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Can Coliort Data be Treated as Genuine Panel Data?
E3y M. Verbeek and T. Nijmant~Z

Absrracr. If repeated obscrvations on the same individuals are not available it is not possible to capture unobserved individual characteristics in a linear model by using the standard fixed e(fects
rstimator. lf large numbers of observations are available in each period onc can use cohorts of individuals with common characteristics to achieve the same goal, as shown by Deaton (1985). It is
tempting to analyze the observations on cohort averages as if they are observations on individuals
which are observed in consecutive time periods. In this paper we analyze under which conditions this
is a valid approach. Moreover, we consider the impact of the construction of the cohorts on the bias
in the standard fixed effects estimator. Our results show that the ef(ects of ignoring the fact that only
a synthetic panel is available will be small if the cohort sizes are sufficiently large (100, 200 individuals) and if the true means within each cohort exhibít sufficient time variation.

1 Introduction

In recent years much attention is paid to the comparison of panel data with a
single cross section or a series of independent cross sections (cf. Hsiao (1985)).
In the context of a random eCfects model, for example, Nijman and Verbeek
(1990) show that more efficient estimators of severgl functions of the parameters
can be obtained from a series of cross sections than from a panel (with the same
number of observations). On the other hand several authors have stressed the fact
that panel data are not indispensible for the identification of many commonly estimated models (see, for example, Heckman and Robb (1985), Deaton (1985) and
Moffitt (1990)). In this paper we pay attention to a regression model with int
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at Texas A 8c M University, Rice University and the Conference on "The Econometrics of Panels and
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dividual effects that are corretated with the explanatory variables ("the fixed effects model"), and analyze the properties of the within estimator based on aggregated data on cohorts constructed from a series of independent cross sections.
In this approach "similar" individuals are grouped in cohorts, after which the
averages within these cohorts are treated as observations in a synthetic panel.
Because the observed cohort aggregates are error-ridden measurements of the true
cohort population values, Deaton (1985) proposes an errors-in-variables
estimator which yields consistent estimators under fairly weak assumptions.

However, if the number of observations per cohort is large, it is tempting to
ignore the errors-in-variables problem and to use standard software to handle the
synthetic panel as if it were a genuine panel. This is what is usually done in empirical studies, see e.g., Browning, Deaton and Irish (1985) and Blundell, Browning and Meghir ([989). In this paper we analyze to what extent this is a valid approach. First, in Section 2, we present a general introduction and derive conditions for the consistency of the standard within estimator on the synthetic panel
which ignores the measurement errors problem. In Sections 3 and 4 we derive expressions for the bias and the (estimated) variance of this estimator, respectively,
if the conditions for consistency are not met. !n Section 5 we consider the implications of our results for the estimation of Engel curves for food expenditures from
Uutch monthly data. Finally, Section 6 concludes.

2 Estimation from Cohort Uata

Consider the following linear model

.Y„-x„QtB;te;,,

t- I,...,T

(I)

where r indexes individuals and t indexes time periods and suppose ~3 is the parameter of interest. Throughout the paper we assume that E(e„~x„) - 0 for all
s, t- I,..., T and all i, j. In each period, observations on N individuals are available. Throughout we assume that the data set is a series of independent cross sections.
In many applications the individual effects 9; are likely to be correlated with
the explanatory variables in x;, so that estimation procedures treating the B, as
random drawings from some distribution lead [o inconsistent estimators, unless
the correlation is explicitly taken into account. When panel data are available this
problem can be solved by treating the B; as fixed unknown parameters. Usually
the fixed effects are eliminated before estimation, for example by a within or first
difference transfortnation. Obviously, this strategy no longer applies if no
repeated observations on the same individuals are available.
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Dcaton (1985) suggests the use of cohorts to obtain consistent estimators for
Q in (1) if repeated cross sections are available, even if the individual effects are
correlated with the explanatory variables. Let us define C cohorts, which are
groups of individuals sharing some common characteristics. These cohorts are
defined in such a way that each individual is a member of exactly one cohort
which is the same for all periods. For example, a particular cohort may consist
of all male individuals born in 1945-1949. Aggregation of all observations to
cohort level results in
Ycr-XcrQt~crt~c, ~

c- I,...,C ;

r- 1,...,T

(2)

where ~~, and z~, are the averages of all observed y;,'s and x„'s in cohort c at time
1. The resulting data set is a synthetic (or pseudo) panel with repeated observations on C cohorts over T periods. The main problem with the estimation of this
model is that 8~, in (2) depends on 1, is unobserved and is likely to be correlated
with ~~,. Therefore, treating the 8~, as random (and uncorrelated with the explanatory variables) is likely to lead to inconsistent estimators and treating them
as tixed will result in an identification problem unless the variation of A~, over f
can be neglected. [ntuitively, the latter will be the case if the number of observations within each cohort is large.
An alternative way to approach the problem is adopted by Deaton (1985), who
considers the cohort population version of (1),

y~ -x~QfB~fe~ ,

c- 1,...,C ;

t- 1,...,T

(3)

where the asterisks denote (unobservable) population cohort means and where
B~ is the cohort fixed effect, which is constant over time because population
cohorts contain the same individuals in all periods. If the population cohort
means would be observable, eq. (3) could be used to estimate Q using standard
procedures for a panel consisting of C cohorts observed in T periods. However,
we can regard the observed cohort means ~C1 and~z~, as error-ridden measurements of the true population cohort means y~ and x~. Deaton (1985) assumes
that the measurement errors in ~e, and z~, are normally distributed with zero
mean and independent of the true values y~ and x~ , in particular3

C

(4)
Xcr~ -N "x.~ ,

`aQ

~~~

~
Notc that, contrary to Deaton, we do not include the cohort dummies in the vector of x's. These
dummies are of course observed without-error.
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One way to estimate the parameter ~ in (3) is to analyze the model in (3) and
(4) as a model with measurement errors. lf the row vector of cohort dummies is
denoted by d~ and the column vector of corresponding parameters is denoted by
B' -(Bi, ...,9~)', the errors-in-variables estimator (on the model in levels) proposed by Deaton (1985) is given by
I
V'~ -

`c~~ r~~

(X~
`c~~ r~~

`X'crdc XetXc~ct ~~~ -

(s)

~ycr
QI ~

where ~ and d are estimates of ï' and a based on all individual observations. If
the following assumption holds, the estimator ~ is consistent for Q if the number
of observations CT tends to infinity, while 8 is consistent for B' if the total number of observations per cohort (TNIC) tends to infinity.
'
Assumplion 2.1 The moments matrlx oJ[he popula~ion means oJ~he explanalory
variables
1

~

~

p lim
CT~m CTc~ I r~ I

d~d~

d~x~,

(6)

Xérdc XérXcr-~

is nonsingular.

lf the number of observations per cohort is not too small, it is tempting to ignore
the errors-in-variables problem and to estimate ( 2) assuming equality of population and sample means. T'he resul[ing estimator for ~t is the within estimator on
the synthetic panel, ~k,, given by
c
~w- ~ ~

r

1

~ (Xcr'Xc)~(Xcr-Xc)

J

callzl

'

c
~ ~

r

1

~ (Xrr-Xc)~~Ycr-yc)

J

`c-.ir~l

T
where zc is the time averagc of X~.,, i.e. zc -~ ~ xcr

T,~i
Using (2) it is easy to show that ~~,, is unbiased if
El~cr- ~c ~Xcr-Xc) - ~

and

analogously

,

(~)

for yc.

(8)

provided the following assumption holds.
Assumption 2.2 The moments matrix oJ ~he observed cohor~ meuns oj the explunatory variables
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T

plim - ~ ~ ( Xcr-Xc)~(Xcr-Xc)
cr~~ C7~~s
i rL i

(9)

is nonsingular.
It is important to note that Assumplion 2.2 is implied by Assumption 2.1 but that
the converse is not true. Condition ( 8) will be satisfied if B; is independent of x,r
(for all t) or if the averaged individual effects B; are constant over time ( 8~, - 8~).
If the number of observations per cohort, N~C, is large, one is tempted to assume
that the latter condition holds. In the sequel of this paper we shall pay attention
to the bias in the cohort within estimator ~iW given the number of observations
per cohort (N~C). Note that increasing the number of observations per cohort
implies a decrease in the number of observations in the synthetic panel and thus
an increase in the variance of the within estimator on the synthetic panel.
Evidently, the optimal choice of the cohorts will depend on both its impact on
the bias and its impact on the variance, which will be analyzed ( for a simple
model) in Sections 3 and 4, respectively.
A striking point from our results is that Deaton ( 1985)'s estimator has a
nonexisting probability limit (for CT-a ~), while ~Jk, has a well-defined probability limit which may even equal the true value ~ if Assumption 2.2 is sátisfied
but Assumption 2.1 is not. We will return to this point in the next section.

3 The Effects of the Choice of Cohorts on the Bias

Our basic interest lies in the validity of the argument that "the number of observations per cohort is large enough to ignore the errors-in-variables problem" (cf.,
e.g., Browning, Deaton and Irish (1985)). We therefore concentrate on the case
where the number of observations per cohort NIC is fixed. To simplify the
analytical results we approximate the finite sample bias by the asymptotic bias for
large C and large N. Numerical checks reveal that this approximation is accurate
if C is not too small (t0-20). In this section we will derive the bias in ~}H, for the
spccial case of a linear model with only one explanatory variable,
yu-QxufB;fE;r

where x;, is a scalar variable. Following Chamberlain ( 1984), we assume that the
dependence of x;, and B; can be characterized as follows.
Assumplion 3.1 The individual ejjects B; are corretated with the x's in the
jollowing way
.
.
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Bi -.~X;t~;

(I1)

where E(sá;~x;,) - 0 jor a!! t- I, ..., T and V(~;J - aÉ.

Then, under Assumptions 2.2 and 3.1, .1 - 0 is a sufficient condition for consistency of ~iw as in that case the cohort effects A~, in (2) are uncorrelated with
the regressors. Cohorts are assumed to be constructed in the following way.
Assumption 3.2. Cohorts are d~ned on the basis ojan absolute continuous distributed varfable z which is distributed independently across individuals wilh
variance normalized to unity. Moreover, the cohorts are chosen such that the (unconditionalJ probability oJ being in aparticularcohort is the same jor all cohorts.
According to this assumption the support of the density of z is split into C intervals with equal probability mass, implying that all cohorts have approximately the
same number of inembers in the sample. In practice, the variable z may be based
on more than one underlying variable. It should be noted that the choice of z(or
the underlying variables) is restricted. First, z; should be constant over time for
each individual i because individuals cannot move from one cohort to another.
Second, z; should be observed for oll individuals in the sample. The latter requirement rules out variables like "wage earnings in 1988" or "family size at
January, 1st, 1990", because these variables are typically not observed for all individuals in the sample. In applications variables like date of birth or sex will be
chosen to define the cohorts.

For Assumptions 2.1 and 2.2 to be satisfied it is required that the true cohort
means vary over cohorts andlor over time. To model this, we assume that the correlation between x;, and z; (on an individual level) is of the following form.
Assumption 3.3. The regressor variable x;, is correlated with z; in the jo!lowing
jashion
xir - t~t f Ytzi t vii

(12)

where u;, is uncorrelated with z,~ has expectarion zero and (jor the suke vj
simplicityJ a constant variance a,,. Its correlation over time is characterized by
E( u;, us (- e a ~ ijs ~ t. The te, are fxed (unknown) constants (jized time ejjects).
This assumption implies that u;, has the commonly assumed error components
structure with an individual specific effect. The result can easily be generalized
to, for example, the case where E(u;,u;jJ - Q~,-S~ o,~,(s ~ t).

!t can be shown (see Appendix) that under Assumptions 2.2, 3.1, 3.2 und 3.3
the asymptotic bias of the within estimator ftw is given by
r1t(T-1)ol
rcuZ
plim (~ii -i~) - ~
~~m
T
L
J witrcu2 - a ~

(13)
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where r-(T- I)~T, wz is the measurement error variance in zc„ i.e.

I

r

c

wz-plim- ~ ~ (Xcr-x~)2-rtc~Q~ ~
c~~ CTc~ t r- ~

(14)

with nc ttie number of individuals4 in each cohort (N~C), and where w, is the
true within cohort variances
I
r
c
wi - lim - ~. ~ (x~ -z~ )z
c~~CTc-trs~
I

T

1

T

-Tr-I
~l~,-Tsxf
~ ~s
-- ~

z

1Tr-I
T

f- ~

I

T

z

TS-I
Yr-~ Ys

I r
with z~ - - ~ x~.
T,~,
Under Assumption 3.3 it can be easily checked that Assumption 2.1 implies
that w, ~0, while Assumption 2.2 implies that w, f rwz~0. Note that w, ~0 requires that ~, or y, vary with i. (f this is not the case the probability limit of
Deaton's errors-in-variables estimator does not exist, while the bias in the within
estimator is maximal, i.e.

pli m(~tr--Q) - ~

~tf(T-1)~1
7,
J- ómax ~

(16)

which is independent of the cohort sizes. The choice of larger cohorts (decreasing
wz) will reduce the bias if w, ~ 0 only. Because wz is a decreasing function of nc
thc bias in the within estimator is smallest if the number of observations in each
cohort is as large as possible.

If w,~o~ is not too small the actual bias will be much smaller than the maximal bias if nc is fairly large. Consider, as an example, the case where
w,~a~ - 0.5. Then one can easily compute that the bias will be less than 2010 of
the maximal bias if the cohorts have f00 or more observed members each. If
w,~a,z, is only 0.05 the bias will at most 17010 of the maximal bias for cohort sizes
of 100 or more. If these values are relevant for practical situations, this finding

~
If cohort sizes are unequal the observations should be reweighted first by the squarc root of the
cohort size, as in Deaton (1985).
s
The true cohort means are treated here as fixed but unknown constants.

16

M. Verbeek and T. Nijman

more or less justifies the fact that in most empirical studies (see, e.g., Browning,
Deaton and Irish (1985) or Blundell, Browning and Meghir ([989); the measurement errors are ignored and the standard within estimator is used. It is important
to note that cohort sizes may be chosen smaller if the cohor[ identifying variable
is chosen in such a way that the true within cohorts variance is large relative
to a~.

4 The Effects of the Choice of Cohorts on the Variance

In the previous section we have shown that the bias in the within estimator from
the synthetic panel may be small if the number of observations per cohort is sufficiently large. However, an increase in the number of observations per cohort implies a decrease in the number of observations in the synthetic panel (CT) and
- consequently - an increase in the variance of ~iw. In this section we will
analyze the impact of the choice on the number of cohorts on this variance in
more detail. Moreover, we show that the difference between the true variance of
~iH, and the probability limit of its routinely estimated variance is a function of
the bias only.
The asymptotic variance of ~iK. can be written as
1
T cui t tcu2)-2 V.
V(liw) - c

(17)

where

c
V~ -

lim
C`~

V

r

,~~
~
, ~
~ (Xcr-Xc)(8cr`~c~-écr-t`c)~
~C.~czlr~l
)

.

(18)

lt should be noted that the expression within curved braces in (18) does not have
expectation zero, because of the inconsistency of the estimator (if .l ~ 0).
Moreover, the summations over c and t are neither summations over independently nor identically distributed variables. This complicates elaboration of the expression in (18). In the Appendix it is shown that under the additional assumption
that z~„8~, and ~~, are normally distributed, the variance of ~K. is given by
I
Vli)wl - CT,Uaétv~n~')(cu~ ttcu~-'tóZl

(19)
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where ó is the asymptotic bias of the within estimator defined in (13), and

aZ
azn-i}~zl 1f(T-1)el W
e- f ~
z
7,

(20)

which is the variance of 8~, - B~ .

'

An increase in the cohort sizes n~ influences the variance of the within
estimator ~K, in two ways. First, the measurement error variance cuz and the
equation error variance aéf o~n~ t are reduced. Second, the total number of
observations CT is decreased. The latter effect is dominant, so an increase in n~
will cause a decrease in the variance of the within estimator on the synthetic
panel. We wíll present some numerical results in the next section.
If standard software is used to compute ~iw, the routinely computed
estimator of the variance,
(c`
V(~W) aZ

~r̀

L (Xrt - Xc )Z
L
L c ~It-1

'

l

J

-

(21)

will not be consistent for V(áw( in (19). [n general, it converges to
I
V(~w1- áz C7,(cut t tu~z)-t

(22)

where

àz - plim t7z - a~n~ t f aé-óz(tut f tu~z)-~ ,
c-m

(23)

which is an underestimation of the true error variance (offa~)n~ ~. Using (23)
the probability limit of the estimated variance of ~1K. can be written as
1
V(~w(-C7,((aeto~n~ t)(cotfru~z)-t-ózj .

(24)

As will be clear from the formulae above, the difference between the true variance
and the probability limit of the estimated variance equals 2óz~CT so it will be
small if the bias ó is smalL
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5 An Empirical lllustration

In this section we consider the implications of the results in the previous sections
on the estimation of Engel curves for food expenditures of Du[ch households. We
use a monthly panel data set to analyze what the properties of the within
estimator on a synthetic panel would have been if one would analyze a series of
repeated cross sections instead of a panel. The data used are the 367 complete
monthly observations for 1986 in the so-called Expenditure Index Panel conducted by INTOMART, a marketing research agency in the Netherlands.

The model which is analyzed is the Engel curve for consumer expenditures on
food,
~
w;,-Qlogx„tB;te;, ,

!- I,...,t2 ,

(25)

where w„ is the budget share of food (in total expenditures on non-durables) and
log x„ is the natural logarithm of total expenditures on non-durables. The individual effects 9; reflect the influence ot household specific characteristics (age,
education, family size, etcetera) that are constant over the sample period (12
months). Obviously, these variables are likely to be correlated with total expenditures on non-durables and a fixed effects treatment of the 9; is desired. As in
the previous sections we shall impose Assumption 3.1,

B;-.llogx,t~; .

(26)

The construction of the cohorts will be based on the data of birth of the head
of the household, as in many applied studies. Because the relationship between
age and total expenditures is likely to be nonlinear we choose the cohort iden[ifying variable z; as a quadratic function of the deviation of individual i's date of
birth from the average date of birth in the sample (in years and months). The
variance of z; is normalized to one. Under Assumption 3.3 it holds that
log x,~ - k~ f Y, z; t u;r .

(27)

Using the 367 household observations of the balanced sub-panel, we easily obtain consistent estimates of the model parameters using ordinary least squares,
which are given in Table 1. All estimated y,'s are negative implying that (in a
given period) total expenditures on non-durables are maximal at the average age
of 49.2. Although all y,'s and N,'s differ significantly from zero, the variation in
the y,'s and p,'s (reflected in w, - 0.00681) is relatively small in comparison with
the estimated variance of u;,. Although the dependence of age and total expen-
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Irble 1. Parameter estimates based on 367 observations from the balanced sub-panel (standard errors
- if computed - in parcntheses)

~
2
a~
a,
a2V
Q
wi

-O.I88 (0.006)
0.110 (0.007)
0.103
0.072

12.235 (0.041)
12.085 (0.041)
12.202 (0.037)
12.238 (0.041)

0.303
0.634

12.270 (0.043)
12.165 (0.041)

0.0068 I

12.161 (0.046)
12.132 (0.042)

- 0.147 (0.028)
-0.132 (0.028)
-0.164 (0.026)
- 0.150 (0.028)
- 0.170 (0.030)
-0.156 (0.028)
- 0.156 (0.022)
- O.t39 (0.029)

I2.180 (0.039)
12.328 (0.042)

- 0.154 (0.027)
-0.162 (0.029)

12.224 (0.043)
12.383 (0.048)

- 0.181 (0.030)
-0.233 (0.033)

ditures is significantly large, there does not seem to be much time variation in this
dependence. Particularly for Deaton's errors-in-variables estimator this is
something to worry about because its variance is inversely related with cut.
Before we discuss the consequences of these parameter values, we present
some specification tests. First, we shall test the functional form of ( 25) by testing
whether x;, ( total expenditures on non-durables) should be included in (25).
Subsequently we do the same for the tripte z;,, x; and ~. This results in
values for the Lagrange Multiplier test statistics of 2.75 and 7.83, respectively.
Comparing these numbers with the critical values of a Chi-square distribution
with one and three degrees of freedom, respectively, we do not take them as
evidence against the null. Furthermore, we test Assumption 3.3, in particular the
structure of the variance covariance matrix of u;,. We perform the (pseudo) LM
test against first order autocorrelation, as discussed in Nijman and Verbeek (1990,
Appendix), which yields a value of 0.057, clearly implying that we cannot reject
our null hypothesis. Apparently, the error componeqts structure imposed on u„
fits the data very well. In summary, we may conclude that our model is not
evidently in conflict with the data.
From ( 16) we immediately obtain that the maximum bias in the within
rstimator based on cohort data over 12 periods equals 0.0731, which is 39~10 of
the (estimated) [rue value. Given our choice of the cohort identifying variable it
is possible to eliminate some of this bias by choosing large cohorts. This is illustrated in Table 2, where the theoretical biases in the within estimator are given
for several cohort sizes. Note that the bias decreases slowly with the cohort size.
In the table also the probability limit of [he estimated standard error is given (based on ( 22)] and the true standard error [based on (19)]. Both are based on the
asymptotic distribution. Although the bias is substantial the differences in these
two standard errors are fairly small. Note that both standard errors increase if the
cohort sizes are increased, which is ca,used by the fact that the number of (cohort)

20
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Table 2. Bias in the standard within estimator ~Íw., plim of estimated standard error and true standard error
bias

bias

plim est. st.

true st.

(absolutc)

(in qo)

error~~

error~~

2
S
IO

0.0695
0.0650
0.0586

37.0
34.6
31.2

0.099
0.132
0.203

0.124
0.17t
0.220

25
50
73

O.OJS3
0.0329
O.U238

24.1
17.3
13.7

0.287
0.348
0.379

0.298
0.356
0.386

I00
130
200

0.0212
0.ot37
0.0124

11.3
8.3
6.6

0.398
O.a20
0.433

0.404
o.a24
0.436

observations decreases if the cohort sizes are increased. Although there is the
counteracting effect that the observations are more precise (contain less measurement error) if the cohort sizes are large, this effect is almost negligible.

G Concluding Remarks

In this paper we analyzed the validity of treating cohort data as genuine panel
data. Because the observed cohort averages are error-ridden measurements of the
true cohort means, in general errors-in-variables estimators are required to obtain
consistent estimators. If the individual effects and the explanatory variables in the
model are correlated, a bias will occur in the standard fixed effects estimator,
which will only be small if the number of observations in each cohort is large and
if the time variation in the true cohort means-is sufficiently large. To illustrate this
we used genuine panel data on consumer expenditures to calibrate the possible
magnitude of bias from using the synthetic panel data. The results show that in
practice fairly large cohort sizes (100, 200 individuals) are needed to validly ignore
the cohort nature of the data.

Appendix. Some 7èchnical Details

In this appendix we sketch the derivation of (13) and (19). Using (12) we can write
for the observed cohort means (in an obvious notation)

Can Cohorr Data be Treated as Genuine Panel Data?

~
~
~
~
xcr - Nr t YrZcr t ~cr - f4 t Yrzc t Ucr - xcr f ucr
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(28)

where

z~ - E~z,~t is a member of cohort cj

(29)

~cr - ucr f Yr (Ícr -Zc ) -

(30)

and

Furthermore, it follows from Assumption 3.1 for the aggregated individual effects
b~r that
8cr-~~(Xci tXc2t ...tX~T)f~cr ~

(31)

where z~s is the average x-value in period s of all individuals observed in period
f in cohort c. Notice that x`~, is also an error-ridden measurement of x s, with the
same properties as z~, except that it is not observed. To be able to derive the
probability limi[ of ~1ry we need expressions for the following probability limits

t

c

r

plim - ~ ~ (Xcr-Xc)2
c~~CTc-rr-i

(32)

and
c

r

plim ~ ~ ~ (Xcr-X~)(8cr-8c) ..
c~~CTca~rzi

(33)

For the evaluation of (32) we use thatb
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Convergence follows from applying Chebychev's weak law of largc numbers.
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(34)

where V(z;~i in cohort cJ is the variance of z; within cohort c. Because the total
variance of z equals unity, increasing the numbcr of cohorts implies that the distribution of z~ more and more resembles the distribution of z;. Thus, the
variance of z between the C cohorts satisfies
c
lim ~ ~ z~2 - 1
C-~ Cc- i

(35)

while
1 c
1 c
lim -~ V(z; ~ i in cohort c) - t- lim -~ z~2 - 0.
c-m Cc~,
c~~ Cc~,

(36)

Using that Assumptions 3.2 and 3.3 imply
(

c

lim E { ~ ~

c~m

r

~ (X~s-xi)(z~~ - x ~ )

CCTc-~ra~

- Bwz~ l ~ s ~

(37)

one can easily derive expressions for (32) and (33) to prove (13).
To derive the variance of ák, we have to elaborate (18). Under the normality
assumption of zc„ 8c, and ~c, the required fourth order moments can be written
as functions of second order moments. In particular,
1
V~- r-- c~' r~' (Xcr -~c )(8cr - 8c f éc, t éc )

1

-

c

r

E

E [EÍXc,Xe,l(EI8~,8ds

CTc.d- ~:.rz ~

1fElEcrEds

l)tE(Xcr~dslE(Xds~c,1] ,
(38)

where zc, - zc, - zc and analogously for the other variables. Using straightforward algebra one can derive the following equalities.
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ó~:-T~(a~n~'t~2(T-'trB]cui)
1

(39)

~
ó~:-T

(40)

and,

E(X~r~e:[-óer

.i[T -t tre]cuZ ,

where ó;~ is the Kronecker ó satisfying ó,~ - 1 if i- j, 0 otherwise. Using these
equalities the variance V' is readily obtained.
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