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A Symmetrization for Finite Two-Person Games
IIy A. P. Jurg', M. J. M. Jansen''Z, J.A. M. Potters' and S. H. Tijs'

Absrracr: The symmetrization method of Galq Kuhn and Tucker for matrix games is eatended (or
bimatrix games. It is shown that the equilibria of a bimatrix game end its symmetrization correspond
two by two. A similar result is found with respect to quasi-strong, regular and perfect equilibria.
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1 In(roduction

This paper is devoted to a symmetrization method for finite two-person games
(bimatrix games), which originates from a method for matrix games by Gale et
aL (1950).
Already in the fundamental paper of von Neumann (1928) attention is paid
to symmetric matrix (two-person, zero-sum) games and it is observed that these
games have value zero. An alternative proof of this result is given by Brown and
von Neumann (1950), where it is extended to a proof of existence of a value for
general matrix games by referring to a symmetrization method of Gale, Kuhn
and Tucker (1950). Also an alternative to this method is provided.
In a symme[ric game both players have the same strategic possibilities and
there is no discrimination in the payoffs. Therefore a symmetrization of a game
is an extension of this game to fair play. In fact, where in real-life situations people play games, they tend to symmetrize by means of tossing, exchanging roles
in a second play, etc. This motivates the study of symmetrizations for finite twoperson games that are not zero-sum. Furthermore symmetric games play an important role in the new field of sociobiology, founded by Maynard Smith (1982),
where evolutionary stable strategies correspond to special symmetric equilibria.
A.P. 1urg, M.1.M. Jansen, J.A.M. Potters and S.H. Tijs, Dept. of MathematicslNlCl,
~
University of Nijmcgen, Toernooiveld, 6525 ED Nijmegen, The Netherlands.
~
also Open Univcrsity, Heerlen.
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Griesmer, Hoffman and Robinson (1963) propose a symmetrization method
for bitnatrix games. For such games this method and the method of von
Neumann ( Brown and von Neumann, 1950) are extensively studied in a paper of
Jansen, Potters and Tijs (1986). Correspondences between equilibria and some
refinements of equilibria for a game and for its symmetrization are given with
respect to either type. In this paper we deal with a similar correspondence, but
now concerning the symmetrization method of Gale, Kuhn and Tucker.
Therefore, in Section 3, we extend this method to the case of bimatrix games.
In Section 4, we give a correspondence with respect to equilibria and in Section
5 we test [hree types of refinements, i.e. quasi-strong, regular and perfect
equilibria, for a similar property. Section 2 is preliminary.
The method described in this paper yields a one-to-one correspondence between pairs of equilibria for a game and pairs of equilibria for its symmetrization. A similar statement holds for each of the three refinements discussed here.
Jansen, Potters and Tijs showed that such a nice correspondence does not exist
for the me[hod of Griesmer, Hoffman and Robinson. On the contrary the method of von Neumann implies a similar one-to-one correspondence. However, in
this case, the `size' of the symmetrization of a game with m and n pure strategies
for the players, respectively, is large: [n this symmetrization both players have
m. n pure strategies. For the symme[rization of Gale, Kuhn and Tucker this number is m t n t 1(and m t n Cor the symmetrization of Griesmer, Hoffman and
Robinson). This makes the latter symmetrization more interesting for computational purposes.

Notation: We denote by e,, ...,e" [he standard basis vectors of R". 1" e R" corn

responds to (1, 1, ..., 1). For x, y e R" we define (x, y):- E x,y, and we write
~ri
x~y (x1y) if x,zy, (x,1y,) for all iE[1,...,n~. A matrix A is called strictly
positive ( strictly negative), and we write A 10 (A c 0) if all the entries of A are
posi[ive ( negative). By A' we denote the transpose of a matrix A.

2 Yrcliminaries

Let A-[a,~ J m i ~-, and B-[b,~ J m- ,~ ~, be two real m x n matrices. We consider the finite two-person game (dm, d", K, L), where for t E N
`
d,:- f.i'EX'~.r?0

and

~
~ x,- 1

,
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and where the payoff-functions K,L:dmxdn-~R are defined by K(p,q)m

m

m

~

pAq:- ~~ p;a,~qi and L(p,9) -PB9~- ~~ P;b;~q~. We call this game
~-ti-t
i-t)-i
the m x n bimatrix ganre (A, B).

For the game (A,B) we define an equilibrium as a strategy pair (13,Q)e
dmxdn with pA~jzpAZ and~Bí'ja~7Bq for all (p,q)edmxdn. Nash (1951)
showed that the sct E(A,B) of all equilibria for (A,B) is non-empty.
For a strategy pedm we define its carrier by C(p):-(ie(t,...,m)~p;~0(
and the set of pure best replies of the second player against p by PB(B,p): (j e(1, ..., n J ~ p Be~ max pBet). For a strategy q e d,,, its carrier C(q) and
le~t,...,n~

the set PB(A,q) of pure best replies of the first player against q are defined
similarly.
It is well-known that a strategy pair (p,q) is an equilibrium for (A,B) if and
only if C(p) C PB(A,q) and C(q) C PB(B,p).
For the game (A, B) a subset T of the equilibrium set E(A, B) is called a Nash
subset if (p,q),(r,s)eT implies (p,s),(r,q)eT. Jansen (198t) showed that
E(A,B) is the finite union of maximal Nash subsets, where a Nash subset is
called maxima! if it is not properly contained in another Nash subset.
An n x n bimatrix game (A, B) is called symmetric if B- A'. It is easily
verified that for a symmetric game (A,A'),(p,q)eE(A,A`) if and only if
(q,P) E E(A,A').
Finally in this section we note that for a bimatrix game (A,B), the equilibrium set E(A,B) is invariant under the operation where to every entry of one of
the matrices the same real number is added. So without loss of generality we may
always assume A~0 and BeO.

3 Cale, Kuhn and Tuckcr Symmetrization Method tor Bimatrix Games
In this section we extend the method of Gale, Kuhn and Tucker for symmetrizing
a matrix game to the case of a bimatrix game. We consider an m x n bimatrix
game (A, B) such that A 10 and B c 0. We will call the symmetric bimatrix game
(C, C' ) , where C is the (m t n t I) x(m t n t 1) matrix

C-

0
B'
1,,,

A
0
- In

- 1,n
In

,

~

the Gale, Kuhn and Tuckersynrmetrization of (A,B), in short GKT-symmetrization.
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!n order to show that there is a one-to-one correspondence between pairs of
equilibria for [he game (A,B) and pairs of equilibria for the game (C,C`), we
first describe how an equilibrium for (C,C`) yields two equilibria for (A,B).
Therefore we need a lemma and some notation.
FOC a strategy TEdm4ntl we ICt ix:-(TI,...,Tm), T'-(r
y.mtl~..
and i~:- T,n4nf1. T11eR r-(rx,ry,T~).

r 7mtn )

Lemma 1: Let (C, C`) be the GKT-symmetrization of an m x n bimatrix game
(A, B) with A~ 0 and B ~ 0. Let (Q, a) E E(C, C`). Then Qx ~ 0, Qy ~ 0, Qz ~ 0,
axx0, ay~0 and ot~0.
Proof.~ We prove the lemma by following the scheme below.
ex~~I~IQy~~IatQL~~
u c~~
cn n
lal
c~i
az~0 c Qy~O ~ ax~0
No[e that, since Q, v E dm t n. l, we already have Q Z 0, a a 0 and B~ 0, a~ 0.
We start at the upper left corner of the scheme:
(a) Assume Qx ~ 0. Then there is an io E(1, ..., m J such that
max
e;Aay-oz
i EI1, ...,ml

máX

e;oCa-e,oAay-vzz

oxBejtvZ

jEll,....nl
(Qzrlm)-(Qy~ln)

-

Suppose ay - 0. Then e;aCo - e;oAay-aZ - -aZ50. This yields Oz
(ax, 1 n, )-(oy, t n)-(ax, t m). So ax - 0. This again implies O z max axBej
jEll,...,nl

t az - az. So aZ - 0. Consequently o- 0, which is a contradic[ion. Hence
a~. ~ 0.
(b) Assume ay ~ 0. Then there is a jo E (m t 1, ..., m t n J such that
max

e;AQy-QZ

max

QxBejtBz

iEll,...,ml

QC`e~o-exBe~o-mtQZ~

jEll....,nl

(Qx~tm)-(By~ In) ~
Suppose Qz - Qx - 0.

Then Oa

e;AQy.
max
iEll,...,ml

Since A~0 this

implies

By - 0. Consequen[ly Q- 0, which is a contradiction. Now suppose eZ - 0,
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px~0. Then, since BcO, we have O~pxBejo-„,zElmax„Ie;Apy-p2max

,ell....~m~

e;Ap~. This contradicts A~0. Consequently pz x 0.
-

(c) Assume p~ ~ 0. Then

emi„v

Suppose

t

CO

-

(QA,

ax - 0.

1 m)-(ay~

Then

tn)Z

max
e;Aay-at
iel1,...,m~
max axBejtaz .
'ell,....nl

0 a -(oy, I„)?

max

oxBej t aZ - aZ.

Hence

jell....,nt

max
e;A oy. Since A~ 0, this imiFlt....,m~
plies oy - 0. Consequently a- 0, which is a contradiction. Hence ox ~ 0.
aZ - 0. Consequently 0 z(- oy, 1„) z

The implications (d), (e) and (f) can be proved in a similar way. Since p~ 0
(a ~ 0), at least one of the vectors px, py and Qz (ox, ay and at) has a positive
coordinate. So wc are in the situation of the scheme.
~
In view of Lemma 1, for an equilibrium (p,o) for (C,C`), px and py can be
normalized so that they become strategies in dn, and d„ respectively. These
strategies are important in

Theorem 1: Let (C,C') be the GKT-symmetrization of an mxn bimatrix game
(A,B) with A~0 and BcO. Let (Q,o)eE(C,C`). Then (px(px,l,„)-`,
ay(ay, 1„)- t) e E(A, B) and (Qx(ox, 1m)- t, By(Qy, t„)- t) e E(A, B).

Proof.~ Since ( p,a)eE(C,C`) we have

e;Co-

e;Aay-aL
oxBe;-mfaz

for
for

ie(1,...,mJ
ieJmtl,...,mfnJ

(ax, I m)-(oy, t„)

for

i- m t n t 1

(1)

and

OC~ej-

ejApy-pL
pxBej-mtpz
(px,1m)-(Qy,1n)

By Lemma 1, px ~ 0 and oy ~ 0.

for jeJ1,...,mJ
for je(mfl,...,mtnJ
fOr j-mtntl .

(2)

A.P. 1ur~ et al.
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Suppose (QX);~0. Then, since C(Q) C PB(C,a), we obtain e;Aoy-a~ max
ekAoy. Similarly, if (ay)~~0,
max
~ekAay-az). Hence e;AoykEll....,ml
kE~l....,m~
then QrBe~ max QYBei.
IFII,....nl
This implies C(QX(Qs,lm)-~)CPB(A,oy(ay,ln)"t), and C(Qy(ay,1n)-t)C

PB(B.Q,(Bx,lm)"I). Hence ( QX(QY.1m)-t, ay(oy.1n)"I) e E(A,B).
Similarly one shows ( aX(ar,lm)-I, Qy(Qy,1n)"t)E(A,B).

~

If (p,a)eE(C,C`), then also (a,Q)eE(C,C`). According to Theorem 1
these two equilibria of (C,C`) yield the same two equilibria for (A,B). We now
concern ourselves with a converse statement. Therefore we need the following
definition.
For (p,q), (~3,q)eE(A,B), the GKT-producl (p,q)~(p,q) is defined as

C

`Z-PBq. ZtPA~. 1 -~-PBq-2t~Aq~ .
x

(2-PB4~ 2tPA9~ 1 -2-~Btj-2tPA4~~

Note that the GKT-product . is well-defined since A 10 and BcO.
In fact we have (p,q)~(~,4)edmt~.~ xdmtnt~. Furthermore, if (Q,o):(p,q).(p,q), then (a,Q) -(~3,tj).(p,q). The next theorem shows the relevance
of the GKT-product.
Theorern 2: Le[ (C, C') be the GKT-symmetriza[ion of an m x n bimatrix game
(A,B) wi[h A~0 and BcO. Let (p,q),(~,q)eE(A,B). Then (p,q).(p,q)e
E(C,C`) and (~,cj).(p,q)eE(C,C`).

Proof.. Let, for (p,q),(E3,q)eE(A,B), (Q,a):-(p,q).(p,q). Then (e,a)e
dm.nt~xd,,,.,,.,andQY~O,Qy~O,Qt~O,anda,~0,ay~0,aL~Obyconstruction.
(a) For i e ~ 1, ..., m J such that Q;10 we originally had p;10. From C(p) C
max
ekAq. Then we obtain from
PB(A,q) it [hen follows that e;Aq kell,...,ml
[he GKT-produCt
e,Co - e;Aq(2 t pAq)- ~ - (1 - (2 -pB9)- ~ - (Z tPA9)- ~)
-

max
ekCa .
kEll.....ml

A Symmetrization for Finite Two-Person Gamcs
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ekAq - pAq, the last expression also equals ( 2-pBq)-' -

kEll....,ml

(ZtPA9)-~.
(b) Similarly, for a j e(m t 1, ..., nr f n J with Q~10
e~Co-

max

IElmi I.....mfn)

erCo-(2-~3Bq)"'-(2tpAq)-'

.

(c) Since em.n.ICa-(2-ï3Bq)-I -(2fpAq)"', it follows from (a) and (b)
that
max
ekCa-(2-ï3Bq)"'-(2fpAq)-'.
kE~l,...,mtnill

(d) Combining ( a), (b) and (c) we obtain C(p) C PB(C,o). Similarly one shows
C(o)CPB(C`,~). Hence (Q,a)eE(C,Cr), or equivalently (p,q).(~,q)e
~
E(C,C'). Similarly one proves (p,q).(p,q)eE(C,C`).
The next theorem shows that each equilibrium for the GKT-symmetrization
of a bimatrix game is the GKT-product of two equilibria for this bimatrix game.

Theorem 3: Let (C, C') be the GKT-symmetrization of an m x n bimatrix game
(A, B) with A~ 0 and B ~ 0. Let (Q, o) e E(C, Cr). Then there are equilibria
(p,q),(~3,q)eE(A,B) such that (Q ,o)-(p,q).(Ei,~).

Prooj.~ From Lemma 1 we obtain QL~O. So QCa -(ox, lm)-(ay, tn) and
Let
q-(Qy, 1n)-IQy,
QC~Q-(Bx,1m)-(Qy. 1n).
p-(Qx.1m)-IQx~
~(vx, 1 m)-' ox and q-(Qy, tn)-'Qy. From Lemma 1 we obtain p,~3 E dm and
q, q e dn. By Theorem 1, (p, q), (E3, rj) e E(A, B). Furthermore
max QxBe~ t
iEn,...,ni
B: -(Bx,1 n)-(Py, 1n) (cf. (2)). Consequently
max pBe~-(Bx,lm)-I[(Bx,1m)-(Py.ln)-Q:]
jEll....,nl

Since pedm.n,l, we have (Bx,t,n)f(By,1n)tpZmax

jEII,...,nl

~

1. Hence

pBe~ -(Bx.1m)-I ~2(Bx,tm)-1] .

Since
(p,q)eE(A,B),
x~2(é~x 1m)-~~,Or

pBq-

(Px, 1nr) - (2-PB9)-I -

max pBe~.
IEII....,n~

Hence

PB9- (Px, 1m)-1

(3)
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Similarty one obtains

(Qy, t n ) - (2 f P A 9 ) - ~

(4)

(ox, t,n) - (2-PB9)-~

(5)
(6)

(Qy, tn) - (2tPA4)-~ .

Now, if we use (3) -(6) in the definition of the GKT-product of the s[rategy pairs
~
(P,q) and (l~,9), we find (p,q)~(~,9) - (B.Q).
Theorems 1- 3 yield a one-to-one correspondence between pairs of equilibria
for a bimatrix game, and (symmetric) pairs of equilibria for the GKT-symmeerization of this bimacrix game. In the last theorem of this section we show
that there is a similar èorrespondence wi[h respect to maximal Nash subsets for
the two games.
In order to describe this correspondence, we define the GKT-product also for
maximal Nash subsets. Let (A, B) be an m x n bimatrix game and let (C, C`) be
the GKT-symmetrization of (A,B). Let S and T be maximal Nash subsets for
(A,B). Then the GKT-product of S and T is defined as
S.T:-((p,q)~(r,s)~(p,q)eS

and

(r,s)eT) .

Theorem 4.~ Let (C, C' ) be the GKT-symmetrization of an m x n bimatrix game
(A,B) with A70 and BGO.
(i) If S and T are maximal Nash subsets for (A, B), then S. T and T. S are maximal Nash subsets for (C, C`).
(ii) If U is a maximal Nash subset for (C, C`), then U- S~ T for some maximal
Nash subsets S and T for (A,B).

ProoJ.~ (i). Let S and T be maximal Nash subsets for (A,B). We only show that
S~ T is a maximal Nash subset for (C,C').
(ia) First we show that S. T is a Nash subset. Take (ei, a,), (oz, a~ E S. T.
By definition (p„a,) -(p,,q,) ~(~3,,I,) for some (p,, q,) e S and (p,,q,) e T and
T.
(Pz, az) - (Pz~ 9z) ~(Pz, 4z) for some (pz, 4z) E S and (pz, 9z) E
By Theorem 2, (B„ o,), (Q2, a2) e E(C, C' ).
If we show that (B„ a~ e S~ T and (ez, a,) e S~ T, it follows that S. T is a Nash
subse[. We only show (Q„ az) E S~ T.
By construction

A Symmetrization for Finite Two-Person Games

Pi -

~z-

C
C

P~

9i

2-PiB4~ 2}~iA9i
Pz

9z

2-PzB4. 2fPzA9z

~ 19

, 1-(2-PtBqi)-~-(2fI~tA9i)-i

1-(2-~zB9z)-t-í2fPzA4z)-i

Since (p„q,) and (pz,qz) are elements of S, we find p~Bq~ - p~Bqz - maxyEa~
PiBq and PzA9z-PiA9z.

Similarly piAq~ -pzAqi and pzBqz-~3zBqi.
Consequently we find (o~,az)-(p„qz).(~3z,qt)eS.T. Hence S.T is a Nash
subset.
(ib) Now suppose U is a maximal Nash subset for (C, C') containing S~ T.
Let (z~,wi),(zz,cvz)e U. From Theorem 3 we obtain for i- 1,2 that (r;,cu;) (r;,s;).(ï;,s;), where (r;,s;),(i;,s;)eE(A,B).
Evidently also (zi,u~z) and (zz,cvi) are elements of U. From the expression for
the GKT-products (r;,s;)~(ï;,s;) for i- 1,2, we find

z~ - (2-r~Bst' 2fitAst'
wz -

C

1-(2-riBsi)-t-(2tïtAst)-t

J

,

rz
sz
, 1-(2-i2Bsz)-~-(2fr2As2)-t~ .
2-izBsz' 2fr2Asz

Since (z~,ruz)eE(C,C'), we obtain from Theorem 3 that there are (p,q),(E3,q)
e E(A,B) such that (ri,mz) - (p,q).(~3,~).
Hence we have e.g.
p
rt
. Using ~ p; -~(rt); - 1, we find
2-pBq 2-rtBsi
r-t
„t
1
1
, and consequently p ~ rt.
2- pBq - 2- ri Bst
Similarly q - sz, ~3 - P2 and ~-~~. So (ri,s~ -(p,q) eE(A, B) and (ïz,st) (E3,q)eE(A,B). By considering (z2,cut) in a similar way, we obtain (r2,st),
(it,s~eE(A,B). This implies that ((rt,st),(r2,s~,(rt,s~,(rZ,st){ and {(ï;,s~),
(iz,sZ),(Pi,sZ),(i2,st)J are Nash subsets for (A,B).
Since the (T;, cu;) are chosen arbitrary in U, we obtain that U is the GKT-product
of two Nash subsets for (A,B). So in view of (ia) we obtain U- S. T and hence
S. T is a maximal Nash subset.
(ii) Let U be a maximal Nash subset for (C, C`). Similar to the proof above,
we obtain that U is the GKT-product of two Nash subsets for (A,B). Each of
these Nash subsets is contained in a maximal Nash subset for (A,B), and from
(i) we obtain that the GKT-product of these maximal Nash subsets is a maximal
Nash subset 17 for (C, C` ). Evidently U C~. However, this implies U- U and
U is the GKT-product of two maximal Nash subsets for (C,C`).
~

120

A. P. lurg et al.

4 Behaviour of Refinemenls

!n this section we investigate how three refinements of equilibria behave in the
procedure of the GKT-symmetrization.
First we deal with quasi-strong equilibria, which were introduced by Harsanyi
(1973).
An equilibrium (p,q) for a bimatrix game (A,B) is called quasi-s[rong if
C(p) - PB(A,q) and C(q) - PB(B,p). The reader should note that not every
equilibrium for a bimatrix game is quasi-strong. It is unknown whether every
bimatrix game possesses a quasi-strong equilibrium.

Theorem S: Let (C, C') be the GKT-symmetrization of an m x n bimatrix game
(A,B) with A~0 and BCO.
(i) !f (p, q), (~, q) e E(A, B) are quasi-strong, then both (p, q). (p, q) e
E(C, C` ) and (p, q)~(p, q) e E(C, C` ) are quasi-strong.
(ii) If (Q,a) e E(C,C`) is quasi-strong, then both (Qr(QX,1m)-', a,,(oy, l„)-') e
E(A,B) and (aY(ax, im)-', Qy(Qy, ln)-')eE(A,B) are quasi-strong.

ProoJ.~ ( i) Let (p, q), (p, q) e E(A, B) both the quasi-strong and define (Q, a) :(p, q).(~, q). Since, by Theorem 2, (Q, a) e E(C, C` ), we obtain for i e
max
ekCo.
(I,...,mtnf I) [hat Q;10 implies e;CakEu„",m'"'II
Suppose that for ie(I,...,mtntl)

e;Ca -

max

kell,...,mtnt II

ekCo .

(7)

p
, we find that (QX);o10 for at least one io e((,..., m j.
2-pBy
max
ekCa max
ekCo.
Hence

Since QX -

kell,...,mtntll

kell,...,ml

For k e( 1, ..., rn j we have ekCa - ekA q(2 t pA q)-1 - az. Consequently, if
(7) is satisfied for an i e(1, ..., m), then

e;Aq(2tpAy)-'-oZ-e;Ca-

-

max

ekCa

kell,...,m~nr II

max
kEI1,...,ml

ekCa-

max
kEll....,ml

ekAy(2tpAq)-'-az.
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max
ekAq. Since C(p)-PB(A,q), we obtain that p;~0, and
kEll.....ml

consequently Q;10. Similarly one proves that if (7) is satisfied for an i e
(m t 1, ..., m t n(, then also Q; ~ 0.
Finally, by Lemma 1, Qm t„t t~ 0. Hence we have that for i e ( t, ..., m t n t i),
(7) implies p;~0. This implies C(Q) - PB(C,o). Similarly one shows C(a) PB(C`,B). Therefore (Q ,o) is a quasi-strong equilibrium for (C,C`).
Similar arguments show that (v,Q) -(I3,7)~(p,q) is a quasi-strong
equilibrium for (C, C`).
~
(ii) The proof follows immediately from (1) and (2).
For a bimatrix game an isolated equilibrium is an equilibrium which is a maximal Nash subset itself. In view of Theorem 4 we obtain that Theorem S also
holds if we replace the word quasi-strong by isolated. In Jansen (1987) a regularity concept for equilibria is introduced and it is proved that an equilibrium is
regular if and only if it is.isolated and quasi-strong. Hence we have
Corollary: Theorem S also holds if quasi-strong is replaced by regular.
Next we prove a result on perfect equilibria. This refinement was introduced
by Selten (1975), who also showed that every bimatrix game possesses a perfect
equilibrium. Instead of giving [he original definition of perfectness we use the
following equivalence proved by van Damme (1987): For a bimatrix game an
equilibrium is perJect if and only if both equilibrium strategies are undominated,
where for an m x n bimatrix game (A,B) a strategy p e dm (q e dn) is called undominated if for every !3 e dm (q e d„) such tha[ ~AZpA (BZ z Bq) we have
pA - pA (Bq - Bq).
Theorem 6: Let (C, C`) be the GKT-symmetrization of an m x n bimatrix game
(A,B) with A10 arid BGO.
(i) If (p,q),(p,q)eE(A,B) are perfect, then both (p,q).(p,q)eE(C,C`) and
(j~,q)~(p,q)eE(C,C`) are perfect.
(ii) If (o,a)eE(C,C`) is perfect, then both (Br(BX,1n,) I, oy(ay, 1n) I)e
E(A,B) and (aX(aX,tm)-I, Qy(By,1„) `)eE(A,B) are perfect.
ProoJ.~ (i) Let (p, q), (p, q) e E(A, B) both be perfect and define (p, o):(p,q).(p,q). Sincr, by Theorem 2, (p,a)eE(C,C`) we only have to show that
p and a are undominated strategies for the game (C,C`). Suppose a~ e dm.n, I
rxists such that QC?eC, or equivalently, using the GKT-produc[,
B~J~,t~Jtlm

È~xA -P: tn
(~y~ 1 n ) - (~a-. 1 rn )
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A.I'. lurg ct al.

z

B4(2fpA9)-'t(1 -(2t~AI)-'-(2-pBq)-~)l,n 1
pA(2-pBq)-'-(1 -(2fPA9)-~-(2-PB9)-~)1n
(2~~Aq)-i-(2-pBq)-t

J

.

(8)

We consider two cases:
(a)

~z~1-(2tPA4)-i-(2-pBq)-i

(b)

~z?1 -(2fpAq)-'-(2-pBq)-'

.

(a) Suppose ~y - 0. Then the third line of (8) yields -(~,,, 1 m) z (2 f~ïA q)-'
-(2-pBq)-'. Since ~Z - 1 -(QX, lm), we obtain
tf(2f~iAq)-'-(2-pBq)-'sgLsl-(2t~3Aq)-'-(2-pBq)-'

.

This implies (2t~iA tj)-' S0, which contradicts A~0. So py ~ 0.
The first line of the inequality ( 8) yields BQyZBq(2t13Aq)-', or equivalently,
(~y~ 1 n)B~y(~y, 1„)- ~ ZB9(2f~A4)- ~.
Since py(Qy, tn)-' edn, íj is undominated and BcO, we obtain from the last inequality that (~y,1„)5(2t~3Aq)-'. Then the third line of (8) yields (QX,1„,)
s(2-pBq)-'. Since pz - 1-(~„ 1,„)-(py, 1„), the last two inequalities yield
pZ~l-(2f~3Ac~)-'-(2-pBq)"'. Thus QL-1-(2t~3Aq)-'-(2-pBq)-'.
This implies (~3X;1 m) -(2-pBq)-' and (~y, ln) - (2f~iAq)-'. Then the undominatedness of p and tj for (A, B) implies QC - QC. Consequently Q is undominated.
(b) A similar proof shows that also in this case Q is undominated.
Similarly one shows that also v is undominated. Hence (B , a) is a perfect
equilibrium for the game (C,C').
It is easily verified that then also (a,Q) -(E7,t}). (p,q) is an undominated and
hence perfect equilibrium for (C,C').
(ii) Let (p,a) be a perfect equilibrium for (C,C`). We only show that
(Q, (BX, Im)-', Qy(oy, 1n)-') is a perfect equilibrium for (A,B). Suppose a p e d,„
exists such that pAZQ,(p,~,tm)-'A. Define ~:-(p(Bs,t„,),py,PZ)edmtntt.
Then
~C-(BPyfPzlrn~(Qx~1rn)PA-Pt1n~(Qy~1n)-(Qx~lm))2pC .
Since Q is undominated, this implies pC-BC, and in particular pAPx(p,,,1„,)-'A. Hence Q~(QX,1„,)-' is undominated. Similarly one shows that
also ay(vy, t„)-' is undominated. Hence (QX(Q X, 1 n,)-', oy(ay,1„)"') is a perfect
equilibrium for (A,B).
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A similar proof shows that (ax(ax, 1m)-', Qy(Qy, 1„)-') is also a perfecc
~
equilibrium for (A,B).
Myerson (1978) introduced proper equilibria and showed that every bimatrix
game possesses a proper equilibrium. For proper equilibria it is possible to prove
an analogue to Theorem 6(ii).
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