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Abstract
.a directed graph (.V, R) can be interpreted as a dominance structure such
that the ares in R represent a dominance relation between the nodes in .V. A
pou~er measure is a function that assigns [o each node in a directed graph a value
representing the 'dominance power' of that node in the graph. We present and
axiomatically' characterize two such power measures, the BC-measure and the
score-measure.

A weighted directed graph can be interpreted as a dominance structure whose
dominance relations are assigned weights repre~enting the 'importance' of each
relation. We give generalizations of the BG-measure and the score-measure to
the class of weighted directed graphs and provide axiomatic characterizations.

1

Introduction

Dominance relations between a set of agents or alternatives can be represented by a
directed graph or digraph. A digraph is a pair (N, R), where N is a set of nodes and
R C N x N is a binary relation on N. If (i, j) E R then node i`dominates' node j.
Such a dominance relation can have various interpretations.

If the set N represents

a set of economic agents that are engaging in some economic trade process then the
fact that agent i dominates agent j can have the interpretation that agent i sets the
conditions under which binary trade between agent j and himself will take place. (For
example, agent i sets the prices under which he exchanges commodities with agent
j.)

This interpretation is considered in van den Brink and Gilles (1992a).

Another

interpretation is that agent i has ueto power over the actions undertaken by agent j.
A game theoretic analysis of this interpretation is given in Gilles, Owen and van den
Brink (1992). If the set N represents a set of alternatives then a dominance relation
between these alternatives can be interpreted as a preference relation. If alternative i
dominates alternative j then an individual or group of individuals prefers alternative
i to alternative j(see, e.g., Sen (1979)). Another interpretation of a digraph can be
found in Greenberg (1990), where the set N represents a set of positions in a social
situation. Position i dominates position j if position j can be induced from position i
by some group of players in positiott i.

The importance of a node in a dominance structure that is represented by a
1

digraph depen~ls on the position uf that node in the digraph, i.e., on the dominance
relations bet~~een the nodes.

ln this paper we want to measure the importance or

'dominance power' of the nodes in a digraph wi[hout giving an interpretation to the
dominance relations. ~Ve do this by introducing power measures which are functions
that assign to every digraph D on the set of nodes .V a vector f( D) E 1E2N such that for
every i E a' the value f,(D) is a measure of the'dominance power'of node i in digraph
D.

In this paper we discuss two such power measures that measure the dominance

power of the nodes in a digraph in a different way. In order to learn more about these
two power measures, and especially about the difference between the two, we give
axiomatic characterizations of both measures.
In section 2 we introduce the BC-measure. This measure has been introduced
in van den Brink and Gilles (1992a) as a social power measure measuring the potential
influence of economic agents on trade processes resulting from their social positions in a
hierarchical economic organization. We give four axioms that uniquely determine this
BG-measure. In section 3 we discuss a power measure that is familiar in graph theory,
namely the score-measure.

We give an axiomatization of this measure by changing

one of the axioms that axiomatize the BC-measure.

In section 4 we show that the

BC-measure and the score-measure are also related by the notion of the Shapley value
for cooperatiue games with transferable utilities (Shapley (1953)).

Finally, in section 5, we generalize the BG- and score-measures to the class of
weighted directed graphs. In a weighted directed graph weights are assigned to the
dominance relations.

The weight of a dominance relation can be interpreted as a

measure of the `importance' of that relation.

We also axiomatize these generalized

BG- and score- measures.
We conclude this section by presenting some concepts about digraphs that will be used
in this paper. We concentrate on finite irrefleaive digraphs. A digraph (N, R) is finite
if N is finite and it is irreflexive if (i, i) ~ R for every i E N. We simply refer to these
graphs as digraphs. Note that it is allowed that both (i, j) E R and (j,i) E R.

Let D-(.N, R) be a digraph. If (i, j) E R then j is called a successor of i and
i is called a predecessor of j in D. For i E N we define SD(i) :- {j E N ~ (i, j) E R}

2

being the collertion of all successurs uf i in D and Pp(i) :- {j E N ~(j,i) E R} being
the collection uf all predecessors of i in D. Further ~~~e denote sp(i) :- ~S'p(i) and
pp(i) :- ~Pp(i). ([n the JeCIIIeI ~~~e ~~~ill often umrnit the subscript D.) A a~eighted
directed graph is a pair (.~',w) where .V is a finite set of nodes and w: N x.N ~ Rt is a
function which assigns a non-negative real number to each ordered pair (i, j) E N x N
such that ,w(i, i) - 0 for all i E N. The value w(i, j) is a measure of how strongly node
i dominates node j. A digraph (.V, R) can be seen as a weighted digraph (N,w) such
that the function w assigns the value 1 to every relation (i, j) E R and the value 0 to
the relations in (tV x N) `R.

2

The BG-measure

Let N be a finite set of nodes. We denote by DN the collection of all finite simple
digraphs on N. A power measure on N is a function J: DN ~)R.N that yields a
measure of the domination power of the positions in a digraph. In this section we
restrict ourselves to a power measure that has been introduced in van den Brink and
Gilles (1992a).
Definition 2.1 Let .~l be a finite set oJ nodes.

The BG-measure is the junction

Q: DN --. R'v which is given 6y:
Q,(D) :- ~
1
~ES(~) P(.Í)

jor all i E N and D E D'v

Thus the BG-measure equally distributes the 'domination power' over a node j E N
in a digraph D over all its predecessors.
Example 2.2 Consider the digraph D-(N, R) with N-{ 1, 2, 3, 4} and R{(1,2),(1,3),(2,4),(3,d)}.

3
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The BG-measure of D is given by (2, Z, 2, 0).

Next we present four axioms on a power measure j: D~1' ~ lE;'v that uniquely
determine
the BG-measure. The first axiom states that the total number of `points'
that is to be
distributed over the nodes is equal to the total number of dominated nodes.
Axiom 2.3 (Dominance efficiency) Let N be a finite set of nodes and D E DN.
Then
~ f~(D) -~{J E,b' I P(J) 1 0}.
~E:v
The second axiom states that a node that does not dominate any
other node is assigned
the value zero. Such a node is called a dumncy node.
Axiom 2.4 ( Dummy node property) Let .V be a finite set of nodes
and D E DN.
For euery i E N with S(i) - ~ it holds that f,(D) - 0.

The third axiom is a symmetry axiom. It states that two nodes that
take similar
positions in a digraph are assigned the same value.
Axiom 2.5 (Symmetry) Let ,ti' be a finite set of nodes, D E DN and
!et i, j E N be
such that S(i) - S(j) and P(i) - P(j). Then f,(D) - f~(D).

In order to give the fourth axiom tive introduce the following. Let
D-(N, R) E DN. A
subdivision of D is a collection of digraphs S - { D1, . . . , Dm } - { (N,
Rl ), . . . , (N, Rm )}
such that the following two conditions are satisfied:
4

' Uk ~ Rk - R:
~ Rk f1 Ri -~D for all t G,1~, l G nr, ~~ ~ l.
A subdivision S of a digraph D is independent if each node is dominated in at most
one digraph in this subdivision, i.e, if besides the two conditions stated above S also
satisfies:
~~{ Dk E S ~ p( )~0}GlforalliE:V.
The fourth axiom now states that if we combine two or more digraphs such that
each node is dominated in at most one digraph, then the value assigned to a node in
the combined digraph is equal to the sum of the values assigned to that node in the
subdigraphs.
Axiom 2.6 (Additivity over independent subdivisions) Let N 6e a finite set of
nodes, D E DN and let S 6e an índependent subdiuision of D. Then

.Ï(D) - ~ f(Dk).
~kES

The BG-measure can be axiornatized using the four axioms introduced above.
Theorem 2.7 Let N be a fïnite set of nodes. A function f:D'v ~)R,'v is equal to the
BC-measure if and only if it satisfies dominance efj~iciency, the dummy node property,
symmetry and additiuity over independerrt suGdivisions.
PROOF
It can easily be verified that the BG-measure satisfies the four axioms.
Now suppose that the function f: D'v -~ ~'v satisfies the four axioms and let D E DN.
Let j E a'. We introduce the digraph D~ -(N, R~) where R~ :- {(i, j) E N x N ~ i E
P(7)}.

Since for every i E .N ` P(j) it holds that SD~(i) - 0 it follows from the dummy node
property that f;(D~) - 0 for all i E N`P(j).
Since for every i E P(j) it holds that SD~ (i )- { j} and Po~ (i) - 0 it follows from
symmetry that there is some constant c~ E IR such that: j;(D~) - c~ for all i E P(j).
Since ~{i E N ~ Po,(i) ~ 0} - 1 it follows from dominance efficiency that
5

c ~

'p~~~
0

if P(1) 1 0
else

The collection of ~ligraphs { D~ } JE,v. is an independent subdi~.ision of D. From additivity
over independent subdívisions it follo~ti~s tliat:
1

f,(D) -~ j,(D~) -~ p~~) - ,3,(D) for all i E .V.
JEN

~ESI~)
a

We conclude this section by giving an example which illustrates that all four axioms
are necessary in order to uniquely determine the BC-measure.
Example 2.8 In this example we give four alternative power measures for digraphs
such that each one satisfies three but not all four of the axioms presented in this section.

1. Let the function f': D'N -~ IRrv be given by
f,r(D) - s(i) for all i E:V and D E D'v.
This function satisfies all four axioms except dominance efficiency.

For the di-

graph that is given in Example 2.2 this function is given by f r(D) -(2, 1, l, 0).
So,~~E.vÏ,'(D)-4~3-~{~E,V ~P(.l)~0}.
2. Let the function f2:D'v --~ ~t'v be gi~-en by

f?(D) -~{~ E ~I`y(1) ~ ~}

for all i E.'V and D E Z~.

This function satisfies all four axioms except the dummy node property. For the
digraph that is given in Example 2.2 this function is given by f2(D) -(4, 4, 4, 4).
So, f4(D) - 4 ~ 0 although S(4) - 0.
3. Let the nodes in N be labelled by the numbers 1, ..., n.
f3: DN ~~N be given by

6

Let the function

J~'l~~) - ~{~ E 5(t) I

- niin{!t ~ h E P(~ )} }

forall i E.~~and DEDw.
This function satisfies all four axioms except symmetry. For the digraph that is
given in Example 2.2 this functíon is given by f 3( D) -(2, 1, 0, 0). So, fz ( D) 1~ 0 - f3(D) although S(2) - S(3) and P('?) - P(3).
4. Let the function f~: D'v -~ llZ'ti~ be given by
f4(D) -~{~ E.~~Rp(~) 1 0} ,
s(i)

for all i E N and D-(N,R)ET~".

This function satisfies all four axioms except additivity over independent subdivisions. The following two digraphs form an independent subdivision of the
digraph D that is given in Example 2.'?.

R'

1

R2

?

3
It holds that f4(D') -(2,0,0,0) and fa(D2) -( 0, Z, Z,0).

Thus J4(D') f

f"(D~) - (2, 2, 2,0) ~ (12, ~, á,0) - !~(D).
Thus we conclude that all four axioms that are presented in this section are necessary
in order to uniquely determine the BG-measure.

3

The score-measure

In this section we compare the BG-measure with the score-measure that is often used
for ranking the nodes in tournaments.

A digraph (N, R) is a tournament if it is
7

irreftesi~.e and for all r, j E.~' ~cith t~ ~ it holds that either (i, j) E R or (j,i)
E R. A
tournament can be interpreted as describing a competition between the nodes
of the
graph, which represent players or teams, such that each node plays against each
other
r.ode exactly once. Now (i, j) E R can be interpreted as 'i defeats j'. (Note that ties
are not allowed.)
The score-measure assigns to each node in a tournament the number of nodes it
has defeated. Properties of the score-measure can be found in, e.g.,
Behzad, Chartrand,
and Lesniak-Foster ( 19ï9). This score-tneasure is often used in ranking or ordering
the
nodes in a tournament.

Rubinstein ( 1930) gives an axiomatization of the ranking
procedure that is based on the score-measure for tournaments.'
The BG-measure that is introduced in the previous section can also be used in
ranking the nodes in a tournament. A difference between ranking by score
and ranking
by BG-measure is the following.

~Vith the score-measure a node is just assigned the
number of nodes it has defeated. No account is taken of the fact whether
the nodes
it has defeated are defeated by many or few nodes. W'ith the
BG-measure however a
node gets more from defeating a node that is defeated by few other nodes than it
gets
from defeating a node that is defeated by many other nodes. This is illustrated
in the
following example.

Example 3.1 Consider the following tournament between the four players
{1,2,3,4}.
1

2

4-

"3

The score-measure of this tournament is given by (2, 1,2, 1) and
the BG-measure is
given by ( lz, 2, 1, 1).
lln van den Brink and Gilles (19926) we generalize Rubinstein's result by
giving an axiomati2ation
of the ranking method based on the score-measure for arbitrary
digraphs and weighted digraphs.

3

According to the score-measure pla}-ers 1 an~i 3 both are ranked highest. ~lccording
to the BC-measure only player 1 is ranked highest. This is because, besides that both
players defeat player 2, player 1 also de(eats the 'strong' player 3, while player 3 defeats
the `weak' pla}'er ~.

It is even so that according to the BG-measure players 3 and 4

are ranked equal although player -4 defeats only one player while player 3 defeats two
players. This is because player 4 defeats the `strong' player 1.

The score-measure can easily be generalized to arbitrary digraphs as follows. For a
finite set of nodes N the score-measure is the function o: DN ---~ RN which is given by
Q,(D) :- s(i) for all i E N and D E DN.
The score-measure can be axiomatized by replacing dominance efficiency in Theorem 2.7 by the following axiom.
Axiom 3.2 (Score efficiency) Let N be a fenite set of nodes and D- (N, R) E 1~.
Then

~ f~(D) - ~R.
~E.~

Next we axiomatize the score-measure.
Theorem 3.3 Let N be a finite set of nodes.

~1 function J: DN -r RN ís equal to

the score-measure if and only if it satisfies score ef}~iciency, the dummy node property,
symmetry and additivity

over independent subdiuisions.

PROOF
It can easily be verified that the score-measure satisfies the four axioms.

Now suppose that the function f: DN ~ IRN statisfies the four axioms and let D(N, R) E DN.
For each node j E N the digraph D~ -(N, R~) is defined as in the proof of Theorem
2.7.
Similarly as in the proof of Theorem 2.7 it follows from the dummy node property and
symmetry that for every j E N there exists a constant c~ E R such that
9

f~(D~) - S c'
lu

if i E P(j)
else

Since ~R~ - p( j) it follo~~~s from score efficiencv that
r

1

if P(J )~ 0

Sl 0

else

The collection {D~}~E,v is an independent subdivision of D.
independent subdivisíons it follows that:

f,(D)-~f,(D~)-

~

~EN

~ES(~)

From additivity over

1-v,(D)foralliE~'.

a

Thus both the BC-measure and the score-measure satisfy the dummy node property,
symmetry and additivity over independent subdivisions. They differ with respect to the
efficiency axiom that is used, i.e., they differ with respect to the 'unit of ineasurement'
of dominance power that is applied. If we use the BG-measure in measuring
the
dominance power of the nodes in a dígraph then we take as the unit of ineasurement
of dominance power that of dominated node. [f ~~-e use the score-measure then
we take
as the unit of ineasurment that of dominance relation.
We conclude this section by giving an example which illustrates that all
four
axioms stated in Theorem 3.3 are necessary in order to uniquely determine the
scoremeasure.

Example 3.4 In this example we give four alternative ranking indices that each
satisfy
three but not all four of the axioms irom Theorem 3.3.
1. We have already seen that the BG-measure satisfies the dummy node property,
symmetry and additivity over independent subdivisions. It does not satisfy
score
efficiency. For the digraph that is given in Example 2.2 it holds that ~;E~, ~3;(D) 3~4-~R.
2. Let the function fs: DN -~ )R'v be given by
10

f,'(D)- ~R
~~

foralliE.`~andD-(.V,R)ED'`~.

This function satisfies all four axioms except the dumrny node property. For the
digraph that is given in Example 2.? this function is given by js(D) -( 1, 1, 1, 1).
So, f,~(D) - 1) 0 although S(4) - 0.
3. Let the nodes in N be labelled by the numbers 1, ..., n.

Let the function

fs: DN -~ R'~ be given by

p(j) for all i E.V and D E D~`.
JESh)
~-min{k~kEP(J)}

This function satisfies all four axioms e:ccept symmetry. For the digraph that is
given in Example 2.2 this function is given by fs( D) -(2, 2, 0, 0). So, f2 (D) 2~ 0- f3(D) although S(2) - S(3) and P(2) - P(3).
4. Let the function f': DN --~ fft'v be given by

f'7(D)-~{jE~~~p(j)~0}

~'(D)foralliENandD-(.N,R)EDN.

This function satisfies all four axiorns except additivity over independent subdivisions. Consider the independent subdivision of D that is given in Example 2.8.4.
For these digraphs it holds that f'(D' )- (2, 0, 0, 0) and f'(D2) -( 0,1, 1, 0).
Thus f'(D') f f'(D2) -(~, 1, 1,0) ~(~3,;,;,0) - f'(D).
Thus we conclude that all four axioms in Theorem 3.3 are necessary in order to uniquely
determine the score-measure.

4

The score game

The axioms that are discussed in the previous sections are in some way similac to
the efficiency, dummy, symmetry, and additivity axioms that are often used in axiomatizing the Shapley value for cooperatiue games with transferable utilities (or simply
11

TL'-games). .~ TL'-game is a pair (.`~, cj where .~" is a set of players and v:2`v -~ IIZ
is a characteristic fuaclion (where 3~v :- {E ~ E C.~~}) such that v(~) - 0. Thus
a characteristic function z~ assigns to e~ ery group of plat'ers ( or coalition) E C N a
potential "worth" u(E). The Shaple~~ ~~alue (Shapley (19~3)) is a function that assigns
to every TC-game v the following distribution of the number v(N) over all players in
N:
Sh;(u) - (~N)~

xE~v)(v( V(i, ~r) U{i}) - v(V(i, ~r)), for all i E N,

where II(N) is the collection of all permutations of the players in N and V(i, ~r) is the
collection of all players that precede player i in permutation ~r E II(N), i.e., V(i, a) :{j E N ~ ~r(j) G ~r(i)}.

When the 'grand' coalition .N of all players forms then a

permutation ~r of the players in N can be seen as an order in which the players enter
this coalition.

The Shapley value of a player thus can be interpreted as the average

value this player adds to the `grand' coalition when all orders of entrance occur with
the same probability. ( Note that ~,E,v, Sh;(v) - v(N) and thus the Shapley value
indeed distributes the value v(N).)

Next we describe the relationship between the 5hapley value, the BG-measure
and the score-measure. In order to do so we first introduce the following extensions
with respect to some concepts that we already used. Let D E D'v. For every E C N
the successors of E are defined by S(E) :- Cr1iEE S(i). Further s(E) :- ~S(E). (Note
that S(E) may include nodes in E itself.) Similarly P(E) and p(E) can be defined.
The score of a group E C N in D is defined as the number of successors of E in D.
Now we can define the score game.
Definition 4.1 Let N be a finite set oj nodes and D E DN. The score game belonging
to D is the pair ( N, uo) where Up: 2N -a ~ is the characteristic function that is given
b y:
vD(E) :- s(E) jor all E C N.
The nodes of a digraph are the players in the score game belonging to that digraph.
The score game is the function that assigns to each group of nodes E C N the number
of nodes that are dominated by E.
12

Theorem 4.2 Let .~" be a tintte set uj nodes, D E D~" and let ( .V, vD) 6e the score
game belonging to D. Then, the Siinpley ralue oJ ( ~', rp) is equal to the BC-measure
ojD, i.e., S'h,(i~o} -.i,(Dj for nll i E.~".
PROOF
Let D E D'ti and let (:V, vo) be the score game belonging to D. Then

vo(E) -~ up~(E) for all E C.V,

(1)

~EN

where (N, up ) is the score game belonging to digraph D~ which is defined as in the
proof of Theorem 2.7, i.e.,
UD,(E) - r 1

ifEnP(j)~0

íl 0

else

Consider node i E N. Then
vp~(E U {i}) - up~(E) -

1

if j E S(i) and E n P(j) -~

0

else

If P(j) ~ 0 then j has p(j) predecessors in DJ, and thus there are y~Z permutations
of the nodes N such that node i E P( j ) precedes all other predecessors of j in D~. But
then the Shapley value of node i in the game (N, uo~) is given by
Sh,(vp~ ) -

~
n(i)

if j E S(i)

0

else

From ( 1) and the additivity property of the Shapley value2 it follows that

Sh;(vo) - ~ Sh;(vo~) -~
IEN

1

- ~3;(D) for all i E N.

~ES(i) p(J)
~

ZThis means that for two characteristic functions v and w it holds that Sh(v) ~ Sh(w) Sh(u f w)
where v} w is given by (v f w)(E) - u(E) f w(E) for all E C N.

13

5

Weighted directed graphs

A dominance structure in which iiot all dominance relations are equally important can
be represented by a weighted directed graph. A weighted digraph is a pair (N,w), where
N is a finite set of nodes and w: :V x.V -. ~ is a function which assigns a non-negative
real value to every pair (i, j) E ,1~ x N such that w(i,i) - 0 for all i E N. The value
w(i, j) is a measure of how strongly node i dominates node j. If w(i, j) - 0 then node
i does not dominate node j at all.

We denote by WN the collection of all weighted

digraphs with .V as the finite set of nodes. :Vext we introduce the BG-measure for the
class of weighted digraphs.
Definition 5.1 Let N 6e a finite set of nodes aad GV -(N,w) E W'y.
nance weight of node j E N in t'V is given 6y

The domi-

~w(j) -- ~ w(2,J)
~EN

The generalized BG-measure is the function ~3w: WN ~)RN which is given 6y

`~;'(W) .-

w(z,J)
~w( J)

~

for all i E .V and lV -(N,w) E WN.

~EN

1W~J)~0

The generalized BG-measure distributes the dominance weight of a node j in W E WN
proportional to the weights of the relations on ~vhich node j is dominated. As said in
the introduction, a(non weighted) digraph D -( N, R) can be seen as a weighted
digraph W - (N,w) with
1

for all (i, j) E R

0

e 1 se

(2)

But then ~( j)- p( j) for all j E N(we ommit the subscript 6V for the dominance weight
of a node) and so ,~;'(W) -~~ES~;) p~jl - Q;(D). Thus the generalized BG-measure
indeed is a generalization of the BG-measure.

Next we show that the generalized

BG-measure can be characterized by adapting the four axioms that axiomatized the
BG-measure in Theorem 2.7.
14

Axiom 5.2 ( Weighted dominance ef~iciency) Ltt .`' 6e a ftnite set of nodes and
6~' - (.~'...~;) E W.ti~. Then
~ Í~ l I~~ )-~ S I E.ti' ~..,~(~.j) ) 0~.
lll
~E V
~E N
Axiom 5.3 ( Weighted dummy node property) Let N 6e a finite set of nodes and
W-(N,w)

E WN.

For every i E.N v,~ith w(i, j) - 0 for all j E N it holds that

f,(W) - 0.
Axiom 5.4 ( Weight proportionality) Let :V be a finite set of nodes and W(N,w) E YV'Y.

For every pair i, j E ~ti' for u,~hich there is a constant c,,~ E R such

that i~(i, h) - c,,~ . w(j, h) for every h E N il holds that
f~(W ) - c,.i - h(W ).
In order to state the fourth axiom we have to introduce the following. A subdivision of a
weighted digraph W -( N, w) is a collection of weighted digraphs S-{Wt, ..., W,,,} {(N,wt),...,(N,wm)}

such that ~k twk(i,j) - w(i,j) for every (i,j) E N x N. A

subdivision S of bi~ is independent if it also holds that ~{LVk E S ~~,E~, w(t,~) ~
0}GlforalljEN.
Axiom 5.5 ( Additivity over weighted independent subdivisions) Let N be a
finite set of nodes, 6t~ E WN, and let S be an independent subdivision of W.
f(W) -

Then

~ f(Wk).
WkES

Theorem 5.6 Let N be a ftnite set of nodes.

A fuaction f:WN --. RN ís equal to

the generalized BC-measure if and only if it satisfies weighted dominance efJ~tciency,
the weighted dummy node property,

weight proportionality and additivity over weighted

independent subdivisions.
PROOF
It can easily be verified that the generalized BG-measure satisfies the four axioms.
Now suppose that the function f: WN ~ ffI.'N satisfies the four axioms. Let W E WN.
For each node j E N we introduce the weighted digraph W~ -(N,w~) with
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w'~(t, h) -

~ ,.)(i, h)
0

if h - j
else

Thus for every h~ j it holds that ,.;(i, h) - 0 for all i E:V.
Fiom the weighted dummy node p,operty it then follows that for every i E N such
that w(i, j) - 0 it holds that J,(li~)) - 0.
Since for every i, h E.V such that w(i, j) ~ 0 and ~.;(h, j) ~ 0 it holds that w(i, j) ~~h;)~ . w(h, j), and w(i, l) - W~h:~~ . w(h, l) - 0 for all 1~ j, it follows from weight
proportionality that J,(W)) - ~~~~ ~ Jh(6~)).

Now take an i E N with w(i, j) ~ 0. Then

~ Jh(I~J)

~ J,(W))'

-

hEN

hEN

"'(Z~J)

J,(W~)
-

w(h,J)

w(2,J)

f~(lv))

h~ `"r(h,J) - w(i,j) . ~(J).

According to weighted dominance efficiency it holds that ~hEN fh(W~) - 1 and thus
J~(Wi) .
1(J) - 1.
w(z,J)

Thus for each i E N with w(i, j)~ 0 it holds that
J~(Wi) -

a(J)).

Since {W~}~EN is an independent subdivision of !rV it follows from additivity over
weighted independent subdivisions that

J~(W ) - )EN
~ J~(Wi) - ~
~EN

~(J))

- l3;'(6V).

~~)~~0

a

In a similar way as for the BG-measure we now generalize the score-measure for
weighted digraphs.
16

Definition 5.7 Let .~' be u Jinite set of rrodes. The generalized score-measure is
the functiorz o`~: YV~~~ -. Q~'~~ u~hich is gieen by
~w(YU) :- ~ wlr,J) for ull r E.V and L6` -(-V,w) E YVw
~Ea'

Note that if for D E DN, W is determined by (2) then o;'(W) -~{j E N ~ w(i, j) 1} - v,(D). The generalized score-measure can be axiomatized by replacing weighted
dominance efficiency in Theorem 5.6 by the following axiom.

Axiom 5.8 ( Weighted score efficiency) Let ;V be a finite set of nodes and W(N,w) E WN. Then
~ f;(W) - ~ ~(j) ~
w(i,j)
~EN
~EN
( i,j)ENxN

Theorem 5.9 Let N be a finite set of nodes. A function f:WN --. RN is equal to
the generalized score-measure if and only if il satisfies weighted score e,fficiency, the
weighled dummy node property, weíyht proportionality and additivity
independent subdivisions.

over weighted

PROOF
Again it can easily be verified t}iat the generalized score-measure satisfies these four
axioms.

Now suppose that the function f:W'v ~ ll3N satisfies the four axioms.
(N, w) E WN.

Let W-

Let for each node j E N the weighted digraph W~ be defined as in Theorem 5.6.
5imilarly as in the proof of Theorem 5.6 it follows from the weighted dummy node
property that f,(W~) - 0 for all i E ,v such that w(i, j) - 0, and ít follows from weight
proportionality that f,(6V~) - W(h;~) - fh(Wj) for all i,h E N such that w(i, j) ) 0 and
w(h,j) ~ 0.

Take an i E N such that w(i, j) 1 0. Then
(
w(h,7) - Í~;(Wi)
h~ fhlWi) - h~ fi(Wl) ~
w(z,.7)
w(Z,.1)
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~(J)-

.~ccording to ~~.eighted scureefiicienc~~ it liolds that ~hE~,, fh([6~) -~(j) and thus
.Í~([ti,)
w(r,I)

~~(J ) - ~~(J ).

Thus for each i E.~' such that w(i, j) ) 0 it holds that
f~(6[~i) -W(t,J)Since {óij~}~EN is an independent subdivision of lY it follows from additivity over
weighted independent subdivisions that

f.(ti~) - ~ f~(W,) - ~ w(z,J) - ~wc[~~).
~EN

~EN

a

References
BEHZAD, :~T., G. CHAR'rRA~ID, AxD L. LEStiIAx-FosTER (1979), Craphs and Digraphs,
Wadsworth, Belmont, California.
BRINK, R. VAN DEN, AND R.P. GILLES (1992a), "An Axiomatic Social Power Index
for Hierarchically Structured Populations of Economic Agents", forthcomming in
Gilles, R.P., and Ruys, P.H.:~1. (eds.): Irnperfections and BehaUiour in Economic
Organizations: Proceedings uf the confer-ence held in Tilóurg from April 17-19,
1990, North Holland, Amsterdam.

BRINK, R. VAN DEN, AND R.P. GILLES (1992b), "Ranking the Nodes in Directed
and Weighted Directed Graphs", alimeo, Department of Econometrics, Tilburg
University, Tilburg.
GILLES, R.P., G. OweN, AND J.R. ~':~;v DEN BRIxK (1992), "Games with Permission Structures: the Conjunctive Approach", International Journal of Came Theory, 20, 277-293.
GREENBERG, J. (1990), The Theory of Social Situations, Cambridge University Press.
RUB[NSTEIN, A. (1980), "Ranking the Participants in a Tournamentn, SIAM Journal
of Applíed Mathematics, 38, 108-111.

18

SEN, ~.K. ( 19i9), Collectire C'hoice and Sucial It'elfare, `orth Holland Publishing
Company, .~msterdam, the ~etherlands.
SHAPLEY, L.S. (1953) "A Value for n-Person Games", .-lnnals of tt~fathematics Studies
23 (Contributions to the Theory of Games ~'01.2) (eds. H.W. Kuhn and A.W.
Tucker), Princeton l,''niversity Press, 30ï-317.

19

IN 1991 P,EEDS `~rERSCHEDIEIV
466

Prof.Dr. Th.C.M.J. van de Klundert - Prof.Dr. A.B.T.M. van
Schaik
Economische groei in Vederland ín een internationaal perspectief

467

Dr. Sylvester C.W. Eijffinger
The convergence of monetary policy -

468

E. Nijssen
Strategisch gedrag, planning
binnen de computerbranche

en

prestatie.

469

Anne van den Nouweland, Peter Borm,
Cost allocation and communication

470

Drs.

J.

Grazell en Drs.

C.H.

Germany and France as

Een

an example

inductieve

studie

Guillermo Owen and Stef Tijs

Veld

Motieven voor de uitgifte van converteerbare obligatieleningen en
warrant-obligatieleningen: een agency-theoretische benadering
471

P.C. van Batenburg, J. Kríens, W.M. Lammerts van Bueren and
R.H. Veenstra
Audit Assurance Model and Bayesian Discovery Sampling

472

Marcel Kerkhofs
Identification and Estimation of Household Productíon Models

473

Robert P. Gilles, Guillermo Owen,
Games with Permission Structures:

474

Jack P.C. Kleijnen
Sensitivity Analysis
of Simulation Experiments:
sion Analysis and Statistical Design

475

C.P.M.

Tutorial on Regres-

van Hoesel

An 0(nlogn) algorithm for the
controllable machine speeds
476

René van den Brink
The Conjunctive Approach

two-machine

flow

shop

problem

Stephan G. Vanneste
A Markov Model

for Opportunity Maintenance

477

F.A. van der Duyn Schouten, M.J.G. van Eijs, R.M.J. Heuts
Coordinated replenishment systems with discount opportunities

478

A. van den Nouweland, J. Potters, S. Tijs and J. Zarzuelo
Cores and related solution concepts for multi-choice games

479

Drs. C.H. Veld
Warrant pricing:

480

E.

a review of theoretical and empirical

research

Nijssen

De Miles
branche
481

with

and

Snow-typologie:

Een exploratieve studie in de meubel-

Harry G. Barkema
Are managers indeed motivated by their bonuses?

482

483

484

Jacvb C. Engwerda, André C.M. Ran, Arie L. Rijkeboer
Necessary and sufficient conditions for the existgnce of
definite solution of the matrix equation X ~.4TX- A- I
Peter M. Kort
A dynamic
model
costs

of

the

a

firm with uncertain earnings and

Raymond H.J.M. Gradus, Peter M. Kort
Optimal taxation on profit and pollution
framework

within

a

positive

adjustment

macroeconomic

485

René van den Brink, Robert P. Gilles
Axiomatizations
oF
the
Conjunctive Permission Value for Games with
Permission Structures

486

A.E.

Brouwer ~ W.H. Haemers

The GPwirtz graph - an exercise
487

488

in the theory of graph spectra

Pim Adang, Bertrand Melenberg
Intratemporal uncertainty in the multi-good
model: motivation and application

life

cycle

consumption

J.H.J. Roemen
The
long term elasticity of the milk supply with
price in the Netherlands in the period 1969-1984

489

Herbert Hamers
The Shapley-Entrance Game

490

Rezaul Kabir and Theo Vermaelen
Insider trading restrictions and the stock market

491

Piet A. Verheyen

respect to

the milk

The economic explanation of the jump of the co-state variable
492

Drs.

F.L.J.W. Manders en Dr.

J.A.C.

de Haan

De organisatorische aspecten bij systeemontwikkeling
een beschouwing op besturing en verandering
493

Paul C. van Batenburg and J. Kriens
Applications of statistical methods and techniques to auditing and
accounting

494

Ruud T. Frambach
The diffusion of innovations:

495

J.H.J. Roemen
A decision rule for the

496

the influence of supply-side factors

Hans Kcemers

(des)investments

in the dairy cow stock

and Dolf Talman

An SLSPP-algorithm to compute an
línear production technologies

equilibrium

in

an

economy

with

111

497

498

499

500

L.W.G. Strijbosch and R.M.J. Heuts
Investigating several
alternatives for estimating the compound
time demand in an (s,Q) inventory model

lead

Bert Bettonvil and Jack P.C. Kleijnen
Identifying the important factors
in
factcrs

many

Drs. H.C.A. Roest, Drs. F.L. Tijssen
Beheersing van het kwaliteitsperceptieproces bij
van keurmerken

503

diensten door middel

in

the

linear

model

with

arbitrarily

mode and location of corporate expansions

Gert Nieuwenhuis
Bridging the gap
distribution

between

a

stationary point process and its Palm

Chris Veld
Motives

504

with

Harry Barkema and Sytse Douma

The direction,

502

models

B.B. van der Genugten

Density of the F-statistic
normal distributed errors

501

simulation

for the use of equity-warrants by Dutch companies

Pieter K.

Jagersma

Een etiologie van horizontale internationale ondernemingsexpansie
505

B. Kaper
On M-functions and their application to input-output models

506

A.B.T.M. van Schaik
Produktiviteit en Arbeidsparticipatie

507

Peter Borm, Anne van den Nouweland and Stef Tijs
Cooperation and communication restrictions: a survey

508

Willy Spanjers, Robert P. Gilles, Pieter H.M. Ruys
Hierarchical trade and downstream information

509

Martijn P. Tummers
The Effect of Systematic Misperception of Income
on the Subjective
Poverty Line

510

A.G. de Kok
Basics of Inventory Management: Part 1
Renewal theoretic background

511

J.P.C. Blanc, F.A. van der Duyn Schouten, B. Pourbabai
Optimizing flow rates in a queueing network with side constraints

512

R. Peeters
On Coloring j-Unit Sphere Graphs

1V

513

514

Drs. J. Dagevos, Drs. L. Oerlemans, Dr. F. Boekema
Regional
economic
policy,
economic
technological
networks

and

Erwin van der Krabben
Het
een

515

innovation

Drs.

functioneren van stedelijke onroerend-goed-markten in Nederland theoretisch kader
E.

Schaling

European central bank independence and inflation persistence
516

517

518

Peter M. Kort
Optimal abatement policies within a stochastic dynamic model
firm
Pim Adang
Expenditure
ticz model

of

the

versus consumption in the multi-good life cycle consump-

Pim Adang
Large, infrequent consumption in
tion model

the multi-good life

cycle

consump-

519

Raymond Gradus, Sjak Smulders
Pollution and Endogenous Growth

520

Raymond Gradus en Hugo Keuzenkamp
Arbeidsongeschiktheid, subjectief ziektegevoel en collectief belang

521

A.G. de Kok
Basics of inventory management:
The (R,S)-model

Part 2

522

A.G. de Kok
Basics of inventory management: Part 3
The (b,Q)-model

523

A.G. de Kok
Basics of inventory management:
The (s,S)-model

Part 4

524

A.G. de Kok
Basics of inventory management: Part 5
The (R,b,Q)-model

525

A.G. de Kok
Basics of inventory management:
The (R,s,S)-model

526

Part 6

Rob de Groof and Martin van Tuijl
Financial integration and fiscal policy in interdependent
economies with real and nominal wage rigidity

two-sector

V

527

A.G.:~. van Eijs, M.J.G. van Eijs, R.M.J.
Gecobrdineerde bestelsystemen
een management-georiënteerde benadering

528

M.J.G. van Eijs
Multi-item inventory systems with joint ordering
decisions

Heuts

and

transportation

529

Stephan G. Vanneste
Maintenance optimization of a production system with buffercapacity

530

Michel R.R. van Bremen, Jeroen C.G. Zijlstra
Het stochastische variantie optiewaarderingsmodel

531

Willy Spanjers
Arbitrage
and Walrasian Equilibrium
mation

in Economies with Limited Infor-

vi

IN 1992 REEDS V~RSCHENEN
532

F.G. van den Heuvel en M.R.M. Turlings
Privatisering van arbeidsongeschiktheidsregelingen
Refereed by Prof.Dr. H. Verbon

533

J.C. Engwecda, L.G. van Willigenburg
LQ-control of sampled continuous-time systems
Refereed by Prof.dr. J.M. Schumacher

534

J.C. Engwerda, A.C.M. Ran 8~ A.L. Rijkeboer
Necessary and sufficient conditions for the existence of
definite solution of the matrix equation X; A`X-lA Refereed by Prof.dr. J.M. Schumacher

a

535

Jacob C. Engwerda
The indefinite LQ-problem: the finite planning horizon case
Refereed by Prof.dr. J.M. Schumacher

536

Gert-Jan Otten,

Peter Borm,

Ton Storcken,

positive

Q.

Stef Tijs

Effectivity functions and associated claim game correspondences
Refereed by Prof.dr. P.H.M. Ruys
537

Jack P.C. Kleijnen, Gustav A. Alink

Validation of simulation models: mine-hunting case-study
Refereed by Prof.dr.ir. C.A.T. Takkenberg
538

V. Feltkamp and A. van den Nouweland
Controlled Communication Networks
Refereed by Prof.dr. S.H. Tijs

539

A. van schaik
Productivity, Labour Force Participation and the Solow Growth Model
Refereed by Prof.dr. Th.C.M.J. van de Klundert

540

J.J.G. Lemmen and S.C.W. Eijffinger
The Degree of Financial Integration in the European Community
Refereed by Prof.dr. A.H.T.M. van Schaik

541

J. Bell, P.K. Jagersma
Internationale Joint Ventures
Refereed by Prof.dr. H.G. Barkema

542

Jack P.C.

Kleijnen

Verification and validation of simulation models
Refereed by Prof.dr.ir. C.A.T. Takkenberg

543

Gert Nieuwenhuis

Uniform Approximations of the Stationary and Palm Distributions
of Marked Point Processes
Refereed by Prof.dr. B.B, van der Genugten

V11

544

545

R. Heuts, P. Nederstigt. W. Roebroek, W. Selen
Multi-Product Cycling with Packaging in the Process
Refereed by Prof.dr. F.A. van der Duyn Schouten

J.C. Engwecda
Calculation of an approximate solution oF the infinite time-~~arying
LQ-problem
Refereed by Prof.dr.

546

Raymond H.J.M.

J.M.

Schumacher

Gradus and Peter M.

Kort

On time-inconsistency and pollution control:
Refereed by Prof.dr. A.J. de Zeeuw
54~

548

Industry

a macroeconomic approach

Drs. Dolph Cantrijn en Dr. Rezaul Kabir
De Invloed van de Invoering van Preferente
Beschermingsaandelen
Aandelenkoersen van Nederlandse Beursgenoteerde Ondernemingen
Refereed by Prof.dr. P.W. Moerland

op

Sylvester Eijffinger and Eric Schaling

Central bank independence: criteria and indices
Refereed by ProF.dr. J.J. Sijben
549

Drs. A. Schmeits
Geintegreerde investerings- en financieringsbeslissingen;
voor Capital Budgeting

Refereed by Prof.dr.
550

551

Implicaties

P.W. Moerland

Peter M. Kort
Standards
versus
standards:
the
effects
oF
different
restrictions on the firm's dynamic investment policy
Refereed by Prof.dr. F.A. van der Duyn Schouten
Niels G.

Noorderhaven,

pollution

Bart Nooteboom and Johannes Berger

Temporal,
cognitive and behavioral dimensions of transaction costs;
to an understanding of hybrid vertical inter-firm relations
Refereed by Prof.dr. S.W. Douma

552

Ton Storcken and Harrie de Swart
Towards an axiomatization of orderings
Refereed by Prof.dr. P.H.M. Ruys

553

J.H.J. Roemen
The derivation of a long term milk supply model from an
model
Refereed by Prof.dr. F.A. van der Duyn Schouten

optimization

554

Geert J. Almekinders and Sylvester C.W. Eijffinger
Daily Bundesbank and Federal Reserve Intervention and the Conditional
Variance Tale in DM~~-Returns
Refereed by Prof.dr. A.B.T.M. van Schaik

555

Dr. M. Hetebrij, Drs. B.F.L. Jonker, Prof.dr. W.H.J. de Freytas
"Tussen achterstand en voorsprong" de scholings- en personeelsvoorzieningsproblematiek van bedrijven in de procesindustrie
Refereed by Prof.dr. Th.M.M. Verhallen

viii

556

Ton Geerts
Regularity and singularity in
linear-quadratic
implicit continuous-time systems
Communicated by Prof.dr. J. Schumacher

557

subject

to

Ton Geerts
Invariant subspaces and invertibility properties
tems: the general case
Communicated by Prof.dr. J. Schumacher

558

control

for

singular

sys-

Ton Geerts
Solvability conditions, consistency and weak consistency
for
linear
differential-algebraic equations and time-invariant singular systems:
the general case

Communicated by Prof.dr. J. Schumacher
559

C. Fricker and M.R. Jaïbi
Monotonicity and stability of periodic polling models
Communicated by Prof.dr.ir. O.J. Boxma

560

Ton Geerts
Free end-point linear-quadratic control subject
to
implicit continuous-time systems: necessary and sufficient conditions for solvability
Communicated by Prof.dr. J. Schumacher

561

Paul G.H. Mulder and Anton L. Hempenius
Expected
Utility
of
Life Time in
municable Disease State

Communicated by Prof.dr.

the Presence of a Chronic Noncom-

B.B, van der Genugten

562

Jan van der Leeuw
The covariance matrix of ARMA-errors in closed form
Communicated by Dr. H.H. Tigelsar

563

J.P.C. Blanc and R.D. van der Mei
Optimization of polling systems with Bernoulli schedules
Communicated by Prof.dr.ir. O.J. Boxma

564

B.B. van der Genugten
Density of the least squares estimator in the multivariate linear
model with arbitrarily normal variables
Communicated by Prof.dr. M.H.C. Paardekooper

II~M ~ V~~~~~Í~I~n~Í~Vllil l

