,T~A) and the connectedness of the components,
we conclude that A„ consists of uncountably many types.

Q.E.D.

4.6

An example

In this section we develop a model of coalition formation, which is based on the
collection of all networks ~ belonging to the relationally structured economy E((A, R), (C, r), g). As noted in the previous sections a network is a description of a
potential organization structure or communication device in the relationally structured economy E. This makes clear that networks are important instruments in the
process of coalition formation. If it is profitable for a certain group of agents to
form a coalition and to act cooperatively, such as is described by Edgeworth's recontracting principle as the foundation of the Core of an economy, then it is likely
that a certain potential network is activated in the procedure of coalition formation.
Hence, networks are natural instruments in coalition formation.
In this section we describe a procedure of coalition formation, which is based
precisely on the foundations as described above. Our point of departure is a collection of networks, which are potentially vital in the processes of coalition formation
in that particular economy, and we describe a collection of primitive coalitions which
are likely to be formable by activating certain networks in this collection of "relevantn networks. This implies that we first have to describe the economic notion of
relevant network on which this model of coalition formation is founded.

With the purpose of coalition formation in our mind we can describe relevant
networks as those networks of which its members do not only have the social abilities,
but also the individual capacities to perform tasks which are required to be taken
care of in the economic trading processes, which are potentially regulated by that
network. This is evidently heavily depending upon the economy, which is subject
to the analysis. As an example we mention the collection of physicians, who form
a network in a relationally structured economy. If this economy is a description of
a health economy, then this specific network is trivially relevant in the formation of
many coalitions and the economic processes in that particular economy. However,
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the same network may also exist in an exhaustible resources economy, in which it is
completely irrelevant.
The discussion above implies that for every relationally structured economy
E-((A, R), (C, r), g) we can establish that there is some nonempty family of relevant networks 0 C ~(A,1Z). Note that we do not yet formalize the rules, under
which networks are relevant in a certain economy. This has to be done in a more detailed framework, and probably in the context of the specific economy at hand. This
is shown by noting the following: In a trade or pure exchange economy, for every
commodity there may exist an explicit network, which takes care of the provision of
all agents in the economy with that particular commodity. This (finite) collection of
networks may be chosen as the family of relevant networks. In a production economy the rules for determining the relevant networks have to be chosen completely
differently. Besides the provision of agents with commodities, the consumption side
may also be causing the existence of relevant networks. We refer in these cases to
the evident existence of consumer organizations and protective organizations for the
use and consumption of certain specific commodities such as (semi-) public goods
and commodities with congestion such as cigarettes and cars.
In the sequel we take a fixed relationally structured economy E-((A, R), (C, r),g)
and the corresponding typology (A, 7Z). The collection of networks is denoted by
~. In this context we take a family of relevant networks O C~ to be given. Within
this framework we are able to analyse the processes of coalition formation. The first
step of this analysis is formalized in the next definition.
Definition 4.6.1 Let 0 ~ O C~ be a family of relevant networks in the typology
(A, R). The service strueture gene~nted 6y 0 is given by the collection

S(O) :- {.~(a) ~ 3 N E O: a E N} C 2A.
We naturally restrict ourselves to the family of relevant networks in the economy
E. These networks are relevant with respect to coalition formation in light of the
economic activities of the agents in this specific economy. The networks in the family
O are therefore reflecting the potential organization structures in the economy, given
its specific characteristics. Thus the service structure generated by that family
of relevant networks is describing the specific structure of how the agents in the
economy are (potentially) served.
It is obvious that this service structure consists of the vital groups of types
with respect to coalition formation. Hence, the groups in the service structure have
to be regarded as the basic collection of primitive coalitions. A member E E S(O)
is interpreted as a group of types which are served by the same type in a certain
relevant network. This implies that the types in the group E have the same service
position with respect to a certain relevant network in the economy. As an example
we mention a health economy in which the groups of patients of physicians are to be
regarded as having the same service position with respect to the (relevant) network
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of physicians. Similarly, in a trade economy the types of agents which go to the
same shop belong to the same group in the service structure.
Obviously the collection S(O) cannot be regarded as the collection of all
- potentially formable - primitive coalitions in the economy. However S(O) can
serve as a basis for coalition formation. Therefore we introduce an additional tool:
A family of subsets ~ C 2A is a half-ring on the set of agents A if it is closed for
taking differences and intersections, i.e., for every two subsets E, F E ~ it holds that
E`F E~ as well as E fl F E~. We immediately may conclude that every half-ring
is a semi-ring and that every ring is a half-ring. The reverse of these statements is
however not true.r3
Clearly the intersection of any collection of half-rings on the set of agents A is
again a half-ring. This implies that for any collection ~ C 2A there exists a smallest
half-ring tl(~) C 2A such that ~ C r~(~). We denote this half-ring y(~) as the
half-ring genetnted by the collection ~. This definition is helpful in the construction
of our model of coalition formation.
Definition 4.6.2 Let 0 C ~ 6e a nonempty family of relevant networks ita the
typology (A,1Z). Then the half-ring

re :- v(g-'(S(o))) ~ 2",
which is genemted 6y the service structure S(O) on ( A, R), is the model of coalition formation generated by O on (A, R). If there exists a measure p: I'e -~
[0,1], then the pair ( I'ei p) is denoted as a coalitional structure generated by
O.
It is clear that in the definition above coalition formation is purely based on the
positions of the agents with respect to the relevant networks in the family O. In
this case the coalition is formed on basis of the position of the agents in the service
structure of the relevant networks in the economy. By taking the half-ring generated
by that service structure, it is evident that all available information contained in
the typology of the economy is used to describe the potentially formable primitive
coalitions on the set of agents. In a pure trade or exchange economy the primitive
coalitions are based on all information concerning the supply of commodities to the
agents in the population. Hence, agents who go to the same shops to buy certain
commodities form a potentially formable primitive coalition, but on the other hand
also the agents who do not go to a certain shop and who have another shop in
common, are potentially forming a primitive coalition. Thus the structure of the
whole market is used in the description of all - potentially formable - primitive
coalitions.
laThis statement can be shown by some simple examples. Let S be the set in Fi.z given by
S:- [0, 2] x[o, 3]. Take the collection ~:- {[0, 2] x[o, 2], [o, 2] x[l, 3], [o, l] x[o, 3]} of subsets of
S. We leave it to the reader to show that the half-ring generated by ~ is strictly larget than the
semi-ring generated by ~.
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Our next concern is to translate the result on the existence of a non-trivial measure
on a model of coalition formation, as stated in Theorem 4.5.5, to this specific case.
This involves the notion of ineasurability of the typology.
Definition 4.6.3 The typology (A, R) óelonging to the relationally structured economy E -((A, R), (C, r), g) is measurable if jor every type ~ E A it holds that

.F(ct) E o(T~A).
Measurability is a very natural property of a typology. It states that for every type
of agents the set of related types form a Borelset in the restricted attribute space
(A, r~A). With its use we can reformulate Theorem 4.5.5 as follows.
Proposition 4.6.4 Let the economy E 6e such that its typology (A, 7Z) is proper as
well as measurable. Furthermore, let O C ~ be a nonempty family of relevant networks and I'e C 2A the genemted model oj coalition formation. Then the following
statements hold.
1. The collection Iè is a model of coalition formation in the sense of Definition ~.5.2.

,2. Ij the restricted attribvte space (A, r~A) is locally connected and metrizable,
then there ezists a non-trivial measure p: I'e --~ (0,1] such that the pair (I'ei p)
is a coaltitional structure on the set of agents A.
PROOF
It is obvious that we only have to prove part 1, since part 2 immediately follows from
application of Theorem 4.5.5 to this particular case. To prove 1 we check whether
the three conditions of a model of coalition formation are satisfied. By applying the
definition of I'e and the measurability of (A,1Z) this is easily established.

Q.E.D.

142

Chapter 5
Hierarchically Structured
Economies
In this part of the monograph until now we have discussed the consequences of
adopting a specific implementation of relational characteristics into the description
of economic agents. The specific implementation consisted of the introduction of
direct relationships between agents in the economy. The description of these relationships was done through graph theoretic means as well as topological means.
With these tools we are able to capture the interdependency of positional, or individual, characteristics of economic agents and the relational structure in the economy,
which resulted from the implementation of direct relationships between agents as
their social characteristics.
From the description of this construction as given in the previous chapters we
conclude that the resulting relational structure in an economy puts constraints on
the behaviour of agents in the setting of that relational structure. These constraints
are indicated as social constraints. In this chapter we discuss a specific case of
implementing social constraints into the construction of an equilibrium concept.
Before we describe this case in a formal setting we make some remarks with respect
to social constraints and their consequences that we have to take into consideration
in our modelling.
First we sketch the specific interpretive environment in which we make our
considerations. In this chapter we analyse the situation of a trade economy. In this
setting we consider the relations between pairs of agents in the population of the
economy as potential trade relations. These binary trade relations are activated if
both agents can gain by the resulting trade flows between them. It is clear that
the setting as given by our model of a relationally structured economy describes
a situation in which the structure of potential trade relations is incomplete in the
sense that certain agents are not able to trade with each other directly. They can
however trade through intermediairy agents. It is clear that these intermediairy
agents have a very powerful position with respect to these agents: They may gain
by acting as intermediairies, and hence by exploiting their positional advantage.
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It is clear that the notion of a network as introduced in the previous chapter is
exactly describing a group of traders, who have positional advantages over the other
traders in the economy. These networks can therefore be regarded as fundamental
building blocks in the construction oí a trade organization, which is consisting of
traders and as a whole is able to handle all trade flows in the economy. The existence
of such a trade organization is thus a natural consequence of the relational imperfections as described by the relational structure in the population of the economy. A
trade organization describes the domination of certain traders over others, resulting
from their positional advantages, as well as the asymmetric positions of traders on
the market.
In this chapter we discuss an implementation of these broad considerations
by introducing a hierarchical system of networks, or simply a hierarchy, as a description of such a trade organization. That such a nested sequence of networks within
networks is indeed a proper description of an organization being able to handle all
trade flows in the economy, is shown in the first section of this chapter. The resulting
trade economy can therefore be indicated as a hierarchically structured economy.
In the previous paragraphs we in fact described the consequences of social
constraints on the non-cooperative behaviour of agents in a relationally structured
economy. The imperfections in the trade structure resulted in a hierarchical trade
organization, or more generally in a hierarchically structured market. The second
major effect of imperfect communication between agents is that there emerge social
constraints in coalition formation as discussed formally in the previous chapter. This
second type of social constraints explicitly deals with cooperative behaviour. This
type of behaviour also has to be taken into consideration in the modelling of an
equilibrium concept in a hierarchically structured trade economy.
We distinguish two kinds of social constraints in coalition formation, i.e., cooperative behaviour, in a hierarchically structured economy. Firstly, we have direct
social constraints, which are resulting directly from imperfections in the abilities
to communicate with other agents in the economy. These constraints have an immediate impact on the possibilities to form a coalition and to act collectively with
respect to the given situation in the hierarchically structured market.l Direct social
constraints are made explicit by the emergence of (natural) asymmetric positions
of agents in a hierarchical trade organization, which are taken into account in their
possibilities of forming coalitions and acting cooperatively.

Secondly, we distinguish indirect social constraints in coalition formation in
the setting of a hierarchically structured economy. It is argued that the lack of
possibilities to communicate leads to asymmetries in knowledge and information
lIn the previous chaptet we only discussed a formal description of direct social constraints
in coalition formation. As indicated in that chaptet, imperfections in communication lead to
excluding certain groups of economic agents as potentially formable coalitions. This resulted
in the construction of a service structure and the introduction of a semi-ring of ttuly allowable
coalitions, to be indicated as primitive coalitions.
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with respect to capacities and characteristics of other agents in the economy.2 This
leads to informational difficulties with respect to coalition formation, and thus to
another kind of social constraints than discussed before.
Summarizing we construct a trade economy in which there are non-cooperative as well as cooperative trading processes. The non-cooperative trading processes
are considered in the setting of a hierarchically structured market, where certain
agents are setting prices over trade relations with other agents as a consequenc.e of
the positional advantages of certain agents over others in the market. Given the hierarchical structure and the social constraints in coalition formatíon, certain groups of
agents are able to act cooperatively. The possibilities of agents to act cooperatively
are determined by the exogenuously given social constraints in coalition formation,
direct as well as indirect constraints.
In this chapter we focus on an equilibrium concept in a hierarchically structured
trade economy as described above, which incorporates both consequential aspects of
imperfections in communication between the traders in the economy. This implies
that our starting point is two sided: We focus on Edgeworthian recontracting processes in a setting of a hierarchically trade organization with non-cooperative price
setting on trade relations. This involves a dichotomy between a"monopolistic"
type of hierarchical price setting behaviour on certain trade relations and re-trading
according to the Edgeworthian recontracting principle on certain other trade relations. These two types of trade relations are considered separately and henceforth
modelled by different tools.
This implies that the development of the model, and thus of the equilibrium
concept, is given in a dichotomous fashion. Besides the design of the hierarchical
trade organization in the market, which is given in Section 5.1, we describe a second type of trade relations, namely the trade relations which are to be used in the
Edgeworthian re-trading processes. This is done by means of a mapping, which assigns to every agent in the population a set of potential trade partners with respect
to these re-trading processes. The combination of both trade structures together
with a characterization of the agents in the population gives a model of a hierarchically structured trade economy, in which there are possibilities to trade in a
non-cooperative as well as a cooperative fashion.

The next phase in our modelling procedure is the introduction of a two stage
procedure of trade. In the first stage every trader, who is not in the highest echelon
of the trade organization, chooses a predecessor in a higher echelon. The latter
trader is assumed to be regulating all trade of that agent with unreachable agents
in the economy. In the second stage the actual trade will take place, given the
~Here, information is not introduced explicitly into the model, but rather implicitly as a consequence of imperfections in the communication atructure. Furthermore, we do not implement
imperfect information in our equilibrium concept endogenuously, but rather indirectly through
exogenuously given constraints in coalition formation and constraints on individual behaviour of
agenta in the hierarchically structured market.
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choices being made by the agents in the first stage of the procedure. In this stage
the predecessor sets prices on the trade relations with his or her successors before
actual trade takes place. The successors act as price takers with respect to their
predecessor. Given the social constraints in coalition formation, certain coalitions
of traders are allowed to re-trnde or recontract on the resulting trade-price-system
in the hierarchical trade organization. A trade-price-system is an equilibrium if it
cannot be improved upon by Edgeworthian re-trading or by individual actions of
agents given their possibilities and taking into account that they do not disturb the
system such that re-trade is initiated.
In the final section of this chapter we consider some specific Edgeworthian
re-trade configurations. For these simple re-trade possibilities or structures, we
can describe the equilibria in full detail. It turns out that if there are enough retrade possibilities in the economy, price discrimination within the hierarchical trade
organization cannot be sustained, and the emerging uniform price is even a Walrasian
price system. This implies that in case oí enough re-trade possibilities the agents
cannot gain from asymmetries in information or positions in trade organizations.
Furthermore, we are able to support the important conjecture that more re-trade
possibilities lead to less price discrimination and thus to less positional advantages.

5.1

Hierarchies

In this chapter we analyse a finite relationally structured economy, in which we
interpret the relations between agents as potential trade relations. ( Thus we deal
with, what we may indicate as a finite relationally structured trade economy.) For
a formal definition we refer to Chapter 3. We henceforth consider relationally structured economies E- ((A, R), ( C, r),g), where A is a finite set of economic agents.
The relations on this set of agents, as described in R C A x A, are interpreted as
potential trade relations. These relations are activated whenever it is profitable to
trade, i.e., whenever the traders gain by initiating trade flows on this relation. This
implies that the relational structure gets the additional interpretation of trade structure in the economy. Incompleteness of this structure implies that certain traders
in the economy are not able to trade with each other, unless they activate some
intermediairy traders. Since it is assumed that the relational structure is full, it is
clear that any pair of traders is able to perform such an indirect trade transaction,
when necessary.

In the literature a pure exchange or trade economy is constructed with the
product space P x R~, where R} is the commodity space with e commodities and
~ is the set of all preference relations on that commodity space endowed with the
well known topology of closed convergence, as the attribute space (C, r). In this case
networks as introduced in the previous chapter are regarded as finite collections of
traders, who are potentially capable to take care of all trade within the economy.
Thus, we transform the definition as given in the previous chapter to the population
146

(A, R) of the economy itself instead of the typology (,A, R). All properties as derived
in the previous chapter remain valid. This implies that there exist networks in an
economy E as described above. 5econdly, any network is related to a spanning tree
(A, V) in the population (A, R).3

The interpretation of networks as potential trade organizations is however
still somewhat unsatisfactory. There has to be imposed some more structure on
these specific collectíons of traders to regard them as potential trade organizations.
This is the purpose of the analysis as performed in this section.
The informal introduction of the issue to be addressed in this section, as given
above, leads to the following formal setting. Throughout this section we take a fixed
relationally structured economy E- ((A, R), P x Rt, g), where ( A, R) is a finite
relationally structured population, 2 the number of commodities, and g: A-~ ~ x Rt
the characterization, which endows every trader in the economy with some preference
relation and an initial bundle of commodities. It is clear that we interpret the
collection A as a set of traders, while R is regarded as a collection of potential
binary trade relations. Finally, for any collection of traders E C A we denote by
(E, R~E) the restricted relational structure on E, i.e.,

R~E :- R n(E x E).
For convenience we introduce the following tools into our analysis. Firstly, we denote
by ~(A) :- 2A `{0} the collection of all non-empty subsets of traders in the economy
E. Secondly, we introduce the notion of a network nzapping.
Definition 5.1.1 The m,apping ~Y': ~(A) -~ 2D1A1 is the network mapping of the
economy E if for every non-empty collection of traders E E ~(A) it holds that
tiY`(E) -{N C E ~ N is a network in (E, R~E)}.

It is immediately clear that the network mapping assigns to every non-empty collection of traders those subgroups, which can act as networks within that group.
This implies that the mapping ~` indicates those collections of traders, who have
an advantageous position with respect to the other traders. It is evident that the
networks assigned to the total collection of traders in the economy is precisely the
collection of all networks in the economy, i.e., ~Y~(A) -~. The next corollary is
an immediate consequence of the results in the previous chapter on communication
abilities within a relationally structured economy.
Corollary 5.1.2 Let ~Y' be the network m,apping of the econo~rrcy E. Then for any
non-empty collection of traders E E P(A) it holds that iY~`(E) ~ 0 if and only if
(E,R~E) is connected.
3For these properties we refer to Theorems 4.3.3 and 4.3.4. We conclude that for any network
N in E there exists a spanning tree (A, V) in (A, R) such that the only network induced by (A, V)
is N itself.
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We note that this corollary shows that the definition of the network mapping is
consistent. Namely, for every collection of traders E E P(A) and for every network
N E ~`(E) the sub-graph (N, R~N) is indeed connected, and thus ~Y~(N) ~ 0.
As mentioned above we do not consider a network to be the proper description
of a trade organization within the setting of a pure trade economy as described
previously. We therefore introduce the notion of a hierarchical system of networks,
or simply a hierarchy, being a sequence of networks within networks. The economic
foundation of the introduction of this notion is that certain trade flows may be
handled by some network, but that within such a network the handling of these
flows has also to be described properly. This involves the consideration of networks
within that network handling these trade flows in the economy. In that sense we
arrive at a hierarchically ordered sequence of networks within networks, all of which
are potentially able to handle the trade flows of commodities in the economy. We
consider such a hierarchy as an abstraction of the practical trade organizations as
can be discerned in real life situations.
The use of the network mapping ~~` belonging to the relationally structured
trade economy E makes it possible to introduce the notion of a hierarchy properly.
Definition 5.1.3 A finite sequence of non-empty collections of traders Nl, ..., Nk E
P(A) is a hierarchy in E if it satis,fies the following properties:

(i)

Ni-A ;

(ii)

~Y'(Nk) - {Nk}

(iii)

;

if k ~ 2, then for every j E{ 1, ..., k- 1} it holds that
N;ti E ~~`(N;)

and N;ti ~ N;.

The collection of all hierarchies in the economy E is denoted by i{E. Furthermore, if
~-(Nl, ..., Nk) E ~-LE, then we call k the length of the hierarchy ~ in the economy
E and denote it by 2(~).
The notion of hierarchy as set within a relationally structured (trade) economy is crucial in the development of a proper description of the notion of trade
organization. We view a hierarchy as a finite sequence of "network levelsn, in which
each level takes care of the regulation of all trade flows which occur on the previous
level. The first or lowest level is obviously the total economy, and the second level
is a"normal" network within the economy. This network regulates all trade flows
within the whole economy, i.e., the previous level. The third level is a network within
the network on the second level. Obviously, this "super" network takes care of the
regulation of all trade flows within that network, and hence implicitly of nearly all
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trade flows within the total economy.4 We may extend this kind of reasoning for
all subsequent network levels in the hierarchy. It is easily noticed that for every
i E { 1, ..., k} a network N; in a hierarchy ~ -(Nl, ..., Nk) E ~{E is able to take
care of all trade flows between agents in the collection F(N;).
The next result shows us that the definition of a hierarchy as given above is
consistent. Secondly, we show that a hierarchy naturally ends within a singleton,
i.e., the highest level of the hierarchy is a singleton.
Lemma 5.1.4 Let E be the relationally structured economy as described above.
(a)

There ezist hierarchies in the economy E, i.e., ~-[E ~~.

(b)

For every hierarchy ~-(Nl, ..., Nk) E?-LE there ezists an agent a E A such
that Nk - {a}.

PROOF

Proof of (a)
By induction we first generate a countable sequence (N;);EN of non-empty subsets
of agents, i.e., for any i E N: N; E~(A), for which it holds that Nl - A and
N;tl E~`(N;) for any i E N.
Since the population (A, R) is connected, for the collection of networks it holds that
lY -~~`(A) -~Y~`(NI) ~~. Thus, we can choose an element N2 E~~`(Nl).
Now let N; E P(A) be chosen for some i E N, with i~ 2. By the network property of
connectivity and the fact that N; E~'(N;-1) it holds that (N;, R~N;) is a connected
subgraph of (A, R). Thus we immediately conclude that ~Y"(N;) ~ 0. Hence, we
may choose N;~~ E ~Y'(N;).
We now construct a hierarchy from the sequence (N;);EN by showing that there exists
a number M E N such that for every i~ M it holds that ~`(N;) -{N;}. This
implies that there exists an index k G M for which it holds that ~'(Nk) -{Nk},
and iY'(N;) ~{N;} for every 1 C i G k.
That there exists a number M E N as described above is made clear by noting that
A is a finite set. Moreover, for every non-empty subset E E ~(A), with ~E ~ 2 and
(E, R~E) a connected graph, it holds that for every network N E~'(E): ~N G~E.
Hence, there is a certain M E N such that in the sequence (N;);EN the set N,y is a
singleton. Since N,y is a singleton, it is clear that ~~`(N;) -{N;} for every i) M.
(Here we use the reachability property of any network, and the reflexivity of the
relation R on the collection of all agents A.) So, we may conclude that the finite
sequence (NI, ..., N~y) is indeed a hierarchy.
4This "super" network, usually indicated by N3i does not take care of aN trade flows in the
economy, since certain trade 8ows can be regulated by members in the second level, who are not
in the third level. More formally, take some hierarchy {- (N~,...,Nk) E ~{E and some agent
a E NZ `N3. Now the trade flowa initiated by agenta 6, c E F(a) fl Nl can be regulated by agent a
without involving any agent in N3.
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Proof of (b)

This is an immediate consequence of the proof of assertion ( a) of the lemma.
Q.E.D.
Property ( b) as derived in the lemma above gives us some additional insight into the
structure as imposed upon the population (A, R) by a hierarchy. It simply states
that a hierarchy ends in a singleton. Additionally we remark that networks with
a higher index in the hierarchy are strictly smaller than the networks with a lower
index. Thus a hierarchy ~ -(Nl, ..., Nk) E 7-lE with length k~ 2 satisfies the
property that for every j E { 1, ... , k- 1} it holds that N~}1 C N~ and Nj}1 ~ N~.
Finally, as stated in the lemma Nk is a singleton. This shows that a híerarchy has a
natural length in the sense that the subsequent levels are strictly diminishing until
it reaches a singleton, which is a natural stopping point.
Our next purpose is to extend some of the results as derived in the previous
chapter to the case of hierarchies. In Theorems 4.3.3 and 4.3.4 we showed that any
network can be identified with a spanning tree for which this network is the unique
network. Secondly, we proved this result by giving a method for constructing of a
network in a tree. In the case of hierarchies of networks we can also apply these
results.
In order to state these extensions properly we make some notational conventions. Let W C R be a reflexive and symmetric relation on the population, such
that ( A, W) is a spanning tree in the population ( A, R), i.e., ( A, W) is connected
and ~W - 3n - 2, where n -~A. Now by E~y - ((A,W),(C,r),g) we denote
the restricted economy to the spanning tree (A, W). In this formulation we take the
original trade economy E- ((A, R), ( C, r), g) to be given. By ~-(Ex, we denote the
collection of all hierarchies in the restricted economy to the spanning tree (A, W).
Theorem 5.1.5 Let ~ E ~-lE be a hierarchy in the economy E. Then there exists
a spanning tree (A, W) of the population (A, R), such that ~ E~-lE~„ i.e., ~ is a
hierarchy in the restricted economy Eiy.
PROOF
Let~- (Nl,...,Nk) E7-lE.
Now if k- 1 then ~A - 1. This implies that ( A, R) itself is a tree, and therefore
the assertion is evident. So assume that k ~ 2. Now by induction we construct a
spanning tree which satisfies all required properties.

By application of Theorems 4.3.3 and 4.3.4 there exists a spanning tree (Nl, Wl) (A, Wl) in (A, R) such that N2 is the unique network in the restricted economy
((A,WI),(C,r),g). Now we define (A,Vi) to be such that
Vi

[1~Vi n ((Ni `Nz) x 1Vz)~
[R n (NZ x NZ))
U{(a,a) ~ a E Nl `NZ}.
u
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Now, if k- 2, then Nz is a singleton, and so it is clear that (A, V,) is a spanning
tree of (A, R) which satisfies all requirements. So we only have to deal with the case
that k 1 3. Take 1 C i G k- 2 and assume that the subgraph (A, V,) is given.
Now let (N;t,,W;t,) be a tree in (N;~,,V~N;~,) -(N;t,,R~N;~,) of which N;tz is
the unique network. (Such a tree exists by simple application of Theorems 4.3.3 and
4.3.4.) Now we define the graph (A, [;~,) to be such that

Vf~

-

[V n ((A `N;~,) x (A `N;},))]

U [W~fi n ((N~fi `N~fz) x N;fz)]
u [R n (N;}z x N;}z)]
U{(a,a) ~ a E N;~, `N;tz}.

From the construction above we can easily establish that (A, L;}1) is a connected
graph.
By induction we thus have constructed a connected graph (A, [~k-,). Moreover it
follows from the construction that (A,Vk-,) is a spanning tree in (A,R). It is also
trivially established that this spanning tree satisfies the required properties.
Q.E.D.
Theorem 5.1.5 simply states that to any hierarchy there belongs a spanning tree
for which it is also a hierarchy. This is the analogue of the result as stated and
proved in the previous chapter for the case of a single network. The next theorem
shows that the hierarchy as described above is one of at most two hierarchies in the
restricted trade economy E i.y. Since a complete proof of the next theorem would be
quite tedious we restrict ourselves to a sketch.
Theorem 5.1.6 For every spanning tree (A,W) of the population (A, R) it holds
that the restricted trade economy E ~y -((A, W), (C, r), g) has either one or two
hierarchies, i.e., ~~-lE~, E {1,2}.

PxooF (Sketch)
Let (A, W) be any spanning tree in the population (A, R).
Now if ~A - 1, then obviously for every hierarchy ~ E ~-lEi~, it holds that ~-(A).
Hence ~~-lEi,t, - 1.
For the case that ~A - 2 it is evident that for every hierarchy ~ in E ry it holds
that P(~) - 2. More precisely, let A- {a, b}, then ~ is either (A, NQ) with Na -{a}
or ~ is (A,N6) with N6 -{b}. This leads to the conclusion that ~7{E~, - 2.

Finally, if ~A ~ 3, then by repeated application of Theorem 4.3.3 assertion (a), we
know that we will arrive at a situation in which ~Nk C 3 for some k E N. Thus, we
can apply the two cases as discussed above, and arrive at the conclusion that either
~7-lEW - 1 or ~~-lEi~, - 2. This concludes the proof of the assertion.
Q.E.D.
From the theorem above we can distinguish two kinds of spanning trees in the
population (A, R) of the economy E. First of all we distinguish the so-called odd
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trees in (A,R) as those spanning trees (A,W) for which ~9-IEN, - 1. Secondly, we
denote all spanning trees (.9, W) in the population (A,R) for which ~7{Eu, - 2 as
being the even trees in (A, R).
The distinction between even and odd trees in the collection of all spanning
trees in the population ( A, R) is not so relevant for the analysis as developed in
the rest of this section on the structure that is put on the economy by a specific
hierarchy ~ E ~-[E. We remark that a hierarchy is in fact an organization structure,
which regulates all trade flows in the economy. As discussed above this organization
structure consists of a number of levels. Each level is represented by some network
within the previous level. It is evident that such a level regulates all trade flows
on the previous level, except those of which the previous level itself can regulate.
This interpretation is supported by redefiniting the system of levels into a system
of echelons.
Let ~- (Nt, ..., Nk) E 7-LE be a hierarchy in the economy E. Now, we can
rewrite the hierarchy ~ as a finite sequence 1- -(Sl, ..., Sk) being defined as follows:
. ForeverylCjGk-1: S;-N;`N;~l.

. sk - ,vk.
From the fact that Nl - A we immediately may conclude that l; is a partition of A,
i.e., for every i, j E { 1, ..., k}, with i~ j, it holds that S; n S; - 0, and Uk 1S; - A.
The sequence ~ is denoted as the echelon partition induced by the hierarchy ~, and
its elements S~, ..., Sk are called the echelons belonging to the hierarchy ~.
The economically "higher" echelons in the echelon partition are numbered by
a higher integer in the (finite) sequence 1, ..., k. Thus we have generated a natural
subdivision of the population into echelons with different positions as imposed by
the hierarchy ~ on that population, and therefore on the economy E. To return to the
discussion of the hierarchy as an organization structure in the economy that takes
care of trade regulation, we note the following. An echelon, say S;, takes care of all
trade flows between members in the lower echelon S;-1. This is done either directly
by acting as a direct intermediary trader or indirectly by shifting the regulation to
the higher network N; fl. There the trade flow is directed towards another agent in
the echelon S;, who can take care of the provision of an agent in the lower echelon
S;-1 to which the trade flow has to be directed ultimately.
The interpretation of the notion of hierarchy as given above illustrates that
a hierarchy is indeed a proper and useful description of a trade organization in a
market with imperfections in the potential trade relations. Indeed, a hierarchy can
regulate all trade flows in the market, i.e., all agents can reach each other through
certain members of networks in the hierarchy. The hierarchy in principle describes
how trade flows in the economy are regulated. This is clarified by the fact that to
a hierarchy there belongs a unique spanning tree in the population in which we can
exactly determine the sequence of agents to be participating in handling a trade flow
from one agent in the market to another. In fact we may assume that a hierarchy
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is a natural form of organization since we encounter this phenomenon quite often in
real life organizations.
In the next definition we will use the echelon partition to construct an echelon
structure, describing the structure as imposed on the economy by accepting the
hierarchy ~ as the relevant hierarchy for the regulation of trade flows in the economy.
It consists of all relevant trade relations, which are necessary for the hierarchy to
be able to regulate trade flows.
Definition 5.1.7 Let ~- (N,, ..., Nk) E 7-lE and let l: - ( S,, ..., Sk) be the induced echelon partition by ~. The pair ( A, Rf) is the echelon structure induced by
~ if (A, Rt) is an undirected subgraph of (A, R) such that R~ - U~-1 W„ where for
every j E { 1, ..., k- 1} it holds that
W~ -{{a, b} ~ a E S~

and b E N~~,

with

(a, b) E R}.

An echelon structure induced by a hierarchy consists of all relevant (potential) trade
relations in the economy E for the proper and effective functioning of the organization structure as described by the hierarchy ~. It exactly describes all trade relations
in the economy, which are important in case the particular hierarchy ~ E ~-LE is chosen to be the actual hierarchical organization structure in the economy. In other
words we may state that the echelon structure describes all potentially active relationships in the social structure or population if a certain potential organization
structure (or hierarchy) is actually activated.
In a trade economy as described in this section all agents in a particular
echelon are having in principle the same position in the hierarchical structure of the
economy.s In that case, the trade relations as described in the echelon structure
are describing possible binary trades or exchanges in this particular economy. So an
echelon structure is describing possible trade patterns in the economy, and obviously
it is part of a multiple stage process. In the first stage a social contract is made: A
hierarchy is chosen as the organization structure in this exchange economy. Every
agent in the economy conforms his individual behaviour with respect to this contract.
Now if, in the second stage, actual trade takes place, it only can go through the
channels as described in the echelon structure induced by the contracted hierarchy.

Before we give some important properties of the echelon structure (A, R~)
induced by a hierarchy ~ E 7-lE with length ~(~) ~ 2 we make some notational
conventions. For every agent a E S„ where j E{ 1, .- , k}, we define for j G k- 1
Uf(a) :- {b E N~~, ~(a, b) E R}, and
for j- k we define Uf(a) :- ~.
Furthermore for every agent a E S~ , where j E{ 1, .. ., k}, we define for j- 1,
Lt(a) :- (b, and for j~ 2
SProvided that this particular hierarchy is regulating the ocurring trade flows, all agents in a
certain echelon are treated in the same way with respect to the regulation of their trade.
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L~(a) :- {6 E A~ N; ~(a, b) E R}.
Proposition 5.1.8 Let ~- (Nl, ..., Nk) E ?-Lg 6e a hierarchy with k) 2. Moreover, let ~-(S~, ..., Sk) be the echelon partition induced by ~.
-

(a)

(A, Rf) is a connected graph.

(b)

For every 1 C j C k- 1 and every a E S; it holds that
0~ UE(a) - {b E N;~~ ~{a,b} E R~}.

(c)

For every 2 G j G k and every a E S; it holds that
0~ Lt(a) - {b E A` N; ~{a, b} E Rf}.
Moreover, it holds that U;-iS; - A`N;.

(d)

For every 1 G j G k it holds that
R~ fl {{a, b} ~ a, b E S; }- 0.

(e)

!f k ~ 3, then for every 2 G j C k- 1 and every agent a E S; it holds that
{6 E A ~{a, 6} E R~} - U~(a) U L~(a).

The proofs of the assertions of this proposition are trivially deduced from the definition of an echelon structure, and therefore we leave it to the reader to verify
them.
As remarked above, the echelon structure induced by a certain hierarchy ~
describes all relevant trade relations in case this particular hierarchy is regulating
trade in the economy. Suppose that this is the case, then the next step in our
analysis is to investigate the choices, which a single trader can make in case of
actual trade. Within the echelon structure all agents, except the "topman" in the
highest echelon 5~~~~, are able to choose from a number of intermediary agents in
the network one higher to take care of his trade flows. We assume for the moment
that he chooses one of them in order to actually perform trade in the next stage of
the trade process. Thus, the trader chooses one intermediary agent in the higher
echelon, before engaging into actual trade.
In the next definition we introduce some notational conventions with respect
to the choice processes, which occur in case of realisation of trade opportunities.
The analysis only regards the choices of an intermediary agent in order to be able
to trade, and not the trade process and contracting itself.
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Definition 5.1.9 Let ~- (Nl, ..., Nk) E?{E be a hierarchy. Furthermore, let
~-(Sl, ..., Sk) be the echelon partition induced by ~. The echelon relation
mapping is a correspondence PE: A -~ 2R, which is given by the following. For
every 1 G j G k- 1 and every a E S~ we define
P~(a) :- {{a, b} ~ b E U~(a)}

;

Finally, for a E S~ we define P~(a) :- t~.
From the definition as given above we immediately conclude that for every hierarchy
l; E ~-LE and the induced echelon structure (A, R~) it holds that

R~ - U P~(a).
aEA

With the use of this echelon relation mapping we are able to define the main tool
in our analysis of a hierarchically structured trade economy.
Definition 5.1.10 Let 1; -(NI, ..., Nk) E ~-LE be a hierarchy. Furthermore, let
~-(S1i...,Sk) be the echelon partition induced by l;. An echelon tree induced
by i; is a directed subgraph (A, W) of the echelon structure (A, R~) such that there
ezists a function t: A`Sk -~ A`S,, which satisfces the properties that
W-{(a,t(a))EAxA~aEA`Sk},
and for every agent a E A`Sk it holds that {a,t(a)} E PE(a).
The collection of all echelon trees induced by ~ is denoted 6y 7~.
It is clear that to every echelon tree (A,W) E T there belongs a unique function t
as described in the definition. In the sequel we call this function t the predecessor
function of (A, W). As a natural consequence for every agent a E A`S~ we call the
agent t(a) E A`Sl the predecessor of a in (A, W).

For convenience we additionally define the inverse of the predecessor function
t: A`Sk -~ A`Sl corresponding to an echelon tree (A,W) in 7f. For every agent
a E A`Sl we define
t-1(a) - {b E A ~ t(b) - a},

and for every agent a E Sl we define t-1(a) - 0.
We note that the echelon structure itself as defined and analyzed above is not
necessarily a tree in the population (A, R) of the economy E. Hence, for the time
being we do not have a connection with Theorems 5.1.5 and 5.1.6. With the use
of the concept of echelon tree, as defined in the previous definition, we are however
able to establish a connection with these important and descriptive results. Note
that every echelon tree is in fact a tree, and so we can apply Theorem 5.1.5 on
this particular tree to establish that the unique hierarchy generated by this tree
is precisely the generating hierarchy 1;. These results and some other informative
assertions are stated in the next proposition.
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Proposition 5.1.11 Let ~-(Nl, ... , Nk) E 7-LE be a hierarchy in E, and let ~(Sl, ..., Sk) be the echelon partition induced by it. Moreover, let 7~ be the collection
of all echelon trees genernted by ~. Take a fixed echelon tree (A, W) E 7~ and define
W:- { {a, b} ~(a, b) E W}.
(a)

(A, W) is a spanning tree of the population (A, R).

(b)

For every 1 C j G k- 1 and every agent a E S~ it holds that

~[P~(a) n W] - 1.
(c)

For the unique topman a E Sk it holds that
~[P~(a) n W] - 0.

(d)

EITHER

the spanning tree (A, W) is even and i{Eit, -{~, ~}, where
t; - (Nl, . . . , Nk-2i {a, b}, {a})

and

~ - (Nl, ..., Nk-2i {a, b}, {b}),
OR
(e)

the spanning tree (A, W) is odd and 9-lEla, -{~}.

lt holds that

U

W-Re.

( A,W ) E7{

The assertions of this proposition are easy consequences of the definitions of echelon
partition, echelon structure, and echelon tree induced by a hierarchy of the economy
E. Therefore we leave the verification of these assertions to the reader.
The next lemma is an important description of an echelon tree. It precisely
describes the minimal requirements of a pair (A, W) to be an echelon tree in the
hierarchically structured population (A, R, t). We give the lemma without a proof.
Lemma 5.1.12 Let t E 7-lE be a hierarchy in E and let ~-(Sl, ..., S~ ) be the
induced echelon partition. The pair (A, W) is an echelon tree if and only íf (A, W)
is a directed subgraph of the echelon structure (A, RE) such that
(i)

(A, W ) is weakly connected ;

(ii)

for every agent a E A: ~[P~(a)nW] G 1, where W-{ {a, b} ~(a, b) E W},
and

(iii)

for every 1 G j G k- 1 and every agent a E S~ there exists an integer
i E {j f 1,..-,k} such that
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(a, b) E W

iraplies b E S;.

The idea behind our model of a trade economy is two-sided. Firstly, in the pretrade stage a certain hierarchy is chosen, and with it the echelon structure is
determined.s Secondly, within the chosen hierarchical structure actual trade will
take place. Therefore the main structural concepts in the regulation of trade are
echelon trees. In many decision instances we suppose that an agent or trader chooses
exactly one predecessor in the echelon structure to trade with. This causes the
emergence of an echelon tree within the echelon structure. The choice of this unique
predecessor in the echelon structure is done according to a procedure as described
in a Nash equilibrium. Knowing what happens in the following stage of actual trade
and the choices of the other agents in the population, an agent chooses his or her
predecessor optimal with respect to the resulting allocation after trade has taken
place. In the next section we discuss a model which is build according to these two
principles.
The discussion in the previous paragraph condenses into the assumption that
realizations of trade flows occur within echelon trees instead of in the more general
setting of echelon structures. We therefore conclude this section with a very fundamental and descriptive result, which will provide the foundation of the equilibrium
concepts as developed in the next sections for the stage of actual trade in our model
of a trade economy. It states that we can fully describe an echelon tree by the
predecessor function, including the echelons as generated in the echelon partition.
Lemma 5.1.13 Let ~ E ~-lE be a hierarchy in the economy E, and let (A, W) E 7f
be an echelon tree for this hierarchy. Suppose that t is the predecessor function with
respect to (A, W), then it holds that for every integer 1 G j G k- 1
i
Si}r -{a E Nj}1 ~ t-1(a) C U S;}.

;-i

PROOF
Let 1 G j C k- 1. By definition S; - N; `N;~r, for every i E {1,..., j}, and so it
holds that

~

~

U S~ - U(N~ `N~tr) - Nl `N.ifi - A`Niti;-i
t-i

So for every agent a E 5~~~ - N~}1 `N~}2 it evidently holds that a E N~~~ and that
t-r(a) C A`Ni}r. This shows that
sIt is supposed that the choice of a hierarchy is done according to some socia! coniract. The
precise determination which hierarchies are fitted to serve as trade organization structures will be
subject of future research. The preliminaries of the study of such a social contract are taken up in
Gilles (19886), van den Brink (1989), and van den Brink and Gilles (1990).
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~
S;~r C{a E N;~, ~t-1(a) C U S;}.
.-i
To complete the proof let a E N;tl and assume that t-1(a) C A `N;~,. If j- k- 1,
then obviously a E Sk, which completes the proof. So we may limit ourselves to the
case that j C k-2. From the fact that a E N;}~ and the definition of a hierarchy, it
is obvious that t(a) E N; fZ. To prove that a E S;}1 we have to show that a~ Nj}2.
Suppose to the contrary that a E Nj}2. By the properties of Nj}2 as a network
within the restricted economy on (Nj}1iW~N;}1) we simply know that a is strictly
necessary in N; fZ for maintaining connectivity or reachability. Because t-1(a) C A`
N;~I it is clear that agent a cannot be strictly necessary for maintaining connectivity
within N;t2. This implies that agent a has to be indisposable with respect to
maintaining reachability. But this implies that there exists an agent b E N;tl for
which it holds that b E t-1(a). This is a contradiction. Hence, a E 5;~~.

Q.E.D.
5.2

Hierarchically structured trade economies

In this section we introduce and analyse a model of a pure exchange or trade economy, in which trade flows are explicitly regulated by a hierarchy in the trade structure of the economy. We suppose that the behaviour of the members of the hierarchy
is essentially non-cooperative. This implies that the members of a higher echelon
regulate trade between traders in the lower echelons by setting prices. We therefore
implicitly deal with a Stackelberg-like equilibrium concept. In such an equilibrium
concept it is assumed that network members in the hierarchy set prices for al] binary trade flows in the economy, and thus are leaders. The traders in lower echelons
are followers in the sense that they act as price takers with respect to the higher
members of the hierarchy. We thus arrive at a hierarchical equilibrium concept, in
which members of higher echelons are leaders with respect to members of the lower
echelons.~
Besides the non-cooperative behaviour as described in our hierarchical equilibrium, we assume that the traders in the economy can act cooperatively if that is
profitable. Given the prices and allocations as set in the hierarchical trade structure
the traders in the economy are assumed to be able to recontract in the sense of Edgeworth's recontracting principle. This implies that given a price-trade-allocation as
emerging from the hierarchically organized trade flows, there exist additional trade
possibilities, which are used cooperatively by the traders. These additional (binary) trade relations are described independentlyof the hierarchical structure in the
economy. This dichotomy leads to two trade structures, namely the hierarchical
~For a comparable recent study we refer to R.obson (1988). There a hierarchical Stackelberg
equilibrium is analysed in the setting of a model with entry, i.e., it studies hierarchical entry in an
oligopolistic market.
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non-cooperative trade structure, in which there is regulation by pricing, and a cooperative Edgeworthian trade configuration, in which there is no explicit pricing.
We note that recontracting only occurs if the non-cooperative hierarchical system
is in disequilibrium, in the sense that traders can be better off in case of Edgeworthian recontracting or re-trading. Price-allocation systems, which are optimal in the
sense that no trader can improve himself by re-trading in the Edgeworthian sense,
are called re-tmde proof price-allocation systems. Thus, cooperative behaviour is
initiated by imperfections in the hierarchically structured market.
With the use of the notion of a hierarchy we can give a definition of a hierarchically structured economy as a specification of a finite relationally structured
economy. Formally we define a trade economy as a combined system of a hierarchical
trade structure and a collection of binary trade relations describing the possibilities
to re-trade in the Edgeworthian sense.
Definition 5.2.1 A trade economy is a tuple E-((A, ~, R~ ), `3`, g), where the
following properties hold.

~ The pair (A, R{) is a modified population, ín the sense that A is a finite collection of agents and R~ is an undirected and irrefiexive relation on A.
~~ is a hierarchy in the treodified population (A, R~), such that the pair (A, RE)
is exactly the echelon structure belonging to t;.8
~ The taapping ~: TF x A-~ 2A assigns to every agent a E A, in case some
echelon tree (A, W) E 7 occurs, the collection of potential coalition partners
`3`iy(a) :- `~((A, W), a) C A, which describes the trade relations of agent a E A
to 6e used for Edgeworthian re-ttnding.
~ The mapping g: A~ Pmo x R~ is a characterization, which assigns to every
agent a E A a monotonic, strictly convex, and continuous prefenonce relation
~QE Pmo9 and an endowment wa E R~, where t? is the number of corrtmodities
in the economy. We assume that
w:-~wa~10.
nEA

It is evident that in Definition 5.2.1 a trade economy is defined by three main items.
Firstly, the triple (A,~,Rf) describes the hierarchical non-cooperative trade structure in the economy. Secondly, the mapping `~ describes the trade structure, which
sTo make this definition clear we introduce the relation R:- {(a, b) ~ {a, b} E Rf} U
{(a, a) ~ a E A}. Then it is clear that (A, R) is a population. Now choose { as a hierarchy in
this derived populatíon (A, R).
9A preference relation Y is monotonic if for evety x, y E Rt it holds that if z~ y, and x~ y,
then x Y. y. Now ~,,,o is the collectíon of all monotone, continuous, transitive, asymmetric, and
strictly convex (preference) relations on the commodity space Rt.
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can be used for Edgeworthian re-trading. We note that this re-tmde configumtion
is defined independently of the echelon structure (A,Rf) in the sense that it is not
derived from the relationally structured population (A, R~). On the other hand
the re-trade configuration is by definition depending indirectly upon the echelon
structure (A, R~) through its dependence with the echelon trees ín 7~. Finally, the
mapping g is a characterization of the agents in the population. It assigns to every
agent in the economy an endowment and some preference relation on the commodity
space as his or her individualized attributes.
With respect to the economy as defined above we make some important assumptions on the behaviour of the agents. Firstly, the actions in the hierarchical
non-cooperative trade structure and those in the re-trade processes in the configuration as described by the rnapping s are essentially independent, in the sense that
agents are able to act freely in both modes of behaviour, given the trade relations
in both configurations. Secondly, we assume that all agents in the economy are rational and that it is common knowledge that they are rational. Rationality implies
that agents coordinate their actions in the non-cooperative trade structure and in
the cooperative re-trading processes. Thirdly, all agents in the economy know the
hierarchical trade structure of the economy globally.'o We are now able to describe
the two stages of our model of trade as follows.
Let E be a trade economy as defined in Definition 5.2.1. Moreover, let kQ(~) be the length of the hierarchy ~. Indicate this hierarchy as ~-(N~,... , Nk)
and denote by ~-(S~, ..., Sk) the echelon partition induced by it.
STAGE I: CHOICE OF INDIVIDUAL TRADE PARTNERS

The echelon structure (A, R~) describes all trade relations in the non-cooperative hierarchical trade structure of the economy. Thus the set P~ (a) denotes to
agent a E A a collection of potential trade relations with the higher echelons
in this structure. We assume that in Stage I of the model an agent a E A`Sk
chooses one and only one potential trade relation {a, b} E P~(a) to be activated
in the second stage of the model. This implies that an agent chooses exactly
one potential trade relation to be activated in the hierarchical trade structure.
For any agent a E A`Sk let {a,b} E Rf denote the chosen trade relation to
be activated. Then we know that 6 E N~tl, when a E S~ (1 C j C k- 1).
Now we call the agent b E N~ fl the chosen predecessor of a E S~." The
function t: A`Sk -~ A`Sl assigns to every agent a E A`Sk his or her chosen
predecessor t(a) - b. The function t defines an echelon tree (A, W) E 7~ with
'oIn fact this means that every agent in the population knows the graph (A, Rf) as a structure.
He does not know the individual characteristics or attributes of the other agents, but is informed
about the structure or fabric of (A, Rf) itself. Again we assume that it is common knowledge that
all agents in the economy know the global structure of (A, R~). This has only consequences for the
modelling of stage I of the two stage model as described below.
"Thus in Stage I of our model any agent in the population, except the "topman", is choosing a
predece~or. This predece~or acts as the unique regulating agent for all trade of agent a with the
higher echelons.
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W-{ra ~ a E A`Sk}, where ra -( a, t(a)).
STAGE II : ACTUAL TRADE

Let (A, W) be the echelon tree that results from the choice of predecessors as
described in Stage I of the model. This echelon tree describes the trade structure with respect to non-cooperative trading behaviour. Now the mapping
.~iyy describes the trade structure with respect to the Edgeworthian re-trading
behaviour in the economy in the occurence of that particular echelon tree
(A, W). We discuss these two configurations subsequently as follows:
There is a leader - follower behaviour within the trade structure as described
by the echelon tree ( A, W). It is supposed that predecessors act as price setters with respect to their successors. Formally this implies that for an agent
a E A~Sk his or her predecessor t(a) sets prices on the activated trade relation
ra - (a,t(a)) E R~.
Any agent a E A is able to trade with agents in the collection si.y(a) C A in
the sense of Edgeworth's recontracting principle. Given the price-allocation
system as emerging by behaviour of the agents in the non-cooperative trading processes within the setting of the echelon tree (A, W), any agent a is
using these possibilities as described by the set s~y(a) when this is profitable.
This implies that if agents are able to reach a better end bundle by re-trading
on some existing price-allocation system, this possibility will be used. These
Edgeworthian re-trade processes can also be regarded as outcomes of an arbitrage system. This is also sustained by our assumption that any equilibrium
price-allocation system should be stable with respect to such re-trading processes, i.e., in equilibrium all re-trading possibilities are not profitable.
In the sequel we discuss the two stages as globally described above. Evidently this
will be done in reverse order, i.e., first we discuss the behaviour and equilibrium in
the second stage of our model of trade before we turn to a description of equilibrium
in the first stage of the model. First we state some assumptions.

5.2.1

Assumptions

Let E- ((A, s;, R~), `~, g) be a trade economy as defined in Definition 5.2.1. We
make the following assumptions with respect to the different items in the trade
economy E.

1. For every agent a E A we assume that the preference relation ~QE ~mo can
be represented by a strictly quasi-concave, monotone, and continuous utility
function on the commodity space Rt.
Moreover we assume that the agents always choose a unique action, given the
environment in which they operate. Given the prices set by the higher echelon
they choose a maximal end bundle in their budget set, given the re-trading
activities and the prices set by the other agents in the economy. If this budget
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set is convex and compact, then obviously the bundle is unique, but in case of
non-convexities it is still assumed that every agent chooses one optimal action.
Essentially it is assumed that an agent can describe the reaction curve of any
other agent in the economy. We can therefore speak of demand Junctions or
reaction junctions instead of correspondences.lz
2. In the hierarchical echelon tree (A, W), which results from a choice procedure
in Stage I of the model, we make the following assumptions:
~ An agent a E A`Sl acts as a price setter on the trade relations {rb ~ 6 E
t-1(a)}.

~ An agent a E A` Sk acts as a price taker with respect to the activated
trade relation ra.
It is clear that these two assumptions give a complete account of the noncooperative trading behaviour of the agents in the setting of a hierarchical
trade structure. Agents in the higher echelons evidently act as "leaders",
while agents in the lower echelons act as "followers~. This gives a sufficient
description of the hierarchical equilibrium as mentioned before.
3. The mapping `~: 7~ x A-~ 2A describes the re-trading possibilities of the agents
in the setting of the emergence of an echelon tree in the trade economy. Let
(A, W) be such an echelon tree. Then we assume the following:
~ For every agent a E Sl in the lowest echelon it holds that
a E sty(a).
~ For every other agent a E A `Sl it holds that
{a} U t-t(a) C ~w(a).
The assumptions as stated above give the minimal requirements with respect
to re-trade possibilities in the setting of an occurring echelon tree.

4. In combination with the previous two assumptions on the non-cooperative hierarchical trade structure and the cooperative re-trade configuration, respectively, we assume that for every echelon tree (A,W) E T, every agent a E A
knows the price as set on the relation rb -(b, t(b)) E W for every related agent
b E s~y(a).
12We remark that this assumption
is indeed very strong. It will be one of the major difficulties
in the proof of the existence of an equilibrium to design individual attributes which generate such
nice functions instead of correspondences. The main difficulty lies in the fact that the budget sets
have to be convex to arrive at a unique optimal choice of actions. This issue is investigated in
Spanjera, Gilles and Ruys (1990).
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The assumptions as discussed above are to be used in the construction and definition
of an equilibrium in our two stage model of a trade economy. This will be done in
the next two subsections, which define an equilibrium concept for subseyuently the
two stages of our model of trade. We do this by backwards induction, i.e., first we
discuss the rational behaviour of agents in the second stage of our model, namely
in case of an emerged echelon tree, and subsequently we define an equilibrium in
the first stage of our model. In the definition of the equilibrium in the first stage
on the choice of trade partners, we explicitly use knowledge of the agents on the
equilibria which will occur in the second stage of the trade process, namely that of
actual trade.

5.2.2

Actual trade

In this subsection we concentrate on Stage II of our model of a trade economy
with a hierarchical structure and an Edgeworthian re-trade or arbitrage system. VVe
assume that in the trade economy E-((A,~, Rf), s,g) there has been resulting an
echelon tree (A, W) E Tf from Stage I of the model. This echelon tree is completely
described by the predecessor function t: A`Sk ~ A`Si. Finally, we take account of
the assumptions as made in the previous subsection. The next definition introduces
the main tool of our analysis. The non-cooperative behaviour in the hierarchical
trade structure results into a pattern of net trades on the activated trade relations,
and some vector of prices on each of these binary trade relations. This combinatioii is
described by a trade-price-system, which also implies the existence of some allocation
of commodities over the agents in the population.
Definition 5.2.2 Let E be a trade economy and let (A, W) be an echelon tree with
predecessor fvnction t. A trade-price-system is a pair ( f, q), where
~ f:W -~ R~ is a net trade function assigning to every trade relation ra (a,t(a)) E W, where a E A`Sk, a ónndle of net trades from t(a) to a such
that

~

f(b,a) C f( a,t(a))}wa.

6Et-1(a)

~ q: W-~ S~-~ :- {x E R~ ~~ x; - 1} is a price system assigning to
every trade relation ra -(a, t(a)) E W, where a E A`Sk, some price vector
q(ra) E S~-~ at which the trade as described 6y the net trade function f takes
place.
A trade-price-system is defined as a collection of net trade bundles on all activated
trade relations in the echelon tree (A, W) resulting from the first stage of our model.
Furthermore, these net trade bundles satisfy certain feasibility conditions. For every
trader, except the topman, these net trade bundles have to satisfy the requirement
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that in real terms they are feasible with respect to the endowment. From (5.1) we
deduce that the net trades on the activated trade relations are feasible, but that the
topman may have a shortage or a surplus of certain commodities.

From the definition above it is easily concluded that any trade-price-system
( f, q) involves the existence of a net trade function, a price system, and an allocation.
As discussed above, the net trade function assigns to every trade relation in the
official structure of the economy, resulting from Stage I of the model, some bundle
of net trades between the predecessor and the successor on that (activated) trade
relation. As an easy consequence of the definition it follows that
(5.2)

~ .f(a,t(a)) - ~
~ f(b,a).
aEA`Sk
aEA`S, bEt-t(a)

The price system denotes to every activated trade relation, and therefore to every
trade within the economy, some price vector. Taking into account the leader-follower
assumption, we know that the successor determines the size of the net trade bunclle,
while the predecessor determines the price-vector of the trades on that particular
trade relation.
Resulting from a trade-price-system ( f, q) is also an allocation, which is
defined as a mapping f: A~ R~, denoting to every agent a bundle of total net
trades, given by

f(a~t(a)) -~bEt-~(a) f(b,a)
f(a) -(
- l-~bEt-~(a) f(b, a)

for
fOi

a E A` Sk
a E Sk

Note that the allocation is only depending upon the net trade function f and not on
the price system q. The feasibility condition on the net trade function as stated in
(5.1) and the property as described in (5.2) imply some similar, induced properties
of the allocation. Both can be formalized as follows:

~ f(a) - 0 and

(5.3)

aEA

for every agent a E A`Sk: f(a) f wa ~ 0
The conditions on net trade functions and allocations can easily be interpreted as
feasibility constraints. Firstly, the total bundle that is traded in the trade process is
feasible in the normal sense, namely that the trades are in balance: ~(wa f f(a)) w, where wa f f(a) is the bundle of agent a E A after the trade-process.13 Secondly,
it is assumed that a single trader cannot be trading more than he or she owns, i.e.,
his or her total trade does not exceed his or her endowment.

As mentioned above it is evident that these feasibility constraints are incomplete with respect to the end bundle of the unique topman a E Sk. The next
definition introduces an additional feasibility requirement on a trade-price-system.
13We denote the bundle wa f f(a) usually as the end óand(e for agent a E A. It is precisely the
tuple of commodities that agent a E A owns after the trade process as described by the tradeprice~yatem ( f, q) has taken place.
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Definition 5.2.3 Let E be a trade economy and let (A, W) be an echelon tree wáth
predecessor functáon t. A trade-price-system ( f, q) is feasible if for the topman
a E Sk it holds that

~

f(b,a) C wa.

(5.5)

bEt-i(a)

The feasibility condition on a trade-price-system in a hierarchically structured economy states that the net-trade flows in the hierarchy are satisfying the (individual)
feasibility constraint in real terms for the topman a E Sk. Only if a trade-pricesystem is feasible, the net-trade ftows in the economy are balanced in the sense that
there are no surpluses and shortages of certain commodities.
With the instruments as described above we complete the description of the
constraints in non-cooperative behaviour in the setting of a trade economy E by formally introducing the notion of a reaction curve configuration. Such a configuration
gives a general description of the interdependence of the non-cooperative behaviour
of agents in a hierarchically structured market or economy as described inforinally
in the introduction to this section.
Definition 5.2.4 Let E be a trade economy and let (A,W) be an echelon tree with
predecessorfunction t. A reaction curve configuration ás a function R: (A`Sk) x
51-1 -~ R~, which satisfies recursively the following properties.
(i)

For every agent a E Sl and every price vector q E S~-1 it holds that

q- R(a,q) C 0 and wa f R(a,q) ~ 0.
(ii)

(5.6)

For every agent a E S;, with 2 G á C k- 1, every price vector q E Se-1,
and the given reaction curves R(b, -) for all agents b E t-1(a), there exists a
collectáon of price vectors
,SL-1

~

P - (i~b)6Et-t(a) E

6Et-~(a)

such that

wa f R(a, q) ?~

R(b, pb)

6Et-t(a)

and

9~ R(a, 4) C

~

Pe - R(6, Pb)-

6Et-~(a)

(iii)

For the unique topman a E Sk there exists a collection of price vectors
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(5.8)

P - (Pe)óEt-~(a) E

~

St-i

6Et-~(a)

such that

~

Pn . R(6,Pe) ? 0.

(5.9)

6Et-i(a)

A reaction curve configuration is a formal description of the interdependency of
decisions within a hierarchically structured organization. In the case of a trade
economy the decisions of a certain agent are depending upon the reactions of his
or her successors. On the other hand an agent is taking into account the prices
as quoted on the trade relation with his or her predecessor. This is precisely what
is determined in a reaction curve configuration. Recursively the agents determine
their actions according to the reaction curves of their successors, while they are
themselves reacting to the prices as quoted by their predecessor. In the definition
above we do not yet determine which form the reaction curve configuration actually
will have. It only is a formal representation of the interdependency relations of
decisions as taken in a hierarchically structured environment.
To illustrate both Definition 5.2.3 and 5.2.4 we remark the following. Let
( f, q) be a trade-price-system in the echelon tree (A, W) in the trade economy E.
Suppose that there exists a reaction curve configuration R: (A `Sk) x SC-1 -a Rt
such that for every agent a E A`Sk

f(a,t(a)) - R(a,q(ra)),
where ra -(a, t(a)) E W. Then this trade-price-system satisfies the feasibility
constraint in budget for all agents a E A as well as the feasibility constraint in rea!
terms for all agents except the topman, i.e., for every a E A`Sk. This shows that
Definition 5.2.4 gives a description of all feasibility constraints except the feasibility
constraint in real terms for the topman a E Sk.
If the trade-price-system ( f, q) additionally is feasible, i.e., it satisfies Definition 5.2.3 and is related to some reaction curve configuration as described above,
then this trade-price-system satisfies all individual feasibility constraints for all
agents a E A. It is evident that an equilibrium trade-price-system should satisfy
all individual feasibility conditions and, hence, an equílibrium should be feasible as
well as corresponding to some reaction curve configuration in the sense as described
above.
From the notions as derived in Definition 5.2.3 and 5.2.4 we may derive a
budget set for every agent a E A in the trade economy. This budget set can be
interpreted as the collection of all feasible non-cooperative trade strategies available
to an economic agent.
Definition 5.2.5 Let E be a trade economy and let (A, W) be an echelon tree with
predecessor junction t. For an agent a E A we give the budget correspondence
as a mapping Ba: S~-' --~ 2Rt which satisfies the following conditions.
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(i)

If a E Si, then for every price q E S~-~

Ba(q) :-

wa f da

daER~;
~ reaction curve configuration R:
R(a,q) - da

(ii)

If a E A`(Si U Sk), then for every price q E Se-1
daER1;
qb E S~-~, for b E t-i(a);
3 reaction curve conftguration. R:
R(a,q) - da and

wa ~ dn - ~6 d6(qb)

t1 6 E t-1(a): R(b , q6)
(iii)

)

- db(Q6)

!f a E S~, then for every price q E Sf-1 it holds that Ba(q) - Ba, whe~~e
qb E S~-~, for b E t-1(a);
wa -~b db(qb)

Ba ~-

3

reaction curve configuration R:

t~ b E t-1(a): R(6,4n )

- d6(q6)

~

~

wa ! ~bdó(q6)

Let a E A be an agent and q E St-' some price, then Ba(q) is indicated as the
budget set of a corresponding to price q.
The definition of the budget set for some agent a E A shows that all feasibility
constraints are introduced through the use of a reaction curve configuration as introduced in Definition 5.2.4. The definition of a budget set for every agent in a
trade economy is of great value in the analysis of certain specifications of trade
economies as done in Section 5.3, without having the trouble of specifying reaction
curve configurations.
Trade-price-systems obviously describe (potential) outcomes of non-cooperative
trade processes in the hierarchical trade structure as described by the echelon tree
(A,W). Now we turn to the description of the Edgeworthian arbitrage processes
in the trade economy, which take place within the setting of the trade structure as
described by the mapping `~ly: A-~ 2A. The first step in the description is to determine which coalitions are allowed to form and come together to re-trade on some
given trade-price-system. The next definition gives a very restrictive feasibility
constraint.

Definition 5.2.6 A feasible coalition with respect to the re-trade configuration
as described by the mapping siy: A-~ 2A is a collection of agents F C A such that
F C n `~w(a).
aEF

(5.10)
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It is obvious that Condition 5.10 as formulated in Definition 5.2.6 is very restrictive. It states that a group of agents is feasible as a coalition in the Edgeworthian
re-trading processes in the economy only if everybody is directly related to each
other. Within our setting it is clear that only these feasible coalitions are truly allowable to take part in the Edgeworthian recontracting processes. Given the re-trade
configuration only these coalitions are truly able to coordinate their actions. Definition 5.2.6 therefore also reflects something about the quality of the communication
as descríbed by the mapping s. Hence, the definition of permissible coalitions above
is in fact a consistency assumption on the communication possibilities as reflected
in s and the utility of that communication.
This argument is not only supported by our purpose of modelling, but also
by certaín statements in literature on coalition formation and feasibility constraints.
From, e.g., Kalai et al. (1979) we learn that it is commonly accepted that truly
permissible coalitions are just coalitions which are able to take actions in a given
setting or model. These coalitions are truly able to coordinate their actions, and
use all information as known to the members. Definition 5.2.6 therefore reflects
something about the quality of the information as described by the mapping s. In
order to coordinate actions, there has to be common coalitional knowledge on the
prices as charged to all agents in the coalition. On the other hand it is crucial that
information is "usablen if there can be formed a truly permissible coalition, which
can undertake actions based on that information. Now the mapping s reflects usable
information in the sense that some permissible coalition can undertake actions based
on that information. Hence, the definition of permissible coalitions above is in fact
a consistency assumption on the information as reflected in `~ and the utility of that
information.'a
To complete the description of the Edgeworthian re-trading processes in the
trade economy E we describe which trade-price-systems will result from these processes. As long as a certain feasible coalition is able to improve (collectively) upon
a trade-price-sytem, this will be done and so this trade-price-system is unstable.
This implies that for stable or re-trade proof trade-price-systems there is no feasible
coalition, which can collectively profit from any re-trade. This is formalized in the
next definition.
Definition 5.2.7 A trade-price-system ( f, q) is re-trade proof with respect to the
re-trade configumtion as described by ~~y, if there is no feasible coalition F C A`Sk
for which it holds that there eaist a re-tmde function h: {(a, t(a)) ~ a E F} -~ R~
and a re-allocation h: F-~ R~ such that the following assertions are satisfaed:
~ For every agent a E F(1 t-'(F) it holds that
'aThis seems
states that the
therefore speak
any permissible

to be quite
information
of unofficial
coalition in

severe an assumption on the quality of the information. Actually it
can "overrule" the official trade structure of the economy. We can
or black market activities if this information leads to some action by
the sense of the definition above.
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ía(a,t(a)) - o ;
~ For every agent a E F
wa -f- h(a) ?

~
f (b, a) ;
bEt-~(a)`F

~ Balance in real terms:
~ h(a) - ~ h(a,t(a));
aEF

aEF

~ Balance in budget:
~ q(Ta) ~ h( a,t(a)) C ~
q(76) ~ f(bva) ,
~
aEF
aEF6Et-~(a)`F

~ For every agent a E F it holds that

wa f h(a) -

~

f(b, a) ~a wa ~ f(a).

6Et-~(a)`F

The definition of re-trade proofness just describes inofficial or black market activities.
This is illustrated by noting that all Edgeworthian re-trading or arbitraging takes
place outside the "officialn hierarchical non-cooperative trade system as described
by the trade-price-system. One consequence is that any price discrimination within
this system is immediately countered with some re-trade activities, provided that
this is possible. Now the mapping si.y describes these possibilities. It is therefore
concluded that re-trade proofness provides another explanation for black and gray
market activities as encountered a lot in eastern European economies, and also in
the heavily taxed western economies.15 With this in mind we define an equilibrium
for the second stage of our model.
Definition 5.2.8 Let E- ((A,~,R~),s,g) 6e a trade economy. Furthermore, let
(A,W) be the resulting echelon tree from Stage I of our trade procedure and let
all assumptions 6e satisfied. A trade-price-system ( f, q) is an equilibrium in the
second stage of the trade procedure in E if it satisfies the following requirements.
(i)

(,f , q) is re-trade proof.

1sAnother explanation is provided by a model of multilateral incentive compatibility as developed in Hammond (1987 and 1989). There it is shown that private information may lead to
black or gray market activities, i.e., outside market activities. In our model these activities result
from imperfections in the functioning of the market itsetf with respect to trading possibilities and
communication.
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(ii)

( f , q) is feasible.

(iii)

There exists a reactiorz curve configumtion R: (A `Sk) x S~-1 --~ Re such
that for every agent a E A` Sk it holds that f(Ta) - R(a,q(Ta)), where
Ta - (a, t(a)) E W.

(iv)

There does not exist a trade-príce-system ( g, p), which is re-tmde proof,
such that there exists a corresponding reaction curve configumtion S: (A `
Sk) x SL-1 -~ R~ with for every agent a E A ` Sk it holds that g(Ta) S(a, p(Ta)), and tlaat either there is an agent a E Sl for whom it holds that
p(ra) - q(Ta) and
wa f g(Ta) ~a wa -~ f(Ta),
or there is an agent a E A~(Si U Sk) for whom it holds that p(Ta) - y(ra)
and
wa ~ g(Ta) -

~
g(T6) }a ~wa ~ f (Ta) ~
J (Tb)i
6Ei-~(a)
6Et-~(a)

or for the unique topman a E Sk it holds that
~

g(Tb) G wa

and

6Et-~(a)

wa -

~
~
9(T6) ~a wn ~
f(T6).
bEt-~(a)
bEt-~(a)

An equilibrium in the second stage of our model is simply a feasible trade-pricesystem, which is re-trade proof as well as strategically individually optimal in the
sense that no agent a E A can improve upon it by altering his or her individual
actions, taking into account the reaction curves of the other agents and the Edgeworthian re-trade processes in the economy. This is evidently conform the foundations of a hierarchical equilibrium as roughly introduced in the previous paragraphs
as well as the Edgeworthian recontracting principle underlying many cooperative
equilibrium concepts such as the Core.
Another formulation of an equilibrium in the second stage of our model is by
noting that strategic individual optimality is simply the condition that if for agent
a E A there exists a better end bundle in his or her budget set, then this strategy is
not re-trade proof in the sense that it leads to Edgeworthian re-trade in the economy.
This implies that every individually better alternative to the equilibrium strategies
as determined by some agent is either not individually feasible or leads to re-trade.
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5.2.3

Choice of trade partners

Let the trade economy E -((A, f, R~), `3`, g) be given. Then for every echelon
tree T E TF, which results from the choice of a unique predecessor per trader in
A`Sk as described in Stage I, the previous subsection provided the definition of an
equilibrium. Thus, with the use of this equilibrium concept we can evaluate every
choice for a trader a E A`Sk, given the choices as made by the other agents in the
population, i.e., in the collection A`(Sk U {a}). Thís forms the foundation of our
analysis of behaviour in Stage I of our model of trade.
Given T E T we can denote the resulting equilibrium in the second stage by
the allocation eT: A-~ Rt of end bundles, where for every agent a E A we define
eT(a) :- wa ~ f(a), with f the allocation resulting from the equilibrium trade-pricesystem ( f, q). We assume that for every echelon tree there exists an equilibrium as
described in Definition 5.2.8. This implies that with every echelon tree T E Tf
there belongs a given equilibrium outcome, denoted by eT. With this simplified
description we are able to define an equilibrium in the first stage of our two stage
model of trade.
First we have to introduce the game that belongs to Stage I of our model of
trade. This game is given by the following items:
PLAYERS: These consist of the agents a E A`Sk.
STRATEGY SPACES: Every agent or player a E A`Sk chooses a unique predecessor
in the echelon structure (A, R~), i.e., the collection of strategies available to
player a E S;, where j E{1, ..., k- 1}, is the set of predecessors Uf(a) -{b E
N;~r ~{a, 6} E R~}.

OUTCOMES: The outcomes from the different strategies as chosen by the players in
the first stage of the trade procedure are equilibrium allocations in the second
stage depending upon the resulting echelon tree from the first stage.
GoALS: Every agent a E A`Sk tries to achieve a maximal end bundle in the second
stage of the model, given the choices of the other players in the game.
As a result of the formulation above we now define an echelon tree T E 7~ to be an
equilibrium in the first stage of our model if it is a Nash-equilibrium in the game
belonging to this stage as given above. So given the choices of all other agents in the
population with respect to their predecessor, the agent a E A`Sk chooses a unique
predecessor with respect to the resulting equilibrium allocation in the second stage
of the model. We can formalize this as follows:
Definition 5.2.9 The echelon tree T E T, with predecessor function t: A`Sk ---i
A`S~, is an equilibrium in the first stage of the trade procedure in the trade
economy E if for every agent a E A`Sk there is no predecessor c E U~(a) such that
c ~ t(a) and
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ET(a) ~n EU(a),

where U E 7f is the echelon tree which results if agent a chooses c to 6e his predecessor instead of t(a).ls

Remark that this Nash equilibrium is largely based on the assumptions that s is
known to all agents in the population, and that there results a unique equilibrium
in the stage of actual trade after the choice of the predecessors by the agents in the
economy. We note that the competition in the economy is essentially taking place
in the first stage of the model. Finally we are able to formulate the notion of an
equilibrium for the trade processes in an economy as described in Definition 5.2.1.
Definition 5.2.10 Let E be a trade economy. A pair consisting of an echelon tree
(A, W) and a trade-price-system ( f, q) is an equilibrium in E if the echelon tree
(A, W) is an equilibrium for the ferst stage of the trade procedure and the trade-pricesystem ( f, q) is an equilibrium for the second stage of the trade procedure within the
setting as described by the echelon tree (A,W).

5.3

Some re-trade configurations

In this section we study some simple examples of trade economies by considering
three different re-trade configurations. In fact we only study the equilibria that
occur in the second stage of our two stage model of a trade economy as defined in
Definition 5.2.1. This implies that essentially we study certain trade economies in
which we have reduced the mapping `~ to a restricted form.
In the construction of the examples we do not let us lead ourselves by the
construction of the equilibrium as followed in the previous section. There we constructed an equilibrium for any arbitrary re-trade configuration, which involved the
application of reaction curve configurations. In the examples as discussed in this
section we immediately will translate the re-trade proofness requirement into a set
of pricing rules. Thus, we are able to construct an equilibrium trade-price-system
directly from the description of the behaviour of the agents, taking into account
these pricing rules. We remark that not for every re-trade configuration the re-trade
proofness requirement can be reduced to certain pricing rules.
In this section we assume that E-((A,I;,R~),`~,g) is a trade economy, in
which Stage I of our two stage trade process has already been completed. That
is, every agent a E A` Sk has chosen a unique predecessor, which resulted in the
echelon tree (A, W) E 7~. In the following subsections we therefore only focus on
the second stage of our model of trade. In these subsections we consider three cases
of the mapping `~W as a description of the Edgeworthian re-trade configuration.
16The echelon tree U is therefore determined by the predecessor function u with u(a) - c and
u(b) - t(b) for every b E A`(Sk U{a}).
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We subsequently discuss the cases of minimal re-trading, local re-trading, and full
re-trading.
In the discussion of these cases we make use of budget sets for every agent
a E A in the economy. The budget sets are determined by the feasibility conditions
as imposed by the use of reaction curve configurations and the feasibility condition
for a trade-price-system as given in Definition 5.2.3. Moreover, in the definition of
the budget sets we immediately take into account the re-trade proofness condition
on the equilibrium. In all of the three cases re-trade proofness reduces to some
pricing rules, which are taken into account in the construction of the budget sets of
the agents in the economy. Now the construction of the equilibrium in one of the
three cases reduces to the determination of the individually optimal end bundle in
the budget set for all agents, and of the corresponding individual strategies.l'

5.3.1

The minimal re-trade configuration

In this subsection we discuss the case of the minimal re-trnde con,figurntiori. This
case has implicitly already been sketched in the definition of the conditions on
the mapping sty. The minimal re-trade configuration is defined by the mapping
sim`y: A--~ 2W which is given by

~W (a) '- {{a} U t-'(a)

for

a E Al` SI

The assumption that ~`ry
s is the prevailing description of re-trade possibilities implies
evidently that there is essentially no usable re-trade structure, or equivalently, information on re-trade. Note that the only feasible coalitions are the singletons, and
that hence every individually rational trade-price-system is re-trade proof. This
also implies that price discrimination is allowed for without disrupting the re-trade
proofness of a trade-price-system.
To describe the equilibrium that will emerge in the case of this minimal retrade configuration, we introduce some additional notation. First we note that an
agent a E A` Sk chooses a net-trade bundle da E R~ in the process of trading on
the trade relation ra -(a,t(a)). Secondly, an agent a E A` S1 sets a price vector
qt E S~-' on the trade relation (a, b) for every successor b E t-'(a).

All agents in the economy are assumed to choose their strategies, i.e., the
net-trade vector da and the price vectors {qb ~ b E t-t(a)}, to attain a maximal
end-bundle after trade has taken place. In order to achieve a proper formalisation
we additionally assume that every agent a E A takes the actions of the other agents
as given. Thus, every agent a E A`Sl takes into account the reaction curve given
by the net-trade function db: Sl-' -~ R~ of every successor b E t-'(a), assigning to
every price vector qb the optimal decision db(qe).
17The strategies of an agent in a hierarchically structured market evidently consist of the prices
as set to the direct successors and the net trade bundle on the trade relation with his or her
predeceasor.
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With this in mind we can give the following formalisation of individually
rational behaviour in the setting of a hierarchically structured trade economy with
a minimal re-trade configuration:
aESi:
For such an agent it holds that da is the only instrument which is available for
him, while the predecessor or supplier t(a) sets a price qa on the active trade
relation ra. This results in the following budget set:
qa . da c 0
Ba ( qa ) -

wa ~- da

wafda)0

Now an agent a chooses a net-trade bundle da such that
wa ~ da E max Ba(qa).
Yu

This individually rational and optimal choice is denoted by da(qa).
a E A`(Sl U Sk):
The agents in this subcollection have an intermediary position in the structure
in which trade takes place. Their supplier t(a) sets a price qa on the trade
relation Ta, while agent a determines the net-trade d on this trade relation ra.
Moreover, for every 6 E t-I(a) agent a chooses a price vector qb E SC-1 on the
trade relation rb. Finally, agent a takes into account the demand functions of
every successor b E t'i(a), which we denote by db(.), and which describes the
individually optimal response of agent 6 to the chosen price vector qb set by a.
This concludes to the following reformulation of the budget set of agent a:
Qa ' da ~ ~6 q6 ' db(qb)
Ba(qa) .-

wa ~ da - ~bEt-~(a) d6(qb)

9n E St-'
wa ~ da ! ~6 d6(qb)

Now the agent a chooses a net-trade bundle da and prices Q6, 6 E t-1(a), such
that
wa } da -~ db(qb) E max
6
Y'

Ba(qa).

The optimal strategies of agent a are denoted by da(qa) and by qb(qa), b E
t-1(a).
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aESk:
This unique agent has no predecessor and hence has no vector of net-trades as
his or her instrument. As an instrument he or she can however determine the
price vectors qb E S~-~ with 6 E t-1(a) on the trade relations with his or her
successors. Of course the agent a takes into account the optimal responses of
his or her successors to changes in these price vectors. For his or her budget
set we therefore get the following expression:

Ba :-

wa - ~6Et-~(n) db(qb)

~ C L.b q6 ' d6(Q6)
qb E St-'
wa J ~b d6(Qb)

Now the agent chooses the collection of price vectors to be such that his end
bundle is a maximal element in the budget set with respect to his or her
preference, i.e.,
wa -~ db(qb) E max Ba.
b
Ya

The optimal choices of agent a are denoted by qb, where b E t-1(a).
An equilibrium for the economy E and the minimal re-trade configuration `~K, can
now be determined. A trade-price-system ( f, q), which is given recursively by the
following, is evidently an equilibrium for the second stage in the case of a minimal
re-trade configuration. The price system q: W-~ SC-1 is determined as follows.
(i)

Let a E Sk and let 6 E t-~(a). Then we define
q(T6) :- q6,

where qb is determined by agent a as described above.
(ii)

Let j E {1, .. ., k- 1} and let the price vectors q(ra), where t(a) E N~tl,
already have been determined. Then for every agent a E S~ we define for
b E t-' (a)
q(T6) :- qb(q(ra))~

where qb(.) is the optimal price reaction of agent a on the trade relation
r6 -(b, a) as formulated above.
Finally we determine the net trade function f: W -~ R~ by for every agent a E A
.f(Tn) '- da(q(Ta))'
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The pair ( f, q) is an equilibrium for the setting as described in this subsection.
Firstly, the trade-price-system as constructed above is indeed re-trade proof with
respect to the minimal re-trade configuration syy. In this re-trade configuration
only singletons are allowable coalitions, and hence there are no re-trade possibilities.
Secondly, this trade-price-system is individually optimal. This is easily determined
from the construction of the prices and net-trades on the activated relations in the
relational structure of the economy.
We remark that in this equilibrium there is evidently price discrimination.
This is due to the ignorance of the agents and~or the lack of communication possibilities between agents to re-trade. This implies that, although they may know
prices as set on other trade relations than their own, they are not able to use this
information to re-trade in the sense of Definition 5.2.7.
It is evident that the re-trade configuration and the corresponding equilibrium as described above are of a simplified character. There is no cooperative trading
behaviour in the economy, and thus it provides the perfect environment to analyse
purely non-cooperative behaviour in a hierarchically structured market. This investigation is taken up in Spanjers et al. (1990), where the concepts as described above
are redefined into a simplified framework. There the problem of the existence of an
equilibrium in the second stage of our model of trade is addressed extensively. It
is concluded that a generic existence result cannot be given. A counter example is
provided. It is however also concluded that a modified version of the equilibrium
concept always exists. This equilibrium concept describes the economically plausible situation that an agent does not optimize his or her individual behaviour with
respect to direct as well as indirect reactions to his or her actions, but only with
respect to the direct consequences.

5.3.2

The local re-trade configuration

The second case we investigate in this section is that of local re-trading possibilities
among agents. In this case we assume that an agent a E A` Sk is also able to
communicate in the Edgeworthian sense with all agents, who are supplied by his
or her predecessor t(a).18 Given an echelon tree (A,W) E 7f this local re-trade
configuration is formally described by the mapping .~sity: A--~ 2A, which is given by

~~y(a) :-

t-'(t(a))

for

a E S1

t-1(a) U t-1(t(a))
t-1(a) U{a}

for
for

a E A` (Si U Sk)
a E Sk

Note that since a E t-'(t(a)) the mapping `~iy generates indeed a re-trade configuration as defined in the previous section. It may be clear that the re-trade
configuration ~~y describes a situation in which the agents know the prices which
'sThus, in principle for all agents a E A`St it holds that t-1(t(a)) C`3'w(a), where `3'~y is the
re-trade configuration.
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are charged by their predecessor to themselves as well as to the other successors
of that predecessor. First we deal with the consequences of the assumptions above
with respect to the re-trade proofness of a trade-price-system in this setting.
Therefore we note that a group of agents F C A is a feasible coalition with
respect to the re-trade configuration `~iy if and only if there is an agent a E A`Si
such that F C t-' (a). So any feasible coalition consists of agents which are supplied
by the same predecessor.
The obvious consequence of re-trade proofness is that there cannot be any
local price discrimination19, i.e., any agent a E A`SI has to charge the same prices
for his or her successors 6 E t-'(a). This involves a reduction in the number of the
instruments, being available to some agent a E A`Sl. This leads to the following
equilibrium.
a E S~ :
It is evident that the net-trade bundle on the activated trade relation ra E W
is the only instrument which is available, while the predecessor t(a) sets a price
qa on that active trade relation. This results in the following budget set:

qa - da c 0
Ba(4a) :-

wa f da
wafda~0

Now an agent a chooses a net-trade bundle da such that
wa f da E max Ba(qQ).
ra
This individually rational and optimal choice is denoted by da(qa).
aEA~(SiUSk):
With the reduced instruments available we can describe the behaviour of such
an intermediairy agent as follows: His or her predecessor t(a) sets a price qa
on the trade relation ra, while agent a determines the net-trade da on this
trade relation. Moreover, agent a chooses a unique price vector q~-~Ial E St-'
on all trade relations ry, where b E t-'(a). Finally, agent a takes into account
the demand functions of every successor b E t-'(a), which we denote by db(.),
and which is the individually optimal response of agent 6 to the chosen price
vector qi-,~al set by a. This concludes to the following reformulation of the
budget set of agent a:
19From the assumption that all agents in the economy have monotononic preferences, it follows
that any price discriminatíon between members of some jeas:óte coalition immediately leads to
re-trading within thís coalition. Hence, re-trade proofness requires that within a feasible coalition
there cannot be price discrimination.
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Ba(qa) --

wa ~ da - ~6Ei-~(a) d6(qt-~(a))

9a ' da G 4t-~(a) '~b d6(Qt-lIa))
qt-~(a) E S~-'

.

wa ~ da 1 ~6 d6(qt-~(a))

Now the agent a chooses a net-trade bundle da and a price vector qt-, (a) E S~-'
such that
U1a ~ da -~ db(qt-~(a)) E max
6

Ba(qa).

This optimal choice is denoted by da(qa) and qt-~(a)(qa).
a E Sk:
This unique agent has no predecessor and, hence, has no vector of net-trades as
his or her instrument. This leaves this agent with the determination of prices
on all relations (b, a) with b E t-' (a). Given the definition of re-trade proofness
and the re-trade configuration these prices have to be chosen uniform. Thus,
the agent a E Sk chooses a same price vector q on the trade relations with his
or her successors. Of course the agent takes into account the optimal responses
of his or her successors to changes in the price vector. For his or her budget
set we therefore get the following expression:

Ba :-

wa - ~bEt-~(a) d6(q)

O C q- Eb db(q)
9 E St-1
wa ? ~n db(q)

Now the agent chooses a price vector q E Si-' such that
wa -~ db(q) E max Ba.
6

This optimal choice is denoted by qt-1(a).
We are able to formulate an equilibrium trade-price-system with respect to the
given re-trade configuration s~iy. This is done in the next result.
Theorem 5.3.1 Let (A,W) E 7~ be an echelon tree in the trade economy E. Let
( f, q) 6e a trade-price-system, which satisfies the following properties.
(i)

For the topman a E Sk it holds that for every b E t-'(a):
9(Tb) - 9e-~(a),
where qt-,(a) is given as above.
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For every agent a E A`(SI U Sk) and for every 6 E t-1(a)

(ii)

9(Tb) - 4:-~(a)(q(Ta)).

(iii)

For every agent a E A`Sk it holds that
f(Ta) - da(~it-~(~(a)))~

Then ( f, q) is an equilibriura in the trade economy E-((A, ~, R~), `~~, g) endowed
with the echelon tree (A,W) E 7~.
PROOF
The trade-price-system ( f, q) as defined above is evidently individually optimal.
Moreover, by construction it satisfies the feasibility condition of the top trader a E
Sk. We therefore only have to check whether this trade-price-system is re-trade
proof. The argument, which we use, is standard in core theory. Suppose that there
exists a feasible coalition F C A which can improve upon this trade-price-system
by some net trade function h: {(a, t(a)) ~ a E F} -~ Re and some re-allocation
h: F~ Rt, which satisfy the conditions as given in Definition 5.2.7.
Since F is a feasible coalition it follows that there exists an agent c E A`Si such
that F C t-1(c). From the definition of the trade-price-system it is evident that c
charges the same price, say qi-~(~), to all successors in t-1(c), and hence to all agents
aEF.
Moreover we know that f is an optimal net-trade in the budget set for agent a E F.
Since h gives a strictly better allocation, it must follow that for every a E F it holds
that
4r~(~) ' h(a) 1

~ 4(Tb) '.f(b, a).
6Et-~(a)

Now from the "balance in real terms" condition as formulated in Definition 5.2.7 it
is evident that

~ qt-~(~) . h(a,t(a)) - q~-~(~) ~ ~ h(a,t(a)) - q~-~(~) . ~ h(a) -

aEF

aEF

-~ 4e-~(o) ' h(a) 1~
aEF

~

aEF

4(Tt) ' f(b, a).

aEF bEt-~(a)

This is in contradiction with the "balance in budgetn condition on the net-trades h
as formulated in Definition 5.2.7. So we may conclude that the individually optimal
trade-price-system ( f, q) as defined above is in fact re-trade proof, and hence is an
equilibrium.

Q.E.D.
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The equilibrium as defined above is one without local price discrimination, but does
not exclude global price discrimination. We conclude that with local information
there still may be price differences due to different (informational) positions in the
hierarchical trade structure of the economy. The local information assumption can
however be regarded as a sustainable assumption. It is quite normal that an agent
is informed on the prices being charged by his or her predecessor, to the other
successors.

5.3.3

l~ll re-trade configurations

In this subsection we investigate under which conditions on the re-trade configuration of the economy, the resulting equilibrium in the second stage of our model is
Walrasian. The main result is that certain re-trade configurations, which we denote
as full, lead to uniform pricing, and hence to a Walrasian equilibrium. The main
lesson of this result is that, besides strategic behaviour and largeness of the market,
the structure of the market is a fundamental tool in supporting Walrasian equilibria.
Definition 5.3.2 Let E-((A, ~, Rf), s,g) 6e a trade economy. The re-trade configuration s:T~ x A-~ 2A is full with respect to the echelon tree (A,W) E T~ if
there ezists an ordering of the set of agents A` Sk, denoted by (al,...,an-1) with
n-~A, such that the following properties are satisfied:
(1)

(ii)

For every i E{ 1, ..., n- 2} it holds that a;t] ~ t-1(a;) as well as a;f] ~
t(a;).
For every i E {2, .. ., n- 2} it holds that
{a:-],a~,a~t]} C s~y(a;).

(I11)

{an-2, an-1 } C SW(an-1 )-

(1V)

{alea2} C .~f'W(al).

The interpretation of a full re-trade configuration is that all agents, except the
topman, are chained with each other through feasible coalitions. More precisely,
every pair of agents of the form {a;, a;~]}, where 1 C i c n-2, is a feasible coalition
with respect to the full re-trade configuration s. This shows that in a full re-trade
configuration there are many feasible coalitions of traders that are able to engage in
re-trade. It might be clear that in the presence of a full re-trade configuration any
price discrimination is immediately countered by some re-trade operation by some
feasible coalition. It is the purpose of this subsection to show that this is indeed the
case, and thus only uniform pricing equilibria are allowed.

In order to describe the properties of an equilibrium resulting in case of a full
re-trade configuration, we formally introduce the notion of uniform pricing. More
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formally, let E be a trade economy, and let (A, W) E Tf be an echelon tree. Then
we define a uniform pricing trade-price-system as a trade-price-system ( f, q),
where for every agent a E A` Sk it holds that q(ra) - g and f(Ta) - da(q), where
the price q E S~-' and the demand functions da are determined by the following
rules:

á E Sk:
This unique agent determines the value of the price vector q given the demand
functions of his or her successors. The budget set can be reformulated as

Bà --

wà - ~6Et-~(a) db(Q)

~ C 4 ' ~b db(Q)
q E S~-r
TUà ? ~6 db(Q)

Now the agent á chooses a price vector q E Se-1 such that
wà -

~ db(q) E max Bà.
1à
bEt-~(à)

We denote the optimal price vector by q.
a E A`(Sl U Sk):
These agents act as price takers with respect to the price y. Also on the trade
relations with their successors they set this price vector q. This determines
their budget set as follows:
Q ' da ~ 9 ' ~b db(Q')

Ba(Q) --

wa ~ da - ~bEt-~(a) d6(Q)
wa ~ da ! ~b d6(Q)

Since the agent a wants to achieve an optimal end-bundle, given the budget
set, he or she chooses a net-trade bundle da such that
wa f da -

~

db(4) E max Ba(q).

bE~-~(a)

This determines the demand bundle da(q) for the agents a E A`(Sl U Sk).
a E Sl:

These agents act as price takers with respect to the price q quoted on their
price relation. Thus the budget set becomes
Ba(9)-{wafdaER~ ~9~daC0}.
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Since the agent a wants to achieve an optimal end-bundle, he or she chooses
the net-trade bundle da such that
wa -}- da E max
Yn

Ba(t]).

This individually rational and optimal choice is denoted by da(q).
The description above completes the characteriza.tion of a uniform pricing tradeprice-system. We note that there may exist more than one of such uniform pricing
t rade-pri ce-sys tems.
Immediately we may conclude that a uniform pricing trade-price-system is
indeed re-trade proof with respect to any re-trade configuration, and hence with
respect to a full re-trade configuration. It may however not be an equilibrium in
the second stage of our model of trade, since it need not to be individually optimal
with respect to the pricing rules. The next theorem states that if it is indeed an
equilibrium for the second stage of our model and if the topman has no endowment,
then it must be a Walrasian equilibrium.
Theorem 5.3.3 Let E be a trade economy such that a uniform pricing trade-pricesystem is an equilibrium for the second stage in case the echelon tree (A,W) E T
occurs. If wà - 0, with á E Sk, then this equilibrium is Walrasian. Moreover, in
this equilibrium the topman á plays the role of auctioneer.
PROOF
Suppose that a E A`Sk, i.e., a~ á. Then we define
da(4) ~- da(4) -

db(9)~
~
bEt-t(a)

Now note that from the definition of a uniform pricing trade-price-system, that for
every agent a E A`Sk the bundle da(q) is chosen such that
wafda(y)Emax{wafdaER} ~q.daGO}.
r,

-

The latter set is equal to the well known budget set in a finite pure exchange economy
of agent a at price q. So we conclude that da(q) is the Walrasian net-demand of
agent a at price q. We next show that the price q is in fact the Walrasian equilibrium
price. First we note that
~ da(4) - ~ da(4) - ~ ~ db(9) - ~ db(q).

a~à

n~à

a~àt-t(a)

(5.11)

t-t(a)

From Equation ( 5.11) it follows that the budget constraint of agent á reduces to
the law of Walras, i.e., q ~ ~a~à da(q) - 0. Moreover, the feasibility constraint of
that agent reduces to
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wá ~

~

db(q) -

- t-~(a~

~ da(q)'
a~a

So if, as assumed, w~ - 0, then we simply get the market clearing condition:
~ da(q) C 0.
a~á

Together with the assumption that the preference relation of agent á is monotonic,
we arrive at the conclusion that the price q has to be a Walrasian market clearing
price.

Q.E.D.
The next result concludes the analysis of full re-trade configurations and their connection with Walrasian equilibria. It states that in case the re-trade configuration is
full, the uniform pricing trade-price-system is supported as an equilibrium for the
second stage of our model of trade. Together with Theorem 5.3.3 this shows that in
case the re-trade configuration is full and the top trader á E Sk has no endowment,
our model supports the Walrasian equilibrium.
Theorem 5.3.4 Let E 6e a trade economy, and let (A,W) E 7F be an echelon tree.
If the re-tmde configuration `~ is full with respect to (A,W), then the equilibrium
for the second stage of our model of trade is a uniform pricing trade-price-system.
PROOF
It is immediately clear that if a uniform pricing trade-price-system is individually
optimal with respect to the pricing rules, taking into account its re-trade proofness,
we have shown that it is indeed an equilibrium. It therefore suffices to show that
re-trading in the setting as described in the assertion leads to uniform pricing, i.e.,
for any re-trade proof trade-price-system ( f, q) it holds that for every trade relation
r E W: q(T) - q with q E SC-1. This supports the assertion that, given the re-trade
configuration, uniform pricing is indeed individually optimal.
Let (al, ..., ai-1) be the ordered set of agents in the sense of the definition of a full
re-trade configuration. Now assume that there exists a re-trade proof trade-pricesystem without uniform pricing. Thus, there exist i, j E{ 1, ..., n- 1} with i G j
such that q(ra;) ~ q(Ta,).

Then by the properties of the ordering it is obvious that there has to be an index i C
h C j-1 such that q(ra,,) ~ q(ran}, ). But by definition the coalition F- {ah, ahfl }
is feasible with respect to the re-trade configuration, and hence can exploit the price
differences as quoted on their trade relations. This is in contradiction with our
assumption that the trade-price-system ( f, q) is re-trade proof.
Q.E.D.
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Part III
The Coalitional Approach
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Chapter 6
Coalitionally Structured
Economies
In the second part of this monograph we have discussed models of socially structured
exchange economies with the use of a relational structure. The social structure of
the population of agents is expressed directly with graph theoretic representations.
In this part we discuss a model of a socially structured economy, which is technically closely related to the existing models of large or continuum economies in the
literature. It is our purpose to give a model of a socially structured economy with
a large population of economic agents, in which cooperative economic behaviour is
dominant.
In this model we analyse the consequences of the acceptance of inembership
of certain economically acting coalitions as the representation of the social structure
of a large exchange economy. In a natural way this leads to the application of
non-classioal measure theory. With the use of a certain set of assumptions on the
economic behaviour of the agents in such a coalitionally structured population, we
are able to describe the social constraints on the behaviour of those agents. We
note that we thus arrive at an indirect description of a socially structured exchange
economy.

In this chapter we make, besides the development of a model of a coalitionally
structured exchange economy, a comparison with the main models in the literature
of large economies. It turns out that conceptually our model is based on completely
other notions than those models in the literature are. However, the mathematical
structure of our model and those other models are congruent, in the sense that
our model seems to be a technical generalisation of the models of Aumann (1964,
1966), Hildenbrand (1974, 1982), and Shitovitz (1973, 1982). Moreover, our model
is conceptually more closely related to the work of Vind (1964), Armstrong (1985),
Armstrong and Richter (1984, 1986), and Cheng (1987). Mathematically those
models are however of a completely other set-up. We think that our model gives a
better description of the basic ideas as developed in that field of general equilibrium
theory, since it takes into full account that an economic agent is an individual within
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a social environment.
This chapter is based mainly on Gilles ( 1987) and some unpublished notes.
The mathematics as used in our modelling is highly influenced by Jansen and van der
Steen ( 1984). For a better understanding of the technical notions in our modelling
we therefore refer to that textbook on measure and integration theory. The first
section of this chapter develops the notion of a coalitionally structured population of
agents. The basic properties of such a population are analysed, and it is shown that
in these populations there is a dualistic relationship between the individual agent
and his or her social environment. The second section of this chapter is devoted
to an analysis of the social constraints on the economic behaviour of the agents
within such a coalitionally structured population. That section is concluded with
the definition of a coalitionally structured exchange economy. The final section is
completely devoted to a comparison of our model with the measure theoretic models
as developed in the literature.

6.1

Coalitional structures

In this section we define and analyse the notion of a coalitionally structured population. In the second part of this monograph we have discussed models of socially
structured economies, which are based on relationally structured populations. These
models give a direct description of social relations between economic agents in the
population, namely with the use of a graph theoretic representation. In this part
we focus on the coalitional description of social relations between economic agents
in the population. This involves an indirect description of the relational or social
characteristics of an economic agent.
As discussed in Chapter 4 of this monograph a coalitional description of relational or social characteristics of economic agents is done through the introduction
of inemberships of these agents of certain coalitions. Through these memberships
economic agents are in a certain sense related to each other. Membership of any
group cannot be sustained as a proper description of social characteristics of economic agents. Thus, we have to introduce these memberships in the light of their
"scarceness", which implies that the social structure of the economy as imposed by
these memberships is in some sense incomplete. This incompleteness is modelled by
only allowing a limited number of groups of economic agents to be formable coalitions, which are relevant for the economic processes to be described in the model.
Hence, membership of such a coalition has a specific value in the sense that the
membership is relevant with respect to the trading processes, that take place in the
economy.

The relational characteristics of an economic agent are formally introduced
by memberships of certain specific groups of agents in the economy. In order to do
this properly we introduce the economic notion of primitive coalition'. A primitive
1The notion of primitive coalition is firatly described by Gilles (1987). It was used in the analysis
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coalition is in principle the basic cooperative outcome of socially related economic
agents. In our modelling it has to be viewed as a primitive notion of the model such
as the notions of agent and commodity. In fact, it is the primitive notion, which
describes cooperative abilities of the agents in the economy. Hence, an econornic
agent is a member of a primitive coalition if the other members of the primitive
coalition are in some natural form socially or economically closely related to him
or her. In Chapter 4 we have described how a relationally structured economy can
generate coalitions with naturally related economic agents, which are also called
"primitive" coalitions. Here we generalize this concept to an arbitrary collection,
but maintain the economic content of the notion of "primitiven coalition.
The discussion above implies that a primitive coalition consists of agents
which are in some natural way economically related. We can therefore call the
members of the same primitive coalition rzatural partners in the economic or social
sense. The economic partnership may come forth from direct relationships such as
trade relations, but also from hierarchical or organizational formal situations such
as participation in economic organizations and institutions. (See also Chapter 4.)
Daily life examples oí primitive coalitions are therefore families as consumption
units, labour unions, enterprises, and investment clubs.
It may be clear that an economic agent can be a member of several primitive
coalitions. Precisely these memberships give an indirect description of the social
characteristics and abilities of that agent. In this section we analyse the notion of
a coalitionally structured population, which is defined as a collection of economic
agents endowed with a collection of primitive coalitions. Moreover we analyse the
relationship between the individual agent and his or her social characteristics as
reflected in the memberships of those primitive coalitions.
Before we give a formal description of a coalitionally structured population of economic agents, we recall the definitions of some set theoretic notions. We will use
these notions in the description of such a structured population.

Let S be an arbitrary set. Moreover let ~ C 2S be some collectíon of subsets
of this set. Now we can generate the following collection of subsets of S:
N
S2(~) :- { U En ~ N E N and En E~ pairwise disjoint }.
n-1

We can distinguish the collection ~ to be one of the following set-theoretic notions:
1. ~ is a semi-ring on S if it satisfies the conditions that 0 E~ and for all
subsets E, F E ~ it holds that E fl F E SZ(~) and E`F E St(~).
2. ~ is a half-ring on S if it is closed for taking differences and intersections,
i.e., for all subsets E, F E~ it holds that E fl F E~ and E`F E~.
of perfect competition in the aubsequent paper Gillea (1988a). In Chapter 4 of this monograph
the notion of a primitive coalition is also used in the aection on coalition formation. The ideas as
presented there can serve as a reference in the interpretation of this notion.
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3. ~ is a ring on S if it is a semi-ring on S and it holds that f2(~) -~. This
is equivalent to the requirement that for all subsets E, F E ~ it holds that
EUFE~aswellasE`FE~.

Let A be any collection of subsets of S. Then there exists a smallest ring ~ of
subsets of S such that A C~. This ring is called the ring genemted by A on
S. We will denote this specific collection by w(A).
If ~ is a semi-ring on S, then 52(~) is the ring generated by ~ on S. Hence,
for every semi-ring ~ on S it holds that S2(~) - w(~).
4. ~ is a o-ring on S if it is closed for taking differences and countable unions,
i.e., for all subsets E, F E ~ it holds that E`F E ~ and for all countable
sequences (E„)nEN in ~ it holds that l.j,~ ~ E„ E~.
Let A be any collection of subsets of S. Then there exists a smallest o-ring ~
of subsets of S such that A C~. This Q-ring is called the v-ring genemted by
A on S.
5. ~ is a a-algebra on S if it is a o-ring on S and it holds that S E~.
Let A be any collection of subsets of S. Then there exists a smallest a-algebra
~ of subsets of S such that A C ~. This a-algebra is called the o-algebra
genemted by A on S. We will denote this specific collection by Q(A).

6. ~ is a v-ideal on S if it is a Q-ring on S and for every member E E~ it holds
that if F C E, then F E~. So ~ is closed for taking countable unions and
arbitrary subsets.
For the use of these mathematical concepts in measure and integration theory we
refer to the textbooks of Aliprantis and Burkinshaw ( 1981), Janssen and van der
Steen ( 1984), and Zaanen ( 1961 and 1967). We note that we use these concepts in
purely measure theoretic sense.

It is obvious that the following relationships between these mathematical
notions are holding: Any half-ring is a semi-ring. Any ring is a half-ring. Any
v-ring is a ring. Finally, any a-algebra is a v-ring.
Before we are able to define the notion of a coalitionally structured population
of economic agents we have to introduce one additional mathematical concept. Let
S be a set and let ~ be a semi-ring on that set. We define the mapping v: ~~ R~
to be a measure on (S, ~) if this mapping satisfies the following properties:
(i)
(ii)

v(0) - 0 ;
If (E„)„EN in ~ is a sequence of pairwise disjoint ~-members and E:~J,~ ~ E„ E ~, then it holds that
~
v(E) - ~ v(E„) ;

n-~
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(iii)

There exists a sequence ( En)nEN in ~ for which it holds that S- l,J~ r En
and v(En) G oo for every integer n E N. (This property is usually called
o-finitenessof the measure space.)

A triple (S, ~, v) is called a measure space if S is a set, ~ is a semi-ring on S, and
v: ~-~ Rt is a measure on (S, ~).2
With the use of the mathematical notions as defined above we are able to describe
a coalitionally structured population of economic agents. (We remark that the
terminology is similar with the notions as used in the previous sections on the
relational approach to the modelling of social constraints in economic behaviour.)
Definition 6.1.1 A coalitionally structured population of economic agents is
a triple ( A, I', ~) in which A is a collection of economic agents, I' C 2A is a semi-ring
of primitive coalitions, and p: I' --i [0, 1] is a measure assigning to every primitive
coalition E E I' some size such that the following condition holds:
~
~
inf{~ p(En) ~( En)nEN in I' and U En - A} - 1.
n-1

n-1

From the definition above we deduce that any coalitionally structured population is
modelled as a measure space in which the measure assigns to every primitive coalition
some size between 0 and 1. The additional condition on the measure p implies that
the size of the total population A is normalized. In the sequel we will denote a
coalitionally structured population of economic agents simply by coalitional structure
or population. This indication we use in contrast to the notion of a relationally
structured population as used in the second part of this monograph on relational
models of socially structured economies.
A population as defined above is describing a socially structured collection
of economic agents with the use of the economic notion of primitive coalition. The
class A consists of individual agents, which are clustered in primitive coalitions as
described in the collection I'. The assumption that this collection I' is a semi-ring
is crucial. We do not exclude the possibility of I' being a~-algebra, but from the
economic content of the notion of primitive coalition it is very unlikely that it even
is a ring. The conditions on a semi-ring describe that such a collection contains
enough small members in the set-theoretic sense. Every intersection and difference
of a finite number of primitive coalitions is assumed to be partitioned into a finite
number of smaller primitive coalitions. Moreover it is assumed that any union of
ZFor a full exposition of the use of ineasure spaces, as defined above, in integration theory
we refer to the standard work of Janssen and van der Steen (1984). There it is mentioned that
the first mathematician, who proposed to use semi-rings in measure theory instead of rings and
v-algebras, was professor de Bruijn of Eindhoven University of Technology. Since the traditional
measure theory is based on the work of Carathéodory, which uses rings instead of semi-rings, we
refer to this definition of a measure space as "non-classical". This is also done in Gilles (198? and
1988a).
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primitive coalitions does not also have to be a primitive coalition. This implies that
we only can allow for finite operations with primitive coalitions, without disturbing
the economic character of these coalitions.
Note that the conditions as assumed on the collection of primitive coalitions
are consistent with the economic notion of a primitive coalition, but that stronger
conditions are unlikely. Therefore we assume that, given the notion of primitive
coalition, the collection I' can be at most a half-ring. Our argument in favour of
this restriction is that if I' is a ring, this implies that any finite union of primitive
coalitions is again a primitive coalition, which seems unlikely given the economic
content of that notion.
We interpret the measure tc of a coalitional structure (A, I', p) as a purely
technical measuring device. It measures the relative size of a primitive coalition,
where the total size of the population is taken as one. This measure does not
essentially influence the social structure as described by the collection of primitive
coalitions I' on the class of economic agents A. However, it is an essential part of the
description in the sense that it denotes to every primitive coalition some size. This
has some important consequences with respect to the interpretation of certain results
in the sequel of this part of the monograph on coalitionally structured (exchange)
economies.

We illustrate the definition and the discussion of the defined concepts with
some examples.
Example 6.1.2
Finite populations
Let A:- { 1, ..., N} be a finite collection of economic agents. Now a standard
primitive coalition would be a singleton, i.e., the collection of primitive coalitions
consists of singletons only: I' -{{a} ~ a E A} U{~}. If we assume that every agent
is of the same size, then we get p({a}) - jv for every agent a E A.
The definition above is describing the standard case as used in the traditional theory
of finite economies. The only allowable primitive coalitions are the individual agents
themselves. We note that any larger collection than I' is also a semi-ring and is
therefore also a description of a collection of primitive coalitions.
The example above is a special case of a so-called coalition structure, as introduced by
Aumann and Drèze (1974). The next example deals with these coalition structures
in detail.

Example 6.1.3

Coalition structures

Let A be any collection of economic agents. A collection ~ C 2A`{0} of nonempty subsets of the total population A is a coalition structure if it is a partition
of A. Coalition structures can be used to express all kinds of game theoretic and
economic situations in which the total collection of economic agents or players is
divided into several sub-groups. It is argued that many economic activities by the
individual agents are carried out in the environment of certain sub-groups, and hence
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a coalition structure is a natural description for use in the forma] description of these
activities. Let ~ be a coalition structure, then I' -~U {0} is a semi-ring of primitive
coalitions, in which the members of ~ are just primitive coalitions representing the
parts of the coalition structure. This indicates also that the notion of coalitional
structure is a generalization of that of coalition structure.
Coalition structures are frequently used in the theory on coalition formation. In such
models the outcome of the economic processes is depending on the coalition structure
that is formed during these processes. Thus, the formation of coalitions in the setting
of a coalition structure is a strategic decision of the agents in the economy. It is clear
that therefore coalitions are formed endogenous(y in the model. Examples of such
theories of coalition formation with the use of endogenously determined coalition
structures are e.g. Owen (1977), 5henoy (1979), Ichiishi (1981), and Hart and Kurz
(1983). We remark that these theories are based on the traditional framework of
methodological individualism as discussed in Chapter 2. Hence, these theories do
not take into account relational characteristics in the description of the economic
agents, and so there essentially are no social constraints in coalition formation. We
remark that however the model of Ichiishi (1981) is formulated such that it can
capture situations in which social constraints in coalition formation are present.
The next example is closely related to the one above. It sketches the case in which
the standard consecutive coalitions in the continuum form the collection of primitive
coalitions. This case is used frequently in the literature on large economies, and thus
can be referred to as the "standardn model of a large economy.
Example 6.1.4
Consecutive coalitions
Let A:- I- [0, 1) be the standard continuum population of economic agents. A
group of agents E C A is called consecutive if for every pair of agents a, b E E, with
a G b, it holds that for every agent c E A, with a G c G b, it is true that c E E. These
consecutive groups or coalitions describe the idea that the collection of agents can be
ordered in some hierarchy, spatial plane, or some other one-dimensional ordering,
such that the "convex" sets of this ordered collection are economically relevant
groups. (For a detailed description of the notion of consecutive coalition we refer to
Greenberg and Weber (1986).)
Now the collection of all consecutive coalitions on A is given by ~:- {[a, 6) ~ 0 G
a G b G 1}. We define I' -~ U{~} as the semi-ring of consecutive coalitions. If
we define ~: I' ~[0, 1] by p((a, b)) :- b- a, then p is a measure on (A, I').3 Now
(A, I', te) is a coalitionally structured continuum population in which the primitive
coalitions are just the consecutive coalitions. This gives an additional interpretation
to our notion of primitive coalition as being a coalition of economically related or
cooperatively acting agents.
3For a proof that ~ is indeed a measure we refer to Janssen and van der Steen (1984), Example
3.1.12.
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Before we define the complete model of a coalitionally structured economy, we analyse the relationship between individual agents and their social characteristics as
represented by their memberships of primitive coalitions in some coalitionally structured population. The expression of these memberships is given in the next definition:
Definition 6.1.5 Let (A, I', p) be a coalitíonally structured population.
the mapping 0: 2A -~ 2~ for every collection of agents E C A by

We define

0(E) :- {F E I' ~ E C F}.
From the definition of the mapping 0 it is clear that this mapping is a duality
between A and I' according to the definition of Evers and van Maaren (1985). The
interpretation of this duality becomes clear if we rewrite this mapping for the collection E C A as follows:
0(E) -{F E I' ~ XF(a) - 1 for every a E E},

where for every subset E C A, the mapping XE: A~ {0, 1} is the indicator function
of that set, i.e., XE(a) - 1 if and only if a E E.
This shows that the mapping 0 is expressing membership of primitive coalitions of a certain group of economic agents. Usually we denote for every agent
a E A by the collection I'a :- 0({a}) the social envimnment of agent a. Intuitively
it is clear that the collection I'Q is just describing the relational characteristics of
agent a E A, and thus the social constraints on his or her behavioyr as imposed by
the coalitional structure ( I', p,) on the class of all agents A. By using simple duality
theory we arrive at the following derived concepts, which are relevant in the analysis
in this chapter.
Definition 6.1.6 Let (A,I',tc) be a coalítionally structured population and let the
mapping 0:2A -i 2r 6e the dualáty as given in Definitáon 6.1.5.
(a)

The dual of 0 is given by the mapping 0':2r ~ 2A such that for every
collection ,F C r: 0'(.7-) :- n.7-.4

(b)

The fellow operator denoted 6y H:2A --~ 2A is for every collection of economic agents E C A given by H(E) :- 0'0(E).

From the definition above it is clear that for every group of economic agents E C A
it holds that

H(E) - n{F E I' ~ E c F}.
4As done in Part Ii of this monograph we use the notation that for every collection of subsets
B: nB - n{B ~ B E e} and UB - U{B ~ B E e}.

194

This implies that the mapping H denotes to every group of agents the corresponding
collection of "fellowsn, where a fellow is intuitively defined as an agent who is always
a member of the same primitive coalition of which the group as a whole is also "a~
member. This means that if a group E C A wants to undertake some (economic)
action, then within the setting of a coalitionally structured economy in principle
they perform this action through some primitive coalition in I'. This implies that
group E always has to take into account all agents in H(E). In other words: for
any action, a group of agents has to take into account at least the total collection of
fellows of the group. In economic sense the group H(E) cannot be separated from
the original group of agents E C A.
We remark that the collection of primitive coalitions P C 2A is a generating
class for the duality ~ as well as for the fellow operator H. (For the definition of a
generating class we refer to Evers and van Maaren (1985).)
The fellows of a single individual agent a E A are of particular importance
since they always are involved in the cooperative actions in which the agent a participates. Furthermore, the fellows of a single agent a E A cannot be separated from
this agent by some primitive coalition. This implies that if we only have knowledge
of the coalitional structure of the population, then in general we cannot identify
the individual agent a E A but only the collection of his or her fellows H({a}).
So for every agent a E A the collection of fellows H({a}) - f1I'a is the smallest
collection we can identify with the use of the semi-ring of primitive coalitions I'.
This is of particular importance in the valuation of our approach towards socially
structured economies as descriptions of social-economic environments for certain
(Edgeworthian) recontracting processes.
For the reasons as mentioned above we define the following collection, which
plays a crucial role in the analysis of populations of socially structured economies.
Let (A, I', p) be a coalitionally structured population, then we define

7:- {H({a}) ~ a E A} C 2A.
In Chapter 8 we will use this collection frequently in connection with the analysis
of socially structured, but large economies. Here we will investigate some initial
properties of this collection.
Definition 6.1.7 Let (A, I', {~) be a coalitiona[ly structured population, and let H
be the belonging fellow operator. Then we define the collection
inv(H) :- {E C A ~ H(E) - E}
as the collection of invariant groups under H.
The collection of invariant groups as defined above is important in our analysis of a
coalitionally structured population. It describes precisely those groups of economic
agents which are economically autonomous in the sense that whenever they want to
undertake economic actions collectively, they are able to do that on their own initiative. The following lemma sketches some important properties of this collection.
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Lemma 6.1.8 Let (A, I', }~) be a coalitionally structured population. Let H, T, and
inv(H) be given as above. Then the following properties hold.
(a)

(T U I') C inv(H).

(b)

The collection of invariant groups inv(H) is the intersectionally closure of I'
and, hence, this collection is closed for taking arbitrary intersections.

(c)

For every two subsets E, F E T, with E ~ F, there eaist two primitive
coalitions G, H E I' such that E C G, F C H, and G fl H- 0.

For a proof of property 6.1.8 (b) we refer to Evers and van Maaren (1985) under the
remark that the fellow operator H is a hull operator. The proof of the other two
properties in Lemma 6.1.8 is left to the reader.

With respect to property 6.1.8 (c) we remark that it cannot be extended to
arbitrary members of the collection inv(H). This is an immediate consequence of
property 6.1.8 (a), namely that I' C inv(H).5
We conclude the analysis of the coalitional structure of a population with
some properties of the collection of invariant groups. Before we do this we note that
for every agent a E A there exists a primitive coalition E E I' such that a E E. This
property directly follows from the definition of a measure space on page 191. This
property implies that there are no "rolling stones" in the economy. Everybody is
member of at least one primitive coalition, which can be interpreted as an economic
institution.s
Next we denote by I' the collection of maximal primitive coalitions with
respect to set inclusion. 50, E E F if and only if it holds that for every primitive
coalition F E I' such that E C F, then E- F. Now we can state the main result
of this section.
Theorem 6.1.9 Let (A, I', p) be a coalitionally structured population.
and inv(H) be given as above. Then the following properties hold.
(a)

Í' -{E E inv(H) ~ b'F E inv(H)`{A} :

E C F~ E- F}.

(b)

T- {E E inv(H) ~ bF E inv(H)~{0} :

F C E~ E- F}.

Let H, T,

PROOF

Proof of (a)
This is an immediate consequence of property (b) of Lemma 6.1.8. This property
shows that the maximal elements in I' also have to be the maximal elements in the
collection inv(H).
51t is cleat that there may exist primitive coalitions E, F E F with the property that E(1 F~ 0.
6Here we use the notion of an economic institution in the specific way that a primitive coalition
can be viewed as an organization of economic agenta, who jointly have some economic goal. In
that sense primitive coalition may be regarded as economic institutions.
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Proof of (b)
Let ~ be the following collection of subsets:

~:- {E E inv(H) ~ dF E inv(H)`{0} : F C E~ E- F}.
Before we prove that 7-~ we note that from the properties as mentioned above
it is clear that E E T if and only if there exists an economic agent a E A such that
E-n{FEI'~aEF}.
First we show that T C~.
Take any E E T. Now take an agent a E A such that E- n{F E I' ~ a E F}.
Suppose that there exists a set G E inv(H)`{0} such that G C E s,nd G~ E. Then
we know that
G- n{F E I' ~ G c F}.

(6.1)

Now we can distinguish two cases:
1. aEG.

Then {F E I' ~ G C F} C {F E I' ~ a E F}. So, Equation (6.1) and the
construction of E imply that E C G. This leads to a contradiction, and so
this case cannot hold.
2. a~G.
From Equation (6.1) we learn that there exists a primitive coalition F E I'
such that G C F and a~ F. Now take F' E I' such that a E F'. Then
a E F' `F and so by the semi-ring properties there exists a primitive coalition
F` E I' such that a E F' and F' n F- 0.
This implies that E C F' and so E n F- ÍD. Thus we may conclude that
E n G-~. This again leads to a contradiction.

Combining both possibilities above, we conclude that there does not exist a set
G E inv(H)`{0} such that G C E and G~ E. So it is evident that T C~.
To complete the proof of the theorem we leave it to the reader to establish that
the collection 7 is a partition of the population A. Since the collection of invariant
groups inv(H) is intersectionally closed we know that ~ is also a partition of A.
From these observations, and the proven fact that 7 C~, we conclude that this
inclusion in fact has to be an equality.
Q.E.D.

6.2

Coalition formation and allocations

As shown in several examples in the previous section, the concept of a coalitionally structured population can be used for many different purposes such as game
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theory with coalition structures and consecutive games. Here we will make several
additional assumptions on the behaviour of agents in such a population in order
to construct a model of a coalitionally structured economy. The design of these
additional assumptions is undertaken in the present section.
The main foundation of our modelling is the Comparability Principle, or
more specifically the Axiom of Descriptive Modelling as described in Chapter 2 of
this monograph. The model of a coalitionally structured pure exchange economy
therefore consists of a coalitionally structured population of agents, some attribute
space, and a characterization of the agents into the attribute space. Since we are
dealing with a pure exchange economy we make the standard assumption that the
attrióute space is chosen to be ~ x Rt. Here Q is the number of commodities available in the economy, and therefore Rt is the commodity space'. Secondly, the
collection P consists of all irreflexive, continuous, and transitive preference relations
on the commodity space Rt. We assume that the commodity space R~ is endowed
with the Euclidean topology and that P is endowed with the topology of closed
convergence as discussed in Hildenbrand (1974) and Grodal (1974). Consequently
the attribute space ~ x Rt is endowed with the product topology.
Before we go into detail with respect to the description of the characterization belonging to a coalitionally structured pure exchange economy, we make some
additional assumptions on the behaviour of the agents in this kind of economy. In
order to describe economic behaviour in this kind of environments, we introduce a
three stage procedure of coalition formation, which also gives a positive description
of rudimental trade possibilities. The first step describes the very basic ]evel of cooperation between economic agents in the economy, while the two subsequent steps
are describing all feasible cooperation based on this basic form of cooperation. This
process is in fact describing cooperative behaviour of the agents in a coalitionally
structured population. The first step is that of the introduction of primitive coalitions as described in the previous section, while both other steps are based on this
foundation.
Our main assumption is that in a coalitionally structured economy, agents are
primarily influenced by the actions, which are undertaken by primitive coalitions of
which they are a member. We note that the concept of primitive coalitions makes it
possible that such a coalition undertakes actions as if it were an entity.8 This leads
in a natural way to the assumption that a finite number of pairwise disjoint primitive
coalitions can cooperate and undertake jointly some economic action. Note that this
implicitly leads to the understanding that we in fact assume that pairwise disjoint
'For a detailed discussion of the foundations of our modelling we refer to Part I o[ this monograph. For an elaborate discussion of the application of these modelling principles we reCer to Part
[[. More specifically in Chapter 3 we explicitly inttoduce attribute spaces into our analysis of which
the concepts as defined here are specifications.
aIn the previous section we referred to a primitive coalition as an "institution". In that context we wish to indicate a primitive coalition as an institution in the sense that it is mainly an
organization, which is able to undertake certain economic activities.
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primitive coalitions are able to communicate with each other as entities. This is
the second step in our three stage procedure of coalition formation and cooperative
behaviour. It is formali2ed in the following definition.
Definition 6.2.1 Let (A, I', p) be a coalitionally structured population arad R~ the
commodity space.
(a)

A coalition is a group of agents E C A, which is the union of some finite number of pairwise disjoint primitive coalitions. The collection of all
coalitions in the population is denoted by 1Z(I').

(b)

A function t: A~ R~ is a contract if there ezists a finite number of pairwise
disjoint primitive coalitions E„ E I', with 1 G n G N, and some commodity
bundles cn E R~ (1 G n. G N) such that for every agent a E A:
N

t(a) - ~ c„ ~ XE„(a).
n-]

The definition above is clearly in order with respect to the notational conventions,
which are made in the previous section. Any coalition is indeed an element of the
ring S2(I') generated by the semi-ring I. We note that the definition of a coalition
as a union of a finite number of pairwise disjoint primitive coalitions is conform
the social and economic notion of primitive coalition. Hence, a truly allowable
or permissible coalition in our framework cannot be otherwise than the notion of
coalition as defined above. (For a comparison of the notion of truly permissible
coalitions we refer to Kalai et al. (1979) and Hammond (1989).) The kind of
cooperation between agents, or primitive coalitions, as expressed in the definition
of a coalition seems to be quite realistic within our setting. Since enterprises can
be regarded as primitive coalitions, we mention a cartel of enterprises as a real life
example of a coalition which satisfies the definition above.
The notion of contract is closely related to that of a truly permissible coalition. It can be regarded as an assignment of commodities without internal inequality
among members of the same participating primitive coalition. This implies that a
contract satisfies a certain equal treatment property. There may be differences between the participating primitive coalitions, but not wíthin these primitive coalitions.
It is clear that in a contract the participating primitive coalitions act as entities,
and so the term "contract„ seems to be applicable.

The discussion above can be illustrated with the property that every contract
has a coalition as its support, i.e., let t: A-~ R~ be a contract, then
{a E A ~ t(a) ~ 0} E f2(r).
This implies that a contract can be regarded as a natural expressíon of cooperation
between primitive coalitions, which form a coalition.
For any contract t-~n r c„ . XE,,: A-~ R~ we can define the integral or
mean assignment as the bundle
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N

f t dp :- ~ cn ' p(En) E R~.
n-1

The commodity bundle above is an expression of the mean assignment as is allocated
in the contract among the agents of the participating primitive coalitions. The
definition above leads to an immediate extension of the measure to the collection of
all coalitions. Let E E ft(I'), then we define

p(E) :- f XE dp.
This number measures the size of the coalition and is therefore called the measure
on (A, f2(I')). It is obvious that the triple (A, f2(I'), p) is indeed a measure space in
the sense of the definition on page 191. As a well known property we mention the
following:
Lemma 6.2.2 Let (tn)nEN be a sequence of pointwise diminishing contracts, i.e.,
for every agenl a E A it holds that tn(a) f, 0 as n-~ oo, then
f tn dte j 0 as n-~ oo.

For a proof of this lemma we refer to Janssen and van der Steen (1984), Theorem
3.2.9.
To complete our three step description of cooperative behaviour within the setting
of a coalitionally structured population, we have to discuss the third step. This third
step is an extension of the previous step as described with the use of the notions
of a coalition and a contract. In order to describe this step properly we have to
introduce some more mathematical concepts. We take the population (A, I', p) and
the attribute space P x R~ to be fixed.
In order to extend the notion of integration to a larger collection of assignments of commodities we introduce a norm on the class of all functions h: A~ R
by defining
~h(a)~ ~~,~ i bn' XEn(a), a E A

~~h~~v :- inf

~~n~-1 bn' ~(L~n)

EnEI'; 6nERt, nEN

The norm ~~.~~„ can be extended to an e-dimensional vector of norms, which is
defined for any function from the population into the commodity space. This can
be done by looking at the componentswise extension. Let f: A -~ R~ then we define
~~ f ~~„ :- (~~ f' ~~,,, ..., ~~ f~~~„) E R~ as the Q-dimensional norm of f.

The properties of this e-dimensional vector of norms are summed up in the
following proposition. The proofs of these properties are direct consequences of the
one-dimensional properties as mentioned and proved in Janssen and van der Steen
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(1984). Before we state this proposition we define a set E C A to be a nullset in
the coalitional structure (A, I', p) if ~~XE~~u - 0. Moreover, we say that a property
P holds almost everywhere or for almost every agent in the population (A, I', p) if
there exists a nullset F C A such that P is true for all agents a E A` F. The
abbreviation of this notion is simply indicated with a.e..
Proposition 6.2.3 Let f: A--~ R~ be an e-dimensional function on the population
(A, I', la). Then the following properties hold:
(a)

For every function f: A-~ R

it holds that

~ f f dl~~ C ~~f~~v - f ~f~ dl~.
(b)

For every a E R

it holds that ~~a . f ~~~, - ~a~ . ~~ f ~~~.

(c)

If the sequence ( fn)nEN of functions from A into Re is such that IÏI C~ Ifn~,
then it holds that IIf IIa C~ ~~.fn~~,~.

(d)

~~ f ~~~, - 0 if and only if f- 0 almost everywhere.

(e)

If ~~ f ~~„ G oo, then ~ f ~ G oo almost everywhere.

(f)

If for every integer k E N the set Nk C A is a nullset, then ~Jk 1 Nk is also
a nullset.

With the tools as defined above we are able to construct the third step of our description of cooperative behaviour of agents in a coalitionally structured population.
This leads to one of the main definitions of our model, namely that of an allocation.
Definition 6.2.4 Let (A, I', p) be a coalitionally structured population and let R~ be
the commodity space. An allocation on A is an ~-dimensional function f: A-~ R~
such that there e2ists a sequence of contracts (tn)„EN satisfying that for every integer
n E N it holds that
~~f - tn~~u C 2-n' lt,

where 11 -(1, ..., 1) E R~ is the vector consisting of ones only.
The integral of the allocation f is defined as the limit of the integrals of the limiting
sequence of contracts, i.e.,

f f dp :- lym 1 tn dp.
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On the collection of allocations on the coalitionally structured population (A, I', p)
we can define an equivalenc~ relation. Two allocations f and g are equivalent if
f(a) - g(a) for almost every agent. This implies that the a.e.-equivalence relation
induces a partition of the collection of allocations into equivalence classes. The
collection of all equivalence classes of allocations on the coalitionally structured
population (A, I', ~) is denoted by L(p, R~). Now an element f E L(p,, R~) is
simply interpreted as an allocation. We do not encounter any difficultíes in the
economic interpretation of these equivalence classes as allocations.
For such an economic interpretation we mention that an allocation is a truly
allowable assignment of commodities in the case of a coalitionally structured population. Evidently a contract is a truly feasible assignment of commodities in the
setting as described above. Since an allocation is the "limitn of a sequence of contracts, we can interpret an allocation also as truly feasible within this setting.9 This
kind of closure operation is commonly accepted in the design of economic general
equilibrium models.
Before we make some interpretations of the integration of an allocation we
mention the following properties:

(~)

The integral of an allocation f E L(tc, R~) is uniquely defined, and is denoted by f f d~.

(ii)

For every allocation f E L(p, R~.) and every commodity 1 C i G Q, we have
the property that
- f f` dF~ - ~~f`~~v - f ~.f`I dtc C oo.

Now it may be clear that the integral f f dtc of an allocation f E L(tc, Rt) can be
interpreted as the mean assignment of commodities as reflected in the allocation f.
Here the mean assignment is not taken over the participating primitive coalitions,
since there are none, but simply over all agents in the economy.
We complete the description of assignments and allocations in the setting of
coalitionally structured populations by introducing the notion of ineasurability. An
assignment of commodities f: A--~ Rt is measurable with respect to the population
(A, I', ~) if there exists a sequence of allocations ( f„)nEN in L(~, R~ ) such that f„
converges pointwise to f for almost every agent in A, i.e., f„(a) -~ f(a) a.e. in
A. It may be clear that any allocation ís measurable. Moreover we define for any
measurable assignment of commodities f: A--~ R} with f~ L(~,,Rt) the integral
to be infinite: f f d~ :- oo.

We interpret the notion of ineasurability of an assignment of commodities
as a technical or theoretical condition with respect to the measure ~. It describes
9We refer to Hammond, Kaneko, and Wooders (1989) for a similar method of defining truly
allowable or feasible allocations and coalitions. In their f-core approach they define the collection
of truly feasible allocations as the closure of a class of evidently feasible allocations.
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the theoretical boundaries of our modelling technique. (It describes the measure
technical feasible functions in our model and analysis.) Thus, the collection of
all measurable assignments is just the class of theoretically feasible and analysable
assignments of commodities. We emphasize that this collection contains assignments
which are not feasible from an economic point of view, i.e., there are measurable
assignments which are not an allocation.
Definition 6.2.5 Let (A, I', p) be a coalitionally structured population. A collection
of agents E C A is an allowable group in (A, I', ~) if XE E L(lC, R~), where XE
is the indicator function of the set E in A. The collection of all allowable groups
is denoted by r. The fu~action p: E~ [0,1], which is given by ~(E) :- f XE d~, is
denoted as the measure on r.
Note that ~ as defined above is indeed a measure, and that the triple (A, E, p) is
a measure space in the sense of the definition on page 191. As an economic interpretation of the notion of "allowable group", we mention that the collection ~
is describing all groups of agents within the coalitional structure (A, I', ~) that are
measure technically feasible. By definition E E E if and only if XE E L(~, R}),
which means that membership is truly permissible within the setting of the coalitionally structured population. Although such membership distributions may be
permissible allocations, it is not justified that such a group is actually "formable" in
the sense of some core-like recontracting process. That is, such groups may not be
able to form and undertake jointly economic actions. This is contrary to the positions taken by coalitions in a coalitionally structured population, i.e., groups in the
collection S2(I'), which are assumed to be actually formable and able to undertake
joint economic actions within the Edgeworthian recontracting processes.
It is however clear that the collection E is describing the theoretical boundaries of the economically feasible groups of agents in the setting of a coalitionally
structured population. This means that the groups outside the collection E, i.e., the
groups in 2A `E, are not taken into account in our economic modelling procedure.

The discussion above leads to the formal statement of some properties of
the collection E. We capture the main properties of allowable groups of agents as
follows:

1. r c~t(r) c~(r) c E.
2. The collection of all allowable groups of agents E is the a-algebra generated by
the union of the o-algebra generated by the collection of primitive coalitions
Q(I') and the collection of all nullsets in (A, I', ~).
The properties above show that the collection of all allowable groups is reasonably
large. It also shows that we can interpret nullsets as formable, however negligible,
groups of agents.
To complete the technical framework in which we develop our model of a
coalitionally structured economy, we need the next definition of integration on subsets of the measure space (A, I', le):
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Definition 6.2.6 Let f: A--~ R~ be a measurable assignment of commodities and
let E E E be an allowable group in the coalitionally structured population (A, I', ~).
If f . XE E L(p, Rt), then we defirze

JE f dt` ~- J f

XE dp,.

To sum up we can describe our differentiated model of cooperative behaviour in
three stages with use of the notions as developed here and in the previous section
as follows.
STAGE 1: PRIMITIVE COALITIONS

These describe the fundamental groups in which cooperation between economic
agents takes place. It is assumed that these coalitions can act as entities. All
other cooperative behaviour is based and influenced by the social structure as
implemented by these primitive coalitions. We refer to these primitive coalitions as institutional groups of economic agents, or shortly as "institutions".
STAGE 2: COALITIONS

Coalitions are finite unions of disjoint primitive coalitions, and so are describing the truly permissible cooperation between primitive coalitions acting as
entities. Since primitive coalitions are the institutional particles of cooperation, these coalitions are truly formable. It describes those groups of economic
agents, that may be considered as consequential and allowable extensions of
these primitive coalitions.
STAGE 2: CONTRACTS

The form of the assignments of commodities which are basic with respect to
cooperation between primitive coalitions, acting as entities, are denoted as
contracts. These assignments satisfy some internal equal-treatment property.
This means that this kind of assignments is truly allowable within our framework. Contracts express a fundamental form of cooperation between primitive
coalitions as institutional configurations of economic agents.
STAGE 3: ALLOCATIONS

The allowable assignments of commodities are described by allocations, which
are limits of contracts. So the collection of allocations is the topological closure of the collection of contracts with respect to some norm. This shows that
allocations are also truly feasible, since they can be approximated arbitrarily
close by some contract. All relevant assignments of commodities have to be
feasible with respect to the social structure as imposed by the coalitional structure (A, I', tc), and so are satisfactory described by the collection of allocations
L(p, R~ ).

STAGE 3: ALLOWABLE GROUPS

If the membership distribution of a certain group is an allocation, then this
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group is evidently allowed within the setting of a coalitionally structured population. It is however not clear whether these allowable groups are really able
to undertake joint economic actions, like taking part in Edgeworthian recontracting processes. So the collection of allowable groups E is describing the
theoretical boundaries of the feasibility within such a setting.
A subclass of allowable groups is that of nullsets, which are describing negligible groups of agents within the trading and recontracting processes in a
coalitionally structure economy. It is assumed that such negligible allowable
groups have no influence whatscever within these processes.
MEASURABILITY
Measurability is a measure technical feasibility constraint in the description of
economic cooperative beliaviour. All items as described above are measurable
and therefore technical feasible within our model. All measurable assignments
of commodities, which are not an allocation, are however not economically
feasible. (Since, for such assignments of commodities f the convention is that
f f dp - oo it is clear that our economic interpretation should be that there
exists a non-negligible collection of agents, who have infinitely large bundles
of commodities in assignment f.)

With the economic concepts as developed in our three stage description of cooperative behaviour we are able to give a definition of a model of a coalitionally structured
exchange economy.
Definition 6.2.7 A coalitionally structured exchange economy is a triple
E-((A, I', p), P x R~, E), where
~(A, r, tC) is a coalitionally structured population ;
~ P x R} is the attribute space, which is defined as the product space of the
space of preference relations P on the commodity space and the commodity
space Rt itself ;
~ E: A-~ P x R~ is a measurable characterization in the sense that for every
agent a E A it holds that lï(a) -(~a,w(a)), where ~QE P and w(a) E Rt,
such that:
1. For every commodity óundle y E R~ it holds that
{(a,x) ~ y~a x} E a(E x Ci(R~)),

where Ci(R~) is the collection of Borel-sets of R}.
2. w E L(p, R~) is the endowment of commodities satisfying the property
that
f wdp1~0.
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The interpretation of the definition above is quite straightforward. It is assumed
that the endowment of the economy as defined above is in fact truly feasible, and
hence is an allocation. This is a standard assumption. Furthermore, we assume that
every commodity is substantially available in the economy.
The second condition on the model is a measurability condition on the preferences. Although this condition is well known in the literature arid quite standard,
in our setting we can give a proper interpretation of this assumption. It simply
states that the preferences are truly feasible with respect to the coalitionally structured population of the economy. It describes the interaction or interdependency
between individualized attributes and social environment as discussed previously in
this monograph.ro The individual characteristics, in this case the preferences, are
conformable with the social environment of the agent, which describes the social
characteristics of that agent. This means that this condition is simply a measure
theoretic restatement of the standard conditíons on a characterization as formulated
in Chapter 2 in general and Chapter 3 in the relational context.
To conclude this section we state an economic feasibility condition, which
describes the attainability of an allocation. It is assumed that within an exchange
economy the economic processes cannot allocate more than is available within the
economy.
Definition 6.2.8 Let E be a coalitionally structured ezchange economy. The allocation f E L(tr, R~) is attainable withán E if

f f dp C f w dp.
We remark that since every commodity is substantially available within tne economy
E, there exist non-trivial attainable allocations in the economy.

6.3

Comparison with other models

The purpose of our modelling is to develop a perfectly competitive economy with
cooperative exchange processes. In a normative setting we compare these cooperative trade processes with noncooperative exchange processes that take place within
the setting of some market system. Our main observation is that in these kind of
perfectly competitive economies an agent is negligible in the process that leads to
the Walrasian equilibrium in the market system, but is otherwise effective in the
pursuit of his or her interests through participation in cooperatively founded (primitive) coalitions. To describe these features we introduced a measure theoretic model
of a socially structured economy, in which the so-called primitive coalitions are the
main acting particles or groups in the cooperative recontracting processes.
loFor a detailed discussion of this interdependency ptinciple we tefer to Chapter 3 of this
monograph.
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The description as given above shows that in a coalitionally structured economy an agent is not an individual only, but an individual participating in institutional (primitive) coalitions. In this setting an economic agent can act individually,
i.e., non-cooperatively, in certain trading processes. However as an individual an
economic agent is powerless, i.e., negligible, in the sense that his or her individual
actions do not influence the economically relevant variables in the trading organization. As an example we refer to an agent's position on a perfectly competitive
market. There he or she has no influence on the market price by changing his or
her individual demand and~or supply.
On the other hand an economic agent participates in certain primitive coalitions. Through these memberships the agent is participating in cooperative (recontracting) processes. The value of the membership of some primitive coalition
is determined by the fact that the primitive coalition as an economic institution is
non-negligible in these trading processes. Thus, through this membership an economic agent is able to pursuit his or her personal economic interests. Note that an
agent always acts through some primitive coalition, but that within a substantial
primitive coalition, i.e., with positive measure, he or she may be negligible. That
is, an agent does not have enough power to determine the collective actions of the
members of the primitive coalition as a whole. This shows that although an agent
acts through certain primitive coalitions, he or she has no power to influence the
actions of these primitive coalitions.
Our models of socially structured economies express the notion of an individual agent within some social environment. This environment puts certain (socíal)
constraints on his or her economic behaviour. In the case of a coalitionally structured
economy, the basic particles that put the constraints on the behaviour of some agent
are ~he primitive coalitions of which that specific agent is a member. This leads us
to choose the collection of integrable functions as the truly feasible allocations in
this setting. Secondly, the social constraints on behaviour lead to the measurability
condition on the preferences of the agents in the economy. This condition expresses
the interdependency principle with respect to the individual attributes of an agent
in the population, in particular his or her preference, with the social environment
of that agent.
Our model is specifically build from a descriptive point of view with respect
to the modelling of Edgeworthian recontracting processes with the use of some corelike equilibrium concept.ll The Walrasian equilibrium concept is however treated
normatively. The Walrasian allocations are supposed to be ideal, since these allocations satisfy a large number of "nicen properties such as fairness12, Pareto efFiciency,
11The notion of descriptive and normative modelling in economic science is described and discussed in the second chapter of this monogtaph. Here we only note that the aim of positive
economics is to describe some feature in an economic context which is assumed to be occurring in
practice.
12For the definition and analysis of several fairness properties we tefer to Champsaur and Laroque
(1981) and Yannelis (1985).
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and stability in the sense of the improvement condition of the recontracting principle. A comparison of both these concepts, the so-called Core-Walras Equivalence,
is therefore useful. Such an equivalence describes under which conditions on the
cooperative barter processes in the economy as described in a cooperative core-like
equilibrium concept these "ideal" Walrasian allocations are generated.
In our model of a coalitionally structured economy we explicitly are describing
the social structure of the population of agents as a form of hampered or incomplete
communication, which ]eads to restrictions in coalition formation. The collection
of truly allowable institutional organizations, the so-called primitive coalitions, is
restricted to a certain semi-ring on the set of agents. The natural descriptive concept
in this setting therefore has to be based on Edgeworth's recontracting principle. In
the description of this recontracting principle we have to restrict ourselves to the use
of these primitive coalitions as the basic recontracting groups of economic agents.
Based on this configuration we subsequently have defined other coalitions to be
formable and to be able to participate in these processes. This leads to the definition
of the collection of allocations as the collection of all truly feasible assignments of
commodities in this configuration. In the next chapter we thus introduce and define
the Walrasian equilibrium concept with the use of these notions only. Only the
items as mentioned above are truly feasible with respect to the social structure of
the economy.13
In this section we compare our measure theoretic model of a coalitionally
structured economy with the standard models as used in the literature. This comparison is only useful in the setting of a specific subclass of economies, namely that
of the continuum exchange economies.
Definition 6.3.1 A coalitionally structured ezchange economy E described by the
triple ((A, I', p), P x R~, E) is a continuum exchange economy if it satisfies the
following conditions:

1. A-I-[0,1);
,l. I' C Ci(A) such that it holds that Q(I') - Ci(A), where Ci(A) is the o-algeb~a of
all Borelsets on the unit interval l;
,i. For every primitive coalition E E I' it holds that p(E) -.~(E), where .~ is the
Gebesgue measure on the Lebesgue measurable subsets of the unit interval I.
~We note that all Borelsets are Lebesgue measurable.~
IaFor more general discussions of these socia! feasibility condifions we refer to Chapter 2 of this
monograph. There we introduce and discuss these social feasibility conditions in the setting of
the tripolar model and the economic consistency requirement as put on a descriptive economic
modeL Here this economic consistency requirement is reduced to certain feasibility constraints
with respect to the coalitional structure of the population in the economy.
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The definition above just states that a continuum economy should be considered as
the natural description of a large economy. The population consists of an uncountable number of negligible agents. This precisely captures the idea that in a large
economy individual economic agents do not any power on the market. (Thus, the
market is perfectly competitive because of the largeness of the number of participating agents.) We remark that Example 6.1.4 of the consecutive coalitional structure
is a special case of a continuum economy. As is proved in Jansen and van der Steen
(1984) the consecutive coalitions are the standard building blocks of the traditional
Lebesgue integration theory, which forms the basis of the models of Aumann (1964)
and Hildenbrand (1974).
The second well known example of a specific continuum economy describes
the case in which we take the semi-ring to be the ~-algebra of all Borelsets on the
unit interval. Hence, take I' -[i(A) and for tC take just the Lebesgue measure
~. This leads to the well known mathematical structure as is widespread in the
literature on large economies. Note that this model expresses the very unrealistic
case of an economy with complete communication, and so there are no restrictions
on coalition formation. Hence there is free cooperation among the agents in the
population. This seems unnatural in the context of a large population, namely
that of uncountably many agents. In view of the next discussion of the primitive
notions of the models as presented in the literature this is however a very natural
condition. This is therefore one of the major flaws in the models as presented in tlie
literature: The assumption that the economy consists of uncountably many, freely
communicating and cooperating agents leads to some contradictory consequences.
Before we go into detail on the literature we mention some properties of continuum exchange economies in general. Firstly, it may be obvious that the collection
of all allowable groups in a continuum economy is just the collection of all I,ebesgue
measurable subsets of the unit interval. Secondly, the collection of allocations in a
continuum economy is again just the collection of all Lebesgue integrable functions
on the unit interval.
As mentioned in Chapter 2 and above the starting point of the main stream literature
is the Walrasian market equilibrium as a descriptive concept. This implies that
there is no need of a social structure describing communication possibilities between
agents in the economy, since the Walrasian market system is perfect. The model
is expressing a mass of agents, who are operating within the market system, with
the purpose to express the perfectly competitiveness of the markets within this
Walrasian system. The perfectly competitive interaction between the agents on the
markets is therefore a consequence of the largeness of the mass of agents.14
The models in the literature mostly define some core-like equilibrium concept
as a normative stability notion, which the Walrasian equilibrium allocations have to
14For a detailed discussion oC perfect competition we refer to Chapter 8 of this monograph. Here
we only mention that the modelling as accepted in the literature essentially reflects what is known
as the Cournotian approach of perCect competition.
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satisfy. This raises the problem that the model has to express a mass of agents who
act individually on a perfectly competitive market system as well as give a realistic
process of coalition formation with respect to the chosen cooperative equilibrium
concept. In the literature there can be discerned three main streams with respect
to the description of such a mass of agents, with the desired properties. We will
discuss these streams separately in the next subsections.

6.3.1

The individual agent approach

In this brand of literature the traditional Arrow-Debreu model, as developed by Arrow and Debreu (1954) and neatly described by Debreu (1959), is straightforwardly
extended to the case of a]arge economy. Since in this traditionally oriented literature the Walrasian equilibrium concept is the main descriptive concept, the agent as
an individual is the central and primitive notion of the model. The agent is free to
communicate in the recontracting process and is free to take actions as an individual
in the market processes. The individual agent therefore has essentially only individual characteristics or attributes, i.e., there is no social structure worth mentioning.
All actions are in principle initiated by the individual agent. This means that every
subset or group of agents is in fact a coalition and thus is able to take action in the
recontracting processes as described in the core-like equilibrium concept.
The first major contributions in this field of general equilibrium theory are
by Aumann (1964 and 1966). He introduces the mechanistic approach. In his
aim to express a large, but finite, mass of perfectly competitive agents he models
an individual agent as an arbitrarily small set of positive measure in some measure
space. This is conform his definition of the core, in which only sets of positive
measure are allowed to block.
However as Hammond, Kaneko, and Wooders (1989), and Kaneko and Wooders (1986a) show, this leaves two important problems. First, it gives an imprecise
definition of an individual agent. From the viewpoint of micro-economics, it is necessary to look at problems at the level of the individual agent, but in this context
this is nearly impossible. Secondly, interpreting an agent as a set of positive measure
is not completely consistent with the original motivation, namely to model perfect
competition by making the individual agent negligible. Important is also that although this interpretation of the agent is consistent with the definition of the core,
it is not consistent with Aumann's definition of the Walrasian equilibrium. There
the agent is seen as a point in the measure space instead of an arbitrarily scnall set
of positive measure.

The second major interpretation of the individual in a large economy is the
atomistic approach, due to Hildenbrand (1974 and 1982).'s He models an agent
as a single point in a continuum. Now every agent is negligible, and the definition
1sFor extension of this idea to large economiea with some non-atomistic, large traders we refer
to Shitovitz (1973 and 1982).
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of the Walrasian equilibrium concept is consistent. There are however some major
flaws with respect to the foundation of the blocking coalitions in this setting:
1. As Hammond, Kaneko, and Wooders (1989) remark, the only coalitions allowed to block are those of positive measure, which is in contradiction with the
idea that individuals are possibly effective in coalition formation; individuals
are negligiblein those blocking coalitions.ió It is concluded that these economic
requirements are inconsistent with the core concept as used by Hildenbrand
(1974).
2. Another remark is that this approach is fundamentally inconsistent with measure theory. As remarked above, in principle every set of agents can be effective
in the recontracting processes, but as shown in Oxtoby (1980), it can be proved
that there does not exist a nontrivial measure on the o-algebra of all subsets
of the continuum. This makes clear that standard measure theory does not
give us the tools to describe these kind of economies.
The only way out of this paradox is to assume that the model is an abstract
description of this kind of economies, as Hildenbrand (1982), page 842, describes it: "Measurability is a technical assumption without any economic
interpretation."
3. As mentioned in Armstrong (1985) a traditional measure space with an atornless measure consists of uncountably many points. The uncountability of the
collection of agents seems however to impose major problems on the econornic
interpretation and usefulness of models in this branch of literature.
Weiss (1981) makes a serious attempt to solve a few of the problems of the atomistic
approach as mentioned above. He introduces the space of agents as a measure
space with a finitely additive measure instead of a o-additive measure. Now the
cooperatíve equílibrium concept is consistent with the model: Every set of agents
can be a blocking coalition, while all individual agents are still negligible in the
market. Moreover the population can consist of at most countably many agents.
However, we think that the solution of Weiss (1981) shows some other defects.
The main one is that it allows for the existence of globally negligible allocations,
which assign to almost every agent in the economy a strictly positive bundle of commodities. This is a consequence of the finitely additivity of the measure, which allows
(almost everywhere) positive nullfunctions. This is economically not justifiable."
r6Hammond, Kaneko, and Wooders (1989) especially relate this problem to the formation of finite
effective coalitions. In the model of Hildenbrand (1974) these are excluded in the recontracting
processes.
17A recent contribution to the theory of finitely additive measure theoretic approaches to the
modellingof large economies is given in Klein (1988). His starting point is that coalitions essentially
have to be observable entities, which leads to the acceptance of additive measure theory instead of
o-additive measure theory.
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6.3.2

The coalitional approach

Vind (1964) was the first to remark that in a large economy not individuals are
the basic acting particles in the description of the economy, but coalitions should
be considered as the primitive notion of the model. In such an economy the individual agents are negligible, and thus can be viewed as social entities without
any individualistic content. This means that there should be much more positive
an attitude towards the core-like cooperative equilibrium concepts in these kind of
models. However, in the recent literature in this field of mathematical economics
one does not accept this consequence completely. In fact this issue has not been
raised by Armstrong (1985), Armstrong and Richter (1984 and 1986), and Cheng
(1987).
In the recent literature mentioned above the idea of Weiss (1981) of a finitely
additive measure theoretic description has been combined with those of Vind (1964).
One starts with a Boolean algebra of abstract coalitions. Allocations are introduced
as additive measures on this algebra. This is consistent with the primitive notion
of the model, but it implies that one has abstracted completely from the individual attributes of an agent: The only particles with attributes are coalitions in the
Boolean algebra.
Now the cooperative equilibrium concept is defined in the obvious way, i.e.,
the Core is based on the regular definition of "blocking". The Walrasian equilibrium
has however to be introduced in the form of a cooperative concept.18 This seems to
be the major flaw in this model. The conceptual difference between the Core and
the Walrasian equilibrium concept reduces extremely.
The remarks above show that the model, which abstracts totally from individual characteristics of the agents in the economy, cannot describe noncooperative
behaviour properly. Moreover, there is no economic justification for this extreme
abstraction. In the next chapter we will discuss some connections of our model with
the one based on coalitions as the only primitive notion of the model. There it is
shown that many of the results as achieved in these kind of models are economically
not so relevant. The main reason is that the description of individual behaviour is
not satisfactory possible within the setting of these models.
We shortly compare the individual agent approach as well as the coalitional approach
as discussed above with our model of a coalitionally structured exchange economy
as presented in this chapter. As mentioned before the individual agent approach
is based completely on methodological individualism in the sense that an economic
agent is a freely cooperating individuaL Every group of agents is in principal allowable as a coalition with potential blocking power. This shows that the primitive
laThis is done by the notion of oóstruction. A coalition can obstruct an allocation if it can
achieve some better allocation in the same budget set. Now the equilibria are those allocation and
price systems which are stable against obstruction. This shows that the Walrasian equilibrium is
in fact converted to some core-like concept, in which coalitions adapt their behaviour regatding
some (objective) prices.
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economic concept of the model is that of the individually operating economic agent.
In the coalitional approach the notion of a coalition with potential power to
block is taken as the primitive economic concept of the modeL In the model the individual agent is not represented directly, but indirectly through coalitions as decision
taking entities. This implies that in the coalitional approach one totally abstracts
from the individual economic agent as an economically relevant phenomenon. It is
clear that such an approach cannot describe economic phenomena with respect to
the individual abilities of economic agents such as non-cooperative behaviour.
In our model of a coalitionally structured exchange economy we introduce
two primitive economic concepts. The first is that of an individual economic agent,
essentially similar to the one as used in the individual agent approach. Additionally
we introduce a social environment of that individual economic agent in which the
agent operates and which puts certain (social) constraints on his or her behaviour.
This social environment is described with the use of the second primitive economic
concept of the model, namely that of a primitive coalition. Thus the economy
consists of individual operating economic agents with certain limited social abilities. These limited social abilities are consisting of the possibilities to participate in
primitive coalitions with potential power to improve upon a certain proposed allocation. As an individual an economic agent is powerless in the trading processes in
the economy - cooperative as well as non-cooperative. On the other hand as a social
economic actor an economic agent is effective in the pursuit of his or her interests
through participation in powerful cooperative entities as primitive coalitions.
The discussion above shows that our approach is more or less a combination
of both the individual agent and the coalitional approach to the modelling of large
economies. The notion of an economic agent in our model is combining individual
abilities with (limited) social participation.

6.3.3

The f -core approach

A major contribution to the theory of large economies has recently been made by
Hammond, Kaneko, and Wooders (1989). The underlying principles of the model are
illuminated also in Kaneko and Wooders (1986a and 1986b), and are firmly based on
the model as described in Wooders and Zame (1984). The authors consider the right
extension of the Arrow-Debreu model to be one in which only finite coalitions are
able to undertake economic actions. So, economic agents are negligible in the large
market as well as effective in the pursuit of interests in the cooperative recontracting
processes.19
1sWe compare this with our model of a coalitionally
structured economy. There an agent is also
negligible on the market, but acts fhrough participation in primitive coalitions in the Edgeworthian
recontracting processes. This leads to the property that an individual economic agent himself is
not effective in the cooperative trading processes, but only through his memberships of primitive
coalitions. This is not the case in the f-core approach in which an individual economic agent
himself is effective in the cooperative trading processes.
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The model is build in a similar way as our model of a coalitionally structured
economy is constructed. Its basic assumption is that there is complete communication, but that only a finite number of agents are able to cooperate. Based on this
assumption one builds truly feasible allocations within this framework. Within the
setting of a measure space, representing some technical "countingn or "measuring
of size" device, it is proved that the collection of all attainable and truly feasible
allocations is just the space of integrable functions on the measure space. This
procedure is similar to the one as developed by us in this chapter.
The Walrasian equilibrium concept is defined in the traditional way in the
setting of this model. The cooperative equilibrium concept is however based on
the blocking by finite coalitions only, which is conform the main assumption of the
model. This cooperative equilibrium notion is called the f-core. This evidently
shows that this model expresses most clearly the basic principles of the modelling of
a large economy with the Walrasian equilibrium as a positive concept: Individuals
are effective in the recontracting processes, but are negligible on the market.
Moreover, this model has not the flaws as is the case for the models as described above in the subsections on the individual agent approach and the coalitional approach. In fact the model has no economic inconsistencies, in which we
use economic consistency in terms of the axiomatic method as discussed in the second chapter of this monograph. Thus, the configuration of the economic primitive
concepts within the model does not contain any interpretative inconsistencies. As
shown in the previous two subsections the individual agent approach as well as the
coalitional approach suffer from certain economic inconsistencies.
In comparison of the approach as developed in this monograph we distinguish some important differences. In our model of a coalitionally structured exchange economy we situate an economic agent in a social environment of primitive
coalitions. The agent participates through his or her membership of these primitive
coalitions in the Edgeworthian recontracting processes. The f-core approach however is restricted to a strict application of traditional methodological individualism
in the sense that an economic agent is an individual only. We can formulate the
essential differences as follows:
1. In the f-core approach only finite coalitions are able to undertake economic
actions. Based on methodological individualism in which the individual agent
is the primitive concept and on the traditional Arrow-Debreu model, of which
the f-core model is an extension, this is justifiable. In view of a more positive approach to the cooperative equilibrium concept one should expect also
fundamentally large, non-negligible coalitions to be able to take place in these
processes. As examples we mention labour unions consisting of major proportions of the total population of economic agents. This leads to the conclusion
that this model does not give us a solid and practical description of the recontracting principle in a large economy.
Our approach does not exclude relatively large primitive coalitions in the coali-
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tional structure of the economy. Our model therefore captures economic phenomena which are not possible to analyse within the setting of the f-core
approach.
2. Closely related to the remark above is that the f-core approach in fact reverses
an objection as made by Hammond et aL (1989) with respect to the traditional
definition of a core as given by Aumann (1964). They argue that it is not
justified that negligible coalitions of agents are excluded from participa.tion
in the recontracting processes. We argue however that the f-core reverses
this principle in the description of recontracting processes: It is impossible for
large coalitions to block, but negligible groups of agents a.re taken fully into
account. Not only from an empiristic viewpoint, but also from a theoretical
point of view, this seems less satisfactory.
3. One of the justifications of the f-core approach is given by haneko and Wooders (19866) in which it is shown that the model can be viewed as the limit of a
sequence of growing, finite economies in which coalitions are only formable if
they are smaller than some upperbound. This upperbound is rather restrictive,
since it is much smaller than the size of the total population. This restrictiveness of the size of formable or truly allowable coalitions in finite economies as
a justification of the model of a large economy raises some severe questions
with respect to the foundations of that model. There is no economic justification for the restriction of the size of formable coalitions in a finite economv.
Even in socially structured, finite economies this seems to be a very unnatural
condition.
We may conclude that the f-core approach is the most natural direct extension of
the traditional Arrow-Debreu framework. The basic notions of perfectly competitive
agents in the market trading processes and of effective agents in the recontracting
processes are maintained in this model. The principles as handed by methodological
individualism are closely followed in this approach. Our main objection against
this model is precisely this strict application of the methodological individualistic
assumptions. This is the reason that the f-core approach is not able to capture
certain economic phenomena such as the economic behaviour of large collections of
economic agents.
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Chapter 7
Cooperative Equilibrium
Concepts
In this part of the monograph we argue that a socially structured economy is the
proper environment to describe trade processes between economic agents, which are
based on Edgeworth's recontracting principle. Edgeworth (1881) was the first who
described an equilibriurn notion, which he called the contract curve, describing the
recontracting processes in the economy. These recontracting processes take place
outside a market system, and thus form a more fundamental description of trade
processes in the economy than those described by the Walrasian equilibrium in a
perfectly competitive market system. A socially structured economy, especially a
coalitionally structured exchange economy, can describe these recontracting processes as well, since in such processes trade takes place between and within certain
groups of agents instead between agents individually.
In our model of a coalitionally structured exchange economy we introduced
relational characteristics of economic agents as memberships of primitive coalitions.
These primitive coalitions are those organisational entities, which are able to participate in the recontracting processes. Thus, trading takes place in the setting of those
primitive coalitions according to Edgeworth's recontracting principle. It is clear that
our model of a coalitionally structured exchange economy is therefore very suitable
to describe these Edgeworthian recontracting processes. In this chapter we develop
two equilibrium notions, that describe the recontracting processes in a coalitionally
structured exchange economy. The first one is called the Semi-Core and describes a
flexible form of trade between and within primitive coalitions in the economy. The
second one, which is called the Contract-Core, describes a much more inflexible form
of recontracting, namely trade processes in which primitive coalitions only act as
large economic agents. Obviously this weaker form of recontracting leads to more
equilibrium outcomes than the more flexible form of trade.

The main purpose of this chapter is to compare the equilibrium allocations
as generated by the recontracting processes with the competitive allocations as generated by an ideal and perfect Walrasian market system. Such a system overrules
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the coalitional structure of the economy and forms a perfectly flexible allocation
mechanism. Therefore we treat the Walrasian equilibrium concept as a normative
equilibrium notion. It is regarded as a benchmark, which can be compared with
the descriptive notions of Semi-Core and Contract-Core. This comparison is made
in some equivalence theorems, which state that under certain conditions the recontracting processes in the economy generate these ideal Walrasian equilibrium
allocations.
The final sections of this chapter are devoted to some clarifying examples on
the equivalence results, and a discussion of the foundations of the theory as exposed
in this chapter. There it is argued Lhat the literature puts forward an insufficient
number of arguments in the justification of the market system as the only prevailing
allocation mechanism in the economy.

7.1

Some normative equilibrium concepts

[n this section we will develop and analyse some normative equilibrium concepts
within the setting of a coalitionally structured exchange economy. The notion of
normativity of a certain equilibrium concept is emphasized to be relative to the
setting of the model.' In our model of a coalitionally structured economy it is
plausible that the exchange processes are performed by agents in the context of
their membership of primitive coalitions. This implies that all exchange processes
are assumed to take place within and among these primitive coalitions. So, primitive
coalitions are assumed to be the organizational environments in which the trade
and exchange processes are taking place. These trade and exchange processes are
therefore considered to be the well known Edgeworthian recontrneting processes as
initially described by Edgeworth (1881).
This implies that in the description of actual trade in such a coalitionally
structured economy, we explicitly have to take into account the actions of the agents
within the setting of these primitive coalitions. Contrary to that, we present in
this section some traditional equilibrium concepts which do not satisfy this basic
descriptive property. Hence, these concepts are to be refered to as normative within
the setting of our model.

The main value of this kind of concepts is that they are considered as benchmarks or norms for comparison with descriptive equilibrium concepts. The allocations, which are outcomes of a normative equilibrium concept, can be compared
with the outcomes of a more descriptive equilibrium concept. In this way we can
determine under which properties of the economy, a realistic trade or exchange process generates the same outcomes as an "idealr or normative equilibrium process
~ For a discussion of the notions of normativity and positivity from a methodological point of
view we refer to the second chapter of this monograph. There some other literature and discussions
on the use of these notions in economic and more general in social sciences are considered.
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would generate. This will be studied in the next sections.2
In this section we study two major traditional equilibrium concepts, namely
the Walrasian market equilibrium and the traditional Core. Both concepts are argued to be non-descriptive in the setting of a coalitionally structured economy. The
Walrasian equilibrium concept is describing an "idealr trade or exchange system
consisting of perfectly competitive markets. This system is therefore not based
on the primitive organisational environments in which trade takes place, i.e., the
primitive coalitions. The traditional Core concept is describing a collection of allocations, which is stable in the sense that no group of economic agents has the desire
and the power to change such an allocation. It is clear that the Core is indeed a
normative equilibrium concept. We argue that in the setting of a coalitionally structured exchange economy both equilibrium notions have to be regarded as normative
concepts, since both generate allocations which satisfy certain idealistic properties.
Therefore both can serve as benchmarks for the descriptive equilibrium notions as
will be developed in the next section.
The first normative equilibrium notion, which we discuss, is the Walrasian equilibrium concept. It is assumed that there is a perfectly competitive market system,
which takes care of all trading processes in the economy. This market system balances demand and supply of all the commodities in the economy with the use of
a set of prices, which are quoted on the markets. These prices are assumed to be
known to all participants on the markets and hence to all agents in the economy.
This implies that there is full information. The markets are assumed to be efficient.

From the description above, we may conclude that this market system can
be viewed as overruling the social system of primitive coalitions. In that sense it is
not realistic in our setting of a coalitionally structured economy and hence it serves
as a normative notion in our model. The outcomes of the trading processes on these
perfectly competitive markets are extensively analyzed in the literature. It turns
out that the Walrasian equilibrium allocations have many nice properties such as
Pareto-efl~iciency, fairness3, and stability with respect to re-distribution.
The main assumption in the definition of the Walrasian equilibrium concept
is that the agents act perfectly competitive on the markets in the system. This
implies that it is assumed that the agents on the market act as if they are not
able to influence the price on the market by changing their individual behaviour.4
zHere we explicitly mention our division of economic modelling in three sections, namely descriptive, normative, and operational theorizing. The remarks as made in this paragraph are dealing with normative theorizing with respect to the descriptive model of a coalitionally structured
economy.
3For some recent expositions of fairness and related properties of equilibria in economies, we
refer to Champsaur and Laroque (1981), and the survey of Yannelis (1985).
4It may be clear that this behaviour is only realistic in large markets, i.e., markets with many
small traders. These markets were firstly studied by Aumann (1964 and 1966) in which he expresses
a mass of economic agents by an atomlesa measure space. Another way to express a large market
is to use non-standard analysis. In Emmons and Yannelis (1985) and Rashid (1985) the mass of
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A consequence of this basic assumption is that an agent takes the market price as
given in the decision procedure with respect to the determination of his or her supply
and demand on the market. It may be clear that this hypothesis on the price taking
behaviour of the participants on the markets has to be treated as a"normative"
assumption, especially in the setting of a coalitionally structured economy.

An agent on the market acts completely non-cooperative, and so the Walrasian equilibrium has to be regarded as a non-cooperative equilibrium concept. To
describe this concept properly we therefore have to describe the individual, períectly
competitive price taking behaviour of a single agent on the market. We introduce
the set of prices as the unit simplex in the P-dimensional Euclidean space, which we
denote by SC-1, i.e.,
t
SC-1 :- {p E R~ ~~p; - 1}.
~-i
The reasons that we can limit ourselves to the rather restricted collection of prices
Se-1 is that desirability of the commodities in the economy leads to exhaustion of the
budgets of the agents on the market. (Desirability is reflected in the monotonicity or
the (local) nonsatiation of the preference relatíon of the economic agents operating
on the markets.)
Now an individual agent a E A in the coalitionally structured economy as
described by the triple E -((A, I', p), ~ x R~, E) is determining his or her demand
and supply on the market with respect to a given price p E Se-'. This leads to the
definition of a mapping B: A x SC-1 --~ Rt, which denotes to every agent a E A and
every price p E Sf-1 a set given by
B(a, P) :- {x E R~ ~ P. x G p. w(a)}.
The set B(a, p) expresses the budget set of agent a E A in the case price p E Se-'
is determined on the markets. Now agent a E A chooses with respect to his or her
preferences the maximal bundle within his or her budget set, given the prices on
the markets. This immediately leads to the following definition of the Walrasian
equilibrium concept.
Definition 7.1.1 Let E be a coalitionally structured exchange economy. A Walrasian equilibrium is a pair ( f, p), where f E L(te, R~) is an attainable allocation
and p E S~-' is a price vector, such that for almost every agent a E A, f(a) is a
maximal element in the budget set B(a, p) with respect to the preference relation Y-a,
i.e., f(a) E B(a, p) and there is no y E B(a, p) such that y Y-a f(a).
An attainable allocations f E L(te, Rt) such that there ezists a price p E S~-' with
( f, p) a Walrasian equilibrium, is called a Walrasian equilibrium allocation.
The collection of all Walrasian equilibrium allocations in E is denoted as W(E).
agents on the market is expressed with the use of non-standard analysis.
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The Walrasian equilibrium concept explicitly expresses the notion that almost every
agent is allowed to be trading and exchanging on the market and reaches an optimal
bundle within his or her budget set given the prices on the markets. We note
that, although the market system "overrules" a more primitive trading process with
primitive coalitions, it satisfies the basic social feasibility conditions. The outcome
of the trade processes on the markets also have to be feasible with respect to the
social structure of the economy as a whole, i.e., the equilibrium allocations have to
be truly jeasible with respect to the social structure of the economy in the sense
that it is not just an assignment of commodity bundles, but it is required to be in
the collection L(~,R~). This condition was discussed in the previous chapter and
interpreted as a feasibility condition with respect to the coalitional structure within
the economy.
One of the main (traditional) questions in general equilibrium theory is under which conditions there exists an equilibrium in a market system. A rigourous
treatment was firstly presented by Arrow and Debreu (1954) for finite economies,
while Aumann (1966) gave a proof in case of large markets. Since these fundamental contributions many authors have weakened the conditions under which such an
equilibrium exists.s We follow the line of Hildenbrand (1974) and Debreu (1982) for
the case of a large economy. The next result can certainly be strengthened, but it
is not our aim to do so. Given our interpretation of the commodity space as given
in the previous chapterss of this monograph, the conditions as given below seem to
be fairly satisfactory.
Before we can state the existence result we have to introduce a measure
theoretic notion. Let (A, I', ~) be the population of the coalitionally structured
exchange economy E. Then the allowable group of economic agents E E E is an
atom in (A, I', le) if p(E) ~ 0 and for every allowable subgroup F E E, with F C E,
it holds that either ~(F) - 0 or ~(F) -~(E). It may be clear that atoms can be
interpreted as "indivisible" groups of agents. This means that this kind of allowable
groups always act as entities, i.e., as large agents in the socially structured economy.
These large agents are not negligible in the trade processes of the economy, as can
be seen from the definition of a Walrasian equilibrium.~
SFor some surveys of these contributions we refer to McKenzie (1981), Debreu (1982), Trockel
(1984), Mas-Colell (1985), and Khan (1985).
6See in patticular Chapter 2 on the foundations of our modelling. There it is argued that
modelling is consisting ot choosing a particular abstract commodity construct, which forms the
basis of the model. One of our main conclusions is that the economic consistency of the modelling
of such a commodity construct is crucial. This requirement has some important consequences in
the valuation of the assumptions on the preferences as given in the theorem. Therefore we value
these additional requirements as part of the description of the commodity construct, and thus as
reflections of natural properties of the e commodities in the economy. These commodities are hence
regarded as abstract desirable entities.
~The theory of mixed large markets, i.e., economies in which there are atoms as well as an
atomless part of negligible economic agents, are extensively studied in Shitovitz (1973 and 1982)
and Greenberg and Shitovitz (1986). It turns out that these mixed markets have some interesting
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Theorem 7.1.2 ( Existence)
Let E be a coalitionally structured exchange economy. We assume that the following
conditions are satisfied:
(í)

For every agent a E A, it holds that the prefer~nce relation ~a is monotone,
i.e., for every two commodity bundles x,y E R}, with x ~ y, x~ y, it
holds that x ~Q y.
-

(ii)

If the agent a E A belongs to an atom in (A, I', p), then the preference
relation ~a is convex, i.e., for every commodity bundle x E R~, the set
{y E Rt ~ y~a x} i s Convex.

Then W(E) ~ 0.
PROOF
Since our set-up is technically slightly different from the ones as used in the literature, we prove the assertion by only partially following the framework as presented
by Debreu (1982). Firstly we prove that the resulting demand correspondence is
measurable by a similar technique as used by Aumann (1964).
Let p E S~-~.

Now for every agent a E A we define
~(a, p) :- {x E B(a, p) ~ There is no y E B(a, p) : y~a x}.
It is clear that the mapping d,: A x S~-' -~ R~ is the demand correspondence of the
economy E endowed with a perfectly competitive market system.
Suppose that p~~ 0, then the mapping B(., p): A ~ R~ is measurable. (This
immediately follows from the direct application of the definitions of ineasurability
as given by Castaing and Valadier ( 1977) and the fact that w E L(p,Rf).)

Next we prove that for p ~~ 0 it also holds that the mapping ~(., p): A--~ R~ has
a measurable graph. By the continuity of the preference relation ~a of all agents
a E A it holds that
Graph(~(-,p)) :- {(a,x) ~ a E A, x E~(a,p)}
-{(a, x) ~ x E B(a,P)} ~{(a, x) ~ 3r E Q~ fl B(a, p): r~a x},
where Q is the set of all rational numbers.
Since B(-,p) is measurable, it is obvious that we only have to check whether the
second set is measurable:
{(a,x) ~ 3r E Q~ fl B(a,P): r Ya x}
properties with respect to the equivalence of the Walrasian equilibrium allocations and the Core.
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-~~{(a,~Í ~ r E B(a,p)} fl {(a,x) ~ r~a x}]
rEQ~

-~[(B-i(r) x Rt) fl {(a, x) ~ r~a x}],
rEQ~

l
where B: A --~ 2Rf is for every agent a E A given by B(a) :- B(a, p). It is clear
that because of the measurability of the mapping B(., p) the mapping B is also
measurable.

Moreover, from the measurability of the preferences, as formulated in Definition 6.2.7
of a coalitionally structured exchange economy, for every r E Qr the set {(a, x) ~ r~o
x} C A x R~ is measurable.
Thus we have established the measurability of the mapping ~(., p) for every price
vector p~~ 0. Therefore we are allowed to apply the scheme of the proof as given
by Debreu (1982). There Theorem 2 of Hildenbrand (1974, p. 151) is applied, and
so Debreu checks the properties (ii) -(iv) of Proposition 3 of Hildenbrand (1974,
p. 149). In order to check these one only has to use the assumptions (i) and (ií)
of Theorem 7.1.2 and the measurability of the mapping ~(.,p) for all price vectors

p 1~ 0. The rest of the proof is therefore left to the reader.

Q.E.D.

The interpretation of the conditions under which a Walrasian equilibrium exists is
quite straightforward. The assumptions (i) and (ii) of Theorem 7.1.2 are widely
accepted in the literature on the existence problem. In the context of the economic
consistency requirement on our model monotonicity of preferences seems fairly satisfactory and acceptable, although it is a strong assumption.8 Convexity is quite
strong an assumption, but it is only assumed to be held for agents in an atom in
the population (A, I', p.). In a truly large economy there are no atoms and so this
assumption reduces to a trivial statement. These situations will be discussed in the
next chapter of this monograph on perfect competition.
We note that in the proof of the existence result one explicitly uses the
measurability of the preferences of the agents in a coalitionally structured exchange
economy. This shows that this natural condition is contributing to the existence of
Walrasian equilibria.

We now come to the definition of the other fundamental normative equilibrium
concept, namely the Core. This equilibrium notion is consisting of all attainable
allocations, which are stable against recontracting or blocking by some non-negligible
allowable group of agents. We note that in this concept the recontracting principle is
sAgain we refet to Chapter 2 for a full discussion of the economic consistency requitement. We
temark that monotonicity is regarded as a desirability property with respect to the commodity construct as a whole, which is reflected in the commodities and the preferences over these commodities
as bearers of these properties.
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not treated positively, but in a normative way, in the sense that it is assumed that all
non-negligible allowable groups of agents in the economy are able to recontract. As
argued above this is much too strong an assumption in the setting of a coalitionally
structured economy. This is also shown by the formal definition of the recontracting
principle for all allowable groups.
Definition 7.1.3 Let E be a coalitionally structured exchange economy, and let
f E L(~,R~) be an allocation. The allowable group of agents E E E is able to
block f íf ~(E) ) 0 and there exists an allocation g E L(~, R~), which satisfies the
following conditions:
1. For every agent a E E it holds that g(a) ~a f(a) ;
2. fE 9 dF~ C fE w d~ .

The allocation f can be blocked if there exists some non-negligible allowable group
of economic agents E E E, which is able to block f.
The definition of the recontracting principle for allowable groups can be interpreted
quite straightforwardly. It is assumed that in principle any non-negligible allowable
group is able to achieve a"better" allocation by redistributing its resources among
its members if that is possible. Here the notion of a"better" allocation is taken
with respect to the principle that all members of the group have to agree to this
redistribution, since they reach a better commodity bundle after the redistribution
than the proposed allocation. As Greenberg (1986) notes, the principle as defined
above just states that all non-negligible allowable groups are in fact able to generate
credible threats to "leaven the economy. A threat indeed only can be regarded as
credible and effective, if the blocking allowable group of agents is large enough to
be noticed in the trading processes. This is only the case, when it is non-negligible,
i.e., if it has a positive size. Negligible groups are by definition not noticed in these
kind of processes and thus are not able to generate such credible threats.
The definition above also shows that within the setting of a coalitionally
structured economy blocking has to be regarded as a purely normative process. It
cannot be expected that any non-negligible allowable group can actually effectuate
such a threat, since the notion of allowable group is far too weak. Only primitive
coalitions and coalitions can be allowed to effectuate such kind of threats. These
refinements wil] be discussed in the next section.

We now define the Core of a coalitionally structured exchange economy E as
the collection of those attainable allocations, which are stable against all threats to
redistribute. Formally we can state this as follows:
Definition 7.1.4 Let E be a coalitionally structured exchange economy. The Core
of E is the collection of all attainable allocations f E L(p, Rf), which cannot be
blocked. The Core of the economy E is denoted by C(E).
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The definition above makes clear that the Core of an economy is indeed a normative
equilibrium concept within our setting. One takes into account the recontracting
behaviour of all non-negligible allowable groups of agents in the economy, where
recontracting is considered strictly as blocking of allocations. The Core is then
just the collection of attainable allocations, which are stable against such threats to
block. Hence, no large enough allowable group of agents is able as well as willing
to block a Core allocation. This shows that by definition Core allocations satisfy
a very nice stability property. A Core allocation is therefore optimal in the sense
that no large group of agents can object to its implementation based on Pareto's
efficiency criterion. The next results show that this property is also inherited by the
Walrasian equilibrium allocations. Moreover, we can show that our Core concept is
equivalent to the one as usually given in the literature.
Proposition 7.1.5 Let E be a coalitionally structured exchange economy.
(a)

(b)

An attainable allocation f E L(p, R~) can be blocked if and only if there exists
an allowable group E E a(I'), with p(E) ~ 0, and an allocation g E L(~, R~)
such that
1.

for almost every agent a E E it holds that g(a) ~a f(a) ;

2.

fE 9 dF~ ~ fE w d{~.

It holds that W(E) C C(E).

Proposition 7.1.5 shows that the definition of the Core as is stated here is equivalent to the one usually adopted in the literature on Core theory. The traditional
models on large economies start with a certain o--algebra of coalitions. This is in
our modelling achieved by taking the collection I' of primitive coalitions such that
it holds that 1, - v(P).9 Property (a) of Proposition 7.1.5 therefore shows that in
these cases the definition of blocking is completely equivalent to the ones used in
the literature.

Property (b) of Proposition 7.1.5 is widely known in core theory. It shows
that it also holds in our setting. Before we are able to prove Proposition 7.1.5 we
have to state a very important lemma. The proof of this lemma can be found in
Janssen and van der Steen (1984), where this result is presented as Lemma 3.3.5.
Lemma 7.1.6 Let (A, I', ~) be a coalitionally structured population of economic
agents, and let F E E be any allowable group. For every numóer b~ 0 there
exists a sequence (En)nEN in I' of pairwise disjoint primitive coalitions such that

F C U En
n-1

9We explicitly note that, as argued also in the previous chapter, this assumption is very unrealistic in our setting.
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and

~

~ p(En) ~ p(F) f b.
ncl

With the use of this important lemma we are able to prove Proposition ï.1.5 (a).
PROOF OF PROPOSITION 7.1.5

Proof of (a)
"If" is trivial since o(I') C E and all the nullsets are also in the collection E.
Therefore we only have to prove the "only ifn statement of the assertion. The proof
is based on the following claim.
CLAIM
For every allowable group F E E there exists an allowable group E E o(F)
such that E C F and p(E) -~c(F).
PROOF OF THE CLAIM

By Lemma 7.1.6 for every integer k E N there exists a set Ek E a(I') such
that F C Ek and it holds that
F~(Ek) ~ l~(F) ~ 2-kPut D :- flk tEk, then it is obvious that D E o(I'), F C D, and ~(F) - p(D).
Next consider the set B:- D`F. Since B E E and obviously p(B) - 0, the
repetition of the previous statements show that there exists a set G E Q(I')
such that B C G and {~(G) - 0. Now define E:- D`G, which satisfies the
desired properties.

Now take the allocation f E L(~c, R~) such that it cannot be blocked by any member
of the collection ~(I') in the sense of the assertion of Proposition 7.1.5 (a). Suppose
that F E E, with p(F) ) 0, and there exists an allocation g E L(p,R~) such that
g(a) ~a f(a) for all agents a E F, and fF g dp C fF w dp.
By the claim above, there exists an allowable group E E v(I') such that E C F and
~c(E) - p,(F) ~ 0. But then it is obvious that the allowable group E is also able to
block f by choosing g. This contradiction proves the assertion.

Proof of (b)
Suppose that there is a Walrasian equilibrium allocation f E W(E), which is not in
the Core, i.e., f~ C(E). Then there exists a non-negligible group E E E, which is
able to block f by some redistribution g E L(~c, R} ).

Let the price p E St-' such that the pair ( f, p) is a Walrasian equilibrium.
Now choose any agent a E E. Then g(a) ~Q f(a) and so by the definition of a
Walrasian equilibrium we obtain the fact that g(a) exceeds the budget of agent a,
i.e., p. g(a) ~ p. w(a). Hence, p- fE w dp c p. fE g dp, which is a contradiction to
the fact that fE g dp C fE w dp.

Q.E.D.
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7.2

Some descriptive equilibrium concepts

In this section we devote our attention to the modelling of some descriptive equilibrium concepts in the setting of a coalitionally structured exchange economy. Again
we remark that in our setting the basic particles in the trading processes are the
primitive coalitions. This hypothesis leads to two different descriptive equilibrium
concepts, which are both based on the recontracting principle applied to the specific
case of primitive coalitions as the basic trading particles in the economy. The first
one does not consider redistribution of endowments among the members of primitive coalitions to be impossible. This assumption leads to an equilibrium concept,
which is based on recontracting primitive coalitions which can redistribute their
total initial resources arbitrarily among their members. In the other case we restrict ourselves to the consideration of primitive coalitions as large agents in the
recontracting processes only.
Independent of the assumptions on the role of the primitive coalitions in the
recontracting processes, we have to consider the recontracting processes themselves
first. In the recontrncting principle it is assumed that certain (social) groups of
economic agents are able to redistribute their initial resources - or endowments such that nearly all members of the social group are strictly better off with respect to
the proposed allocation. Thus, the recontracting principle is describing a cooperative
trade or exchange process. The final outcomes of these recontracting processes form
precisely the equilibrium allocations with respect to the recontracting principle.
These equilibrium allocations are just those attainable allocations, for which no
participating group of agents is able to improve upon by redistributing its total
initial resources among its members.
It may be clear that in recontracting processes one does not explicitly quote
prices. Therefore it describes a kind of more basic trading processes than the ones as
described in a market economy. This is also recogniaed in Hildenbrand and Kirman
(1988). They however restrict the application of a core-like equilibrium concept to
a finite economy, while for a large economy they adopt the Walrasian equilibrium
concept as a proper description of economic processes.

The global description of the recontracting principle as given above makes
clear that the equilibrium allocations of such processes form just a core-like solution.
The economic interpretation of this equilibrium concept is however positive or descriptive, while core theory usually is interpreted as a purely normative theory.lo In
the setting of a socially structured economy, the basic trading processes are usually
not taking place on a perfectly competitive market, but within the social structure
of the economy itself. In such cases it is also plausible that there are no prices
quoted explicitly in these primitive trading processes. It is our point of view that
~oThe view as defended in this section is also the point of departure in the f-core approach as
developed by Kaneko and Wooders (1986a and 19866), and Hammond et al. (1989). In the case
of finite economies this may also serve as the point oí departure as defended in Hildenbrand and
Kirman (1988).
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the recontracting principle is indeed describing such a kind of primitive trading
processes.
Our first descriptive equilibrium notion is dealing with the recontractive behaviour
of primitive coalitions, in which it is assumed that these primitive coalitions are
able to redistribute their total resources arbitrarily among their members. The
recontracting processes in such a case lead to a collection of attainable allocations,
which cannot be improved by redistribution of initial resources of coalitions among
its members. This leads to the following definition of the recontracting process and
the equilibrium notion.
Definition 7.2.1 Let E be a coalitionally structured ezchange economy, and let
S2(I') 6e the ring of coalitions.
(a)

A coalition E E S2(I') is able to improve upon an attainable allocation
f E L(~, R~ ) if tx(E) ) 0 and there ezists a redistribution of the initial
resources g E L(fx, R~) such that
~

for alnxost every agent a E E it holds that g(a) ~a f(a) ;

~

it holds that
~E

(b)

g dt` C fE

w d~.

The Semi-Core oj E is the set oJ all attainable allocations f E L(~, Rt),
for which there does rzot ezist a coalition E E S2(I'), which is able to improve
upon f. The Semi-Core of E is denoted by C(E).

The interpretation of the definitions above is evident. A coalition is a union of a
finite number of disjoint primitive coalitions, and, hence, a truly feasible form of
cooperation in the setting of a coalitionally structured population. It may be clear
that only such types of coalitions are allowed to participate in the recontracting processes. Moreover, only the non-negligible coalitions are assumed to be effective in
these trading processes. This implies that by definition negligible groups of agents
are not considered to have influence in the decision of the coalition to participate in
trading processes. So, although a negligible group of agents may gain by retrading,
they are ignored by the coalition as a whole. In our setting this seems a plausible
assumption. The reason for this is that if we interpret primitive coalitions as institutionalized groups or organisations of economic agents, then negligible groups oí
members of these institutions are naturally ignored in the decision processes in the
institution as a whole.

Finally, the Semi-Core of an economy is the equilibrium resulting from the
recontracting processes in which only truly feasible coalitions participate, and in
which it is assumed that these coalitions are able to redistribute their total initial
resources quite easily among their members. The properties of this notion will be
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discussed in the next section, when we compare this descriptive equilibrium concept
with the normative notions of Walrasian equilibrium and Core.
The next descriptive equilibrium concept, which we consider, is also based on the
recontracting principle. However, in this case we restrict ourselves to the situation
in which primitive coalitions act as organizational configurations, which as a whole
take part in the Edgeworthian recontracting processes. Thus, primitive coalitions
are in this case regarded as entities. This implies that primitive coalitions act as
large agents in the recontracting processes. It is assumed that nearly all members
of a participating primitive coalition have to agree to the same achieved bundle
of commodities. This clearly is a consequence of the underlying assumption that
one does not distribute resources easily among the members of a certain primitive
coalition. In a certain sense such a distribution is hampered by internal forces, i.e.,
forces within the primitive coalitions. This is re{Iected in the next definition:
Definition 7.2.2 Get E be a coalitionally structured exchange econorrey.
(a)

An attainable allocation f E L(p, R f) can be improved by contract if there
exists a finite number of pairwise disjoint primitive coalitions El, ..., E„ E I',
where n E N, with p(Ek) ) 0 for all 1 C Ir C n, and a sarrce nurnber oj
corremodity bundles 6~, ..., 6„ E R~ such that the following properties are
satisfied:

~

For every 1 C
- k G
- n, and almost every agent a E Ek it holds that
bk ~a Ï(a).

~

!t holds that
~ bk ~ F~(E~) C~E w dh,
~-r

where E :- ~Jk-r Ek E St(I').
(b)

The Contract-Core of E is the collection of attainable allocations f E
L(p,R~), which cannot be improved by contract. The Contract-Core of E
is denoted by C(E).

Any improvement by contract is an improvement in which the participating primitive coalitions are non-negligible and act as large agents. This implies that all
the members of one of the participating primitive coalitions get the same bundle of
commodities in the process of redistribution. This internal non-discrimination property can be observed frequently in real life bargaining situations between primitive
coalitions such as employers (enterprises) and labour unions. We note that an improvement by contract is always an improvement as described in the Definition 7.2.1.
This property shows that any attainable allocation outside the Contract-Core can
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always be blocked. This implies that the Contract-Core always contains the Core
as well as the Semi-Core of that particular economy as a subset.
The recontracting principle as described in the definition above explicitly
reduces the number of participating primitive coalitions to a finite number. This
implies that the redistribution as described above is indeed a contract in the sense of
the definition in the previous chapter. Furthermore, it is obvious that improvement
by contract is much more restrictive than normal improvement. The assumption
that primitive coalitions act as single large agents in the bargaining process in the
establishment of the contract, is much more restrictive than that the participating primitive coalitions are free to redistribute their total initial resources as they
like. This implies that the Contract-Core is normally larger than the Semi-Core
of the same economy. The discussion above can be summarized in the following
proposition.
Proposition 7.2.3 Let E be a coalitionally structured ezchange economy. Then the
following inequalities hold:

W(E) C C(E) C C(E) C C(E).
PROOF
For the first inclusion we refer to Proposition 7.1.5 (b). The other inclusions follow
immediately from the definitions above: Any attainable allocation, which can be
improved by a coalition, can naturally be blocked. Similarly, any attainable allocation, which can be improved by a contract, is naturally improvable by the same
coalition, which constitutes the contract.

Q.E.D.

7.3

The Core-Walras equivalence

The next phase of our analysis of the descriptive equilibrium concepts as defined in
the previous section is to investigate under which conditions these concepts generate
the same equilibrium allocations as the normative equilibrium concepts, especially
the Walrasian equilibrium concept. This kind of analysis has a long history as
described in Hildenbrand (1982). Traditionally the Walrasian equilibrium is taken
as the positive concept, while the Core serves as a normative notion. For a detailed
description of this theory, we refer to Section 7.6 in which we compare our approach
with this traditional theory.
It is our purpose to come to a full comparison of the Walrasian equilibrium
concept and the two descriptive concepts as defined in the previous section. It
turns out that both comparisons are extensions of the well known Core-Walras
equivalence theorem. Besides these somewhat more traditional comparisons, we get
some results with respect to the comparison of the traditional (normative) Core and
the Contract-Core in particular. This implies that we have a full description of the

230

equivalence of Walrasian equilibrium as well as the Core with the Contract-Core.
These comparisons are stated in three main theorems and some corollaries.
Before we state these results, we dwell a little on the traditional Core-Walras
equivalence theorem as firstly stated and proved by Aumann (1964). His interpretation of this fundamental result was, that in a large market with a continuum of
agents, the Core generates the same outcomes as the Walrasian equilibrium concept.
Later this theorem was extended by many authors for different core-like equilibrium
concepts and some variants of the Walrasian equilibrium concept.tl In this section
we will state this major contribution to equilibrium theory as a preliminary result in
our analysis of equilibrium concepts in a coalitionally structured exchange economy.
In order to be able to state Aumann's equivalence theorem, we have to introduce the notion of atomlessness Traditionally this property is interpreted as
describing the largeness of the population or the market. In the next chapter we
analyse this property in full detail, and it turns out that in a coalitionally structured
economy this notion implies a pluriformity property on the social structure of the
population. Formally it is defined in the following way.
Definition 7.3.1 The coalitionally structured exchange economy E is atomless if
for every allowable group E E E, with ~(E) ~ 0, there exists an aUowable group
F E E such that

F C E and 0 G lc(F) G p(E).
Traditionally the atomlessness property of a measure space of economic agents is
always interpreted as a largeness condition. In the next chapter we will show that
in a coalitionally structured economy this condition has to be reinterpreted as a
pluriformity condition on the coalitional structure in the economy. With the concept
of atomlessness we are able to state the main result of Aumann (1964).
Theorem 7.3.2 ( Aumann)
Let E be an atomless coalitionally structured exchange economy. If for every agent
a E A it holds that the preference relation ~a is monotone, then

W(E) - C(E).
For different kinds of direct proofs of this result we refer to Aumann (1964), Hildenbrand (1974), and Hildenbrand (1982). The equivalence result can also be regarded
as a simple corollary of the next two equivalence theorems of this section. That
provides us with an indirect proof of this result.
ttWe mention Armstrong and Richter (1986) for the coalitional approach, Greenberg and Weber
(1983) for economies with arbitrary communication structures, Grodal (1972) for blocking by small
and closely related coalitions only, Hammond et. al. (1987) for the f-core approach, and Khan
(1974a and 19746) for some results concerning the e-core and some Walrasian-like concepts.
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First we will make a comparison of the Semi-Core of a coalitionally structured
exchange economy with the set of Walrasian equilibrium allocations of that same
economy. It turns out that we can extend Aumann's equivalence theorem to the case
of the Semi-Core instead of the Core, in which we do not have to strengthen the
conditions on the social structure of the economy. Since, in our setting, Aumann's
orginal result reduces to a comparison of two normative equilibrium concepts, this
extension is an economic enrichment of the theorem above.
The next lemma shows that a direct extension of Aumann's equivalence theorem, in which we replace the Core by the Semi-Core, is to be expected. In fact
it shows that the ring of coalitions S2(I') is measure theoretically dense within the
v-algebra of all (theoretically) allowable groups E.
Lemma 7.3.3 Let E E E be an allowable group of agents.
there exists a coalition F E S2(I') such that

Then for every E ) 0

~(EDF) c e,
where EDF - (E `F) U (F `E).
PROOF
Let E E E and e 1 0. Then by Lemma 7.1.6 there exists a sequence
of pairwise disjoint primitive coalitions such that

(Fn)nEiv

i n 1,

E C U Fn and
n-1

~ Í~(Fn)
n-1

G ~(E) ~ ~~

But then there exists an integer N E N such that

~ la(Fn) ~ E.
2

n-N}1

Now define F:- ~Jn ~ Fn E ~(I'). It is obvious that the following properties hold:
l~(E `F) c l~l

U
n-N}1

Fn) -~

F~(Fn) c 2;

n-N}1

F~(F `E) -~ i~(Fn `E) c~ Í~(Fn `E) ~ 2.
n-1

n-1

This completes the proof of the lemma.
Q.E.D.
The next extension of the equivalence theorem of Aumann ( 1964) is intuitively
plausible in the light of Lemma 7.3.3. The proof of this important equivalence result
is largely based on the traditional techniques as used in the proofs of Aumann's
equivalence theorem.
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Theorem 7.3.4 (Semi-Core equivalence)
Let E be a coalitionally structured exchange economy, and assume that for every
agent a E A the prefenence relation ~a is monotone. If E is atomless, then

W(E) - C(E).
PROOF
By Proposition 7.2.3 it is clear that W(E) C C(E) C C(E). So we only have to show
that, under the conditions as stated in the assertion, it holds that C(E) C W(E).
Let f E C(E). We define the mapping cp: A -~ 2R~ by assigning to every agent
a E A the following set:
cp(a) :- {z E Re ~ z f w(a) ra f(a)} U{0}.
Now we can prove the following facts:
Fact 1

The mapping cp is measurable in the sense that it has a measurable graph.
Proof of Fact 1
Note that
Graph(cp) -{(a, z) E A x Rr ~ z~ w(a) }a f(a)} U[ A x {0} ].
Since the collection of preference relations ~a (a E A) is measurable, and w and f
are measurable functions, we immediately see that the set Graph(cp) has to be an
element of the product a-algebra a(E x Ci(R~)). This completes the proof of the
fact.

Fact 2
From the atomlessness of E it immediately follows that the integral f cp dp, has to
be a convex set in Rt iz
Fact 3

It holds that
,f cp d~ fl int(R~ )- 0.
Proof of Fact 3

Suppose to the contrary that there exists a measurable selection h of cp, i.e., h E
L(p,cp), such that f h d~ CC 0. Then we can define the allowable group
H:- {a E A ~ h(a) ~ 0} E E.
IZThis is a natural consequence of the application of Liapunov's theorem as stated in Hildenbrand
(1974).
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Now it is obvious that ~(H) ~ 0.
Furthermore, by Lemma 7.3.3 for every E~ 0 there exists a coalition Gf E SZ(I')
such that

N(H~Gf) c e.
Now we can choose a number e 1 0 and the corresponding coalition G:- Gf E S2(I')
such that
~c(Gn H) ~ 0,

1HOC IIhII

(7.1)

d~ c b,

(7.2)

fcHf d~G- fyhd~-3b-li,
`

(7.3)

where b:- -4 max{ fy h; d~ ~ 1 G i G~} ) 0.13 Such a number e and a set G can
easily be found, because of Lebesgue's convergence theorem.
The properties as stated above imply that fH h d~ -F 3b . lr CG 0.
From the construction of G E f2(I') and the definition of b it follows with application
of Equation (7.2) that

f

HnG

h d~

-

f h d~ - f

~

f hd~fb.lrc~0.

H

H`G

h d~
(7.4)

N

Next we show that the coalition G is able to improve upon f by choosing an appropriate redistribution g E L(~c, R~ ). In order to do this we distinguish two cases:
CnsE A: ~(G `H) - 0
Here we define the redistribution g E L(~, R~ ) as follows:
9(a) :- ~ lt(a) ~- w(a) - v(G) ' fG h dp

0

a E GnH

a~GnH '

That ~(G) ~ 0 follows simply from Equation (7.1). Moreover we note that
Jc g d~

-

JcnH g d~
JG h d~` } JG w d~` - JG h d~`
f w d~.
c

Finally by the monotonicity of the preferences and Equation (7.4) it evidently holds
that for every agent a E H n G:
13We remark that on the e-dimensional Euclidean space R~ we define the notm ~~.~~ to be the
1-norm, i.e., for every vector x E R~ we define ~~x~~ :- ~i-1 ~x;~.
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9(a) }n h(a) -F w(a) }a Ï(a).
This implies that G is able to improve upon f through g, which is in contradiction
with the assumption that f E C(E).
CASE B: ~(G `H) ~ 0

Here we define the redistribution g E L(p, Rt) as the allocation given by

9(a) :-

h(a) f w(a) f v(GnH) ' lt
ó
f(a) f u(G`FI)
~ 1t
0

aEGf1H
aEG`H
a~G

Now from Equations ( 7.2) and (7.3) we conclude that

f gd{~
G

-

f

G

f hdp-~b-le~-,f
wdgf2ó.1~-.f hdp-3ó-le
!
CnH
H
!H

-

J

CnH

hd~t f

GnH

wd~CC
CnH

J

wdp~b.l~} f

C`H

f dp.~-b.l~

wd~.
G

Moreover it is evident that for every a E G fl H:
9(a) }a h(a) } w(a) ~a f (a),
and for every agent a E G` H:
9(a) ~a f(a)
by definition of g and monotonicity of the preferences. This shows that G is able
to improve upon f by choosing g, which contradicts the assumption that f E C(E).
This completes the proof of Fact 3.

To complete the proof of the assertion we are now able to follow the lines of the
proof of Aumann's theorem as given by Hildenbrand (1974), pages 134 and 135. All
preliminaries are stated in Facts 1- 3.
From Facts 2 and 3 it follows by Minkowski's theorem that there exists a separating
hyperplane between the two convex sets f ~p d~ and R~ . That is, there exists a
vector p E St-~ such that
p. z~ 0 for every z E f ~p dp.

From Fact 1 and Proposition 6 of Hildenbrand (1974), p. 63, it immediately follows
that
inf
zE f ~G dl~

p . z- f inf p. x d~.
rE~p(-)
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Thus 0 G f inf p.y~ dp. But since 0 E y~(a) for all a E A, it is clear that inf p.~(a) G 0
for all a E A. Hence, a.e. in A, it holds that inf p . cp(a) - 0. This implies that a.e.
in A,
p- w(a) G p - x for every x~a f( a).

(7.5)

From Equation ( 7.5) it follows that a.e. in A it holds that p-w(a) - p. f(a). Indeed,
first we obtain that p . w(a) G p- f( a), a.e. in A. Now, if p. w(a) G p- f ( a) for a
set of agents with positive measure, then it holds that p . f w dp G p. f f dp. This
contradicts the fact that f w dp 1 f f dp. Moreover, by the fact that f w dp ~~ 0
and p E Sf-1 we conclude that p(E) ) 0, where E:- {a E A ~ p. w(a) ) 0}.
We now show that Equation ( !.5) implies that for every a E E the allocated bundle
f(a) is a maximal element in the budget set B(a, p) with respect to the preference
relation ~a. Indeed, for x E Rt with p. x G p. w(a) it follows from Equation
(7.5) that x~Q f(a). Moreover, in the case p- w(a) ~ 0 since every x E R~, with
p. x- p. w(a), is the limit oí some sequence ( x„) with p. x„ G p- w(a), the continuity
of ~a implies that x~a f(a). Thus f (a) is maximal in B(a, p), for a E E.
It is also clear that for agents a E A with p. w(a) - 0, i.e., a~ E, the bundle f(a) is
also a maximal bundle in the budget set B(a,p). Hence, we conclude that for every
agent a E A the bundle f(a) is maxima] in the budget set B(a, p) with respect to
his or her preferences ~a.
This implies, together with the monotonicity of the preferences, that p~~ 0. This
evidently implies that the pair ( f,p) is indeed a Walrasian equilibrium, and so
f E W(E).

Q.E.D.
The extension of Aumann's equivalence theorem, as stated in Theorem 7.3.4, is
saying that if the economy has a pluriformly coalitional structure, then the recontracting processes generate the idealistic Walrasian equilibrium allocations. Within
our setting this theorem has more content than the original equivalence theorem of
Aumann, since it compares a descriptive and a normative equilibrium concept. Its
interpretation is straightforward: If the coalitional structure of the economy is pluriform, then there are enough coalitions with blocking power to reduce the resulting
collection of allocations to the class of Walrasian equilibrium allocations. Thus, in a
pluriform coalitionally structured exchange economy the ideal Walrasian allocations
can indeed be supported by the Edgeworthian recontracting processes. This shows
that pluriformity of the coalitional structure is of crucial importance in the valuation
of allocation mechanisms in the setting of such economies.
A similar comparison of the Contract-Core and the Walrasian equilibrium is
a less trivial extension of the traditional Core-Walras equivalence theorem. It is
therefore our purpose to make a comparison of the Core with the Contract-Core. In
order to do that we have to introduce a global continuity property on the blocking
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of an attainable allocation. This property is denoted as the Strong Core Property
(SCP).
Definition 7.3.5
Get E 6e a coalitionally structured exchange economy. The economy E is satisfying
the Strong Core Property if for every attainable allocation f E L(p, Rt ) the
following property is holding.
If f can be ólocked, then there exists a non-negligible allowaóle group E E E with
p(E) 1 0, an allocation g E L(tc, R~), and a positive number 6~ 0 such that the
following conditions are satisfied:
~ E is able to block f by choosing g, i.e., fE g dls C fE w dp, and for all agents
a E E it holds that g(a) ~a f(a) ;
~ for every allocation h E L(tC, R~) wíth the property that
~~g(a) - h(a)~~ G ó,

a.e. on E,

it holds that a.e. on E: h(a) Y~a f(a).
We remark that the definition of SCP implies that the preferences are assumed
to be uniformly continuous with respect to blocking.la Therefore we can interpret
the Strong Core Property in fact as a strengthening of the continuity property of
the preference relations of the agents in the economy. This strengthening is done
with the use of some specific conditions, namely it has only to be valid for a single
blocking allowable group per blocked attainable allocation. This shows that SCP
is in fact a property of the attributes in relation with the social structure of the
economy. It requires a special kind of interdependence of preference relations and
social environment as reflected in the coalitional structure of the population.
We emphasize that the Strong Core Property is in fact a global condition in
the setting of a coalitionally structured exchange economy. It requires a kind of
uniform continuity of preference relations, where uniformity is taken over the agents
instead of over commodity bundles. As mentioned above we can interpret such a
requirement as an expression of the interdependency principle as described and discussed in Chapter 3. It strengthens the measurability assumption of the preferences
by demanding that the preferences are additionally uniformly continuous. In that
light SCP is indeed a requirement which expresses the interaction or interdependency
of individual attributes and social environments of economic agents.

In order to state the extension of Theorem 7.3.4 to the comparison of the
Contract-Core and the collection of Walrasian equilibrium allocations we have to
introduce a second requirement, which is referred to as the conformability property
of a coalitionally structured economy.
laNote that for every agent a in a blocking allowable group E E E there exists a number ba ~ 0
for which the statement of the definition is true for that particular a, i.e., for every z E Rt such
that ~~z - g(a)~~ G óa it holds that z~a f(a). This is a direct consequence of the definition of
continuity of a preference relation.
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Definition 7.3.6 A coalitionally structured exchange economy E is conformable
if for every non-negligible allowable group E E E, with p(E) ~ 0, it holds that for
every positive numóer ê~ 0 there exists some coalition F E S2(I') such that the
following conditions are satisfied:

~(F ~ E) - 0 ;
~(E ` F) c ó.
From the definition above it is clear that the conformability property is equivalent
to saying that every non-negligible allowable group E E E can be approximated
arbitrarily close by some coalition F E f2(I') from the inside. Hence, for every
E E r, with p(E) 1 0, the following equality holds:
p.(E) - sup{tc(F) ~ F E Sl(I')

and

p(F `E) - 0}.

(7.6)

Examples as presented in the next section show that the conformability condition
is a very strong property. Even for "normal" cases as continuum economies, this
condition does not have to be satisfied. In fact, the conformability condition states
that the collection of primitive coalitions I' is dense within the collection of all
non-negligible allowable groups of agents. This implies that most properties of the
collection of allowable groups, such as atomlessness, can easily be reduced to the
collection of coalitions S2(I'), and hence to the collection I' itself. It may be clear
that for those economies in which I' is chosen to be a a-algebra the conformability
property is trivially satisfied. This also shows that conformability is strictly different
from the atomlessness property of a certain economy.
It may be clear that the notion of conformability expresses the property that
the social structure as reflected by the primitive coalitions is measure theoretically
equivalent with the structure of the population as reflected by all allowable groups.
Again, this implies that the structure of primitive coalitions itself can be used instead
of the extended structure of all allowable groups. In the next results, and the analysis
as performed in the next chapter, we actually see that the properties with respect to
the Q-algebra of allowable groups E simply carry over to the ring of coalitions f2(I').
In the sequel we refer to this conformability property as a flexibility condition on
the coalitional structure of the economy. The precise statement, that conformability
is indeed a flexibility condition, is given and proved in the next chapter of this
monograph.

With the use of SCP and conformability we are able to approximate any
blocking allocation by some contract. Thus, if the economy has a flexible coalitional
structure and the preferences of the agents satisfy a"uniform continuityn property
(SCP), then blocking by contract is approximately the same as regular blocking.
This is also shown in our next equivalence theorem, which states under which conditions the Contract-Core generates the same equilibrium allocations as the Core of
the same economy. It gives us a complete comparison of the positive recontracting
238

processes with primitive allocations as the basic trading particles, as described in
the Contract-Core, and the normative stability notion with respect to blocking, as
described by the Core.

Theorem 7.3.7 (Contract-Core equivalence)
Let E be a coalitionally structured exchange economy.
satásfies the Strong Core Property, then

If E is conformable and

C(E) - C(E).
Before we prove Theorem 7.3.7 we make some remarks concerning this equivalence
result and draw some other conclusions. First of all we note that we do not make
any additional assumptions with respect to the preference relations of the agents in
the economy. However, since SCP requires some uniform continuity condition on
the preferences, it is clear that the preferences of the agents in such an economy
are strengthened in their continuity property. Secondly, we remark that we do not
make any nronotonicity assumption on the preferences of the agents in the economy
in order to prove this equivalence result. Finally, we draw the conclusion that
the Contract-Core generates the same allocations as an ideal market system if the
coalitional structure of the economy is atomless, conformable, and the economy
satisfies the Strong Core Property. This is formally stated in the next corollary.
We leave the proof of this result to the reader, since it is an easy consequence of
Aumann's equivalence theorem and Theorem 7.3.7.
Corollary 7.3.8 Let E be a coalitionally structured exchange economy such that
for every agent a E A the preference relatáon ~a is monotone. If E is conformable,
atomless, and satisfies the Strong Core Property, then

W(E) - C(E).
The final part of this section is devoted to the proof of Theorem 7.3.7. The nontechnical reader may skip this part and go directly to the next section, in which we
examine some clarifying examples on the equivalence results as presented above.
The proof of Theorem 7.3.7 is based on some preliminary results. These
preliminaries are presented in some lemmas. The line of the proof is somewhat
complicated and uses two supplementary notions of blocking, namely strong blocking and blockáng by pseudo-contracts. Before we explain the line of the proof of
Theorem 7.3.7 we introduce these notions formally.
Definition 7.3.9 Let E be a coalitionally structured exchange economy, and let
f E L(p, R~) 6e any allocation.

(a)

The allocation f is blocked strongly if there exásts a non-negligible allowable group E E E with ~(E) ~ 0, an allocatáon g E L(~, R~), and a positive
number ó 1 0 such that the following condátions are satásfied:
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~

E ás able to block f 6y choosing g, i.e., jEg dp C JE w dp, and for all
agents a E E it holds that g(a) ~a f(a) ;

~

for every allocation h E L(p, R}) with the property that

~Ig(a) - h(a)II ~ ó, a.e. on E,
it holds that a.e. on E: h(a) ~a f(a).
(b)

The allocation f is blocked by a pseudo-contract if there eaists a finite
number oj pairwise disjoint non-negligible allowable groups El, ..., E„ E E,
with p(Ek) 1 0, 1 C k C n, and a same number of commodity óundles
6~, . .., b„ E R~ such that ~

for every 1 C k C n and every agent a E Ek it holds that
bk }a f(a)

~

;

it holds that

~ bk ~ F~(Ek) C J6 w df~~

k-1

where E :- (,J~-1 Ek E E.
We remark that the Strong Core Property just states that blocking and strong
blocking are equivalent.ls Furthermore, it may be clear that any allocation which
can be improved by contract, is evidently blocked by a pseudo-contract. On the other
hand, any allocation which can be blocked by a pseudo-contract is evidently blocked.
These preliminary remarks show that these supplementary notions of blocking can
be helpful in the construction of a proof of Theorem 7.3.7.
The proof is constructed as follows. We only have to show that under the
given conditions if an allocation can be blocked, then it can be improved by some
contract. In order to do so we follow a line of reasoning in several steps. The first
step in the proof is that blocking implies strong blocking. This result is a natural
consequence of the Strong Core Property. The second step is to show that under
certain conditions, strong blocking implies blocking by a pseudo-contract. This step
is achieved in Lemma 7.3.11, and turns out to be quite natural a property. The
final step in the proof is to show that blocking by a pseudo-contract implies - under
conformability - that the allocation can also be improved by contract. These three
steps together lead to the conclusion that under the conditions of Theorem 7.3.7
blocking indeed implies improvement by contract.
As mentioned above the Strong Core Property implies that blocking and
strong blocking are equivalent. The first non-trivial step in the proof of the equivalence Theorem 7.3.7 is therefore to prove the fact that in any coalitionally structured
lsln this statement we use the evident fact that any strongly blocked allocation can also be
blocked.
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exchange economy any attainable allocation, which can be blocked strongly, can also
be blocked by a pseudo-contract. The next lemma is a necessary preliminary result
to prove this fact.
Before we are able to state this lemma properly we define a simple allocation
to be an allocation as given in Definition 7.3.9 (b). So, an allocation f E L(p, Rt)
is simple if it can be written as
n

f(a) - ~ bk ' XEk ( a),

a.e. on A,

k-1

where E~, ..., E„ E E are a finite number of pairwise disjoint non-negligible allowable groups, and 6~, . .., b„ E R~ are a same number of commodity bundles. This
means that a simple allocation is in fact a pseudo-contract as given in Definition 7.3.9
(b). We are now able to give the first preliminary result.
Lemma 7.3.10 Let E be a coalitionally structured eachange economy. Furthermore, let f E L(p, R~) be an attainable allocation, and let ó~ 0 be a posítive
number.
If the allowable group E E E, with p(E) ~ 0, is able to block f 6y choosing the
redistribution g E L(~, Rt ), then there exists a simple allocation g on an allowable
group G E E such that G C E and
1. for every agent a E G it holds that
0 G 9(a) - 9(a) C ó' le ;

,2. it holds that

I

E`cwdpCê.le;

3. it holds that
Jc

g d~ C f~ w d~.

PROOF
Let ( fl, . . . , ft), (gl, . . . , gt), and (wl, . . . , we) be coordinate-wise representations of
the allocations f, g, and w, respectively.
For every m E{ 1, ..., P}, the function gm is measurable, and so it can be approximated pointwise by some sequence of simple functions. ( For this argument we refer
to Remark 2.1.13 in Janssen and van der Steen ( 1984).) Evidently we can take an
increasing sequence of those functions, and, hence, we can construct a sequence of
increasing simple allocations t„ t g a.e. on E.
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Now applying Egorov's theoremrs to this (Q-dimensional) case we assert that for
every integer k E N there exists an allowable group Fk E E such that Fk C E,
tc(Fk) G 2-k, and t„ j g uniformly on E`Fk.
It is evident that we may take the sequence ( Fk)kEN decreasing, i.e., the sequence
is such that for all k E N it holds that Fk~~ C Fk. Therefore we may choose F E E,
with F C E, such that the following assertions are satisfied:

dl~

C

4 ~ ( h(Gi),...,1~(Gt)) ;

p(F)

G

2. min{~(Gm) ~ 1 G m G Q} ;

t„

j

g uniformly on G:- E`F,

~Fw

where G„1 :- {a E E ~ gm(a) ) b} E E. The next step in the proof is to construct an
allocation g- (gl, ..., g~) E L(p, R} ), which satisfies the properties as stated in the
lemma. It is clear that, for every m E{ 1, ..., Q}, we may assume that ~(Gm )~ 0,
because otherwise we can take gm :- 0 and proceed by deleting it in the procedure
as followed in the construction of the allocation g.
By the uniform convergence of the sequence (t„) on G, we can choose an integer
N E N such that for all agents a E G,

0 C g(a) - tN(a) G 2. 1~.
Now we define for every m E{ 1, ..., 2}
gm(a) :- ~ tN,,,,(a) - 2
tN,m(a)

for every a E G fl G,,,
for every a E G~ G,,,

We conclude that g :- (gl, ..., g~) is a simple allocation on G.
properties, which we explore next.

It has several

It satisfies property 1 of 7.3.10.
Let m E{ 1, ..., Q}. Now if a E G fl G,,,, then
gm(a) - tN m(a) - 2~ gm(a) - ts 1 ~.
Similarly if a E G` Gm, then
0 G gm(a) -9.,~(a) - 9..a(a) - tiv,,,,(a) G 2 C b.
16For a precise statement of this well known result in traditional measure theory we refer to
Halmos (1950), p. 88.
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Hence, we have shown that for every agent a E G the inequality in property 1 of
Lemrna ï .3.10 is satisfied.

It satisfies property 3 of 7.3.10.
Namely for every m E{ 1, ..., Q} it holds that
lc

9m dl~

-

b
fC tN,m dl~ - 2' l~(G n Gm)

c fE wm d~ - 2' l~(G n Gm )
~

J

wm

dÍL,

G

because~(GnGm) ! t~(Gm)-N(F) ~ 2j~(Gm), fCtN,m dtc C fc 9m dtc C fE w,n d~,
and it holds that fE wm d~ C fc wm d~ f 4b . p(Gm).
Finally, it satisfies property 2 of 7.3.10.

Because for every m E{ 1, ..., f} it holds that ~(G,n) C 1 it simply follows that
r
b
dF~ - fF w df~ C 4'(F~(Gr ) , ...,{~(G~)) G b- le.
JE`c w
This concludes the proof of the lemma.

Q.E.D.
Lemma 7.3.10 simply states that any blocking procedure, as followed by an allowable
group, can be approximated by some simple blocking procedure of some arbitrarily
"close" allowable subgroup. This can be refered to as nearly the result as stated in
the next lemma, which has some significant value on its own:
Lemma 7.3.11 Let E be a coalitionally structured exchange econo~rcy. If the attainable allocation f E L({c, Rt) can be blocked strongly, then it can also be blocked
by soine pseudo-contract.
PROOF
Suppose that f E L(p, Rt) can be blocked strongly by some allowable group E E E
by choosing some redistribution g E L(~, R~ ). Furthermore, let e 1 0 be the number
for which this redistribution g satisfies the properties as given in Definition 7.3.9 (b).
By Lemma 7.3.10, for every positive number b~ 0 there exists an allowable group
G C E, G E E and a simple allocation g such that fc g d~ C fc w d{~ and for almost
every agent a E G it holds that
0 G g(a) - g(a) C b. 1~.
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Now choose 0 G b G e~n. Let G be the group and g the simple allocation that
belong to this specific b. Note that h :- g. XG f g' XE`e E L(~, Rt) satisfies the
second condition of Definition 7.3.9 (a). Hence, it follows that for almost all agents
a E E it holds that h(a) ~a f(a), and so g(a) ~a f(a) for almost all agents a E G.
Since g is a simple allocation it is a pseudo-contract. We can rewrite it as g:~k 1 bk - XEk, where (Ek)k ~ in E is a finite sequence of pairwise disjoint allowable
groups of agents and for k E { 1, . .., K} bk E R} is a commodity bundle. This
implies that G is able to block f by choosing g, which in fact is a pseudo-contract.
Thus the lemma has been proved.

GZ.E.D.
Lemma 7.3.11 states a non-trivial result. It tells us that strong blocking is always a
"strongern form of blocking, than blocking by a pseudo-contract. The next corollary
states that these forms of blocking are equivalent under the Strong Core Property.
This additional result is not a direct contribution to the proof of Theorem 7.3.7,
but it is of considerable interest for the valuation of SCP. This corollary is a direct
consequence of Lemma 7.3.11 and the definition of SCP.
Corollary 7.3.12 Let E be a coalitionally structured exchange economy. If E satisfies the Strong Core Property, then the following statements are equivalent:

1. The attainable allocation f E L(p,Rt) can be blocked.
,2. The attainable allocation f E L(p, Rt) can be ólocked strongly.

~. The attainable allocation f E L(p,, R~) can be blocked by a pseudo-contract.
We proceed with the proof of the equivalence theorem on the Core and the ContractCore (Theorem 7.3.7) by stating one of the main intermediary results in our course
of reasoning. It línks the notion of blocking with that of improving by contracts, by
constructing an approximation of any blocking re-allocation by some contract.

Lemma 7.3.13 Get E be a conformaóle coalitionally structured exchange economy.
Furthermore, let f E L(p,,R~) be an attainable allocatíon, and let b~ 0 6e some
positive number.
If the allowable group E E E, with p(E) 1 0, is able to block f by choosing the
redístribution g E L(~, Rt), then there exists a contract t on a coalition G E S2(I'),
with te(G `E) - 0, such that
1. for every agent a E G:

~ C g(a) - t(a) G b. 1~ ;
2. it holds that
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JE`G

wdpCb-li;

.i. and it holds that

I

G

t dfc C fG w dp.

PROOF
By applying Lemma 7.3.10 to the blocking allowable group E E E we assert the
existence of a simple allocation g E L(p,R~) on an allowable group H E E, with
H C E, such that
1. for every agent a E H it holds that
0 C 9(a) - 9(a) C 2' le ;

2. it holds that
r
b
2'lt;
JENwd~~
`
3. and, moreover, it holds that

1y

9dp~Jewdp.

Now we rewrite g-~n 1 Qn . XS„ with (Sn)n 1 in E a finite sequence of pairwise disjoint non-negligible allowable groups, for each n E {1,..., N}, Qn E R~ a
commodity bundle (Qn ~ 0), and satisfying the property that
Íl(H `

N

N

U

Sn) - il( U

n-1

Jn `H) - 0.

n-1

Next we define for every n E{ 1, ..., N},
an :- max{Qn.m I 1 C 7rt C Q} 1 0.

Now by the conformability property of E, for every positive number e~ 0, and
every integer n E {1, .. ., N}, there exists a coalition Fn E f2(I') such that

l~(Fn `Sn) - 0 and ~(Sn) C i!(Fn) ~ N~an.
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This implies that ~(UFn `H) - 0.

We define the allocation T :- ~n ~~3n . X ~, which is obviously a contract, and the
number a:- min{an ~ 1 G n G N} ~ 0. Then obviously it is satisfied that

J

(9 - T ) d~

-

~ Qn ' i~(Sn `Fn)
n-1

N

~

C

' Nn
n-1 N ' an

G e . 1~.
Moreover, it holds that
N
i~(H ~

N

N

~ Fn) - ~( ~ (Sn ~ Fn)) - ~ ~(Sn ~ F~n) ~ á.
n-1
n-1
n-1

Next choose e~ 0 small enough such that
l~ C 4 '(~(Hl ), ..., k(H~))
JH`uF w d

and

{~(Fn) 1 2 p,(Sn) for every integer n E {1, .. ., N},
where H,n :- U{Sn ~ Qn,,n ) 0} (1 G m G P). For this specific e we define the
corresponding coalition G:- (.Jn 1 Fn E S2(I'). Now it holds that tC(G ` E) G
p(G ` H) - 0. Next we define for every integer 1 G m G P the subcoalition
Gm :- U{Fn ~ Qn,,n ~ 0} C G. Now we are able to define a contract t, for every
m E {1,...,2} given by

t,n(a) :- ~

T,n(a) - Z

for a E G,n

T,n(a)

for a ~ G,n

.

It is clear that t is a non-negative contract, since without loosing generality we can
assume that Qn,,n ~ 2 if Fn C G,n (1 G m G e). We now check the properties of the
contract t.
-

It satisfies property 3 of 7.3.13.
This is true since for every m E{ 1, ..., P} it holds that
~cm tm dt` -~cm Tm d~` - 2'~`(Gm)
b

I
I

C,n

9m d{~ - 2 ' !~(Gm )

H9m d~ ~ 2

' ÍL(Gm)
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ê

r

(

C

JH wm

~

fG wm dF~ f 4' l~(Hm) - 2' l~(Gm)

~

JG wm

d~ - c~ '~lGm )

d~ i

since ~(H,,,) G 2p(G,,,).

It satisfies property 1 of 7.3.13.
Take a E G then it holds that
0 C 9(a) - t( a)

C~9(a) - 9(a)~ ~~9(a) - t(a)~
ó
ó

c

2~1rf2~1~-b~1~-

Finally, it satisfies property 2 of 7.3.13.
It is obvious that
w d~c

-

f
wdpf f
wd~
E`H
H`G

C

2- lt f 4 -( F~(Hi),...,F~(Hr))

G

4ó-licó.lr.
Q.E.D.

Finally we are able to present a proof of Theorem 7.3.7, which is based on the
preliminary results as presented in Lemma 7.3.11 and Lemma 7.3.13.
PROOF OF THEOREM 7.3.7.

Let E be a coalitionally structured economy, which satisfies conformability and the
Strong Core Property. The first step in the proof is that we show that an attainable
allocation f E L(~, Rt) can be blocked by a pseudo-contract if and only if it can be
improved by contract. It is obvious that we only have to prove that if f E L(~, Rt )
can be blocked by a pseudo-contract, then it can also be improved by some contract.
Suppose that the attainable allocation f E L(~,R~) can be blocked by a pseudocontract. By SCP and Lemma 7.3.11 it follows that there is an allowable group
E E E, which can block f strongly by choosing a redistribution g E L(~, R~). Now,
by Lemma 7.3.13, for every number b ) 0, there exists a contract t which has the
properties as stated in that lemma on E and g.
Now, choose ó 1 0 small enough such that ~~g-t~) is smaller than the bound as given
in Definition 7.3.9 (a) of strong blocking on G. Thus we may conclude that we can
choose a contract t such that for almost all agents a E G it holds that t(a) ~a f(a).
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This is done by defining h :- t- X~ ~- g. XE`G, and noting that from Definition ï .3.9
it follows that h(a) ~a f(a) for almost all a E E.
Hence, we have shown that f can also be improved by the contract t.
The second step of the proof is to note that if f~ C(E), then by SCP and
Lemma 7.3.11 it follows that f can be blocked by some pseudo-contract. Thus, by
the first step of this proof, it can be improved by some contract. Hence, f~ C(E).
The other way around is trivial, and so we have proved the theorem.

Q.E.D.

7.4

Some examples

In this section we give three examples, which clarify the main equivalence results as
stated in the previous section. Furthermore, we make some links with the existing
literature on equivalence results in similarly structured economies. The first example illuminates the extension of Aumann's equivalence theorem to the case with the
Semi-Core. There we show that SCP and atomlessness are insufficient to guarantee
the equality of the Semi-Core and the collection of Walrasian equilibrium allocations
in the sense that additionally monotonicity of the preferences is required. We are
also able to give a simple economic interpretation of the economy as constructed in
the example. This interpretation illustrates certain differences between the different types of coalitions in our model. On one side we have primitive coalitions and
coalitions as permissible cooperative particles. On the other hand we distinguish
allowable groups as identifiable groups of agents, but which must not be regarded
as permissible cooperative particles. In this example we also link the coalitional approach as developed by Vind (1964), Armstrong (1985), and Armstrong and Richter
(1984 and 1986) with our approach with respect to the equivalence results in both
theories.
The second example shows that the Contract-Core may be strictly larger than
the Semi-Core in the case of an economy which satisfies SCP but is neither atomless
nor conformable. This shows that the Contract-Core is normally strictly larger than
the Semi-Core, and hence larger than the Core and the collection of the Walrasian
equilibrium allocations. The final example applies the result as stated in Greenberg
and Weber (1986) to a continuum exchange economy with consecutive primitive
coalitions. This again links our model with the theory on coalition structures and
consecutive coalitions.
Example 7.4.1
In this example we construct a coalitionally structured exchange economy, which is
atomless and satisfies the Strong Core Property, but which is not conformable. With
respect to the individual attributes of the agents in the economy the preferences are
weakly monotonic instead of monotonic. We show that the Semi-Core of this economy is strictly larger than the Core, and hence that the condition on monotonicity of
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preferences cannot be excluded frorn the statement of Theorem ~.3.4. We conclude
this example with a natural economic interpretation of the constructed econoiny.
It illustrates the differences between primitive coalitions, coalitions, and allowable
groups of agents. This gives us a clear view of some aspects of a coalitionally structured population of agents as a primitive notion of the model.
In this example we actually show that defects in individual attributes of the agents
in an economy become crucial in the setting of the coalitional or social structure
of the economy as a whole. Thus, in the economy as described in this example the
defects of the preferences of the agents are revealing itself through the coalitional
structure of the economy. In this case the weak monotonicity of the preferences
reveals itself through the impossibility of certain groups of agents to cooperate with
each other although that is required to improve upon an inefficient allocation.
We take e- 3, i.e., there are three commodities in this economy. Commodity
1 is interpreted as a cornposite service commodity. This commodity is provided
by a pure labour production technology. Therefore it can be regarded as a pure
exchange commodity endowed on some class of agents. Commodity 2 is denoted as
management capilal or a commodity which reflects the management capacities of a
certain agent in the economy. Commodity 3 is simply denoted as money. In fact it
is regarded as a composite consumption good.
Next we construct a coalitionally structured population of agents by defining
the following items:

Collection of agents
We take A:- [0,1) x[0, 1) C Rt as the collection of agents in the economy.

Primitive coalitions
We construct the collection of primitive coalitions I' C 2A by the rules as given
below. First the empty set ~ is a member of r. Furthermore, the rectangle
[a,b) x[c,d) C A, with 0 G a G b C 1 and 0 G c G d G 1, is a primitive
coalition, i.e., is a member of the collection I', if it satisfies one of the following
properties:

1. It holds that c- 0 and 2 G d G 1.
2. It holds that c~ Z and c G d G 1.
Note that the collection I' as defined above is indeed a semi-ring on A.
The measure

We define the function p:I' -~ [0, 1] by the rules that ~(0) :- 0 and that
~(E) :- (b - a)(d - c) for every rectangle E-[a, 6) x [c, d) E I'. Again
we note that ~ is indeed a measure as defined in the previous chapter of this
monograph.
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It is evident that the triple (A, I', ~) is a coalitionally structured population of economic agents. We complete the construction of the economy by choosing an endowment and a preference relation for every agent a E A. Let E denote the v-algebra
of all allowable groups of agents in the population. Next we define the following
allowable groups:

E,

:-

(0,1) x[0, 2] E E
[0,1)x(2,4)EE

E2

:-

E3

:- A`(E, U EZ) - [0,1) x[4,1) E I'.

With the use of the groups as defined above, we are able to give the definition of
the endowment and preference relations of the agents in the economy. We define
the endowment w E L(p, Rt) by

w(a) :-

(2,0,0)
(0,4,0)
(0,0,4)

for every agent a E E~
for every agent a E E2
for every agent a E E3

.

We complete the construction of the economy by giving the preferences of the agents
in the population. These preferences are given by a smooth utility function on the
commodity space R~. Hence, preferences can be described by a utility function
u: A x Rt -~ Rt. If x-(xl, x2i x3) E R~ is some commodity bundle, then we
define
u(a, x) :-

x3
x2
xl

for every agent a E El
for every agent a E E2
for every agent a E E3

.

Note that the preferences of the agents in this economy are continuous, convex,
and weakly monotonic, but not monotonic. This completes the description of the
coalitionally structured exchange economy E.
From the definition of the economy we can give an interpretation of the allowable groups El, E2, and E3. The group El can be interpreted as a group of workers
or labourers, who provide the economy with services. They are endowed with a
certain amount of this service commodity, representing the production capacity to
supply other agents with certain services. The aim of these workers is to consume,
i.e., they only get utility from money or the composite consumption good.
The allowable group E2 can be regarded as a group of managers. They
are able to organize groups of workers, as can be deducted from the definition of
the primitive coalitions containing some group of workers. There it is seen that
any primitive coalition containing some collection of workers always contains some
managers also. Hence, managers are essential in such primitive coalitions. The
preferences of the managers show that their only ambition is to "managen. This is
the essence of the basic structural inflexibility of this economy.
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The last group of agents, denoted as E3i is interpreted as the collection of
pensioners They own all consumption goods (money) in the economy. It is their
aim to get serviced with the composite service commodity. It is clear that this class
of agents do not need the managing quality to organize themselves, such as is the
case with the labourers in the economy.
We complete this example by describing some properties of the economy as
constructed above and showing that the endowment cannot be improved upon by
any coalition, i.e., w E C(E), but that it can be blocked by the union of the classes
of the workers and the pensioners, and so w~ C(E). First we show some other
properties:
(i)

It is clear that the economy E is atomless, but however E is not conformable.
This is shown by noting that the group El E ~, with tc(El) - 2, cannot be
approximated measure theoretically by coalitions (in f2(I')) from the inside.

(ii)

The preferences of the agents in the economy are continuous, measurable,
and weakly monotonic in the sense that if x, y E R~ and x ~~ y, then
for every agent a E A it holds that x~a y. We remark that the weak
monotonicity of the preferences of the agents in t.he economy is the only
defect with respect to the conditions of the equivalence theorem 7.3.4. Next
we show that the Semi-Core is indeed larger than the Core. Moreover,
we remark that the endowment is in fact a simple allocation or a pseudocontract.

(iii)

It is clear that that the allocation f given by

f(a) :-

(0,0,2)
(0, 4, 0)
(4, 0, 0)

for every agent a E E1
for every agent a E EZ
for every agent a E E3

is a Walrasian equilibrium allocation with respect to the price p-(3, 3, 3) E
S2. This shows that the Core is non-empty for this economy.
(iv)

Any allowable group F E E, with p(F fl E2) ~ 0, has no incentive to block
the endowment w. The only allowable groups which have actually an incentive to block w are those which can be written as F- H U G with H, G E E,
H C El, and G C E3. Now such an allowable group of agents has actually
the power to block the endowment w if and only if it holds that ~,(G) 1 0
as well as ~e(H) 1 0.
This observation leads to the conclusion that w can be blocked by the allowable group El U E3 E E, and hence w~ C(E). On the other hand it
makes clear that the endowment w cannot be improved upon by any coalition F E f2(I'). An improvement by such a coalition F E S2(I') would only
be possible if p(F fl El) 1 0, tc(F fl EZ) - 0, and p(F fl E3) 1 0, which is
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impossible by the definition of I'. This shows that w is indeed a Semi-Core
allocation, i.e., w E C(E).
(v)

Finally we show that the economy E satisfies the Strong Core Property.
Suppose that G E E. Now we define G; :- G fl E; for every i E {1, 2, 3}.
It is evident that G- G~ U GZ U G3i and that all alowable groups G; are
disjoint. Moreover, let f E L(~, Rt) be an attainable allocation. Now we
define

bl

:-

2. p(Gi) - f fl d~ and
G3

br

:-

4~ l~(G;) - f
c,

Í; dl~ ( i - 2~3).

It is easily checked that the allowable group G E E is able to block f if and
only if the following conditions are satisfied:
1.

b2 ~ 0 or min{ê~,b3} ) 0;

2.

ifb2-0,thenp(G2)-0;

3.

for every i E {1, 3} it holds that if 6; - 0, then p(Gi) - p.(G3) - 0.

Suppose that G is able to block f. Now we define the redistribution g E
L(p, R~), which is given by

g(a) :-

(0, 0, f3(a) f e3)
(0, f2(a) -~ e2i 0)

for a E Gl
for a E G2

(fl(a)-~e1i0,0)

foraEG3

where for every i E {1,2,3}, e; :- b;~~(G4-;) if b; 1 0, and e; - 0 if b; - 0.
We conclude that the allowable group G E E is able to block f by choosing
the redistribution g as given above. Next define

H:- U{G; ~ b; ~ 0} E E and
e:- min {2E; ~ b; ~ 0}.
It is obvious that p(H) ~ 0 and that e~ 0. Moreover, it is clear that H is
able to block f by choosing g as given above. Furthermore, H can also block
f by choosing any redistribution h E L(p, R~) such that ~~g(a)-h(a)~~ G e.13
for every agent a E H. Thus we may conclude that the economy E satisfies
the Strong Core Property.
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The economic reason that the Semi-Core of this economy is strictly larger than
the Core, can be illustrated by following the economic interpretation of the three
main groups of agents in the population and the abilities of their members. From
the fact that in any primitive coalition with workers as members, there is always
some (non-negligible) management, it is clear that labour cannot enter the economic
recontracting processes without guidance by and participation of some group of
managers.l~
Since in this economy, management has no incentive to improve upon the
initial endowment, it is clear that they will not cooperate in the recontracting process. Since the workers certainly have incentives to improve upon the endowment,
we conclude that they have to operate on their own, which is impossible in this
particular coalitionally structured economy. We therefore conclude that this economy has an inflexible coalitional structure in the sense that labour cannot organize
themselves. Hence, labour has no real power to enter the recontracting processes,
unless the group of managers in a primitive coalition agrees to participate in the
process.
The discussion above emphasizes that the coalitional structure in the economy reveals the defects in individual attributes of the agents. In this case the
unwillingness of the managers to participate in the recontracting processes in the
economy are coming from the weak monotonicity of their preferences and the specific property of their initial endowment that they start out with an optimal bundle
of commodities. The example also shows that this revelation is not the case with
respect to the Core. There the coalitional structure is of less importance. The Core
consists of efiicient allocations in the sense of strong Pareto optimality, while the
Semi-Core obviously contains inefficient allocations.
It is clear that this example describes a case in which we have to choose the
Semi-Core if we consider the recontracting processes to be realistic, while we have
to choose the Core if we want to incorporate all theoretical threats to block. This
discussion makes clear that the Semi-Core is to be viewed as a positive or descriptive
equilibrium concept based on the recontracting principle, while the Core is to be
regarded as a purely normative notion, based on the notion of blocking.
Finally, we remark that the economy as constructed above satisfies the conditions of Theorem 4 of Armstrong and Richter (1984). Although their model is
based on an abstract Boolean ring of coalitions, we can translate their setting into
ours. In this case we conclude that the core-concept as introduced by Armstrong
and Richter corresponds technically to our notion of the Semi-Core.ls If we apply
17It may be clear that we allow for the existence of labour unions, since a union has professional
managers to represent workers in negotiations with other primitive coalitions in the economy.
1sThe ring of all truly permissible coalitions as constructed in our setting can be viewed as a
Boolean ring endowed with a measure. In this sense we can transform our individualized model
into a purely coalitional description of an exchange economy. Then it simply can be deduced that
the Semi-Core corresponds to the core as defined in Armstrong and Richter (1984 and 1986). For
technical details of such a transíormation we refer to those papers.
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the main equivalence result of Armstrong and Richter to this particular example we
may conclude that all Semi-Core allocations can be supported by some price vector
in the sense of a generalized Walrasian equilibrium concept. (See for the definition,
which is based on the notion of obstruction by coalitions in the Boolean ring, page
121 of Armstrong and Richter (1984).)
The example thus shows that the generalized Walrasian equilibrium notion
as introduced by Armstrong and Richter is indeed more general than the traditional
notion of a competitive market equilibrium. In this particular case the Semi-Core
is equal to the collection of all generalized Walrasian equilibrium allocations, and
so we conclude that this is a much larger class than the collection of traditional
Walrasian equilibrium allocations.
We conclude by noting that a comparison as made above cannot be sustained
by the setting as introduced by Armstrong (1985), and Armstrong and Richter (1984
and 1986). This also shows that their ability to model individual noncooperative
behaviour properly is too limited. Our approach however supports individual (competitive) behaviour of agents in the market.
The next example describes a one-dimensional variation of the example as constructed above. In this variation it turns out that the Contract-Core can be strictly
larger than the Semi-Core, although the economy satisfies the Strong Core Property.
Example 7.4.2

In this example we construct a coalitionally structured exchange economy E, which
satisfies the Strong Core Property, but is neither atomless nor conformable. In this
particular case we can show that the Semi-Core is strictly smaller than the ContractCore. Actually we show that there exists a primitive coalition, which can improve
upon the endowment, but there does not exist a contract which blocks this initial
allocation.
We assume that there are two commodities, i.e., P- 2.
coalitionally structured population of E as follows:

Now we construct the

. A :- [0, 1).
. The interval [a, b) C A is an element of P if either a- 0 and 2 G b C 1 or
Z C a C b C 1. Moreover, 0 E I'. It is evident that I' is a semi-ring on A.

. If E- [a, b) E P, then we define p(E) - 6- a. Also, p(0) - 0. Obviously, the
function p: I' -~ [0,1] is a measure on (A, I').
It is clear that the triple (A, I', p) is a coalitionally structured population of agents.
It is not atomless, since (0, 2] E E is an atom.
Next we define the endowment w E L(p, Rt) by
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w(a) .-

~(2,1)
(1,2)

if a E El :- [0, 2] E E
if a E E2 :- (2,1) E E

~

Preferences are given by a utility function u: A x R~ --~ R~, which for every commodíty bundle x-(xl, x2) E R~ is given by
u(a, x) '- ~ xr
x2

if a E El :- [0, Z] E E
if a E EZ :- (2, 1) E E

~

By a similar reasoning as applied in the previous example we can assert that E
satisfies the Strong Core Property. Next we make the following remarks on this
economy:

(~)

Take some positive number ó E(0, 2]. Now we define the primitive coalition
Fó :- [0, 2 -}- ó) E I'. It is clear that the primitive coalition Fb is able to
improve upon the endowment w by choosing a redistribution f E L(~, R}),
which is given by

f(a) :-

(2 ~- 2ó, 0)
(0, 2 f zá )

for a E El fl Fó
for a E EZ fl Fó

(0,0)

for a E A` Fó

We note that fFa f d~ -(1 -}- ó, 2 f 2ó) - fF6 w d~. So we conclude that
w ~ C(E).
(ii)

We claim that there is no coalition in S2(I'}, which can improve upon w by a
contract. It is clear that we can limit our survey to contracts on coalitions
E E SZ(I'), which can be written as E- H U G with H -[0, 2-~ e) E I',
G:-[1-ó,l)EI',e~0,andOCefbC z.

From the construction of the economy E it is obvious that essentially only
coalitions of the kind as described above are able to improve upon w. Other
coalitions, which are able to improve upon w, can be rewritten in this form.
Suppose that a coalition E E~(r), which can be written as above, is able
to improve upon w by a contract t E L(~, R~). Then this contract can be
written as t- c. XH ~- d. X~, where c, d E Rt are commodity bundles. From
the blocking conditions we derive that
~

c~ ~2,c2~2,andd212;

~

JEwd~ 1 (2 f~).c-~ó.d.

Thusweconcludethat JEw2 d{~ - 2f2ef2ó ~(2-}e)-c2fÁ-d2 1 lf2e-{-2ó,
which is impossible. Thus, we conclude that w cannot be blocked by a
contract, and so w E C(E).
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This example shows that in certain cases the Semi-Core is strictly smaller than the
Contract-Core. Hence, there may exist allocations which can be blocked by permissible coalitions, but which cannot be blocked by a contract between disjoint nonnegligible primitive coalitions. Thus we conclude that some allocations can only be
blocked if we allow for free distribution of resources within primitive coalitions, i.e.,
agents within the same primitive coalition, but with different individual capacities
have to be rewarded differently to be sure of their cooperation in the recontracting
process.
Our final example links the results on the equivalence of Walrasian equilibria and
the diffrent recontracting processes within our setting, with that in the setting of
economies with coalition structures. Our main reference in this example is that of
Greenberg and Weber (1986).

Example 7.4.3

Consecutive Continuum Economies

Let E be a continuum exchange economy as defined in the previous chapter. It is
evident that T now consist.5 of a,ll Lc~besgue measurable sets in the unit interval.
Next we define

Et :- {E E E ~~(E) ~ 0}
as the collection of all non-negligible allowable groups in the economy E, where
a is the Lebesgue measure on the unit interval. Now a finite subcollection 13 {B~,..., By} C Et is a coalition structure of E if
H

~(A ~ U Bh)

-

0

(7.7)

-

0 for every i~ j.

(7.8)

h-1

~(B; fl B~)

We apply the theory above on the specific case of consecutive coalitions as described
in the previous chapter. So, let I' :- {[a,b) ~ 0 C a C b G 1} C Ef be the collection
of consecutive primitive coalitions. Hence we take the semi-ring I' :- I' U{(~} in
the model of a continuum exchange economy. Then we restate the main theorem of
Greenberg and Weber ( 1986) to the following result:
Corollary 7.4.4 ( Greenberg-Weber)
Let E be the continuum economy as sketched above. Let D C I' be a finite collection
of consecutive primitive coalitions. Then there exists a coalition structure Ci C Et
and an allocation f E L(,~,R~) such that
f
Bh

f d~ G r w d~ for every Bh E (3,
-

JBh

and there is no primitive coalition E E D, which is able to improve upon f.
This example links our theory, as applied on the case of a continuum exchange
economy, with the existing theory on coalition structures in large economies.
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7.5

Continuum exchange economies

1'he main stream of the literature on large~ economiesrs is considering the population
to be a measure theoretic continuum of agents. Nearly all results as achieved in
this field of literature are based on this approach towards large economies. 'The
basic equivalence result as proved by Aumann (1964) was extended into several
directions. In three notes it was generalized by Schmeidler (1972), Grodal (1972),
and Vind (1972) to several core-like equilibrium notions based on blocking by small
coalitions only. Shitovitz (1973) extended Aumann's result to the mixed case with
negligible as well as large agents on the market. Khan (1974a) considered some other
extensions concerning E-cores and Walrasian-like equilibrium concepts. Finally, we
mention the extensions of Mas-Colell (1989) and Grodal (1986) to the case with
the Bargaining Set, and Hammond, Kaneko and Wooders (1987) for the f-core as
discussed previously.
All extensions of Aumann's equivalence theorem as mentioned above Irave
in common that in a standard continuum economy the eyuivalence normally holds.
This means that one does not need any other assumptions than the continuum hypothesis to establish the equivalence. It is our purpose to show that in the case of the
Contract-Core the conformability hypothesis is essential. This is done by constructing a continuum economy which is not conformable and for which the Contract-Core
is strictly larger than the (Semi-) Core. It turns out that the construction of such
an economy is far from trivial.
In our setting we defined a continuum exchange economy as a coalitionally
structured exchange economy in which the coalitionally structured population is the
measure theoretic standard continuum consisting of the unit interval endowed with
the Borel sets. It is therefore our purpose to construct a continuum exchange economy for which the equivalence of the Contract-Core and the (Semi-) Core does not
hold. With the use of this example, we are able to show the necessity of the conformability condition on the coalitional structure of the population of the economy.
The economic meaning of this example will be clear in the sense tl~at we
show that the flexibility of the coalitional structure of the population of agents in
the economy is essential to arrive at a generation of Walrasian equilibrium allocations by the recontracting processes. That is, recontracting only leads to Walrasian
equilibrium allocations if the economy is atomless as well as conformable, even for
the standard cases.
We recall that a coalitionally structured exchange economy E is a continuum exchange economy if its coalitionally structured population (A, I', ~) is such that

A

-

(7.9)

[D,I)

19As remarked previously the literature is actually describing perfectly competitive markets. The
purpose is to model a market with a continuum of (individual) agents. The Walrasian equilibrium
is thus the positive equilibrium notion within this setting, while the Core is a normative concept.
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v(I')

-

Ci(A)

(7.10)

.~

-

Lebesgue measure on (A, I')

(7.11)

where Ci(A) is the v-algebra of Borel sets on the unit interval [0,1). The conditions
as described above imply that the collection of all allowable groups of agents E in
a continuum exchange economy just form the o-algebra of all Lebesgue measurable
sets of the unit interval. (See Janssen and van der Steen (1984) for an exposition of
these properties. For a standard analysis of the Lebesgue case we refer to Halmos
(1950), Jacobs (1978), and de Barra (1981).) It is obvious that a continuum exchange
economy is always atomless.
We remark that the measure a as described above on the non-classical measurable space (A, I') is just the restriction of the Lebesgue measure ~: E~[0, 1] to
the semi-ring I'. Moreover, by the property that Q(I') - Ci(A), it follows that the
continuum (A, E, a) is a natural extension of the coalitionally structured population of a continuum exchange economy. The continuum thus describes all allowable
groups of agents in this kind of economies. We consider a particular class of continuum exchange economies in the next example.
Example 7.5.1

Let ê E(0, 1]. Then we define
I'á:-{0}U{[a,6)~OCaCbClandb-aCê}
to be the semi-ring consisting of consecutive coalitions with a size smaller or equal to
the number ó. It is clear that the triple ([0, 1), I'd, ~) forms a coalitionally structured
population of a continuum exchange economy. It has the following properties:

(i) ~(ró) - ~(r~) ;
(ii)

for every primitive coalition [a, b) E I'b it holds that 0 G ~([a, b)) C ó.

The case for ë- 1 has been studied extensively. (For example by Janssen and van
der Steen (1984), Example 3.1.12.) With the use of the results of this particular case
we arrive at the conclusion that ~ is indeed a measure on (A, I'ó) for every ó E (0, 1].
In the sequel we focus our attention to atomless coalitionally structured exchange
economies. We refer to the coalitionally structured population of such an atomless
exchange economy as an atomless population, i.e., the population (A, r, p,) is an
atomless population if (A, E, p) satisfies the atomlessness condition. In the specific
case of a continuum exchange economy, we refer to its population as a continuvm
population. As usual we denote such a continuum population by the triple (A, I', a),
where A- [0,1) is the unit interval, I' C L3(A) a semi-ring of primitive coalitions
such that a(I') - Ci(A), and ~ is the Lebesgue measure. The collection of all
Lebesgue measurable sets will be denoted by E. We remark that any continuum
population is always an atomless population.
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We are now able to state the main result of this section. It asserts the
existence of a continuum exchange economy with several nice properties, which
however does not satisfy the basic equivalence result as stated in Theorem 7.3.7.
Theorem 7.5.2 ( Non-Equivalence)
There exists a continuum exchange economy E, with the coalitionally structured
population (A, I', ~), satisfying the following properties:
1. All agents have monotonic prefenences, i.e., for every a E A: ~aE ~mo.
2. For every primitive eoalition E E I' `{0} it holds that ~(E) ~ 0.
S. For every pair of agents a, 6 E A, with a~ b, there exist two primitive coalitions E, F E I' such that a E E, b E F, and E(1 F-~.
4. The Contract-Core is strictly larger than the Semi-Core, i.e., C(E) ~ C(E).
The rest of this section is devoted to the proof of this fundamental non-equivalence
theorem for the continuum case. The proof is based on a combination of topology and measure theory. For the topological concepts, which are used, we refer to
Császàr (1978) and Preuss (1975), while for the topological measure theoretic concepts our main references are Halmos (1950) and Zaanen (1961 and 1967). First we
remind the reader of the notion of (pseudo) metric spaces.
Let S be a set. The pair (S, e) is a pseudo metric space if e: S x S-~ R~ satisfies
the following properties:
1. For every x E S: e(x, x) - 0;
2. For every x, y E S: p(x, y) - e( y, x) ;
3. For every x, y, z E S: e(x, z) C e( x, y) -{- p(y, z).
The mapping e: S x S-f R~ is a pseudo metric on S if the pair ( S, P) is a pseudo
metric space. The pair (S, d) is a metric space if d: S x S~ R~ is a pseudo metric
on S, which additionally satisfies the property that for every x, y E S: if d(x, y) - 0,
then x - y.
The preliminaries of the proof of Theorem 7.5.2 are concerning the construction
of a metric space from an arbitrary atomless population. Using the properties of
such a derived metric space we are able to transform an atomless population into
a continuum population, given some regularity conditions. The main idea of the
proof is to construct a certain atomless population, which can be transformed into
a continuum population that satisfies the desired properties. We first introduce
some important preliminary notions within the setting of an arbítrary atomless
population.
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Definition 7.5.3 Let (A, I', p) 6e an atomless population.
(a)

We define the mapping b: E x E--~ R~ as

b(E, F) :- p(E ~ F) f p(F ~ E),
for every two allowable groups E, F E E.
(b)

Two allowable groups E, F E E are almost equal if b(E, F) - 0, i.e., if
their symmetric difference is negligible.

By checking the properties we arrive at the conclusion that the pair ( E, b) is a
pseudo metric space. Moreover, it may be clear that the "almost equality" relation
on the collection E is a mathematical equivalence relation. Thus for any atomless
population (A, I', p) we can define the collection E' C 2E consisting of all equivalence
classes in E with respect to the "almost equality" equivalence relation. We denote
for every allowable group E E E by [E] E E' the equivalence class such that E E[E].
Thus [E] contains all allowable groups which are almost equal to E E E.
Similarly we define for any atomless population ( A,I',p) the collection I'' C
2~ of all equivalence classes in I' with respect to the "almost equality" equivalence
relation. Note that I'' C E'. We interpret the collection I'` to be consisting of all
essentially different primitive coalitions in the atomless exchange economy E.
Finally we define the mapping d: r` x E~` --~ R~ to be given by d([E], [F]) :b(E, F) for any two allowable groups E, F E E. This mapping turns out to have
some nice properties as stated in the next lemma.
Lemma 7.5.4 Let (A, I', p) be an atomless population, and let E` and I'' be the collections of equivalenc~ classes with respect to b. Furthermore, let d be the restriction
of 6 to Et.

(a)

The pairs (E~`, d) and (I", d) are metric spaces.

(b)

(E, b) and (I', b) are uniform topological spaces.

(c)

If for every primitive coalition E E r it holds that p(E) ~ 0, then I' is
equivalent to I'' in the sense that for every primitive coalition E E I': [E] fl
I' - {E}.

PROOF
The assertions ( a) and ( b) are direct consequences of the remarks as made above
and the properties of (pseudo) metric spaces. For further elaborations we refer to
Chapter 3 of Császàr ( 1978), Halmos ( 1950), and Zaanen ( 1961 and 1967).

For the proof of assertion ( c) we observe the following: Let E, F E I', with E ~ F, be
two distinctive primitive coalitions. Hence EDF -(E `F) U(F ` E) ~~. So, from
the semi-ring properties we deduce that EDF - ~Jn I H,,, with H„ E I' `{0} (1 G
260

n G N) pairwise disjoint primitive coalitions. Now by the assumption as made in
assertion (c) it follows that p(EDF) -~n 1 p(Hn) ~ 0, and so E and F cannot be
almost equal. This completes the proof of the assertion.
Q.E.D.
Next we introduce the main tool for the proof of Theorem 7.5.2, namely a separability property on an atomless population. The mathematical analysis of this notion
can be found in Chapter 2.11 of Zaanen (1961).
Definition 7.5.5 An atomless population (A, I', p) is separable if the metric space
(Ew,d) is separable in topological sense, i.e., if it contains a countable dense subset.
Next we prove a helpful description of the separability property of an atomless
population. It reduces the topological separability of the metric space (E", d) to a
strict subspace, namely the metric space (r`, d).
Lemma 7.5.6 Let (A, I', tc) be an atomless population, and let d be the associated
metric on E~. If (I", d) is a separable metric space, then (A, I', ~) is separable.
PROOF
We first remark that in the sequel of the proof we abstract from negligible allowable
groups in E and hence regard the elements of E as elements of E', and the other
way round.
Suppose that ( I'~`, d) is a separable metric space. Then there exists a countable dense
subset lY C I'', i.e., for every number e~ 0 and every primitive coalition E E I''
there exists another primitive coalition F E ~ such that p(EDF) G e.
Take E E E and choose e~ 0.
Then by Lemma 7.1.6 there exists a sequence of pairwise disjoint primitive coalitions
(Gn)nEN ln I' such that

~
E C U Gn ;
n-1

~
L~ ~(Gn) G ~(E) ~ ~~
n-1

Now choose the integer N E N such that
~
e
~ Íl(C''n) G 4.
n-N} 1
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Define G:- ~Jn 1 Gn E S2(I'). Then it is evident that

b(E, G) - F~(E~G) ~ F~( U Gn `E) f F~( U Gn `G)
-

n-1

n-1

~
-

G

~

L~ Í~(Gn) - ~1E) ~
L~
~(Gn)
n-1
n-N} 1

E

2.

By assumption for every n E{ 1, ..., N} there exists a primitive coalition Fn E~
such that b(Fn, Gn) C ZN. Now we define F:- ~Jn ~ Fn E St(I'). It is obvious that
b(E, F)

C

b(E, G) f b(G, F)

c

b(E, G) f~ b(Gn, Fn)

N
-

n-1

N

~

2~~2N
- ~~
n-1

We generate the countable collection {~Jn ~ Fn ~ N E N; Fn E~(1 G n G N)}.
This collection is a subcollection of f2(I'). Moreover, as showed above, any allowable
group E E E can be approximated arbitrarily close by elements in this collection with
respect to the pseudo metric b. Hence, this collection corresponds to a countable
subcollection of E', which is dense with respect to the metric d. Thus we may
conclude that the metric space (E', d) is indeed separable.

(~.E.D.
Finally we are able to prove the main theorem of this section by constructing a
continuum exchange economy with the desired properties.
PROOF OF THEOREM 7.5.2
First we define an atomless coalitionally structured population, which is not a continuum population. Next we construct an isomorphism, which transforms this population into a continuum population. An economy is then constructed with the use
of this constructed continuum population, which satisfies the properties as stated in
Theorem 7.5.2.

We define the coalitionally structured population ( A, I', ~) as follows:
. A :- (0,1) x [0, z) ;
. A rectangle [a, b) x [c, d) is an element of I' if a, b, c, d E Q are rational numbers
such that 0 C a C b G 1 and 0 G c G d C 2. Furthermore, 0 E I'.
.~: I' -~ [0, 1] is given by ~(l~) - 0 and for every [a, b) x[c, d) E I':

262

l~([a, 6) x[c, d)) :- {(b - a~~d

-h d)

if c~ 0

Evidently the triple (A,I',~) is indeed an atomless coalitionally structured population. We further note that I' is countable, and so I'' is a countable collection.
Therefore it is clear that (I'', d) is a separable metric space. Thus we conclude that
(A, I', p) is separable. Finally, since ~(A) - 1 it follows that (A, I', ~e) is a normalised
measure space.
By the properties as mentioned above, we are able to apply ThPOrem 41.C of Halmos
(1950, p. 173) on the measure space (A, I', p) to assert that (A, I', ~) is isomorphic
to some continuum measure space ([0,1), H, ~). We denote the isomorphism by T.
We check the properties of the continuum population ([0, 1), H, a) by checking them
in the original population (A, I', ~). Firstly, we easily check that all nonempty
primitive coalitions in ([0,1), II, a) have indeed positive measure. Secondly, for any
two agents a, b E A it follows that there exist two primitive coalitions which separate
them by choosing appropriately the rational numbers v, w, x, y E Q, which constitute
any non-empty primitive coalition [v, w) x [x, y). This completes the proofs of the
assertions 2 and 3 of Theorem 7.5.2. We complete the proof by constructing an
economy E on the continuum population ([0, 1), H, ~), which satisfies assertions 1
and 4 of Theorem 7.5.2.
Before we construct a continuum exchange economy E on the population ((0, 1), H, .1),
we observe that for any 2 E N it holds that if f E L(~c, R}), then T( f) E L(.~, Rt ).
Now we construct E as follows:

1. The number of commodities is three, i.e., P- 3.
2. ([0, 1), H, a), as constructed above, is the population of the economy.
3. We define three allowable groups of agents in the population, namely
E,

:-

E~

:-

E3

:-

[0,1) x {0} E ~(i') ;
[0,1) x( 0, 4) E o(r) ;
A`(E,UE2)-[0,1)x[4,2)EI'.

We note that p(El) - 2 and that ~(EZ) -~(E3) - 4.
4. Next we define the endowment w E L(~,R}) to be w:- T(v) with v E
L(~,R~) given by

v(a) :-

(2, 0, 0)
(0, 4, 0)

if a E El
if a E E2

(0, 0, 4)

if a E E3
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It is evident that f w dp -( 1, 1, 1).
5. We complete the description of the economy E by defining a utility function
u: :1 x Rt -~ R~. Let x- ( xl, xzi xa) E R~ be a commodity bundle, then we
define

u(a, x) :-

U(xl -~ xz) f x3
U(xl -}- x3) ~ xz

if T-1(a) E El
if T-1(a) E Ez ,

U(xz -}- x3) -~ xl

if T-1(a) E E3

where the function U: Rt -~ [0, 1) is given by U(~) :- 1- e-~ for every
x E Rt. It is clear that the preferences are indeed monotonic, and so assertion
I of Theorem 7.5.2 is satisfied.

Evidently E is a continuum exchange economy.
Take F E f2(I'), and let H:- T(F) E f2(II). Suppose that F can improve upon v,
then we know that p(F n E~) ) 0 as well as ~(F n E3) ~ 0.
From this property we arrive easily at the conclusion that there is no contract, by
which the coalition F can improve v. To show this we rewrite, without loss of
generality, the coalition F as F- Gl U Gz with Gl, Gz E F and tc(Gl ) ) 0 as well
as ~(Gz) ~ 0 given by

Gl :- (E~ U Ez) n F and Gz :- E3 n F.
It is evident that Gl n Gz - 0. Now assume that F is able to improve v by contract,
then we can write this contract, without loss of generality, as t:- c- XG, f d- X~.,.
Now fF w d~ ~ fF t d~ leads to the condition that
~(G,nE,).cz-}-l~(GinEz)-cz}F~(Gz)-dzG4-{z(GinEz).
This implies that

cz C 4. lr(Gi n Ez)
l~(Gi )
By rewriting Gl as the rectangle G~ -[u, t) x [0, ~i) E I', with u, t, ~3 E Q, t- u~) 0, and 0 G Q C 4, we conclude that ~(Gl) - a(Z ~- ~) and ~(Gl n EZ) - aQ.
This leads to the conclusion that
{~(Gi n Ez) i~(G~ )

Q
i
~ 2.
2 ~ R

And so we arrive at the~conclusion that cz C 2.
On the other hand, for every agent a E Gi n Ez it must hold that
1-e-"-"~cz~4.
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But this contradicts the condition that ez C 2 as derived above. Thus we conclude
that F is not able to improve v by contract, and hence there is no coalition H E S2(II),
which is able to improve 2v by contract. This shows that w E C(E).
On the other hand, it is clear that A- El U EZ U E3 E S2(I') is able to improve
upon v by a properly chosen allocation g E L(~,Rt). Hence, [0,1) E 12(II) is
able to improve upon w, and therefore w~ C(E). This completes the proof of
Theorem 7.5.2.

Q.E.D.

7.6

Discussion of the equivalence theorems

In this section we make some operational conclusions with respect to the theory
and results as developed in the previous sections of this chapter. As mentioned in
Chapter 2 of this monograph we identify operational theorizing as one of the three
major tasks in the development of economic science. The other two are descriptive
modelling and normative analysis of such a descriptive model. It is clear that indeed
we have already gone through the two stages of description and normative analysis.
In Chapter 6 we introduced a model to describe the primitive (Edgeworthian) recontracting processes. To describe these processes properly we used certain
relational characteristics in the description of economic agents. It is recognized that
recontracting takes place within certain truly formable coalitions, indicated as primitive coalitions.20 Based on the primitive notion of inembership of these primitive
coalitions we constructed a model of a coalitionally structured exchange economy.
In this chapter we designed two descriptive equilibrium concepts, namely the SemiCore and the Contract-Core.
We regard the recontracting processes in the economy as more fundamental
or primitive trade processes than the ones that are supposed to take place in the
context of a market system. With the use of the recontracting principle we describe
all primitive, rudimental trade actions that take place in the economy. Although we
do not model price formation explicitly as part of these processes, we do not exclude
it in our analysis. Moreover, certain core-like equilibrium concepts, such as the
Semi-Core and the Contract-Core, are regarded as descriptions of the equilibrium
allocations which result from these fundamental trade processes in the economy
within the context of groups and institutions as described in the socially structured
population.

The next step in our modelling is the normative analysis of these Edgeworthian recontracting processes as described by the two descriptive equilibrium
concepts. We explicitly regard the decriptive modelling of recontracting processes
ZoThese groups, or primitive coalitions, are therefore absiract descriptions of institutions that
participate in the trade processes based on the recontracting principle. Examples of such insitutions
are firms, labour unions, consumption units, and organisations.
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as an alternative to the traditional point of view that the market system is the fundamental allocation mechanism in the economy. One consequence is that we have
to approach such a market system differently. In the theory as developed in the
previous sections we view such a market system as an ideal allocation mechanism,
which generates ideal equilibrium allocations, namely the Walrasian equilibrium allocations. We argue that in real life economies there cannot function such an ideal
and perfect market system. From the existing literature on the Walrasian equilibrium, we learn that the resulting allocations are indeed "idealn in the sense that they
satisfy many nice properties. These ideal allocations contrast the allocations as generated by the recontracting processes in the economy. The examples, as given in the
previous sections, show that the Contract-Core may not even generate Pareto efficient allocations. Experience shows however that this can be a plausible explanation
for the many disequilibrium facts as found in daily life situations.
In the normative analysis as performed in this chapter we therefore use the
ideal Walrasian market system and the notion of blocking as an extension of Pareto
optimality as norms. The main results are concerned with the equivalence of these
descriptive equilibrium concepts and the normative concepts as mentioned above.
The natural subsequent step in our modelling is thus to come to certain conclusions with respect to operational consequences of our theoretical analysis. A short
overview of this operational phase in our theorizing has already been given in Chapter 2 of this monograph. In this section we enhence some of the insights as mentioned
in that overview. This is done with respect to the traditional description of a perfectly competitive market. We first discuss the traditional point of view and compare
it with the comments given on it from the viewpoint of Edgeworth (1881). Finally,
we compare those approaches with our theory as described above.
With Arrow and Debreu (1954) there started an extensive investigation of the properties of a perfectly competitive market system and, hence, of the Walrasian equilibrium concept. One of the main contributions to this investigation was the proof that
a Walrasian equilibrium allocation is not only Pareto Optimal, but that it cannot
be blocked by any non-negligible group of agents in the economy. Most startling
was that this extension of the First Welfare Theorem could be achieved without any
additional assumptions on the attributes of the agents in the economy. Moreover, it
made clear that the Walrasian equilibrium allocations satisfy a group-fairness property: no group can have an objection against such an allocation. (See also Anderson
(1986).)

The question whether this result can also be reversed is a very old one.
Edgeworth (1881) already proved that for a two-person replica economy the Core
converges to the collection of Walrasian equilibria. For a modern account of the proof
of this result we refer to Debreu and Scarf (1972). Edgeworth (1881) also conjectured
that, in general, if the economy is large enough, the difference between the Core and
the collection of Walrasian equilibrium allocations becomes as small as one wants.
Formally this was firstly proven by Debreu and Scarf (1963). Later these limit
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equivalence theorems were extended, e.g., by Bewley (1973), Hildenbrand (1974),
and many others. For a survey of the bulk of these results we refer to Anderson
(1986). A very important contribution to this field of research was made by Aumann
(1964), who proved under which conditions the Core is exactly equivalent to the
Walrasian equilibrium concept.
The economic significance of these equivalence results in view of the Walrasian
equilibrium concept as the positive notion and the Core as a normative notion, is
that any Core allocation can be supported by the market system if the market is
large enough. This gives us valuable insights into the nature of perfect competition
and prices on the markets in the market system. This research is also part of the
next chapter, which discusses the notion of perfect competition in more detail. A
nice summary of the arguments in this field of research is given in Debreu and Scarf
(1963). We quote the last paragraph of the introduction of this important paper:
In the traditional Walrasian analysis of equilibrium the resources of
the consumers and their shares in the producers' profits are specified. All
the agents of the economy are assumed to adapt themselves to a price
system which one then tries to choose so as to equate total demand
and total supply. In the Paretian study of optimality, prices are seen
from a second and very different point of view. The problem of efficient
organization of an economy with an unspecified distribution of resources
is considered, and it is essentially shown that a state of the economy is
an optimum one if and only if there exists a price system to which every
consumer and every producer is adapted. In Edgeworth's theorem, and
in the generalization that we present here, prices appear in a third and
again very different light. Given an economy with a specified distribution
of resources composed of a certain number of types of consumers which
is small relative to the numbers of consumers of each type, an outcome
is viable, i.e., no coalition can block it, if and only if there exists a price
system to which consumers and producers are adapted. That is to say,
competitive equilibria, and only they, are viable. As in the study of
Pareto optima, prices emerge from the analysis in a situation in which
they were not introduced a priori.
The economic significance of these results and the arguments as quoted above are
also discussed by Hildenbrand (1974 and 1982) and Debreu (1974).
Edgeworth (1881) argued that his notion of contract curve described the recontracting processes in the economy. Hence, it has to viewed as a descríptive or positive
equilibrium concept. This point of view is also considered by Anderson (1986).
Hildenbrand (1983) and Hildenbrand and Kirman (1988) also argue that the Core
has to be viewed from the Edgeworthian viewpoint. We quote Hildenbrand's arguments as formulated in Hildenbrand (1983), p.21:
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Competitive equilibrium analysis is based - as is repeatedly emphasized - on the assumption that prices are "quotedn and taken as given
by every economic agent. For an economy consisting of relatively few
agents, this assumption - and hence the Walrasian equilibrium state of
the economy derived from it - is, however, hardly plausible. Therefore
let us consider an economy with many agents. Yet even in this case,
why is the "plausible" final state of the economy of the Walrasian type?
It seems clear that a satisfactory theoretical foundation of competitive
equilibrium theory requires another more fundamental equilibrium concept that should be defined without reference to quoted prices and which
is plausible even for small economies. The circumstances in which these
equilibria become Walrasian have then to be specified.

From this quotation it is clear that the Core is considered to be a descriptive notion,
which has to justify the study of the (positive) Walrasian equilibrium concept. As
argued also by Anderson (1986), p. 43, Aumann's equivalence theorem and any
Core convergence result justifies the price taking assumption on the behaviour of
the economic agents. Thus, equivalence results provide positive arguments in favour
of this price taking assumption. Consequently, one only has to study Walrasian
equilibrium allocations in the setting of a perfectly competitive market system.
To this approach of equivalence results as the justification of the assumption
that agents in the economy behave perfectly competitive, we have two objections.
Firstly, this justification does not give us the answer to the question whether the
market system itself can be justified. Many distortions are present in such a market
system if it would exist in an economy. The recontracting processes may lead to
Walrasian outcomes in the case of complete communication, but this does not justify
the presence of such an ideal market system in the economy. The trade and exchange
processes in the economy may be very imperfect, although they generate perfect
allocations. This is also the interpretation of our equivalence results, Theorem 7.3.4
and 7.3.7: the system may be imperfect, but under certain conditions it generates
ideal outcomes. These results therefore do not justify the existence of an ideal
and perfect market system. This shows that the approach as described above is
somewhat wobbly.
Secondly, if one accepts the recontracting principle to be a phenomenon,
which has to be described as a positive notion, then consequentially it has to be
modelled as such. This implies that one has to give an explicit description of those
groups which are allowed to recontract. This leads to concepts such as the SemiCore, the Contract-Core, the Bargaining Set, and the f-core. In this light the
(traditional) Core has the drawback that it is a proper description of the recontracting principle, only in the specific case that all non-negligible groups participate in
these recontracting processes. If we weaken this restrictive assumption, then our
equivalence results show that the conditions, under which the equivalence holds, are
quite strong. This implies that "normallyn the assumption that economic agents
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act perfectly competitive, i.e., as price takers, is not supported by these equivalence
results. This breaks down the foundation of the approach as described above.
Finally, we recapitulate the approach as defended in this chapter. The recontracting
principle, and hence the recontracting processes, are considered to be the essential
trade processes that take place in the economy. Therefore a core-like equilibrium
concept is regarded as a descriptive notion in our setting. It describes the outcomes
of a pure trade system with a certain social structure. In such a concept one does
not capture explicit price formation. One should however not exclude iniernal price
formation, namely price quotation in the recontracting processes between and within
groups. We have given two descriptions of a trade system based on the recontracting
principle. In the Semi-Core the reallocation process is regarded to be flexible, so
the initial resources can be reallocated in arbitrary ways. In the Contract-Core
we consider the case in which the reallocation of initial resources is restricted to
contracts between primitive coalitions only.
Contrary to the approach as defended by Hildenbrand (1983) and Anderson (1986), we consider the Walrasian equilibrium concept to be normative. The
main reason is that a system of perfectly competitive markets is considered as an
idealization. Such a system is supposed to be practically implausible. However,
the collection of Walrasian allocations can be treated as a benchmark, or norm,
which can be compared with the imperfect system as described by the two core-like
equilibrium concepts as mentioned above. This is done in our equivalence results.
Theorem 7.3.4 and Theorem 7.3.7 state the conditions under which the (imperfect)
system of recontracting as described in the Semi-Core, and the Contract-Core, respectively, generates the ideal perfectly competitive outcomes. It turns out that
besides the well known atomlessness condition, the economy has to satisfy the conformability property. The next chapter provides us with an analysis of these conditions on the social structure of the population, which is vital in the description of
the recontracting processes in the economy.
In light of the descriptiveness of our core-like equilibrium concepts and the
normativity of the Walrasian equilibrium concept, we need to reconsider the well
known welfare theorems. The First Welfare Theorem states that every competitive
equilibrium is Pareto optimal, while the Second Welfare Theorem states that any
Pareto efficient allocation can be supported by the market system as a competitive
equilibrium if the initial resources are properly reallocated. Since in our point of view
a perfectly competitive market system is only an idealization, we need an additional
result which states under which conditions the trade system in the economy supports
the competitive equilibrium allocations. This is a very fundamental conclusion,
which results from the introduction of relational characteristics into the description
of economic agents. Indeed, the introduction of relational characteristics has major
consequences for the description of trade processes in the economy. A market system
is no longer a plausible description, but only a benchmark to which we compare the
Edgeworthian recontracting processes. The two fundamental welfare theorems are
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thus reduced to meaningless results concerning normative concepts only.
From the discussion above we conclude that an equivalence theorem can take
the role of linking descriptive equilibrium concepts with normative notions, and
therefore can reinstate the fundamental welfare results. Our equivalence results
state that if the social structure of the economy is pluriform and flexible21, then
its trade system generates competitive equilibrium allocations. A combination with
the Second Welfare Theorem therefore tells us that any Pareto efficient allocation
can be supported by the trade system in the economy if the social structure of the
economy is pluriform and flexible and if one chooses a proper redistribution of the
initial resources in the economy.
The combination of the Second Welfare Theorem and our equivalence results
has major consequences for normative economics and the theory on economic policy.
It no longer suf~ices to have a proper tax system to achieve a socially optimal Pareto
efficient allocation, but it also requires that the qualitative conditions of the (social)
structure of the economy have to be taken into account. Inflexibility of the structure
of the economy, i.e., large and inflexible bureaucracies, may lead to disequilibrium
outcomes of the trade system in the economy, and even to Pareto inefficient allocations. This shows that governments have to take into account the social capital as
available in the society in the design of economic policies. It has to be recognized
that the generation of such social capital and efficient organizational environments
are as crucial for the solution of economic problems as more quantitatively based
instruments, such a taxation and investment policy. As in Chapter 2 we reach the
conclusion that organization matters.

Z~For the analysis of the atomlessness and conformability conditions on the coalitional structure
of the economy we refer to the next chapter of this monograph. There it is proven that atomlessness
is essentially a plurifotmity condition, while conformability turns out to be a flexibility condition.
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Chapter 8
Perfect Competition
In the development of economic theory, especially general equilibrium theory, the
notion of perfect competition has taken a significant place. It expresses the case of
competition, in which every participating economic agent acts as if he or she has
no influence on the economic variables that are determining his or her economic
decision environment. In a market system with exchange only, this leads to the
Walrasian general equilibrium model in which every agent takes the price on the
market as given. This implies that an agent acts as if he or she does not have any
influence on this price by altering his or her behaviour. The analysis of this model
has given us many insights into the properties of the allocations that this system
generates. It turns out that these Walrasian equilibrium allocations reflect in some
sense a perfect form of equilibrium, satisfying many desirable properties such as
Pareto efficiency, fairness, and anonimity. In the context of other descriptive models
of economic processes the Walrasian equilibrium concept therefore may serve as a
benchmark in the normative analysis of such a descriptive model. Through such a
normative analysis one derives useful insights into perfectly competitive behaviour
of agents in the context of other descriptive models.
In the sequel we distinguish and describe two approaches to perfect competition, both of which use the Walrasian equilibrium concept as a benchmark in the
normative analysis of certain descriptive models. These two approaches are distinguished by the descriptive models, on which this normative analysis is performed.
These approaches are indicated with the names of two important 19th century mathematical economists, namely Cournot and Edgeworth.
The Edgeworthian approach to perfect competition is essentially a conceptual
approach. In this approach one departs from a model that gives a description of
a conceptually different allocation mechanism than a market. Hence, one mostly
departs from a model of a non-market system of primitive trade processes, such as
the Edgeworthian recontracting processes in the setting of a coalitionally structured
exchange economy as developed in Chapters 6 and 7 of this monograph. In the
setting of such a descriptive model one compares its main - descriptive - equilibrium
concept with the Walrasian equilibrium concept, which - as mentioned above -
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serves as a benchmark in the normative analysis of this descriptive model. The
main conclusions from this analysis are under which conditions these primitive trade
processes exactly generate the Walrasian equilibrium allocations. Hence, we have
gotten valuable insights into perfectly competitive behaviour of economic agents in
a conceptually different environment than a market.
The Edgeworthian approach essentially compares a perfectly competitive
market system with a conceptually different system of primitive trade processes
without explicit price formation. The main example is of course our own analysis
of a coalitionally structured exchange economy as developed in Chapter 7 of this
monograph. There we compare a perfectly competitive market with the recontracting processes with as main participants the primitive coalitions in the economy.
The main results are stated in the equivalence theorems for the Semi-Core and the
Contract-Core. In this chapter we try to get some useful insights into perfectly
competitive behaviour through the study of these theorems.
We remark that there are many other theoretical contributions, that we may
classify as part of the Edgeworthian approach to perfect competition. From these
contributions we mention the purely coalitional approach of Armstrong and Richter
(1984 and 1986), the f-core approach of Hammond et al. (1989), and the bargaining
approach to trade between pairs of agents in markets by Gale (1987) and Rubinstein
and Wolinsky (1985 and 1989). In these models bargaining is introduced explicitly
in the description of the trade processes as taking place on the market.l
On the other hand we introduce the Cournotian approach to perfect competition as an approach in which the descriptive model is in fact a description of an
imperfectly competitive situation on a market. Hence, one compares equilibrium
concepts within a market environment rather than conceptually different descriptions of trade processes. In the comparison of some imperfect competitive equilibrium concept and the Walrasian perfectly competitive equilibrium concept, one
gains many insights into the nature of perfect competition on markets. Examples of
such models are Cournotian exchange models (Mas-Colell (1982b)) in which traders
on a pure exchange market act strategically, and the Bertrand-Chamberlin models of price setting firms with product differentiation (Benassy (1989)). All these
models give a more accurate description of the markets as we can find in reality,
but the outcomes are not as nice as a perfectly competitive system would generate.
Therefore, in all these cases one has performed an analysis under which conditions
these imperfectly competitive situations lead to the same allocations as a perfectly
competitive market system would do. We regard this comparison as a normative
analysis of the descriptive model with respect to the Walrasian model of perfect
competition.

In thís chapter we perform such a normative analysis on our model of the
~ By describing ptocesses on markets as bargaining processes without explicit price formation,
one does in fact sketch a conceptually difïetent model in the sense that it is not a traditional
market. It is rather a model of more primitive trade processes, in which the gathering of economic
agents is a crucial feature of the description.
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recontracting processes, as described within the setting of a coalitionally structured
economy, as developed in Chapter 6. In this normative analysis the two central
equilibrium concepts of Semi-Core and Contract-Core as developed and analysed in
Chapter 7 serve as descriptions of equilibria in these recontracting processes. Thus,
the two equivalence theorems as stated in the previous chapter, can be regarded
as the nucleus of our normative analysis. It is our goal in the present chapter to
analyse in detail the conditions under which the recontracting processes as described
in our model generate exactly the Walrasian equilibrium allocations. For the reasons as mentioned above our analysis has to be considered as a development in the
Edgeworthian approach of perfect competition.
After giving some background information on our method of analysis and
its historic foundations, we develop in the second and third section of this chapter
some insights into the nature of the two main properties, which a perfectly competitive coalitionally structured exchange economy has to satisfy, namely conforrrtability
and atomlessness In the concluding section we combine the findings of these two
previous sections to arrive at some powerful new insights into the notion of perfect
competition. The main reference of this chapter is Gilles (1988a).

8.1

Edgeworth versus Cournot

In general equilibrium theory we can distinguish two well established approaches
to the fundamental notion of perfect com,petition. With these two approaches one
has linked the names of two great 19th century mathematical economists, namely
those of Cournot and Edgeworth.2 In this section we make a comparison of both
approaches towards perfect competition in the context of our theory of coalitionally
structured economies. First we have to define the notion of perfect competition in
a proper way.
The Walrasian equilibrium concept serves as the benchmark in the definition
of a perfectly competitive trade or exchange syste~n. It expresses the behaviour of
economic agents within a market with a Walrasian auctioneer, in which all participating agents behave as price takers. In the fundamental work of Arrow and
Debreu (1954) and Debreu (1959), this price taking behaviour is introduced as a
behaviouristic assumption. The main drawback of this setup is that such an assumption is not viable within the setting of these traditional models, since there it
is assumed that there are only a finite number of agents participating within the
Walrasian market system. Thus the behaviouristic assumption that all participants
on such a finite market behave perfectly competitive conflicts with the assumption
ZFor a thorough survey and a comparison of these two fundamentally diR'erent approaches we
refer to Mas-Colell (1982a). The Cournotian approach to perfect competition is nicely surveyed
in Mas-Colell (19826) and Novshek and Sonnenschein (1987), while the extensive literature on the
Edgeworthian approach is exposed in Anderson (1986) and Hildenbrand (1982). Some historic
insights of the Cournotian approach are discussed in Vives (1989) and Gary-Bobo (1989).
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that the economic agents are rational. This rationality assumption leads to the conclusion that the agents on a finite market should act imperfectly competitive, i.e.,
either as price setters or as quantity setters.
Another major drawback of the notion of a Walrasian equilibrium in a market
system is that it does not contain an explicit account of price formation 3 Since
prices are fundamental in the notion of a Walrasian equilibrium, this lack is highly
unsatisfactory. The notion of a Walrasian auctioneer, who serves as a determinator
of the prices on the market, is no alternative for the lack of a proper theory on price
formation in perfectly competitive markets.
These two fundamental theoretical objections to the theory of the Walrasian
market system and therefore to the VValrasian equilibrium concept lead to the conclusion that this theory can only serve as a benchmark or norm ín the analysis of
other descriptive models of economic trade processes. This was also the premises
of our theory of a coalitionally structured exchange economy as analysed and discussed thoroughly in the prevíous chapter. We concluded that one should accept an
equilibrium notion based on the Edgeworthian recontracting principle as the central concept, while the Walrasian equilibrium serves only as a normative notion,
expressing perfectly competitive behaviour of economic agents within this theory.
The conclusion that the Walrasian theory of perfectly competitive markets can only
serve as a benchmark in the theories of other, more descriptive, forms of trade leads
us to the following description of perfect competition. A trade system is called
perfectly competitive if it exactly generates Walrasian equilibrium allocations.
In this description the Walrasian equilibrium explicitly serves as a benchmark or
norm. A trade system is perfectly competitive if it generates the same outcomes as
a system of perfectly competitive markets would do.
Another very useful form of this notion of normative perfect competition
is given by the next definition: A trade system is called approximately perfectly competitive if it nearly generates Walrasian equilibrium allocations only.
This description seems quite vague, but it covers all main results as reached in the
Cournotian approach towards perfect competition, while it also covers many limit
theorems as proved in the Edgeworthian approach to perfect competition. The implementation of this description can be done in a wide variety of limit results. In
these results one gives a precise content to the vaguely described notion of "nearlyn
or "approximatelyn.
The main purpose of the two approaches to perfect competition, as mentioned above, is to determine the conditions under which certain trade systems are
perfectly competitive or approximately perfectly competitive. The Cournotian approach studies trade within a system of imperfectly competitive markets and its
main results are therefore describing the conditions on these markets under which
this system is approximately perfectly competitive. The Edgeworthian approach is
3This criticism is also mentioned in Allen and Hellwig (1986).
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a conceptual approach, which studies trade systems based on the recontracting principle. Hence, in the Edgeworthian approach the trade processes do not take place
within a market environment, but rather in a non-market system. Its main results
describe the conditions under which this trade system is perfectly competitive as
well as approximate perfectly competitive. Next we will discuss and compare both
of these fundamentally different approaches to perfect competition.

The Cournotian approach
The Cournotian approach to perfect competition is based on the intuitive understanding that if economic agents in an imperfect competitive market become sufFiciently small, then they will act nearly perfectly competitive. The first assumption
that forms the foundation of this approach is that the trade system under consideration is taking place in a system of markets. Secondly it is assumed that these
markets are finite and that the economic agents are rational. This implies that
agents do not act as price takers but rather as strategic price setters or quantity
setters. The main aim of this approach is to formalize the intuitive understanding
that if these markets are large enough there will be a nearly perfectly competitive
situation.
The literature on the Cournotian approach to perfect competition can be
divided into two branches. One branch of literature is considering purely CournotNash imperfect markets with uniform pricing, while, more recently, a second branch
of literature is focussing on Bertrand types of price competition and Chamberlinian
competitive situations with product differentiation. We discuss both branches in
this literature.
The literature on the Cournot-Nash competitive equilibria in oligopolistic
markets is surveyed in Mas-Colell (1982a and 1982b), and more recently by Novshek
and Sonnenschein (1987). Mas-Colell (1982b) considers a pure exchange situation.
In this case the economic agents act as pure individuals on a market with a finite
number of participants. They assume that by adjusting their supply and demand
they can influence prices substantially. Mas-Colell proves that if the market is
large enough, i.e., has many participants, then the Cournot-Nash equilibria are
approximately perfectly competitive. He thus shows that in this Cournot-Nash type
of pure trade and uniform pricing, the intuitive feeling that largeness of the market
implies price taking behaviour can be sustained.
Novshek and Sonnenschein (1987) give a survey of the literature on oligopolistic Cournot-Nash markets with production. It is assumed that there is no product
differentiation and that the producers on the market compete by adjusting the produced quantity of the commodity on the market. It again can be shown that if
there are enough producers on the market, i.e., the market is large enough, the
Cournot-Nash equilibria become approximately perfectly competitive.

Another branch of literature is concerned with the analysis of perfect competition from the viewpoint of a Bertrand competitive market. It is assumed that
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producers on a market with a homogeneous commodity are acting as price setters.
Allen and Hellwig (1986 and 1989) and Dixon (1987) prove a similar limit result for
these Bertrand competitive markets as was done for the pure Cournot-Nash case.
It turns out that a growing number of competing price setting producers leads to
a more perfectly competitive situation. Benassy (1989) extended this result to the
case of differentiated products and hence to a Chamberlinian competitive situation.
Again these limit results confirm the intuitive feeling that more competitors on the
market leads to less "market power" of the individual competitor, and hence to an
approximately perfectly competitive situation.
The Cournotian analysis of perfect competition is based on the fundamental
assumption that the participating economic agents act strategically, i.e., their rationality leads to strategic behaviour on these markets. This does not exclude the
possibility that in certain situations on a"small" market there can occur a perfectly
competitive situation. This we have already shown in Chapter 5 of this monograph
for the case of a hierarchically structured trade economy. There we followed a structural Cournotian analysis of perfect competition. We showed that certain market
structures or "rules of the game" may lead to perfectly competitive equilibrium allocations. Simon (1984) has shown that also on Bertrand competitive markets there
can occur situations in which perfectly competitive prices are supported by strategic
behaviour of the participants on the market, although the market is small, i.e., the
market has only a finite number of participants. This supports the intuitive idea
that in these situations under certain conditions "two may be enough for competition". This analysis can be indicated as a strategic Cournotian approach to perfect
competition.4
We may conclude that the Cournotian analysis of perfect competition leads
to intuitively acceptable results. Firstly, within a growing market system from
a certain point there occurs nearly perfect competition. Secondly, under certain
specific conditions perfectly competitive price taking behaviour can also be sustained
as a rationally optimal strategy. Thirdly, a specific structure of the market and
the conditions of trade may lead to a support of perfectly competitive allocations.
We may however conclude that the major accepted point of view, resulting from
the Cournotian approach to perfect competition, is that largeness of the market
is enough for perfect competition. (The conclusions that also strategic behaviour
and structure of the market are crucial, cannot be regarded as well established
viewpoints.)

The Edgeworthian approach
The Cournotian approach takes place within the context of a system of markets
on which the participating economic agents act strategically. This implies that the
4We remark that the idea that "two is enough for competition" is also know as the Bertrand
paradox.
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Cournotian approach is essentially óehaviouristic. In contrast to this behaviouristic
analysis of perfect competition, the Edgeworthian approach provides a conceptual
foundation to the notion of perfect competition. Its main feature is that it considers
a trade system in which there are no markets, but rather a more primitive and basic
system of (re-)allocation processes. So, in fact it compares the outcomes of a perfectly competitive Walrasian market system with outcomes of more primitive trade
processes in the economy. Thus, it compares two conceptually different allocation
mechanisms in the economy. The Walrasian system is, of course, treated as a normative concept, while the more basic allocation mechanism is treated as the central
descriptive or positive equilibrium notion within the model. It is the purpose of the
Edgeworthian approach to analyse under which conditions this primitive allocation
mechanism is perfectly competitive or approximately perfectly competitive.s
The main allocation mechanism, which has been considered in the Edgeworthian approach, is the one that is based on the recontracting principle. It describes
a system in which economic agents cluster together to exchange commodities until
the trade possibilities are exhausted and the reached allocation cannot be improved
upon by this kind of trades. Now a core-like equivalence theorem serves as the central instrument in the Edgeworthian analysis of perfect competition. It describes the
conditions under which these primitive recontracting processes generate Walrasian
equilibrium outcomes, and hence the system is perfectly competitive.
Hammond, Kaneko, and Wooders ( 1989) depart from a situation with individual agents only and conclude that in this case the plausible outcomes of the
recontracting processes in the economy are described by the f-core. They also reach
the intuitively plausible conclusion that in this setting these recontracting processes
are perfectly competitive if the economy is large, i.e., if the agents are negligible in
the class of all agents. This result confirms the main conclusion of the Cournotian
analysis of perfect competition, as discussed previously.

As argued in the previous chapter the Edgeworthian analysis of perfect competition also forms the foundation of the coalitional approach to the modelling of
socially structured economies. We described the recontracting processes in the setting of a socially structured environment, and concluded that in these situations
primitive coalitions rather than individual agents take part in these processes. The
outcomes from these recontracting processes are described in our two main equilibrium notions, namely the Semi-Core and the Contract-Core.
Our main conclusion in the previous chapter was that in a coalitionally structured exchange economy these recontracting processes are perfectly competitive if
the coalitional structure of the economy is atomless and conformable. This result
can only intuitively be understood in the context of an interpretation of conformability as flexibility of the coalitional structure and atomlessness as pluriformity of
SFor a good aurvey of this approach to perfect competition we refer to Hildenbrand (1983) and
Hildenbrand and Kirman (1988). A comparison of the Edgeworthian approach with the Cournotian
approach as described above is made in Mas-Colell (1982a).
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the social infra-structure of the economy. It is our purpose to reach a full description of these atomlessness and conformability conditions on the social structure of
the economy in these terms. In this analysis we implicitly will make a comparison
with the main conclusion of the Cournotian approach and the f-core approach as
mentioned above, namely that the population of agents in the economy has to be
large in order to have a perfectly competitive situation. We show that our analysis
also confirms this intuitively appealing situation, but that this condition is certainly
not sufficient to reach a perfectly competitive situation.
We conclude this section with some definitions of concepts which make it possible to
give a proper analysis of the technical notions of atomlessness and conformability of
a certain coalitionally structured exchange economy. The first definition introduces
the notion of largeness, which formalizes the intuitively plausible conclusion of the
Cournotian and the f-core approach, namely that in a setting with many negligible
agents the trade system of the economy is perfectly competitive.
Definition 5.1.1 A coalitionally structured exchange econo~rny E is large if every
agent a E A is negligible in the coalitionally structured population (A, I', p), i.e., for
every agent a E A it holds that
{a} E E

and ~c({a}) - 0.

It is clear that every continuum exchange economy is large, and that any large economy consists of infinitely many economic agents. We however note that "largeness"
may be misleading in the sense that mixed markets as discussed in Shitovitz (1973)
are excluded as such. ( In these situations there are however very many agents in the
economy.) With this definition we limit ourselves to situations in which there are
negligible individual agents only. It is clear that largeness is specifically valued as
an expression of an individualized property, namely one's smallness or negligibility
in the economy. It is therefore a proper description of the main accepted conclusion
of the Cournotian approach to perfect competition, i.e., an economy with many
negligible agents generates perfectly competitive equilibrium allocations.
Finally we give a definition of the notion of pluriformity. The intuitive content
of this notion is that a pluriform economy contains an infinite number of socially
identifiable groups of agents. This is done by looking at the collection of groups of
agents in the population of the economy which cannot be separated by primitive
coalitions. Therefore we recall the definition of the collection T C 2A as given in
Section 6.1.

Let E be a coalitionally structured exchange economy and (A, I', p) its population. Then for any agent a E A we define his or her social envimnment as the
collection given by
I'a:-{FEI'~aEF}.
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This collection just describes all primitive coalitions of which agent a E A is a mernber. This implies that the group nI'a - n{F E I' ~ a E F} C A consists of all fellows
of agent a E A, i.e., all those agents in the population which cannot be separated
from a E A by looking only at the social structure of the economy. As stated in
Section 6.1, it is the smallest collection of agents which can be identified with the
use of the social structure on the population only. The collection of all these groups
is given as
T-{nI'a~aEA}C2A.
This collection is used to define pluriformity of the social structure of a coalitionally
structured exchange economy.
Definition 8.1.2 A coalitionally structured exchange economy E is pluriform if
it holds that T consists of nullsets only, i.e., for every group E E T it holds that
E E E and tc(E) - 0.
The previous definition gives a precise account of the intuitive content of the notion
of a(socially) pluriform economy. It implies that the collection 7 consists of an
infinite number of elements. This is therefore a description of an extremely rich collection of primitive coalitions I' in the economy. Since this collection is a description
of the social structure of the population, and therefore of the economy, the definition above gives expression to the intuitive content of the notion of pluriformity.
Obviously pluriformity of an economy implies that the economy has to be large.
In the comparison of largeness and pluriformity of a certain economy we
note the following. Largeness explicitly describes the individual negligibility of an
agent, while pluriformity expresses the social negligibility of an agent. We argue that
largeness and pluriformity express the negligibility property with respect to the dual
relationship between individual and social characteristics of an economic agent as
discussed in Chapter 6 of this monograph. Hence, largeness and pluriformity have
the same dual relationship as individual and social characteristics of an economic
agent have. This shows that there is economically a conceptual difference between
largeness and pluriformity of some economy. It is clear that social negligible agents
are always individual negligible.

8.2

Conformable economies

This section is devoted to the analysis of the conformability property as can be
imposed upon a coalitionally structured exchange economy. We describe this property with three characterizations. All of these characterizations indicate that the
conformability property can indeed be interpreted as a flexibility condition on the
collection of all primitive coalitions with respect to the collection of all allowable
groups in the coalitionally structured population of the economy. Therefore these
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characterizations support our conclusions with respect to the Edgeworthian analysis
of perfect competition in a coalitionally structured exchange economy. The proofs
of these three characterizations are largely based on the approximation result as
stated in Lemma 3.3.5 of Janssen and van der Steen (1984), and reproduced as
Lemma 7.1.6 in Section 7.1 of this monograph.
The first characterization of the conformability property of a certain economy as given in Definition 7.3.6 states that we only have to check this property for
a certain limited collection of allowable groups. This limited collection of allowable
groups just describes a certain class of small allowable groups, and so Proposition 8.2.1 states that the conformability property has to hold for small allowable
groups only.
Proposition 8.2.1 A coalitionally structured ezchange economy E is conformable
if and only if for every seguence of coalitions (En)nEN in S2(I') and every number
b~ 0 there eaists a coalition F E f2(I') such that

p(F `E) - 0

and

~(E `F) c b,
where E:- (~~ 1 En E o(I').
PROOF

Only if
Note that in the assertion of the proposition it is just stated that a certain specific collection of o(I') C E satisfies the conformability property. Hence, this is an
immediate consequence.
If
Let E E E with p(E) ~ 0.6 We will show that for every number b 1 0 there exists
a coalition G E ft(I') such that ~(G ` E) - 0 and p(E) G{~(G) f b.
Choose a number b~ 0.
According to Lemma 7.1.6 there is a sequence (Fn)nE1v in I' of pairwise disjoint
primitive coalitions such that

E C U Fn and
n-1

~ lc(Fn) c~(E) f ó.
n-1

Thus we conclude that E- ~J~ 1(E fl Fn).
Now we claim that for every integer n E N there exists a coalition Hn E f2(I') such
that
6It is clear that we only have to check the conformability property for this type of allowable
groups. If E E E is such that p(E) - 0, then one simply takes F:- 0 to check the conformability
property.
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Hn~Fn

i

{~(Hn `E) - ~ ;
l~(E n Fn) ~ F~(Hn) f 2-n-' . b.
Assume that this claim is true, then we are able to prove the conformability property
quite easily. Namely, by the semi-ring properties applied to the primitive coalitions
in (Fn)nEN, we can refine the sequence (Hn)nEN to a sequence of pairwise disjoint
primitive coalitions (Gk)kEN in I' such that~

1. for every integer k E N it holds that p(Gk `E) - 0, and
2. it holds that
~(E)

-

~
~ ~(E n Fn)
n-1

c

~ l~(Hn) f 2
n-1

~

ê

~ ~(Gk) f 2.
k-1

Next choose an integer N E N such that
~

~(Gk) C 2.

k-Nf 1

(Such a number exists since ~~(Gk) G~s(E) C 1.) We define G:- ~Jk 1 Gk E f2(I').
Then it immediately follows that

~(G `E)

~(E)

- 0 and

~ F~(G) t ~ ~(Gk) } 2
k-1

c ~(G) f b.
Thus we have completed the proof of the assertion if we prove the claim. We prove
the claim in a slightly stronger version.
CLAIM
Let E E E, F E I' with F fl E~~, and let b~ 0 be arbitrarily chosen. Then there
exists a coalition H E f2(I') such that
~This is possible since by definition every coalition Hn is the union of a finite number of pairwise
disjoint primitive coalitions, and furthermore the Fn's are also pairwise disjoint. By the semi-ring
properties we thus can split up Hn fl Fk into a finite number of pairwise disjoint primitive coalitions.
These coastitute the sequence (Gk).
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HCF ;
p(H `E) - 0

and

~(E n F) ~~(H) f b.
PROOF OF THE CLAIM

In case that ~c(E n F) - 0 we can choose H- 0.
~(E n F) ) 0.

Thus we may assume that

By Lemma 7.1.6 there exists a sequence of pairwise disjoint primitive coalitions
(Cn)nEN in I' such that

F` E C U Cn

and

n-1

~ ~(Cn) c ~(F `E) } 2 ~
n-1

Next define for every integer k E N
k

Hk :- F`( U Cn) E S2(I').
n-1

Then we may conclude that
F`(UCn)CEnF and

n Hk
k-1

n-1

00

00

~( Í-Í Hk)

~(F ~ ( ~ Cn))
n-1

k-1

x

? h(F) - ~ F~(Cn)
n-1

~

l~(F) - {~(F ` E) - 2~

Hence, ~(F n E) C p((~k 1 Hk) f 2. Thus by the assumption of the proposition,
there exists a coalition H E S2(I') such that
F~(H ~ n Hk) - ~ ;
k-1

h( ~ Hk) ~ h(H) f 2.
k-1

Moreover, it is clear that we may assume that H C F and thus by the fact that
(~k 1 Hk C E, it holds that
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~
Ir(H `E) c Ir(H ` Í-Í Hk) - 0.
k-1

With the use of these statements we arrive at the conclusion that
F~(E n F) G t~( n Hk) -t 2 c tc(H) -~ ó.
k-1

This completes the proof of the claim.
Q.E.D.
Proposition 8.2.1 does not have a proper economic meaning, but gives us a handable tool in checking the conformability condition for a certain given coalitionally
structured exchange economy. It states that we only have to check whether the
intersections of countable sequenr..es of coalitions are satisfying the conformability
property.
The second characterization of the conformability property as stated below in
Proposition 8.2.2 is giving a description, being economically more useful. The proof
of this proposition is largely based on the statement as proved in Proposition 8.2.1.
Proposition 8.2.2 A coalitionally structured exchange economy E is conformable
if and only if for every sequence of coalitions (En)nEN án S2(I') with the properties
that for every n E N it satisfies En~~ C En and En `En~l E I', and p(E) ~ 0,
where E :- (~~ 1 En E a(I'), át holds that for every number 0 G ó G~(E) there
exists some coalition F E Sl(I') such that

p(F `E) - 0

and

p(F) ) ó.
PROOF
Only if
Let E be a conformable economy and assume that the assertion is not true. Then
by assumption there exists a sequence of coalitions (En)nEN in S2(I') such that for
every n E N it holds that En~l C En and En `Entr E I', and tc(E) ) 0, where
E:- (~~ 1 En E E. By assumption there exists a number 0 C ó G p(E) such that
for every coalition F E S2(I') it holds that

p(F `E) - 0 implies p(F) G b.
Now define e :- IC(E) - ó~ 0. Then by Proposition 8.2.1 there exists a coalition
H E f2(I') such that p(H `E) - 0 and {r(E) G p(H) -}- e.
Hence, ~(H) 1 ó. But this contradicts the assumption, since p(H `E) - 0 implies
that ~(H) G ó.
If
Assume that the economy E is not conformable. Then by Proposition 8.2.1 there
exists a sequence of coalitions (En)nEN C H(r) and a number e~ 0 such that for
every coalition F E S2(I') it holds that
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~(F ` n E„) - 0 implies {~( n E„ `F) 1 e.
n-i
n-t
Obviously we can refine this sequence such that for every integer n E N, E„tt C E„
and E„ `En}i E I'.
Now define E:- (~,~ 1 En E a(I'). Then the above statements reduce to the property
that for every coalition F E~(I') it holds that
u(F ` E) - 0 implies p(E ` F) ~ e.
Since for every coalition F E~(I') it holds that p(F) ) 0 it immediately follows
that p(E) 1 0 and 0 G e G p(E). Next define b:- p(E) - e~ 0. Then for every
coalition F E S2(I')
p(F `E) - 0 implies F~(E) ~ l~(F) - b f p(E),
and hence p(F) G ê. This is precisely the negation of the assertion of the proposition,
and thus the proof is completed.
Q.E.D.
Proposition 8.2.2 gives a characterization of the conformability property as being
a flexibility condition on the social structure of a coalitionally structured economy.
It simply states that the property of being conformable is equivalent to the fact
that the structure of all coalitions in the economy can approximate the structure
of all "small" allowable groups in measure theoretic sense. This implies that the
coalitional structure of a conformable economy is measure theoretic dense within
the generated structure of all small allowable groups.
Economically this means that the social structure of a conformable economy
is rich enough to allow for all small groups of economic agents to be potentially
able to participate in the recontracting processes as described by the Semi-Core and
Contract-Core equilibrium concepts. This links our approach with that of Schmeidler (1972) and Vind (1972), who also concluded that small coalitions are vital
for the recontracting processes to constitute a perfectly competitive trade system.
Prominent in this interpretation is that a conformable coalitional structure has to
be rich enough to exhaust the potential recontracting possibilities of small allowable
groups only.s
If we interpret primitive coalitions as being those groups in the social structure of the economy, which can form themselves and become active in the recontracting processes whenever this is profitable, then the coalitional structure of the
economy expresses the social infra-structure in the economy. From this point of view
Proposition 8.2.2 is stating that conformability is expressing the flexibility of the social infra-structure of the economy. This infra-structure supports the property that
aThe notion of smallness is here refering to the fact that these groupa are intersections of a
sequence of díminishing coalitions.
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any "smallr allowable group is potentially able to participate in the recontracting
processes. This interpretation shows that we may indicate conformability as a kind
of functionalism in the sense that economic institutions - or primitive coalitions can be regarded as functional gatherings of economic agents. Hence, such a primitive coalition is formed whenever that is necessary and efficient, and so primitive
coalitions have a purely functional purpose. The ability that any primitive coalition
can be formed whenever that is functional, is just the conformability property of
the economy.
The main result of this section is a third characterization of the conformability property as stated below in Theorem 8.2.3. It is a very powerful and simple
expression of the notion of an economy of being conformable. It states that conformability is just expressing the fact that the collection of all non-negligible primitive coalitions is measure theoretic dense within the collection of all non-negligible
allowable groups of agents. This denseness property again confirms our interpretation of conformability as being a flexibility condition on the social structure of the
economy.
Theorem 8.2.3 A coalitionally structured exchange economy E is conformable if
and only if for every non-negligible allowable group E E E, with lC(E) J 0, there
exists a primitive coalition F E r such that

Ic(F ` E) - 0

and

p(F) ~ 0.
PROOF
Only if

Suppose that E is conformable. Furthermore, assume that the assertion is not true.
Then there exists a non-negligible allowable group E E E, with p(E) ~ 0, such that
for every primitive coalition F E I' it holds that
~(F `E) - 0 implies p(F) - 0.
Through the definition of conformability it holds that
p(E) - sup{~(F) ~ F E f2(I') and ~(F `E) - 0}.
Thus we arrive at the conclusion that
0 L~(E)

- sup{~(F) ~ F E Sl(I') and Ic(F `E) - 0}
N

c

sup{~ p(Fn) ~ N E N; Fn E I' ;~(Fn `E) - 0}

-

sup{0} - 0.

ncl

This is impossible and so the assertion is proved.
If
Let E E E be an allowable group of agents. Now we define
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v(E) :- sup{~(F) ~ F E f2(r) and ~(F `E) - 0}.
To prove that E is conformable we only have to check whether for every nonnegligible allowable group E E E, with ~(E) ) 0, it holds that v(E) -~c(E).9
For simplicitly we define v:- v(E).
Since for every coalition F E SZ(r) with {~(F ` E) - 0 it holds that
~(F) - ~(F n E) f ~(F `E) ~ ~(E),
we conclude that v G~(E).

By the definition of v there exists an increasing sequence of coalitions (F„)„EN in
S2(r) such that for every n E N: Fn C Fn~l, ~(F„ `E) - 0, and
0~(1-2-").v~~c(F„)Cv.
Next define F :- ~J~ ~ F„ E a(r), then ~c(F) - v and p(F`E) G~,~ 1 ~e(F„`E) - 0.
Now suppose that v C~(E).

This implies that ~c(E `F) - p(E) - p(F) - p(E) - v~ 0. By applicatíon of the
assertion on the allowable group E`F E E it follows that there exists a primitive
coalition H E r such that
~c(H `E) ~- p(F n H) - ~(H `(E `F)) - 0 and
~c(H) ~ 0.
Take a positive integer n E N large enough such that ~(H) ) v . 2-n. Then it
evidently follows that ~((F„UH)`E) G p(F„`E) f p(H`E) - 0 and, furthermore,
p(Fn n H) C p(F n H) - 0. Moreover, this implies that

~(Fn U H) - ~(Fn) ~,~(H) ~ (1- 2-n) . v ~ ~(H) ~ v.
Since F„ U H E 52(r), this contradicts the definition of v.
Q.E.D.
The negation of Theorem 8.2.3 states that non-conformability of a coalitionally
structured exchange economy is equivalent to the fact that there exists an allowable
group E E E, with ~,(E) ~ 0, such that for every primitive coalition F E r it holds
that
p(F ` E) - 0 implies p(F) - 0,
or equivalently

~c(F) 1 0 implies p(F `E) 1 0.
This makes clear that in non-conformable economies the (social) infra-structure is
hampering completely free communication and coalition formation. It states that in
these cases there exist allowable groups of which no substantial subgroup can potentially organize themselves as a primitive coalition and take part in the recontracting
processes in the economy. This indeed underlines the essence of the conformability
property as being a flexibility condition on the social infra-structure of the economy.
9Note that if p(E) - 0, then v(E) - 0 and so the conformability property is evidently satisfied.
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Atomless economies

8.3

In this section we discuss the atomlessness property of a coalitionally structured
exchange economy. Together with the conformability property as analysed in the
previous section, atomlessness constitutes the environment in which recontracting
processes in the economy are perfectly competitive. Therefore it is important to
analyse this property within the framework of a socially structured economy, in our
case of a coalitionally structured economy.
The atomlessness condition was introduced by Aumann (1964) to prove his
famous core-equivalence theorem. He interpreted atomlessness as a property of the
measure space of agents, which expresses largenessof that space. Therefore Aumann
(1964 and 1966) and other authorslo speak of large economies. We explicitly note
that the notion of largeness expressed in this way is only valid within the framework
of a(Walrasian) market economy, such as investigated by those authors. From this
particular point of view this seems a satisfactory interpretation of the atomlessness
property.
In our framework of socially structured economies, which we explicitly use to
model the recontracting processes in the economy, this interpretation can however
not be sustained. It is the purpose of this section to reinterpret the notion of
atomlessness in the setting of a coalitionally structured economy. It turns out that
in this case atomlessness is a strongercondition than largeness as defined in Section
8.1. This is immediately reflected in the next theorem, which restates atomlessness
in terms of primitive coalitions only.
Theorem 8.3.1 Let E be a coalitionally structured exchange economy. E is atomless if and only if for every number k E (0,1) and every primitive coalition E E I',
th,ere exists a sequence of pairwise disjoint primitive coalitions (Fn)nEN in I' such
that
~

E - U Fn and
n-1

~(Fn) C k.~(E) for every n E N.
PROOF

If
Let E E E, with p(E) ~ 0, be some non-negligible allowable group. To prove
atomlessness, we show the existence of a strictly smaller non-negligible subgroup.
By application of Lemma 7.1.6 there exists a primitive coalition F E I' such that
loWe mention as main references Hildenbrand (1974, 1982 and 1983), Mas-Colell (1985), Armstrong (1985), Hammond et aL (1987), and Cheng (1987). We remark that these authors, except
Hammond et al. (1987), start from the viewpoint of an individual agent within a system of perfectly
competitive markets.
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~(EnF) ~ 0. Next take a number k E(0,1) such that 0 G k.te(F) G{~(EnF). Then
by assumption, there exists some sequence of pairwise disjoint primitive coalitions
(Fn)nEiQ ]n T 3llch that
~

F - U F„ and
n-1

p(Fn) C k.{t(F) G p(E n F).
But then there exists at least one integer n E N such that p(E n Fn) 1 0. It is
obvious that E n Fn is an allowable subgroup of E and that
0 G p(E n Fn) G tc(Fn) ~ k- p(F) G p(E n F) c p(E).
Only if
Suppose that E is atomless. Furthermore, let k E(0, 1) and E E I' be a number
and a primitive coalition, respectively.
If p(E) - 0, then the assertion is immediately proven by choosing F, :- E, and
Fn :- ~ for every n~ 2.
Thus, suppose that p,(E) ~ 0. Now define x:- 2k. p(E) ~ 0. Then by induction we
can construct a fináte sequence of pairwise disjoint allowable groups (Gl, ..., GN) in
E as follows:

1. By atomlessness of E and application of Liapunov's theorem, we can assert
the existence of an allowable group Gl E E such that Gl C E and p(G, )- x.
2. Suppose that for some m E N the sequence (G,, ..., Gm) in E has already
been constructed. Then we can distinguish two cases:

(~)

h(E ~ Un r~in) i 2

By again applying Liapunov's theorem we assert the existence of an
allowable group G„~t, E E for which it holds that
m
Gm}1 ~ E ~

~

Gn

and

~L(Gm}1)

- ~.

n-1

111)

i~lE ~ Un 1 Gn) G 2

Then we take Gmf, :- E`Un 1 Gn E E, and terminate the procedure.

This procedure always terminates in a finite number of steps, since ~(E) C p(A) - 1
and ~ 1 0.

Let (Gl, ..., GN) in E be constructed as just described. Then obviously E~Jn 1 G„ and p(Gn) G x for every 1 G n G N.
For every 1 G n G N we can apply Lemma 7.1.6 to arrive at the existence of a
sequence of pairwise disjoint primitive coalitions (Fnk)kEN in I' such that
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Gn c U Fnk and
k-1
oc
~ Ít(Fnk)

C Í~(Gn) ~ 2.

k-1

It is obvious by application of the semi-ring properties of I' and the fact that E E I',
that we can choose Fnk C E for every 1 C n C N and k E N. Hence, we conclude
that L.Jn-1 Uk 1 Fnk ~ E- Un-1 Cn ~ Un-1 Uk 1 Fnki and SO E- Un 1 Uk 1 Fnk.
Moreover it is clear that
i~(Fnk) C~(~n) } ~

~ 22 - 1C ~ i6(E).

We can refine the sequences ( Fnk)kEN, (n E N), such that together they form a
countable sequence of pairwise disjoint primitive coalitions. It is clear that this
sequence satisfies all properties of the assertion.
Q.E.D.
This first description of atomlessness in the setting of a coalitionally structured
economy, learns us that such economies satisfy a strong pluriformity condition. The
theorem states that atomlessness is equivalent to the property that the social infrastructure, as described by the collection of primitive coalitions I', is extremely rich.
There are many small primitive coalitions in the social structure of the economy. We
can therefore also describe atomless economies as economies with extremely dense
or rich social structures.
In contrast to the conformability property of a certain coalitionally structured
economy, as analysed in the previous section, we can state the following. Atomlessness expresses the richness of the social structure, while conformability expresses
the fact that the structure of primitive coalitions is relatively dense within the collection of all allowable groups. This shows that both concepts are not equivalent,
but more or less complementary: Conformability is expressing a relative density of
the social structure, while atomlessness is expressing the pluriformity of the social
structure of the economy itself. Our equivalence results therefore state that if the
social structure is relatively dense as well as extremely pluriform or rich, then the
recontracting processes in the economy generate Walrasian equilibrium allocations
only.

The theorem above also indicates that atomlessness might be a stronger property than pluriformity as defined in Section 8.1. This will be analysed in the next
part of this section. First we analyse the pluriformity condition on a coalitionally
structured economy, and subsequently we link this property with the atomlessness
condition. To analyse the pluriformity condition of an economy properly, we have
to introduce some tools, which describe some other features of the social structure
of an economy. The next definition introduces a social equivalence relation within
a coalitionally structured population of some economy. This equivalence relation
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turns out to be closely related to the pluriformity property, which can be imposed
upon an economy, and therefore is closely related to the atomlessness of an economy.
Definition 8.3.2 Let E be a coalitionally structured exchange economy. Two agents
a, b E A are socially equivalent if for every primitive coalàtion E E I' it holds that

a E E if and only àf b E E.
The definition above states that two economic agents are socially equivalent if they
are member of exactly the same primitive coalitions. Thus, the social equivalence
relationship expresses the positions of economic agents in the social structure of the
economy with respect to each other. This implies that two socially equivalent agents
have exactly the same possibilities to participate in the recontracting processes as
described by the Semi-Core. Thus, socially equivalent agents have the same position
with respect to their possibilities and abilities in these recontracting processes in the
economy. As a consequence of the interdependency of social position and individualized attributes of a particular agent, it is plausible that in many cases socially
equivalent agents are of the same type.11
The next proposition gives us some more insight into the nature of the social
equivalence relation between agents in the population of a coalitionally structured
exchange economy.
Proposition 8.3.3 Let E be a coalitionally structured exchange economy.
agents a, b E A are socially equivalent if and only if it holds that I'Q C I'b.

Two

PROOF
Clearly two agents a, b E A are socially equivalent if and only if I'a - I'b. Therefore
we only have to show that if T'a C I'b, then also I'6 C I'a.
Assume that I'a C I'6. Now, suppose to the contrary of the assertion that there exists
a primitive coalition F E I'6 such that a ~ F. Note that by Q-finiteness of (A, I', ~) it
holds that for every agent c E A: I'~ ~ ~. Therefore we can take a primitive coalition
E E I'a. Then by assumption it holds that b E E. Thus b E E fl F and a E E`F.
By semi-ring properties there exists a primitive coalition G E I' such that a E G C
E`F. But then by assumption 6 E G. This however contradicts the fact that b E F.

Q.E.D.
Firstly we remark that the social equivalence relation is indeed a mathematical
equivalence relation. This implies that we can partition the collection of agents A
into equivalence classes with respect to that relation. In this case we denote these
classes by socia! equivalenoe classes on ( A, I', ~). These classes are of particular
importance in our analysis of the pluriformity property on a coalitionally structured
11We however note that this does not necessarily need to be the case. The measurability of
preferences and endowment only prescribes that agents in atoms have the same attributes. On the
level of nullsets there may be differences, since these are negligible.
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population. A social equivalence class consists of socially equivalent agents only, i.e.,
all agents in the same social equivalence class are member of the same collection of
primitive coalitions. This implies that they have the same position with respect to
the participation in the recontracting processes in the economy.

The next lemma is therefore of great importance for the understanding of the
social structure of a coalitionally structured population. It states that the collection
of all social equivalence classes is exactly the collection of all groups of fellows
as defined in Sections 6.1 and 8.1. This immediately links the concept of social
equivalence with the notion of pluriformity.
Lemma 8.3.4 Let E be a coalitionally structured eachange economy. Then T C 2A
is equal to the collection of al[ social equivalenae classes of (A, I', p).
PROOF
Let a E A be an agent. Then indeed nI'a - n{F E I' ~ a E F} is a social equivalence
class, since b E nI'a implies that I'a C I't. By Proposition 8.3.3 this implies that
a, 6 E A are indeed socially equivalent. Moreover, if b~ nI'a, then there exists some
primitive coalition E E I'a such that b~ E, and so a and b cannot be socially
equivalent.
To prove the converse let E C A be a social equivalence class. Now take a E E,
then it is clear that E C nI'a E T. Since all social equivalence classes constitute a
partition of A, it is clear that we have to conclude that T is also a partition of A.

Q.E.D.
An immediate consequence of the characterization of the collection 7 as the collection of all social equivalence classes in (A, I', {~), is that pluriformity just states that
all social equivalence classes are nullsets. This implies that the collections of socially
equivalent agents in the economy are negligible, and so the social infra-structure of
the economy is indeed extremely rich and pluriform.
Next we show that the level of social equivalence classes is the lowest which we
can identify by the information as contained in the social structure of the economy
only. To do so we have to introduce a well known instrument from classical measure
theory, which is indicated as the outer measure of the measure space (A,I',p).
This measure assigns to every subset of agents some artificial size, based on the
information as contained in the social structure of the population (A, I', p).
Definition 8.3.5 Let (A, I', ~) be a coalitionally structured population of economic
agents. The outer measure is a mapping v: 2A -~ [0, 1], which for every group of
agents E C A is given by

v(E) :- inf{p(F) ~ E C F E E}.
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The next lemma shows us that the partition as described by the collection T is indeed
the lowest level of identification, that can be reached by using only the information
as contained in the population (A, I', ~). Now pluriformity states that this level of
identification is very fine in measure theoretic sense. Up till nullsets we can identify
all individual agents in the economy by only using information on the coalitional
structure of the population.

Lemma 8.3.6 Let (A, I', p) be the coalitionally structured population of an economy
E. If E E T is some social equivalence class, then for every subgroup ~~ F C E it
holds that
v(F) - v(E).
PROOF
Suppose E E T is a social equivalence class. The assertion is trivial in case v(E) 0.12 Hence, we may assume that v(E) ~ 0.
Now take 0~ F C E. Then by application of the definition of the outer measure
there exists an allowable group of agents H E E with F C H and p(H) - v(F).
Next choose an arbitrary number b ) 0. Then by application of Lemma 7.1.6 there
is a sequence of pairwise disjoint primitive coalitions ( Hn)nEN in I' such that

F C H C U Hn and
n-1
~

~ l~(Hn) c l~(H) f ó- v(F) f b.
n-1

We may assume that Hl f1 F~ 0. Then by definition of E E 7 as a social equivalence
class, it holds that E C Hl E I'. Thus v(E) G p(Hl) and so

v(E) C~ p(Hn) ~ v(F) ~ b.
n-1

Since b ) 0 was chosen arbitrarily, by the monotonicity of the outer measure13, we
conclude that v(E) - v(F).

Q.E.D.
Although Lemma 8.3.6 has an interpretation on its own, its main application lies
however in the proof of the assertion that every atomless exchange economy is indeed
pluriform. This result is stated in the next theorem, which is of major importance
in the understanding of the atomlessness property in relation to the pluriformity
condition on the social infra-structure of a socially structured economy.
1ZSee Halmos ( 1950) and Zaanen (1967), where it is shown that for every subset G of A it holds
that if v(G) - 0, then G is a nullset of (A, I', p).
13See Theorem 10.A of Halmos ( 1950, p. 42).
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Theorem 8.3.7 Let E be a coalitionally structured exchange economy.
atomless, then it is also pluriform.

If E is

PROOF
Let E be an atomless economy. Now suppose that E is not pluriform, and so there
exists a social equivalence class E E T such that v(E) ~ 0. Then by definition of
the outer measure there is an allowable group of agents H E E such that E C li
and p(H) - v(E) ~ 0.

Now by atomlessness of E there exists another allowable group G E E such that
G C H and 0 G p(G) C p(H). Now we can distinguish two separate cases:

1. GnE-O
Then it is obvious that E C H`G and therefore it holds that v(E) G tc(H) p(G) C~(H) - v(E). This is a contradiction.

2. GnE~O
Then by application of Lemma 8.3.6 it holds that v(Gn E) - v(E) ~ 0. Thus
we conclude that p(G) ~ v(G n E) - v(E) - p(H). Again we arrive at a
contradiction.
-

Q.E.D.
It may be clear that the reverse of Theorem 8.3.7 does not need to hold. Atomless
economies are always pluriform, but pluriform economies need not to be atomless.
This is shown by the following example.
Example 8.3.8
In this example we construct a very simple coalitionallystructured population, which
consists of a single atom. Clearly it is therefore not atomless, but the collection
of primitive coalitions is rich enough to be called pluriform. We construct this
coalitionally structured population in the following subsequent steps:

1. We define A:- [0,1) C R.
2. Let the collection of singletons, the empty set, and the total population of
agents be denoted by ~, i.e.,
~:- {{a} ~ a E A} U{0, A}.
Next we define the collection of all primitive coalitions on A as I' :- w(~)
being the ring generated by the collection ~. This ring of primitive coalitions
contains all finite sets of agents, including the empty set, and their complements.

3. Finally define the measure ~: I' ~[0,1) as the restriction of the Lebesgue
measure to I' C Ii(A).
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Clearly (A, I', p) is a coalitionally structured population. Let E be an economy
with this particular population. Evidently, this economy is not atomless, since the
collection of all agents A itself is an atom. However the collection of all social
equivalence classes in the population (A, I', p) is given by
T-{{a} ~ a E A}.
This implies that 7 C I' C E with the property that for every social equivalence
class {a} E 7 it is evident that p({a}) - 0. Hence, the economy E is indeed
pluriform as well as large.
We conclude this section by giving another characterization of a pluriform economy.
5ince in a pluriform economy the collection of all social equivalence classes on the
population of the economy (A, I', ~) contains uncountably many members and is in
fact a partition of A, we may conclude immediately that the following property is
valid.
Lemma 8.3.9 Get E be a coalitionally structured exchange economy. If E is pluriform, then for every non-negligible primátive coalition E E I' with p(E) ~ 0 and for
every integer IC E N it holds that

~{FET~FCE}1K.
We remark that the converse of Lemma 8.3.9 does not need to hold in general. It is
however very interesting to know under which conditions the reverse is valid. The
statement that every non-negligible primitive coalitions contains an arbitrarily large
number of social equivalence classes is a weaker characterization of the intuitive
notion of pluriformity of the social structure of the economy. In the next section
we investigate under which conditions this weaker description of pluriformity is
equivalent to pluriformity as described in Section 8.1 and even atomlessness.

8.4

Perfectly competitive economies

In this section we analyse those coalitionally structured economies, which are conformable as well as atomless. According to the definition as stated in Section 8.1
an economy is referred to as perfectly competitive if the trading processes in that
economy generate exactly the Walrasian equilibrium allocations. As discussed in
the previous chapters of this monograph the recontracting exchange processes can
be considered as the major trading processes in coalitionally structured exchange
economies. Therefore our main equivalence result states that economies which are
conformable as well as atomless, are indeed perfectly competitive.
In the previous sections of this chapter we already discussed these properties
of the social structure of such an economy separately. In Section 8.2 it turned out
that the conformability property can be regarded as a flexibility condition on the
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coalitional structure of the economy. We have given three full characterizations of
this property, which give us sufficient insights into the nature of this property.
In Section 8.3 we made a similar attempt for the atomlessness condition
on the coalitional structure of the population. We have placed the atomlessness
condition in the framework of pluriformity conditions on the social structure of the
economy as reflected in the collection of all primitive coalitions. It turns out that
atomlessness can be interpreted as a strong pluriformity condition. We compared it
with two other pluriformity conditions, which both turned out to be weaker.
In the subsequent section we analyse perfectly competitive economies. Such
economies are conformable as well as atomless, in the light of the intuitively appealing Cournotian conjecture that largeness of the group of agents participating in the
trading processes is a suffient condition for the economy to be perfectly competitive.
We note that the Cournotian approach falls within the limits of a market system,
and that the starting point of our analysis is a far more primitive system of trade,
which is based on Edgeworth's recontracting principle. The appealing result of the
Cournotian approach can however serve as a benchmark in our analysis.
In the analysis whether our model can support the Cournotian conjecture that
largeness is sufficient for perfect competition, we investigate especially the atomlessness condition in conformable coalitionally structured exchange economies. This
implies that we compare the largeness condition, as stated in Section 8.1, with a
strong pluriformity property of the social structure of the economy. Our preliminary
result links pluriformity with largeness of the collection of agents in the econotny. It
shows that individually negligible agents are also socially negligible. Hence, largeness and pluriformity are two expressions for the same feature, namely negligibility
of an economic agent in the setting of a coalitionally structured economy. With this
interpretation, the result actually states that the interdependency between individual and social - or relational - characteristics of an economic agent implies that
both concepts express the same property of the economy. This links our analysis of
perfect competition with the conceptual discussion of the interdependency principle
as developed in Chapter 3.
Theorem 8.4.1 Let E be a coalitionally structured exchange economy.
large if and only if E is pluriform.

Then E is

PROOF

If
Suppose that E is pluriform. Furthermore, let a E A be an agent. Since the collection of social equivalence classes 7 is a partition of A, there exists a unique social
equivalence class FQ E 7 such that a E Fa. By assumption Fa E E and p,(Fa) - 0,
and hence, by completeness of (A, E, ~), it follows that {a} E E and ~({a}) - 0.
Only if
Suppose that E is large. Let F E 7 be an arbitrary social equivalence class. Then
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F~ 0 and for every agent a E F it holds that {a} E E and p({a}) - 0.
By application of Lemma 7.1.6 on {a} E E it follows that for every b) 0 there
exists a primitive coalition E E I' such that

a E E and p(E) G b.
By definition it therefore follows that F C E.
Apply this property and take for every integer n E N a primitive coalition E„ E r
such that

F C E„ and p(E„) G 2-".
Next define E:- (~„EN E„ E E, then F C E and p(E) - 0. Thus by measure
theoretic completeness of (A, E, p) we may conclude that F E E and p(F) - 0.
Q.E.D.
Theorem 8.4.1 immediately links atomlessness with largeness. We only have to
investigate the atomlessness property in comparison with the slightly weaker condition of pluriformity to have a full insight into the nature of a perfectly competitive
economy in comparison with the Cournotian conjecture. We concentrate on the
description of pluriformity of a perfectly competitive economy. The next result is a
direct interpretation of atomlessness as a stronger form of pluriformity in the setting
of a conformable economy.
Theorem 8.4.2 Let E be a conformable coalitionally structured exchange economy.
Then E is atomless if and only if for every non-negligible primitive coalition E E I',
with p(E) ~ 0, there is another primitive coalition F E I' such that

u(E `F) - 0 and 0 G p(F) G p(E).
PROOF
Let E be conformable.

Only if
Suppose that E is atomless and let E E r, p(E) ~ 0, be a non-negligible primitive
coalition. Then by assumption there exists an allowable group H E E such that

H C E and 0 G p(H) G p(E).
By conformability and application of Theorem 8.2.3 there exists a primitive coalition
F E I' with the properties that p(F `H) - 0 and p(F) 1 0.
Hence, it follows that p(F `E) C{~(F ` H) - 0 and 0 G p(F) c p(H) G p(E).
If
Suppose that E E E is a non-negligible allowable group of agents, i.e., p(E) ~ 0.
Then by conformability and application of Theorem 8.2.3 there exists a primitive
coalition E' E I' such that
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~(E' `E) - 0 and 0 C~(E') C p(E).
By assumption there exists a primitive coalition F' E I' such that it satisfies the
properties

p(F' `E') - 0 and 0 G {~(F') C~(E').
Now we define F:- F'f1 E E E. Then obviously F C E. Moreover, from p(F'`E) C
p(F' ` E') -1- p(E' ` E) - 0 we may conclude that p(F) -{~(F') 1 0. Thus,
0 G F~(F) c!~(E~) C l~(E).
Q.E.D.

The result as stated above gives some important insights into the nature of atomless coalitionally structured populations in the setting of a conformable economy. It
turns out that if the coalitional structure of the economy is flexible, then atomlessness is equivalent to a strong pluriformity condition on the collection of all primitive
coalitions. This is another confirmation of the properties as derived in the previous section, although in the setting of a flexible coalitional structure these can be
sharpened.
The next example shows that conformability indeed can not be ommitted in
the formulation of Theorem 8.4.2.
Example 8.4.3
Consider the population (A, I', tc), which is given by the following definitions:
~ The collection of all agents is given by A:- [0, 2) C R.

~ The semi-ring of primitive coalitions is given by
I':-{0}U{[a,b) ~OcaCbC 2}.
~ A measure on this semi-ring of primitive coalitions is given by the mapping
~: I' -~ [0, 1~ for which it holds that
l~([a, b)) :- { b }a

if
if

a-0
a 1 0

The triple (A, I', ~) is indeed a coalitionally structured population. Let E be an
economy with this particular population. Then it is clear that E is not large, and
so it is not atomless. Moreover, by the fact that {0} E E`I' and ~({0}) - 2~ 0,
it is also evident that E is not conformable.

However, it trivially holds that for every non-empty primitive coalition E E r`{0}
there exists a primitive sub-coalition F E I', with the properties that F C E and
0 c {~(F) c ~(E).
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Next we turn to the main question whether the Cournotian conjecture can be supported in our setting of a coalitionally structured exchange economy. This means,
is largeness a sufficient condition for an economy to be perfectly competitive? The
(partial) answer to this question is given in a full characterization of the largeness
property of a coalitionally structured population. This can only be done by introducing a new concept into our analysis. This concept describes the potential possibilities
of individual agents and primitive coalitions to participate in the recontrating processes. We introduce this concept or participation property in two forms. The first
describes participation of individual agents in these recontracting processes, while
the latter describes the possibilities of primitive coalitions as a whole to participate
in these processes.

Definition 8.4.4 Let E be a coalitionally structured exchange economy.
(a)

E satisfies the weak particiption property if for every agent a E A there
exists a primitive coalition E E ra, which is not negligióle, i.e., p(E) ~ 0.

(b)

E satisfees the participation property if every nonempty primitive coalition is non-negligible, i.e., for every E E I' `{~} it holds that p(E) ) 0.

The weak participation property expresses the potential ability of an individual agent
in a coalitionally structured population to participate in the recontracting processes
as described by the Semi-Core, and more properly by the Contract-Core. It simply
states that every agent is a member of at least one non-negligible primitive coalition.
This implies that every agent is potentially able to participate in the recontracting
processes, through his or her membership of such a non-negligible primitive coalition.
Within the setting of our model of the Edgeworthian recontracting processes in a
coalitionally structured exchange economy it is clear that such memberships are of
major importance with respect to the participation of an agent in these processes.
The participation property gives an expression to the intuitive appealing property that every nonempty primitive coalition is potentially able to participate in the
recontracting processes in the economy. In this case the notion of participation is
interpreted as participation as a part of a non-negligible coalition, which is able to
improve upon a certain allocation. Thus, participation only expresses effective participation in the recontracting processes in the economy rather than participation
in the side-line.
We remark that the participation property implies weak participation. This
is a simple consequence of the v-finiteness of the measure space ( A, I', tt). Therefore
potential participation of primitive coalitions in the recontracting processes always
implies potential participation of individual agents in these processes. The notions of
weak participation and participation are unrelated to the fact whether a population
is a continuum population. The next example shows that there exist continuum
populations, which are not satisfying the weak participation property.
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Example 8.4.5
Let 1:- [0,1) be the unit-interval and let .~ be the Lebesgue measure on the collection of all Borelsets Li(I) of I.
(a)

Take b E ( 0,1] and define the continuum population (I, I'ó, ~) by

I'ó:-{[a,b)~OcacbCl; b-acb}U{0}.
Then it is obvious that every economy with population (I, I'ó, ~) is a continuum economy, which satisfies the participation property. This example is
also discussed in Section 7.5 with respect to its properties as a description of
a continuum population. There it is argued that for every b E(0, 1) it liolds
that 1Z(I'á) - Sl(I'1).

(b)

Next define the continuum population (I, I', ~), which is given by
I'

:-

{[a,b)~OcacbC2}

U

{[a,b)~zCaGbGl}

u

{0, {~}} c !3(I).

We firstly show that I'1 C~(r), and hence the population (I, I', ~) is indeed
a continuum population. Let [a, b) E I'1, then we can distinguish two cases:
1.

2 ~ [a, b)
Then trivially [a, b) E I' as defined above.

2.

2 E [a, b)
Then note that (2, b) E a(I'), and so [a, b) -[a, 2) U{ 2} U(2, b) E a(I').

Finally we remark that the continuum population (I, I', ~) does not even satisfy the weak participation property. Clearly 2 E I is not a member of any
non-negligible primitive coalition. Therefore 2 cannot participate essentially
in the recontracting processes in any continuum exchange economy with population (I, I', a).
With the instruments as developed above we are able to state the main result of
this section. It gives a full characterization of atomlessness in comparison with the
largeness property on a coalitionally structured population.

Theorem 8.4.6 Let E be a coalitionally structured eachange economy, which satisfies conformability as well as the participation property. Then the following statements are equivalent:
1. E is atomless.

2. E is large.
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~i. For every non-empty prirnitive coalition E E I' `{l~} it holds that

~{FET~FCE}~2.
PROOF
Let E be a conformable economy, which satisfies the participation property.

1 implies 2
This is an immediate consequence of Theorem 8.3.7 and Theorem 8.4.1.
2 implies 3
This is a simple application of Lemma 8.3.9.
3 implies 1
Let E E E be a non-negligible allowable group of agents, i.e., p,(E) 1 0. Then by
conformability and application of Theorem 8.2.3 we can choose a primitive coalition
F E I' such that

p(F `E) - 0 and 0 c p(F) C p(E).
Now there exist two distinct social equivalence classes Hl, HZ E r, Hl ~ H2i with
the property that Hl U H2 C F. But then by Lemma 6.1.8 (c) there exist two
primitive coalitions G~, GZ E I', which separate these two distinct social equivalence
classes, i.e.,
H; C G; for i- 1,2 and

G,nGz-O.
Thus for every i E{ 1, 2} it holds that H; C F n G;, and so F n G; ~ 0. Applying
the semi-ring properties of I' we can take for every i E{1, 2} a non-empty primitive
coalition S; E I' `{~} with S; C F n G;.
Then by the participation property it holds that ~(S;) 1 0 for every i E {1,2}.
Moreover, we may conclude that for every i E{ 1, 2}

~(S; `E) ~ ~((F n G;) `E) ~ ~(F `E) - 0.
Define H:- Sl n E E E. Then by the properties as derived above we know that
0 ~ ~(H)

~~(F n G,)
~

~(FnG,)~~(FnG~)

~ !~(F) ~ F~ÍE).
Thus we may conclude that E is indeed atomless.
Q.E.D.
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The main result of this section faces us with some valuable insights. It does not
only give a full characterization of the relationship between large and atomless coalitionally structured economies, but it also states that the Cournotian conjecture can
only be sustained under some severe and demanding conditions. Only if the coalitionally structured economy is conformable and satisfies the participation property,
then largeness is a sufíicient condition to support a perfectly competitive tradíng
system, based on the Edgeworthian recontracting principle. This implies that only
in pathological situations largeness substitutes for atomlessness, the latter being a
much stronger form of pluriformity.
The result above is a confirmation of the intuitive understanding that a system of exchanges based on the recontracting principle has to satisfy much more
conditions than largeness of the total collection of participating agents only, to be
perfectly competitive. In contrast to the Cournotian approach, the Edgeworthian
approach does not deal with a smoothly functioning market system, but with an
inefficient and primitive system of trade movements. The Cournotian approach
learns that a market system is a very efficient environment for trade, in which largeness of the market is sufficient to have a perfectly competitive trade system. The
recontracting processes, as described in our model, require besides largeness of the
economy additionally certain efl'iciency conditions such as reflected in conformability
as a flexibility condition, and the participation property.
The Edgeworthian approach to perfect competition therefore learns us that
the assumption that all trade takes place in a market system, itself is in fact stating
that all trade takes place within a certain efficient institution according to some
rules. This assumption is a main part of the conditions under which the trade
system as described in the Cournotian way is perfectly competitive. The main
lesson is therefore that the analysis of behaviouristic assumptions, such as price
taking behaviour, can never be separated from the context of the model itself.

This discussion and the results of the normative analysis of the recontracting
processes in the setting of a coalitionally structured exchange economy show that the
principle axiom of the methodological framework as presented in Chapter 2, namely
organization matters, is indeed confirmed. Our analysis shows that in a large economy with a market system the equilibrium allocations are perfectly competitive.
Hence, a market system has to be valued as a very efficient allocation mechanism.
In Chapter 5 we concluded that in a finite and imperfectly competitive market, the
economy still may generate perfectly competitive allocations under the condition
that the structure of the market satisfies certain properties. Again this confirms
our main axiom that organization matters, i.e., structure and rules on the market
are crucial in the achievement of certain idealized allocations. Finally, in this chapter we conclude that a conceptually different approach to barter may generate the
same perfectly competitive allocations if the social structure of the economy satisfies
certain flexibility and pluriformity conditions. Again we conclude that the organizational environment is crucial within the analysis of certain economic behaviouristic
aspects as represented in our model of a coalitionally structured exchange economy.
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We confirm this lesson in our final result, which is a simple corollary of the
main result of this section and of the equivalence results stated in the previous
chapter.
Corollary 8.4.7 Let E be a coalitionally structured exchange economy, in which
all agents have monotone preferences. Moreover, let E satisfy the partícipation and
Strong Core properties. If E is conformable and large, then the set of Walrasian
equilibrium allocations, the Contract-Core, and the Semi-Core coincide, i.e.,

W(E) - C(E) - C(E).
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Samenvatting
De huidige micro economie, en in het bijzonder de moderne theorieën over bedrijfstakorganisatie en algemeen evenwichts theorie, wordt gekenmerkt door een consequente toepassing van het methodologisch individualisme. Centraal in deze theorieën
staat het individueel beslissend economisch subject. Gegeven de beslissingsomgeving, welke wordt geïnduceerd door de spelregels van de organisatie waarin het
economisch subject participeert, optimaliseert het economisch subject zijn of haar
doelstellingsfunktie. (De beslissingsomgeving is dus exogeen bepaald in de spelregels van de beschreven organisatievorm.) Een voorbeeld hiervan zijn de bekende
gedragspatronen op een markt met volledige mededinging, waarin een economisch
subject zijn (individuele) vraag en aanbod zodanig bepaald dat gegeven zijn budgetconstraint zijn preferenties optimaal nagestreefd worden. Bij de bepaling van de
budgetconstraint wordt in een markt met volledige mededinging de marktprijs en
de initiéle beginvoorraden gegeven genomen.
In het hier gepresenteerde onderzcek wordt niet langer uitgegaan van een
zuiver individueel beslissend economisch subject, maar van een individueel beslissend economisch subject binnen een sociale organisatie of sociaal gestruktureerde
omgeving. Bij de modellering van deze sociale organisaties van individueel beslissende subjecten wordt de beslissingsomgeving niet langer exogeen gegeven door de
spelregels, maar gedeeltelijk bepaald door endogeen bepaalde faktoren. Een voorbeeld hiervan is dat de sociale vaardigheden van de economische subjecten de organisatievorm in belangrijke mate zullen bepalen. De beschrijving van deze faktoren
binnen de traditionele theorieën zijn niet gced mogelijk.
Het doel van deze studie is om, uitgaand van het Arrow-Debreu model, een
zodanig formeel kader te scheppen dat in principe ook verschillende organisatievormen, die ten grondslag liggen aan individuele economische beslissingen, vergeleken
kunnen worden. Indien de organisatie van de economische beslissingen grotendeels
bepaald is door exogeen gegeven regels, dan is het duidelijk dat een vergelijking
tussen verschillende organisatievormen problematisch is. Indien echter de bepalende
sociale faktoren gedeeltelijk of geheel endogeen bepaald worden, dan lijkt op relatief
eenvoudige wijze een vergelijking van verschillende organisatievormen mogelijk te
zijn.

Een economie, waarin de economische subjecten dit type van sociale vaardigheden en beperkingen hebben, wordt een sociaal gestruktureerde econornie genoemd.
De sociale beperkingen van de economische subjecten leiden er toe dat de beslissingsvrijheid van deze subjecten beperkt wordt. Deze beperkingen worden sociale
constraints op het gedrag van de economische subjecten gencemd.
Het proefschrift is opgebouwd uit een inleidend hoofdstuk en drie delen. Ieder
deel is apart te lezen en behandelt bepaalde aspekten van het modelleren van sociale strukturen in economische beslissingsomgevingen. Het eerste deel handelt over
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enkele methodologische gevolgen van het toepassen van de benadering als geschetst
in bovenstaande alinea's. Het tweede deel is gewijd aan de bespreking en analyse
van enkele theorieén, welke sociale strukturen beschrijven aan de hand van direkte
(economische) relaties tussen de verschillende economische subjecten. Het derde
deel handelt over een indirekte benaderingswijze van de beschrijving van sociaal
gestruktureerde economieën. Centraal hierin staat het concept van economische organisatie of instituut als bindend sociaal economisch instrument en codrdinerende
entiteit voor coóperative economische aktiviteiten.
Methodologie
De invoering van sociale kenmerken in de karakterisering van economische subjecten
heeft gevolgen voor enkele methodologische fundamenten, zoals deze aanvaard worden in de huidige economische theorie. De belangrijkste hiervan is dat het methodologisch individualisme niet langer gevolgd wordt in de konstruktie van de economische modellen. De economische subjecten zijn namelijk niet meer gekenmerkt
door hun individualiteit alleen, maar door een beperkte individualiteit binnen een
sociale omgeving die bepaalde constraints op het gedrag van de agenten legt.
In het eerste deel van dit proefschrift worden deze aspekten nader belicht en
een álternatief kader ontworpen, waarin de gebruikte modelleringstechnieken acceptabel zijn. Het belangrijkste kenmerk van dit alternatieve kader is de introduktie van
een algemene konstruktie methode voor de bestudering van economische fenomenen.
Deze methode wordt aangeduid als het tripolaire model. In deze methode wordt het
fenomeen niet los beschouwd van zijn context, maar expliciet geanalyseerd als een
resultante van de op het fenomeen inwerkende krachten. Deze methode wordt nader
uitgewerkt voor de bestudering van een algemeen economisch evenwicht, waarin de
fundamentele economische krachten geïdentificeerd worden als de notionele vraag
naar gcederen, het notionele aanbod van gcederen en de organisatie van vraag en
aanbod beslissingen.
Er wordt gekonkludeerd dat in de huidige economische theorie te weinig aandacht wordt besteed aan een beschrijving van de organisatie van de economische
beslissingen van de subjecten. (Deze beslissingen van economische subjecten kunnen zowel individueel als codperatief van aard zijn.) Daardoor ontstaat er een
onevenwichtigheid binnen het tripolaire kader van de theorievorming, waarin het
zwaartepunt komt te liggen op de bestudering van de twee andere economische
krachten, namelijk de notionele vraag en het notionele aanbod.
Relaties
Het tweede deel van het proefschrift is gewijd aan het beschrijven van sociale strukturen in de economie door middel van de beschrijving van direkte economische
relaties als sociale karakteristieken van de economische subjecten. De modellering is gebaseerd op twee principes. Het scheidings principe zegt dat individuele
karakteristieken en sociale karakteristieken van een economisch subject gescheiden
beschreven dienen te worden. Het belangrijkste gevolg hiervan is dat (sociaal)
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economische relaties tussen economische subjecten apart beschouwd worden van
de strikt individuele karakteristieken zoals initiële beginvoorraden, produktie capaciteiten, preferentie voorkeuren, sociale status en geografische aspekten.
Het afhankelijkheids principe is de assumptie dat er echter wel een interdependentie tussen sociaal economische relaties en individuele karakteristieken bestaat.
Subjecten, die individueel op elkaar lijken, worden geacht ook een sociaal economische relatie met elkaar te hebben. (Bijvoorbeeld subjecten, die "buren" van
elkaar zijn, staan meestal in sociaal economisch kontakt met elkaar.) Economieën
met economische subjecten die direkt gerelateerd zijn, en welke voldoet aan de eisen
welke gesteld worden door het scheidings en het afhankelijkheids principe, worden
aangeduid met de term relationeel gestruktureerde economieën.
Het model, dat in Hoofdstuk 3 gepresenteerd wordt, is volledig gebaseerd op
de twee beschreven assumpties. In dit hoofdstuk wordt ook de vraag behandelt wanneer de sociale struktuur van een relationeel gestruktureerde economie volledig is in
de zin dat ieder paar of subjecten elkander kan bereiken via een eindig aantal tussen
liggende subjecten. Het is duidelijk dat een economie een volledige sociale struktuur
moet hebben, wil er een organisatie mogelijk zijn dat alle (handels) transakties kan
verwerken.
In het vierde hoofdstuk wordt een aanzet gegeven tot de bestudering van
verschillende organisatievormen binnen relationeel gestruktureerde economieën. In
dit hoofdstuk kijken we naar grcepen van economische subjecten, die tesamen de
sociale capaciteiten hebben om alle handels transakties te kunnen sturen en uit te
voeren. Zulke grcepen van economische subjecten worden netwerken genoemd. In
Hoofdstuk 4 wordt de vraag gesteld wanneer zulke netwerken bestaan. De konklusie
is dat in vele (normale) gevallen de existentie van netwerken gewaarborgd is indien
de sociale struktuur van de economie volledig is. Een tweede konklusie is dat zelfs in
pathologische gevallen er grcepen van subjecten zijn aan te wijzen, die bij benadering
aan de voorwaarden om een netwerk te zijn voldcen.
Een ander aspekt, dat in Hoofdstuk 4 ter sprake komt, is dat van de sociale
voorwaarden tot co5peratief economisch gedrag. Het is duidelijk dat het gebrek
aan voldcende sociale relaties tussen economische subjecten beperkingen oplegt aan
de co5peratieve handelsvrijheid van deze subjecten. We hebben in zo'n geval te
maken met sociale constraints in de formatie van coëperatief handelende coalities.
We onderzceken deze sociale aspekten van de formatie van coalities en beschrijven
de voorwaarden onder welke aan de (minimale) eisen van een mathematisch model
voor coóperatief economisch gedrag is voldaan.

Hoofdstuk 5 geeft een model van een economie waarin de organisatie van
economische beslissingen is beschreven als een rij van in elkaar liggende netwerken.
Aldus bereiken we een beschrijving van een hierarchisch gestruktureende markt als
organisatievorm binnen de economie. Een algemeen evenwichtsconcept voor zo'n
economie wordt gekonstrueerd. Daarbij wordt rekening gehouden met de mogelijkheden van de economische subjecten om coóperatief inet elkaar te handelen buiten
de markt organisatie om. Er wordt aangetoond dat deze grijze of zwarte handel
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winstgevend is indien de hierarchische markt organisatie tot prijsdiscriminatie leidt.
In tegenstelling tot andere modellen is de oorzaak van deze grijze handel, i.c. de
handel buiten de officiéle markt organisatie om, een gevolg van de gebrekkigheid
van de organisatievorm zelí. Er wordt tevens aangetoond dat in het geval er veel
mogelijkheden tot grijze of zwarte aktiviteiten zijn, de markt naar een uniforme prijs
gedwongen wordt en aldus in vele gevallen leidt tot een Walrasiaans evenwicht.
Coalities
Het derde deel van dit proefschrift richt zich volledig op de beschrijving van coóperatief economisch gedrag in sociaal gestruktureerde economieén en de daarbij
behorende organisatievormen. In het aldaar ontwikkelde model worden de sociale
karakteristieken van de economische subjecten op een ándirekte wijze beschreven.
Centraal in deze beschrijving staat het idee dat bij codperatief economisch handelen
niet het individuele economische subject als beslisser optreed, doch een verbond van
samenwerkende economische subjecten. De relevante sociale karakteristieken van
economische subjecten bij coóperatief gedrag zijn dus zijn of haar lidmaatschappen
van potentieel handelende verbonden van economische subjecten. Deze verbonden
worden aangeduid als primátieve coalities en vormen het primitieve concept van
het model. Voorbeelden van zulke primitieve coalities zijn gezinnen, vakbonden,
consumenten organisaties, ondernemingen, (beleggings) fondsen en economische instituties.
Hoofdstuk 6 legt de fundamenten voor het model voor codperatief gedrag in
een sociaal gestruktureerde economie. Met behulp van niet-klassieke maattheorie
wordt een kader geschapen waarbinnen economische subjecten via de primitieve
coalities waarvan zij lid van zijn, participeren in de coóperatieve economische handelsprocessen. Er wordt er van uitgegaan dat een subject slechts lid is van een
beperkt aantal primitieve coalities en dat er aldus sociale constraints op de coalitie
formatie liggen. (Zie ook de beschrijving in Hoofdstuk 4 van relationeel geinduceerde
constraints op de formatie van coalities.) Een sociaal gestruktureerde economie,
waarin subjecten via lidmaatschappen van primitieve coalities aan elkaar gerelateerd
zijn, wordt een coalitioneel gestruktureerde economie gencemd.
Er wordt aangenomen dat binnen het kader van een coalitioneel gestruktureerde economie verschillende primitieve coalities met elkaar kunnen samenwerken
om aldus tot winstgevende handelsovereenkomsten te komen. (Hieronder wordt bijvoorbeeld ook het CAO-overleg tussen werkgevers organísaties en vakbonden verstaan.) De grceperingen, die participeren in de codperatieve handelsprocessen in de
economie, zijn aldus samenwerkings verbanden tussen eindig veel primitieve coalities.

In Hoofdstuk 7 worden enkele evenwichtsconcepten, welke een beschrijving
geven van dit soort coóperatief economisch handelen binnen een coalitioneel gestruktureerde economie, gegeven. De belangrijkste vraag in dit kader is vervolgens om aan
te geven onder welke kondities deze codperatieve handelsprocessen dezelfde allocatie
opleveren als een marktorganisatie met volledige mededinging. Dit is de bekende
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vraag naar de Core-Walras equivalentie.
In datzelfde hoofdstuk ontwikkelen we enkele equivalentie stellingen voor de
situaties die boven beschreven zijn. We konkluderen dat, indien de coalitionele
struktuur van de economie zowel pluriform als flexibel is, de coóperatieve processen
precies de volledige medingingsallocaties ondersteunen. Voorbeelden tonen ons dat
de potentiele organisatiekracht van enkele grceperingen van economische subjecten
van groot belang is voor de ondersteuning van volledige mededingingsallocaties door
coóperatief economisch gedrag van economische subjecten georganiseerd in primitieve coalities. Dit komt ook tot uiting in een stelling, welke een ontkenning van
de Core-Walras equivalentie inhoudt. Aangetoond wordt dat er rijk gestruktureerde
economieén bestaan, waarin de economische subjecten normale (monotone) preferenties hebben en waarin deze equivalentie niet op gaat.
In Hoofdstuk 8 wordt bevestigt dat slechts in zeer bijzondere gevallen een
Core-Walras equivalentie is te verwachten. Dit gaat in tegen de interpretatie, zoals
deze binnen de literatuur gebruikelijk is, en waarin geacht wordt dat de omvang van
de klasse van economische subjecten een voldcende voorwaarde is om deze equivalentie te ondersteunen. Onze analyse toont dat additioneel de sociale struktuur van de
economie zowel zeer rijk (pluriform) als flexibel moet zijn. Dit leidt tot de konklusie
dat de equivalentie van codperatieve processen en een volledige mededingings marktorganisatie ook binnen de klasse van grote economieën een bijzonderheid is.
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