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Chapter 1

Introduction

1.1 Introduction to game theory

Game theory analyzes conflict situations involving at least two interacting decision

makers (called players), with possibly diverging interests. Roughly speaking it deals

with mathematical models and cooperation. Game theory was founded by Von Neu-

mann (1928), but only after the book of Von Neumann and Morgenstern (1944) game

theory has become more popular. Applications of game theory can, for example, be

found in bankruptcy theory, operations research problems, micro economics, social

sciences and auction theory, which illustrates the wide applicability of the subject.

The goal and challenge of game theory is to construct and analyze a mathemat-

ical model that features all essential aspects of the situation of interest. Generally

speaking, there are two different approaches to model conflict situations: namely

non-cooperative and cooperative game theory. The first deals with conflict situa-

tions from a strategic perspective. In a non-cooperative game every player has a

number of strategies to choose from. The utility achieved by a player typically does

not only depend on his own choice of strategy, but also on the strategies chosen

by all other players. Each player knows the possible strategies of all other players

and the outcome of each strategy combination. Hence, a non-cooperative game is

a detailed model containing a precise description of all possible strategy combina-

tions and information about the corresponding outcomes. Players may have pre-play

communication, but binding agreements cannot be made at this stage. So in the

end players independently decide which strategy to choose and the prime interest

is to maximize individual utility. Hence, non-cooperative game theory deals with

individual incentives.

1
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An important concept to determine a reasonable strategy combination is the con-

cept of Nash equilibria (Nash (1951)). A Nash equilibrium is a combination of strate-

gies such that unilateral deviation does not pay. This means that if a player decides

to change his strategy, he cannot achieve a higher utility, provided that all other

players stick to their prescribed strategies.

In the last chapter of this thesis we analyze non-cooperative games where players

face multiple objectives and the utilities according to the different objectives of a

player cannot be aggregated.

Cooperative game theory on the other hand deals with situations in which the players

negotiate on agreements regarding potential cooperation. Typically, this negotiation

process is not exactly specified. By working together players can possibly create extra

gains or save costs compared to the situation in which each player acts individually.

The most commonly used global model in this situation is the model of transferable

utility games. In a transferable utility game, or TU-game, there is a monetary value

for each possible coalition of players. This value could denote the benefits or costs of

these players when they cooperate. Generally speaking, this value is determined from

a pessimistic point of view, in the sense that it represents the value a coalition can

achieve without any help of players outside this coalition. Cooperative game theory

addresses the subject of allocation. For, if a group decides to cooperate and acts as

a whole, they generate benefits/costs together. However, these benefits/costs should

be allocated among the members of this group in a satisfying way.

Generally, the analysis of a TU-game focuses on how to allocate the joint bene-

fits/costs of the grand coalition of all players, where the values of subcoalitions serve

as a benchmark. In order to allocate the value of the grand coalition several one-point

solutions, each with its own appealing properties, have been proposed in the litera-

ture. As examples we mention the Shapley value (Shapley (1953)), the compromise

value (Tijs (1981)) and the nucleolus (Schmeidler (1969)). An important concept in

the allocation of the value of the grand coalition is core stability. The core of a TU-

game consists of those allocation vectors such that no subcoalition has an incentive to

split off. Hence, if the TU-game measures the benefits of each coalition, an allocation

is an element of the core if for each coalition its members receive together at least as

much as they could achieve when they would act as a separate coalition.

One of the most basic allocation problems that can be modeled within a game the-

oretic framework is a bankruptcy situation (cf. O’Neill (1982)). In a bankruptcy
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situation a certain amount of money, the estate, has to be divided among a group

of claimants. Each claimant has a single claim on the estate. But, since the sum of

the claims is larger than the estate available, one has to find criteria based on which

the estate is to be divided. This problem has already been addressed in the Talmud

(a 2000 years old Jewish manuscript), where for several values of the estate and sev-

eral claim vectors a solution is provided. The ideas behind the allocation method

as provided in the Talmud have been a mystery for a long time. This mystery has

been solved by Aumann and Maschler (1985). They succeeded in finding an explicit

and consistent formula behind the allocation rule of the Talmud with the help of the

game theoretical analysis. Besides the Talmud rule many other bankruptcy rules have

been proposed in the literature. As examples we mention the adjusted proportional

rule, (cf. Curiel, Maschler, and Tijs (1988)) and the run-to-the-bank rule (cf. O’Neill

(1982)). For a recent overview of bankruptcy rules and their properties we refer to

Thomson (2003). The following numerical example makes clear how a bankruptcy

problem can be modeled and solved in a game theoretic framework.

Example 1.1.1 Consider a situation in which a firm goes bankrupt and leaves 400 to

pay its debts. Suppose there are three creditors claiming 100, 200 and 300 respectively

from the bankrupt firm. In this problem the estate, denoted by E, equals 400, and we

can summarize the claims in the vector c = (100, 200, 300). Note that the creditors

together claim an amount of 600, which is larger than the estate available. Denote the

three creditors by one, two and three respectively. One can associate a bankruptcy

game, denoted by vE,c to this problem as follows: the players in this game are the

creditors. Pessimistically, the value of a coalition S ⊆ {1, 2, 3} is determined by

the amount of the estate that is not claimed by creditors outside S (if the creditors

outside S claim more than the estate, we assume this value to be zero). For example

if S = {3} the corresponding value of the bankruptcy game equals 100, since creditors

one and two claim only 300 of the available 400, which leaves 100 for creditor three.

All values of the corresponding bankruptcy game are given in the table below.

S ∅ 1 2 3 12 13 23 123

vE,c(S) 0 0 0 100 100 200 300 400

Notice that the value of the grand coalition, i.e., vE,c({1, 2, 3}) equals the estate.

Hence, an allocation of this value among the players is an allocation of the estate

among the creditors. By modeling a bankruptcy situation as a bankruptcy game,

we can find allocations from a game theoretic view of perspective. For example,
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we can use the earlier mentioned one-point solutions such as the Shapley value, the

compromise value or the nucleolus to allocate this value. The nice feature here is

that each of these three allocations corresponds to a known bankruptcy rule which

divides the estate directly. The Shapley value coincides with the run-to-the-bank rule

(cf. O’Neill (1982)), the compromise value with the adjusted proportional rule (cf.

Curiel (1988)) and the nucleolus coincides with the allocation rule described in the

Talmud (cf. Aumann and Maschler (1985)). ⊳

Bankruptcy games feature some special properties. One of them is that the core of a

bankruptcy game consists of exactly those allocations that give each player at least

the minimum value he can reasonably expect (i.e., the amount of the estate that is

left after all other players are assigned their claim), but no more than his claim (the

maximum value he can reasonably expect). This property is associated to the notion

compromise stability, which plays an important role in Chapters 3 and 4.

Another kind of allocation problems that can be analyzed via cooperative game theory

are interactive operations research problems. Operations research analyzes situations

in which one decision maker, guided by an objective function, faces an optimization

problem. The interrelation between operations research and cooperative game theory

is summarized under the heading of operations research games. We refer to Borm,

Hamers, and Hendrickx (2001) for a comprehensive survey. One can say that an

important part of the interplay between cooperative games and operations research

stems from the basic structure of a graph, network or system that underlies various

types of combinatorial optimization problems. If one assumes that at least two players

control parts (e.g., vertices, edges, resource bundles, jobs) of the underlying system,

then a cooperative game can be associated with this type of interactive optimization

problems. In working together, the players can possibly create extra gains or savings

compared to the situation in which everybody optimizes individually. Hence, the

question arises how to share the extra revenues or cost savings.

As an explicit example we show how a minimum cost spanning tree problem,

or mcst problem, can be modeled as a cooperative game. In an mcst problem a

number of players/agents/firms have to be connected to a source, either directly

or via other players. The problem is to find an optimal network that connects all

players, such that total costs are minimized. Such a network is called a minimum

cost spanning tree. Several methods are known to solve the problem of finding an

mcst, such as the Prim-Dijkstra algorithm (Prim (1957) and Dijkstra (1959)) and
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the Kruskal algorithm (Kruskal (1956)). The important issue here is the allocation

of costs of the minimum cost spanning tree among all players. This situation can be

described by the following TU-game: the value of a coalition is determined by the

costs of a minimum cost spanning tree that connects all members of this coalition to

the source. This network may only consist of connections between members of this

coalition and connections between members of this coalition and the source. Note

that if one player acts on his own, the only way to connect to the source is by using

the direct connection between this player and the source. By cooperating with other

players, he can benefit from other possibly cheaper connections, or connections that

are already paid for, which results in cost reduction. The following numerical example

shows the computation of the corresponding TU-game and illustrates how a context

specific core allocation (Birds rule, Bird (1976)) can be found.

Example 1.1.2 Consider the mcst problem as depicted in Figure 1.1. There are

three players denoted by one, two and three respectively, that have to be connected

to a source denoted by ∗. The players and the source are situated in the nodes of

the graph. The lines between the nodes denote the possible connections and costs of

connections are given beside the lines.
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Figure 1.1: Example of a minimum cost spanning tree problem.

If player one acts alone, he can only construct the network consisting of the connec-

tion between himself and the source. This yields a cost of 10 and hence c({1}) = 10.

Since we deal with costs we denote the game by c instead of v. Similarly, c({2}) = 12.

Hence, together they pay 22. However, if they decide to cooperate, there is another

possibility to connect the players to the source. If players one and two construct

the connection between player one and two and the connection between player one

and the source, both players are connected to the source and total costs equal 16.
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Since this is the cheapest way to connect one and two to the source it holds that

c({1, 2}) = 16. All values of the cost game are given in the table below.

S ∅ 1 2 3 12 13 23 123

c(S) 0 10 12 11 16 18 16 21

The value of coalition {1, 2, 3} equals the costs of an mcst for this coalition. In a core

allocation this value is allocated among the players in such a way that each coalition

in total does not pay more than the costs of its own mcst (otherwise this coalition

would have a reason to split off).

We now construct a core element according to the Bird rule which follows the

Prim-Dijkstra algorithm. First, we connect a player to the source who has the cheap-

est connection to the source. This is player one. The costs of this connection, which

equal 10, are entirely paid by player one. The next player we choose to connect is

someone who is not already connected to the source and who has the cheapest con-

nection to either player one or the source. This is player two who will be connected

to player one. The corresponding costs are equal to 6 and are paid by player two.

Finally, since there is only one unconnected player left, we connect player three to

the others. The cheapest way to do this is to use the connection between player two

and player three. The costs equal 5 and are paid by player three. This results in the

mcst as depicted in Figure 1.2. The corresponding allocation of costs is (10, 5, 6), and

it is easily checked that this indeed is a core allocation. ⊳
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Figure 1.2: Minimum cost spanning tree of coalition {1, 2, 3}.

In the second part of this thesis we analyze several operations research problems and

their corresponding games. One of the problems considered is an extension of the

mcst problem described above, where the costs of a connection depend on the number

of users of this connection.
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1.2 Overview

In Chapter 2 we introduce some general notions and definitions that are used through-

out this thesis. We formally define TU-games and provide the definitions of frequently

used concepts in cooperative game theory. Furthermore, we discuss bankruptcy prob-

lems and their corresponding games and introduce the most commonly used bank-

ruptcy rules.

The chapters 3–6 are all related to bankruptcy problems/games. Chapter 3 pro-

vides an extensive study of the core cover. The core cover of a TU-game has been

introduced by Tijs and Lipperts (1982) and consists of all efficient allocations, giving

each player at least his minimum right, but no more than his utopia demand. The

core cover always contains the core. We study the structure of the core cover and

describe its extreme points. With the help of this description, we characterize the

class of balanced games for which the core coincides with the core cover; the so-called

compromise stable games. For example bankruptcy games are compromise stable

(Curiel et al. (1988)). Another nice property of bankruptcy games is convexity. A

game is convex if the marginal contribution of a player increases if this player joins a

larger coalition. It is shown that, up to strategic equivalence, bankruptcy games are

the only games that are both convex and compromise stable.

Aumann and Maschler (1985) have used the nucleolus to obtain an explicit for-

mula for the Talmud rule. In Chapter 4 we reverse the order and use the Talmud rule

to find an explicit formula for the nucleolus for several classes of games. We construct

a general framework in which we extend bankruptcy rules to the class of transferable

utility games in such a way that both the interpretation and the appealing properties

are maintained. This extension, the so-called compromise extension, is based on the

following idea of allocating the value of the grand coalition: first of all each player is

assigned his minimum right. The maximum amount a player can reasonably claim

of the worth of the grand coalition equals his utopia demand. Hence, the remaining

allocation problem can be seen as a bankruptcy problem. In this problem the estate

is the amount of the value of the grand coalition that is left after each player has been

assigned his minimal right. The claim on the estate of a player equals the difference

between his utopia demand and his minimum right. Bankruptcy rules can now be

used to solve this allocation problem and hence give rise to new one-point solutions.

We explicitly study the compromise extension of the Talmud rule. We show that

for the class of compromise stable games the compromise extension of the Talmud
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rule coincides with the nucleolus. As a result the compromise extension of the Talmud

can be used to compute the nucleolus of several classes of games. As an application

the nucleoli of strongly compromise admissible games (Driessen (1988)), clan games

(Muto, Nakayama, Potters, and Tijs (1988)) and big boss games (Muto, Nakayama,

Potters, and Tijs (1988)) are computed with the help of the Talmud rule. Chapter 4

also studies the compromise extension of the run-to-the-bank rule. We show that this

solution is the average of the extreme points of the core cover (taking multiplicities

into account). Furthermore, we derive a recursive formula for the compromise exten-

sion of the run-to-the-bank rule, which is based on the recursive formula of O’Neill

(1982) for the run-to-the-bank rule.

In a bankruptcy situation with only two claimants, e.g., the run-to-the-bank rule,

the Talmud rule and the adjusted proportional rule coincide. Thomson (2003) refers

to this basic or standard rule as the concede-and-divide rule. It is based on the

idea that each claimant concedes the amount of the estate that is not claimed by

himself to the other claimant. This amount can be seen as a minimal right of a

claimant. Subsequently, the amount left of the estate after giving both claimants

their minimal rights is divided equally. In Chapter 5 we extend the idea behind the

concede-and-divide rule to general bankruptcy situations with possibly more than two

claimants. This extension is inspired by the extension of the standard solution of two

person cooperative games to a solution of cooperative games with an arbitrary finite

set of players provided by Ju, Borm, and Ruys (2004). The underlying idea is that

claimants leave the group one by one in a specific (but random) order. At the moment

a claimant leaves the (remaining) group, he receives a part of the estate left at that

stage. The amount he gets is based on the concede-and-divide rule for a two person

bankruptcy situation in which the leaving player is seen as one claimant and the rest

of the group together as the other. In this way the concede-and-divide principle is

applied recursively. Taking the average over all possible orders, one obtains a new

allocation, that we will refer to as the random concede-and-divide rule. We derive

a recursive formula for the random concede-and-divide rule and use this formula to

show that the random concede-and-divide rule preserves the main properties of the

concede-and-divide rule in the two claimant case.

Chapter 6 considers bankruptcy rules from a different point of view. In the previ-

ous chapters the focus has been on the explicit formula’s of bankruptcy rules. In this

chapter, however, we provide a clarifying pictorial way of representing bankruptcy

rules in terms of partial derivatives with respect to the estate. We provide this type
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of pictures for several bankruptcy rules. It turns out that these representations help

to decompose the minimal overlap rule (cf. O’Neill (1982)) into two parts, where

each part uses a well-known bankruptcy rule. This decomposition inspires to another

bankruptcy rule, which results in the residual minimal overlap rule.

The Chapters 7–9 consider a number of operations research problems and their re-

lated games. In Chapter 7 we consider minimum cost spanning tree problems with

congestion effects, so-called congestion network problems, from a cooperative game

theoretic point of perspective. Congestion effects arise when agents use facilities from

a common pool and costs of a specific facility depend on the number of users of this

facility. In a minimum cost spanning tree problem this means that all players have

to be connected to the source, but the total costs of a specific network depend on the

actual number of users of the various parts of the network.

We consider several types of cost functions, each leading to different results. First

we look at linear cost functions. We prove that the results for congestion network

problems with constant cost functions (the traditional minimum cost spanning tree

problems) can be extended to the case of linear cost functions. This results in an

algorithm that yields an optimal network and at the same time generates a core

element of the associated cooperative game. Secondly, we examine convex cost func-

tions. We prove that the corresponding congestion network games have a non-empty

core. Furthermore, we provide an algorithm that enables us to find an optimal net-

work for the grand coalition for each convex congestion network problem. Finally,

we look into congestion network problems with concave cost functions. An example

shows that games corresponding to concave congestion network problems can have

an empty core, but we show that, contrary to convex congestion network problems,

there always is an optimal tree network in the case of concave cost functions.

The topic of Chapter 8 is the allocation problem associated to maintaining a com-

munication network between various economic agents. In a communication network

a number of links are available. Agents can use a network consisting of (a part of) the

available links to establish communication between pairs of agents. The use of a link,

however, is assumed to be costly: a fixed cost is imposed on each link independent

of who exactly is using this particular link to establish communication. Apart from

these communication costs there are revenues from communication between pairs of

agents. The actual revenues of a group of agents are determined by the sum of the

revenues of the pairs of those agents within this group who can directly or indirectly
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communicate in the network chosen. We associate a cooperative game with this type

of problem and show that if the underlying communication structure is a tree, then

the corresponding game is a convex game and hence has a non-empty core. To prove

this result, we use (and prove) the important property that if the underlying com-

munication structure is a tree, then any optimal network for a specific coalition can

be extended to an optimal operational network for a larger coalition.

Processing situations with shared interest and their related games are the subject

of Chapter 9. In a processing situation a number of players, each endowed with his

own capacity, need to complete a number of jobs. Here a job can be of interest

for several players and a player can have interest in several jobs. As long as a job is

uncompleted it generates a fixed cost to each player who has interest in this job. This

cost, however, may be different for each player involved. We associate a processing

game with each processing situation. We provide an explicit core allocation. This

allocation is based on the following idea: given an optimal order to process the jobs,

each player pays the direct costs of any job of his interest and a tax that has to be paid

for this job, which is proportional to the cost coefficient of all players having interest

in this job. Furthermore, the total amount of taxes is reallocated among the players

proportionally to their capacities. To prove that this is indeed a core element, we

also consider private (and pure) processing situations and their corresponding games.

Interestingly, to show that this allocation is a core element of the private and pure

processing game we use a detour via an associated exchange economy with land.

Finally, Chapter 10 considers a non-cooperative topic concerning multicriteria games.

In multicriteria games players face multiple objectives and the payoffs according to

the different objectives of a player cannot be aggregated. Shapley (1959) introduces

(Pareto) equilibria for two person multicriteria games and shows the correspondence

with Nash equilibria of so-called trade-off games. A strategy combination is a Pareto

equilibrium if for each player there is no other strategy that in combination with the

prescribed strategy of the other player results in a higher payoff for all objectives.

Generally speaking, the set of equilibria can be quite large, or can contain out-

comes that are not suitable. To deal with this problem various refinements of Nash

equilibria are proproposed. As examples we mention perfect equilibria (Selten (1975))

and proper equilibria (Myerson (1978)). The concept of perfect equilibria has been

extended to perfect equilibria for multicriteria games by Borm, Van Megen, and Tijs

(1999). They also hint at an extension of proper equilibria to a multicriteria setting.
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We elaborate on the ideas provided in Borm et al. (1999) and introduce three exten-

sions of the notion of proper equilibria based on different types of domination (pure

domination and level domination). We show that the set of proper equilibria based on

pure domination contains the set of proper equilibria of trade-off games as a subset.

Furthermore, it contains both types of proper equilibria based on level domination.

Fiestras-Janeiro, Borm, and Van Megen (1998) study protective and prudent be-

havior in non-cooperative games in strategic form. Basically, protective and prudent

strategies of a player deal with the (recursive) maximization of worst possible payoffs

with respect to all pure strategy combinations of the other player. We extend these

notions to a multicriteria setting. We show that protective behavior coincides with

prudent behavior and prove existence.





Chapter 2

Preliminaries

2.1 Cooperative games

A transferable utility game (TU-game) consists of a pair (N, v), in which N is a finite

set of players and v : 2N → R is a function assigning to each coalition S ⊆ N a value

v(S). By definition v(∅) = 0. The set of all transferable utility games with player set

N is denoted by TUN . When no confusion can arise, we write v rather than (N, v).

If the transferable utility game represents costs we denote the game by (N, c).

A game v ∈ TUN is additive if there exists a vector a ∈ RN such that v(S) =
∑

i∈S ai for all S ⊆ N . The game v is then denoted by a. A game v ∈ TUN is

strategically equivalent to w ∈ TUN if there exist a positive real number k and an

additive game a ∈ TUN such that w = a + kv. A game v ∈ TUN is superadditive if

for all S, T ⊆ N , such that S∩T = ∅, v(S)+v(T ) ≤ v(S∪T ). A cost game c ∈ TUN

is subadditive if for all S, T ⊆ N such that S ∩ T = ∅, c(S) + c(T ) ≥ c(S ∪ T ).

The imputation set of a game v ∈ TUN is defined as

I(v) =
{

x ∈ RN |
∑

i∈N

xi = v(N), xi ≥ v({i}), ∀i ∈ N
}

.

The core of a game consists of those payoff vectors such that no coalition has an

incentive to split off. The core of a game may be empty. Formally, the core C(v) of

a game v ∈ TUN is defined by

C(v) =
{

x ∈ RN |
∑

i∈N

xi = v(N),
∑

i∈S

xi ≥ v(S), ∀S ⊂ N, S 6= ∅
}

.

If c ∈ TUN is a cost game, then the core is given by

C(c) =
{

x ∈ RN |
∑

i∈N

xi = c(N),
∑

i∈S

xi ≤ c(S), ∀S ⊂ N S 6= ∅
}

.

13
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A game v ∈ TUN is convex if for all i ∈ N and all S ⊆ T ⊆ N\{i}:

v(S ∪ {i})− v(S) ≤ v(T ∪ {i})− v(T ).

So for convex games the marginal contribution of a player increases if this player

joins a larger coalition. A cost game c ∈ TUN is concave if for all i ∈ N and all

S ⊆ T ⊆ N\{i}:

c(S ∪ {i})− c(S) ≥ c(T ∪ {i})− c(T ).

An order of N is a bijective function σ : {1, . . . , |N |} → N . The player at position

k in the order σ is denoted by σ(k). The set of all orders of N is denoted by Π(N).

For all σ ∈ Π(N) the corresponding marginal vector mσ(v) measures the marginal

contribution of the players with respect to σ, i.e.,

mσ
σ(k)(v) = v

(

{σ(1), . . . , σ(k)}
)

− v
(

{σ(1), . . . , σ(k − 1)}
)

, k ∈ {1, . . . , |N |}.

The Weber set is the convex hull of all marginal vectors,

W (v) = conv{mσ(v) | σ ∈ Π(N)}.

The interest in convexity is motivated by the nice properties that convex games

possess. For example, for these games the core is equal to the convex hull of all

marginal vectors as is stated in the following proposition.

Proposition 2.1.1 (Shapley (1971) and Ichiishi (1981)) Let v ∈ TUN . Then

v is convex if and only if C(v) = W (v).

A (one-point) solution f on a subclass A ⊆ TUN is a function f : A→ RN assigning

to each game v ∈ A a payoff vector f(v) ∈ RN . A solution f on A is efficient if for

all v ∈ A:
∑

i∈N fi(v) = v(N).

Let v ∈ TUN . The Shapley value (Shapley (1953)), φ(v), is computed by taking

the average of all marginal vectors,

φ(v) =
1

|N |!

∑

σ∈Π(N)

mσ(v).

The utopia demand of player i ∈ N at the game v ∈ TUN is given by

Mi(v) = v(N)− v(N\{i}).
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The utopia demand Mi(v) of player i ∈ N at v ∈ TUN is the maximum amount

player i can hope to achieve from cooperation in N , since N\{i} will not be satisfied

with a total payoff strictly less than v(N\{i}). The utopia vector M(v) of v ∈

TUN consists of the utopia demands of all players. The minimum right of a player

at a game corresponds to the maximum payoff this player can achieve gathering

a possible coalition and promising every other player in this coalition his utopia

demand. Formally, the minimum right of player i ∈ N at the game v ∈ TUN is

defined by

mi(v) = max
S⊆N :i∈S

{

v(S)−
∑

j∈S\{i}

Mj(v)
}

.

If v ∈ TUN is convex, it is easily verified that mi(v) = v({i}) for all i ∈ N .

The core cover CC(v) of a game v ∈ TUN consists of all efficient payoff vectors,

giving each player at least his minimum right, but no more than his utopia demand.

That is

CC(v) =
{

x ∈ RN |
∑

i∈N

xi = v(N), m(v) ≤ x ≤M(v)
}

.

As the name indicates, the core cover always contains the core as a subset. The

elements of the core cover can be interpreted as possible allocations of the value

of the grand coalition and can be viewed as compromises between m(v) and M(v).

Note that the core cover of a game can be empty. A game v ∈ TUN is compromise

admissible if its core cover is non-empty. So v ∈ TUN is compromise admissible if

(i) m(v) ≤ M(v),

(ii)
∑

i∈N mi(v) ≤ v(N) ≤
∑

i∈N Mi(v).

The class of all compromise admissible games with player set N is denoted by CAN .

Tijs (1981) introduces the compromise value, also known as the τ -value, as a one-

point solution concept on CAN based on the utopia vector and the minimum right

vector. The compromise value, τ(v), of a compromise admissible game (N, v) is the

efficient convex combination of M(v) and m(v):

τ(v) = αM(v) + (1− α)m(v),

with α ∈ [0, 1] such that
∑

i∈N

τi(v) = v(N).
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The nucleolus ν(v) of a game (N, v) with I(v) 6= ∅ has been introduced by Schmei-

dler (1969). For an imputation x ∈ I(v) the excess of coalition S with respect to x

measures the complaint of coalition S,

E(S, x) = v(S)−
∑

i∈S

xi.

The vector θ(x) orders the complaints of all coalitions with respect to x from high to

low. The nucleolus ν(v) corresponds to the unique imputation lexicographically min-

imizing the maximum complaint, i.e., the nucleolus corresponds to the lexicographic

minimum of the set {θ(x) | x ∈ I(v)}.

2.2 Bankruptcy situations

The model of bankruptcy situations as introduced by O’Neill (1982) is a general

framework for various kinds of basic allocation problems. In a bankruptcy situation

a certain amount of money, the estate, has to be divided among a group of claimants.

Each claimant has a single claim on the estate. The sum of the claims is larger than

(or equal to) the estate available, so one has to find criteria on the basis of which the

estate is to be divided.

Formally bankruptcy situations or bankruptcy problems are denoted by a triple

(N, E, c), where E is the estate that has to be divided among a finite set of claimants

N , and c ∈ RN , c ≥ 0 is a vector of claims. By the nature of a bankruptcy problem

E ≤
∑

i∈N ci.

One can associate a bankruptcy game vE,c ∈ TUN to each bankruptcy problem

(N, E, c). The value of a coalition S is determined by the amount of E that is not

claimed by N\S,

vE,c(S) = max
{

0, E −
∑

i∈N\S

ci

}

.

A bankruptcy rule f is a function assigning to each bankruptcy situation (N, E, c)

a payoff vector f(N, E, c) ∈ RN
+ such that

∑

i∈N fi(N, E, c) = E and f(N, E, c) ≤ c.

Many bankruptcy rules have been proposed in literature. For a recent overview

the reader is referred to Thomson (2003). The bankruptcy rules of interest for this

thesis are listed below.
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Let (N, E, c) be a bankruptcy problem. For all i ∈ N the proportional rule

(PROP) is defined by

PROPi(N, E, c) =
ci

∑

j∈N cj

· E.

The adjusted proportional rule (APROP, cf. Curiel, Maschler, and Tijs (1988)) is

given by

APROP (N, E, c) = r(N, E, c) + PROP (N, E ′, c′),

where for all i ∈ N , ri(N, E, c) = max{E−
∑

j∈N\{i} cj , 0}, E ′ = E−
∑

j∈N rj(N, E, c),

c′i = min{ci − ri(N, E, c), E ′}.

The constrained equal awards rule (CEA) is defined, for all i ∈ N , by

CEAi(N, E, c) = min{α, ci},

with α such that
∑

i∈N min{α, ci} = E. The constrained equal losses rule (CEL) is

defined, for all i ∈ N , by

CELi(N, E, c) = max{ci − β, 0},

where β is again determined by efficiency.

The Talmud rule (TAL) (cf. Aumann and Maschler (1985)), also known as the

contested garment consistent rule, is defined as

TALi(N, E, c) =















CEAi(N, E, 1
2
c) if

∑

j∈N

cj ≥ 2E,

ci − CEAi

(

N,
∑

j∈N cj − E, 1
2
c
)

if
∑

j∈N

cj < 2E,

for all i ∈ N .

The run-to-the-bank rule (RTB), also known as the random arrival rule or the

recursive completion rule, is defined, for all i ∈ N , by

RTB(N, E, c) =
1

|N |!

∑

σ∈Π(N)

rσ(N, E, c),

where for all σ ∈ Π(N), k ∈ {1, . . . , |N |},

rσ
σ(k)(N, E, c) = max

{

min{cσ(k), E −
k−1
∑

r=1

cσ(r)}, 0
}

.

The vector rσ can interpreted as follows. Claimants arrive at the bank in a certain

order σ. Each time a claimant arrives, he receives his claim if the amount of money

left of the estate is large enough to cover this claim, if not he receives what is left of

the estate.





Chapter 3

Relations between core, core cover
and Weber set

3.1 Introduction

The core cover of a TU-game has been introduced by Tijs and Lipperts (1982) and

consists of all efficient allocations, giving each player at least his minimum right, but

no more than his utopia demand. The core cover is a core catcher, which means that

the core is always contained in the core cover.

This chapter is based on Quant, Borm, Reijnierse, and Van Velzen (2005). First

we study the structure of the core cover. The core cover is a polytope and its ex-

treme points can be described by larginal vectors, or shortly larginals. Each larginal

vector corresponds to an order. Given an order, the corresponding larginal equals

the efficient payoff vector giving the first players in this order their utopia demands

as long as it is still possible to satisfy the remaining players with at least their mini-

mum rights. Similar to the Weber set, which equals the convex hull of all marginals,

the core cover can be described as the convex hull of all larginals. The concept of

larginals has also been used in González-Dı́az et al. (2005). These larginal vectors

are used to give an alternative characterization of the compromise value.

Using this alternative description of the core cover, the class of balanced games

(i.e., games which have a non-empty core) for which the core coincides with the core

cover, so-called compromise stable games, is characterized. Examples of compromise

stable games are bankruptcy games (Curiel, Maschler, and Tijs (1988)), big boss

games (Muto, Nakayama, Potters, and Tijs (1988)) and clan games (Potters, Poos,

Muto, and Tijs (1989)). Bankruptcy games are both convex and compromise stable.

19
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It is shown that, up to strategic equivalence, bankruptcy games are the only games

that are both convex and compromise stable.

Finally the relation between the core cover and the Weber set is studied. Clearly,

the intersection of the core cover and the Weber set contains the core. However it

is not clear whether this intersection is non-empty if the core is empty. It is proved

that under a weak condition this is true. This condition is a kind of superadditivity

condition, in the sense that it only requires that the value of a coalition added with

the minimum rights of all players outside this coalition does not exceed the value of

the grand coalition.

This chapter is organized as follows. In section 3.2 we introduce the notion of

larginals and give a description of the core cover in terms of larginals. Furthermore

this section deals with the characterization of the class of (convex) compromise stable

games, while section 3.3 deals with the relation between core cover and Weber set.

3.2 Core cover and core

Recall that the core cover of a game v ∈ TUN is given by

CC(v) =
{

x ∈ RN |
∑

i∈N

xi = v(N), m(v) ≤ x ≤M(v)
}

.

For all TU-games the core is a subset of the core cover.

Proposition 3.2.1 (Tijs and Lipperts (1982)) Let v ∈ TUN . Then C(v) ⊆

CC(v).

Proof: Assume that C(v) 6= ∅ and let x ∈ C(v). Since
∑

i∈N xi = v(N) we only

need to prove that m(v) ≤ x ≤M(v). We first prove that xi ≤Mi(v) for all i ∈ N .

Let i ∈ N . Consider the core condition with S = N\{i}. Then

∑

j∈N\{i}

xi ≥ v(N\{i}).

Together with the efficiency condition this yields

Mi(v) = v(N)− v(N\{i}) =
∑

j∈N

xj − v(N\{i}) ≥
∑

j∈N

xj −
∑

j∈N\{i}

xj = xi (3.1)

Secondly we prove that mi(v) ≤ xi for all i ∈ N . Let i ∈ N and S ⊆ N , such

that i ∈ S. Then the core condition applied to coalition S and inequality 3.1 imply
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that

v(S)−
∑

j∈S\{i}

Mj(v) ≤
∑

j∈S

xj −
∑

j∈S\{i}

Mj(v) ≤
∑

j∈S

xj −
∑

j∈S\{i}

xj = xi.

Hence,

mi(v) = max
S:i∈S

{

v(S)−
∑

j∈S\{i}

Mj(v)
}

≤ xi.

We conclude that x ∈ CC(v). �

Next we consider games v ∈ TUN , such that CC(v) 6= ∅, i.e., v ∈ CAN . Let v ∈ CAN

and σ ∈ Π(N). The larginal vector ℓσ(v) is defined by

ℓσ
σ(k)(v) =















































Mσ(k)(v) if

k
∑

j=1

Mσ(j)(v) +

|N |
∑

j=k+1

mσ(j)(v) ≤ v(N),

mσ(k)(v) if
k−1
∑

j=1

Mσ(j)(v) +

|N |
∑

j=k

mσ(j)(v) ≥ v(N),

v(N)−
k−1
∑

j=1

Mσ(j)(v)−

|N |
∑

j=k+1

mσ(j)(v) otherwise,

for every k ∈ {1, . . . , |N |}. For all σ ∈ Π(N) the larginal vector ℓσ(v) is the efficient

payoff vector giving the first players in σ their utopia demands as long as it is still

possible to assign the remaining players at least their minimum rights.

It is easily seen that the core cover coincides with the convex hull of all larginals.

Theorem 3.2.2 Let v ∈ CAN . Then

CC(v) = conv
{

ℓσ(v) | σ ∈ Π(N)
}

.

The first player with respect to σ who does not receive his utopia demand is called

the pivot of ℓσ(v). In case each player receives his utopia demand, we define the

pivot to be the last player with respect to σ. Each larginal vector contains exactly

one pivot. The following example illustrates these notions.

Example 3.2.1 Let v ∈ CAN be the game defined by

S 1 2 3 4 12 13 14 23 24 34 123 124 134 234 N

v(S) 1 0 0 0 1 2 1 2 2 2 7 4 6 8 10
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Then M(v) = (2, 4, 6, 3) and m(v) = (1, 0, 1, 0), so v ∈ CAN . If σ = (1234), then

ℓσ(v) equals (2, 4, 4, 0) and player three is the pivot. If σ = (3421), then the cor-

responding larginal equals ℓσ(v) = (1, 0, 6, 3) and player two is the pivot. The core

cover of v is described by

CC(v) = conv
{

ℓσ(v) | σ ∈ Π(N)
}

= conv
{

(2, 4, 4, 0), (2, 4, 1, 3), (2, 2, 6, 0), (2, 0, 6, 2), (2, 0, 5, 3),

(1, 4, 5, 0), (1, 4, 2, 3), (1, 0, 6, 3), (1, 3, 6, 0)
}

.

⊳

A game v ∈ CAN is compromise stable if C(v) = CC(v). The following theorem

characterizes the class of compromise stable games.

Theorem 3.2.3 A game v ∈ CAN is compromise stable if and only if for all S ⊆ N ,

v(S) ≤ max
{

∑

i∈S

mi(v), v(N)−
∑

i∈N\S

Mi(v)
}

. (3.2)

Proof: Let v ∈ CAN . First assume that C(v) = CC(v). Then for all σ ∈ Π(N),

ℓσ(v) ∈ C(v). Let S ⊆ N . We show that (3.2) is satisfied. Let σ ∈ Π(N) begin

with the players of N\S and end with the players of S. That is σ(k) ∈ N\S for all

k ∈ {1, . . . , |N\S|}. We distinguish between two possibilities.

Case 1 : the pivot of ℓσ(v) is an element of N\S. In this case ℓσ
i (v) = mi(v) for each

i ∈ S. We conclude that

v(S) ≤
∑

i∈S

ℓσ
i (v) =

∑

i∈S

mi(v).

Case 2 : the pivot of ℓσ(v) is an element of S. This implies that ℓσ
i (v) = Mi(v) for

each i ∈ N\S. It follows that

v(S) ≤
∑

i∈S

ℓσ
i (v) = v(N)−

∑

i∈N\S

ℓσ
i (v) = v(N)−

∑

i∈N\S

Mi(v).

Combining these two cases yields

v(S) ≤ max
{

∑

i∈S

mi(v), v(N)−
∑

i∈N\S

Mi(v)
}

.
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Conversely, assume that inequality (3.2) is satisfied for all S ⊆ N . By convexity

of the core it suffices to show that for each order σ ∈ Π(N), ℓσ(v) ∈ C(v). Let

σ ∈ Π(N) and S ⊆ N . Then

v(S) ≤ max
{

∑

i∈S

mi(v), v(N)−
∑

i∈N\S

Mi(v)
}

≤ max
{

∑

i∈S

ℓσ
i (v), v(N)−

∑

i∈N\S

ℓσ
i (v)

}

=
∑

i∈S

ℓσ
i (v).

We conclude that ℓσ(v) ∈ C(v). �

The condition in Theorem 3.2.3 is closely related to the definition of strong compro-

mise admissibility (1-convexity). This is explained in more detail in section 4.3.

The following theorem characterizes the class of games which are both convex and

compromise stable. A well-known class of games satisfying both properties is the class

of bankruptcy games (cf. Curiel et al. (1988)). The next theorem states that bank-

ruptcy games are essentially the only games that are both convex and compromise

stable.

Theorem 3.2.4 A game v ∈ TUN is both convex and compromise stable if and only

if v is strategically equivalent to a bankruptcy game.

Proof: Let v ∈ TUN be a convex and compromise stable game. We prove that v is

strategically equivalent to a bankruptcy game.

Define ai := v({i}) and w(S) := v(S)−
∑

i∈S ai for all S ⊆ N . Then w ∈ TUN is

convex and compromise stable. Furthermore mi(w) = w({i}) = 0 for all i ∈ N and

M(w) = M(v) −m(v). Consider vE,c ∈ TUN , with E = w(N) and c = M(w). We

show that w equals the bankruptcy game vE,c. For all S ⊆ N :

vE,c(S) = max
{

0, E −
∑

i∈N\S

Mi(w)
}

= max
{

∑

i∈S

mi(w), E −
∑

i∈N\S

Mi(w)
}

.

Theorem 3.2.3 implies that w(S) ≤ vE,c(S) for all S ⊆ N . Now suppose there

is a coalition S ⊆ N such that w(S) < vE,c(S). Because w is convex, w(S) ≥
∑

i∈S w({i}) =
∑

i∈S mi(w) and hence

w(S) < E −
∑

i∈N\S

Mi(w) = w(N)−
∑

i∈N\S

Mi(w).
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Consider σ ∈ Π(N) that begins with the players of S and ends with the players of

N\S, i.e., σ(k) ∈ S for all k ∈ {1, . . . , |S|}. The payoff of coalition N\S according

to the marginal vector mσ(w) is given by
∑

j∈N\S

mσ
j (w) = w(N)− w(S) >

∑

j∈N\S

Mj(w).

This implies that mσ(w) 6∈ CC(w), which contradicts the fact that CC(w) = C(w) =

W (w). �

It is trivial to show that for any 3-player TU-game the core cover equals the core.

From Theorem 3.2.4 it then follows that each convex 3-player game is strategically

equivalent to a bankruptcy game.

Corollary 3.2.5 Let v ∈ CAN be a 3-player game. Then v is strategically equivalent

to a bankruptcy game.

3.3 Core cover and Weber set

Recall that the Weber set is defined as the convex hull of all marginal vectors and

that the core is always a subset of the Weber set. This implies that for any TU-game

the intersection of the core cover and the Weber set contains the core. Hence, the

core cover and the Weber set have points in common if the core is non-empty. This

raises the question whether the intersection of the core cover and the Weber set is

non-empty in general for compromise admissible games. It is shown that under a

weak condition the answer is affirmative. In the proof of this theorem we use the

following lemma.

Lemma 3.3.1 Let n ∈ N and d, y ∈ Rn with

y1 ≥ . . . ≥ yn, (3.3)
k

∑

i=1

di ≤ 0 for all k ∈ {1, . . . , n− 1}, (3.4)

and
n

∑

i=1

di = 0. (3.5)

Then

d · y =
n

∑

i=1

diyi ≤ 0.
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Proof: The proof uses induction on n. If n = 1 the assertion is true, since d1 = 0.

Assume that the assertion is true for k = n − 1. Let y, d ∈ Rn be such that the

formulas (3.3)–(3.5) are true. One can conclude that

n
∑

i=1

diyi =

n−2
∑

i=1

diyi + dn−1yn−1 + dnyn−1 + dn(yn − yn−1)

= (

n−2
∑

i=1

diyi + (dn−1 + dn)yn−1) + dn(yn − yn−1)

≤ 0 + dn(yn − yn−1) ≤ 0.

The first inequality follows from the induction hypothesis applied on the vectors

d̄ = (d1, . . . , dn−2, dn−1 +dn) and ȳ = (y1, . . . , yn−1) ∈ Rn−1 and the second inequality

follows from the fact that dn ≥ 0 and yn − yn−1 ≤ 0. �

Theorem 3.3.2 Let v ∈ CAN . If for all S ⊆ N ,

v(S) +
∑

j∈N\S

mj(v) ≤ v(N), (3.6)

then CC(v) ∩W (v) 6= ∅.

Proof: Let v ∈ CAN be such that for all S ⊆ N inequality (3.6) is satisfied. Suppose

that CC(v) ∩W (v) = ∅. Since CC(v) and W (v) both are closed and convex sets we

can separate them by a hyperplane. This means that there exists a vector y ∈ RN

such that

m · y > ℓ · y for all m ∈W (v), ℓ ∈ CC(v). (3.7)

Let σ ∈ Π(N) be an order such that yσ(1) ≥ yσ(2) ≥ . . . ≥ yσ(n). Consider ℓσ(v) and

mσ(v). Then

mσ(v) · y − ℓσ(v) · y = (mσ(v)− ℓσ(v)) · y

=

|N |
∑

k=1

(

mσ
σ(k)(v)− ℓσ

σ(k)(v)
)

yσ(k).

Define dσ(k) = mσ
σ(k)(v) − ℓσ

σ(k)(v) for all k ∈ {1, . . . , |N |}. We first show that the

vector (dσ(1), . . . , dσ(|N |)) satisfies conditions (3.4) and (3.5) of Lemma 3.3.1.
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Let r ∈ {1, . . . , |N | − 1}. First note that

r
∑

k=1

dσ(k) =

r
∑

k=1

(

mσ
σ(k)(v)− ℓσ

σ(k)(v)
)

= v
(

{σ(1), · · · , σ(r)}
)

−
r

∑

k=1

ℓσ
σ(k)(v).

We distinguish between two cases.

Case 1 :
∑r

k=1 ℓσ
σ(k)(v) =

∑r

k=1 Mσ(k)(v). Because v is compromise admissible and

hence m(v) ≤M(v), it is true that for all i ∈ N and for all S ⊆ N with i ∈ S:

v(S)−
∑

j∈S\{i}

Mj(v) ≤ max
T :i∈T

{

v(T )−
∑

j∈T\{i}

Mj(v)
}

= mi(v) ≤Mi(v).

This yields that for all S ⊆ N ,

v(S) ≤
∑

i∈S

Mi(v). (3.8)

Applying formula (3.8) to S = {σ(1), . . . , σ(r)} yields that in this case

v
(

{σ(1), · · · , σ(r)}
)

−
r

∑

k=1

ℓσ
σ(k)(v) ≤ 0.

Case 2 :
∑r

k=1 ℓσ
σ(k)(v) = v(N)−

∑|N |
k=r+1 mσ(k)(v). From (3.6) it follows that

v(S)− v(N) +
∑

j∈N\S

mj(v) ≤ 0. (3.9)

Applying formula (3.9) to S = {σ(1), . . . , σ(r)} yields

v({σ(1), . . . , σ(r)})−
r

∑

k=1

ℓσ
σ(k)(v) = v({σ(1), . . . , σ(r)})− v(N) +

|N |
∑

k=r+1

mσ(k)(v)

≤ 0.

Hence in both cases d satisfies condition (3.4) of Lemma 3.3.1.

Furthermore
∑|N |

k=1 dσ(k) = v(N) − v(N) = 0, so d also satisfies condition (3.5) of

Lemma 3.3.1. Applying Lemma 3.3.1 gives

|N |
∑

k=1

dσ(k)yσ(k) =

|N |
∑

k=1

(

mσ
σ(k)(v)− ℓσ

σ(k)(v)
)

yσ(k) ≤ 0.
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Hence mσ(v) · y ≤ ℓσ(v) · y. This contradicts (3.7). �

Theorem 3.3.2 can be used to show that for semi-convex games the intersection of

the core cover and the Weber set is non-empty. A game v ∈ TUN is semi-convex if

v is superadditive and mi(v) = v({i}) for all i ∈ N . Let v ∈ CAN be semi-convex.

Superadditivity of (N, v) implies that for all S ⊆ N

v(S) +
∑

j∈N\S

v({j}) ≤ v(N).

This is equivalent to (3.6), because mi(v) = v({i}) for all i ∈ N . Hence CC(v) ∩

W (v) 6= ∅.

The following example shows that it is possible that the core cover and the Weber

set do not have any points in common.

Example 3.3.1 Let v ∈ TUN and N = {1, . . . , 5}. Let v be such that players

one, two and three are symmetric (two players i, j ∈ N are symmetric if for all

S ⊆ N\{i, j}, v(S ∪ {i}) = v(S ∪ {j})) and so are players four and five. To simplify

notations we say that the players one, two and three are of type a and four and five of

type b. For example the coalition {a, b, b} represents the coalitions {1, 4, 5}, {2, 4, 5}

and {3, 4, 5}. The game v is given by

S a b aa ab bb aaa aab abb aaab aabb N

v(S) 0 0 −1 0 2 −1 −1 2 −1 1 1

It is easily verified that M(v) = (0, 0, 0, 2, 2) and m(v) = (0, 0, 0, 0, 0). Note that

condition (3.6) of Theorem 3.3.2 is not satisfied, since v({4, 5}) +
∑

j∈{1,2,3} mj(v) >

v(N). The core cover of v is given by

CC(v) =
{

x ∈ RN | x ≥ 0, x4 + x5 = 1, x1 = x2 = x3 = 0
}

.

Because of symmetry, one does not need to calculate all marginal vectors to com-

pute the Weber set. There are only six marginal vectors, each corresponding to

twenty different orders. The Weber set is given by

W (v) = conv
{

(−1, 0, 0, 2, 0), (−1, 0, 0, 0, 2), (0,−1, 0, 2, 0),

(0,−1, 0, 0, 2), (0, 0,−1, 2, 0), (0, 0,−1, 0, 2)
}

.

We conclude that mσ
1 (v) + mσ

2 (v) + mσ
3 (v) = −1 for all σ ∈ Π(N). Hence m1 + m2 +

m3 = −1 for all m ∈W (v), and therefore CC(v) ∩W (v) = ∅. ⊳





Chapter 4

Compromise extensions based on
bankruptcy

4.1 Introduction

A bankruptcy situation can be viewed as the most basic form of an allocation problem.

As a consequence, many bankruptcy rules have a straightforward interpretation and

appropriate properties of such rules are easily formulated. In a transferable utility

game, the allocation problem is of a more complicated nature: instead of each player

having a single claim, each coalition of players has a worth which has to be taken into

account. Our aim is to extend bankruptcy rules to the class of transferable utility

games in such a way that both the interpretation and the appealing properties are

maintained.

In this chapter, based on Quant, Borm, Reijnierse, and Van Velzen (2005) and

Quant, Borm, Hendrickx, and Zwikker (2006), we provide such an extension to the

class of compromise admissible games. This extension, the so-called compromise

extension, is based on the following idea. First, each player is assigned his minimum

right. The maximum amount a player reasonably can claim of the worth of the grand

coalition equals his utopia demand. Hence the remaining allocation problem can

be viewed as a bankruptcy problem. In this problem the estate equals the amount

that is left of the worth of the grand coalition after each player has been assigned

his minimum right. A player’s claim on the estate equals the difference between his

utopia demand and his minimum right. Bankruptcy rules can now be used to solve

this allocation problem.

An important concept in bankruptcy literature is duality (cf. Aumann and Maschler

29
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(1985)). Normally a bankruptcy rule is used to divide the estate directly among all

claimants. In the dual approach each claimant first receives his claim and the excess

amount is taken back using a bankruptcy rule. The result of this procedure yields the

dual of a bankruptcy rule. We use this notion to define for each bankruptcy rule a

dual compromise extension. In this dual approach each player is assigned his utopia

demand and the excess amount is taken back using a bankruptcy rule. Also in this

setting the claims equal the difference between utopia demand and minimum right.

We show that the dual compromise extension of a bankruptcy rule coincides with the

compromise extension of the dual rule.

We explicitly study the compromise extension of the Talmud rule. We show that

for the class of compromise stable games the compromise extension of the Talmud

rule coincides with the nucleolus. To prove this result two important results from

the literature are used. First we use the result that the Talmud rule of a bankruptcy

problem is equal to the nucleolus of the corresponding bankruptcy game (cf. Aumann

and Maschler (1985)). And second we use the result of Potters and Tijs (1994) that

states that if two games have the same core and one of the games is convex, then

the nucleoli of both games coincide. In the proof we construct for each compromise

stable game a bankruptcy game (for which the nucleolus is easily computed), such

that the cores of both games coincide. By the result of Potters and Tijs (1994) the

nucleoli of both games are equal.

As a result the compromise extension of the Talmud rule can be used to compute

the nucleolus of several classes of games. As an application the nucleoli of strongly

compromise admissible games (Driessen (1988)), clan games (Muto, Nakayama, Pot-

ters, and Tijs (1988)) and big boss games (Muto, Nakayama, Potters, and Tijs (1988))

are computed.

Finally we study the compromise extension of the run-to-the-bank rule. We show

that this solution is the average of all larginals, i.e., the extreme points of the core

cover (taking multiplicities into account). Furthermore, we derive a recursive formula

for the compromise extension of the run-to-the-bank rule, which is based on the

recursive formula of O’Neill (1982) for this rule.

This chapter is organized as follows. Section 4.2 introduces compromise exten-

sions as another class of solution concepts for TU-games. Section 4.3 derives an

explicit formula for the nucleolus for compromise stable games using the compromise

extension of the Talmud rule. The final section studies the compromise extension of

the run-to-the-bank rule.
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4.2 Compromise extensions based on bankruptcy

An important issue in cooperative game theory is the allocation of the value of the

grand coalition of a game to the players of this game. In this chapter bankruptcy

rules are extended to solutions on the class of compromise admissible games to solve

this allocation problem.

The idea is the following. First each player receives his minimum right. The

allocation of the remaining part of the worth of the grand coalition can be viewed as

a bankruptcy problem. In this bankruptcy problem the estate equals the amount left

of the value of the grand coalition after each player is assigned his minimum right.

The claim of a player equals his utopia demand minus his minimum right (the value

he already received): this is the maximum a player can expect. At this moment a

bankruptcy rule can be used to allocate the estate.

Let f be a bankruptcy rule. Then the compromise extension of f , denoted by f ∗,

is defined as

f ∗(v) = m(v) + f
(

N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)
)

for all v ∈ CAN . Note that because v ∈ CAN , the bankruptcy situation to which f is

applied is well-defined. If f is a bankruptcy rule and f ∗ is its compromise extension,

then f ∗ is efficient (
∑

i∈N f ∗
i (v) = v(N) for all v ∈ CAN). Note that for a game

v ∈ CAN and a bankruptcy rule f , its compromise extension f ∗(v) is an element of

the core cover of v. This implies the following result.

Proposition 4.2.1 Let v ∈ CAN be compromise stable and f be a bankruptcy rule.

Then f ∗(v) ∈ C(v).

It is immediately clear that the compromise value is the compromise extension of the

proportional rule:

τ(v) = m(v) + PROP (N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)),

since τ(v) is the efficient convex combination of the vectors M(v) and m(v).

González-Dı́az et al. (2005) study the compromise extension of the adjusted

proportional rule and show that it coincides with the barycenter of the edges of the

core cover (taking multiplicities into account). Furthermore they prove that this rule

coincides with the compromise value if in the normalized game in which the minimum
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right of each player equals zero, the utopia demand of each player does not exceed

the value of the grand coalition.

The following lemma shows that if f is homogeneous of degree 1, i.e.,

f(N, kE, kc) = k · f(N, E, c)

for all k > 0 and all bankruptcy situations (N, E, c), then f ∗ is relatively invariant

with respect to strategic equivalence, i.e.,

f ∗(kv + a) = kf ∗(v) + a

for all v ∈ CAN , k > 0 and a ∈ RN .

Lemma 4.2.2 Let f be a bankruptcy rule that is homogeneous of degree 1. Then f ∗

is relatively invariant with respect to strategic equivalence.

Proof: Let v ∈ CAN , k > 0 and a ∈ RN . Define v̂ = kv + a. Then v̂ ∈ CAN ,

M(v̂) = kM(v) + a and m(v̂) = km(v) + a. From this, we have

f ∗(v̂) = m(v̂) + f(N, v̂(N)−
∑

i∈N

mi(v̂), M(v̂)−m(v̂))

= km(v) + a + f
(

N, k(v(N)−
∑

i∈N

mi(v)), k(M(v)−m(v))
)

= k
(

m(v) + f(N, v(N)−
∑

i∈N

mi(v), M(v)−m(v))
)

+ a

= kf ∗(v) + a.

Hence, f ∗ is relatively invariant with respect to strategic equivalence. �

Another way to extend a bankruptcy rule to an allocation rule on CAN is to take

a dual approach. Instead of first giving each player his minimum right and then

dividing what is left, one could first give each player his utopia demand and take

back the excess amount using f . This dual extension of a bankruptcy rule f , f⋆, is

defined by

f⋆(v) = M(v)− f
(

N,
∑

i∈N

Mi(v)− v(N), M(v)−m(v)
)

for all v ∈ CAN .
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The dual f̄ of a bankruptcy rule f (cf. Aumann and Maschler (1985)) is defined

by

f̄(N, E, c) = c− f(N,
∑

i∈N

ci − E, c)

for all bankruptcy situations (N, E, c). A rule is self-dual if f = f̄ . Note that if f is

self-dual and
∑

i∈N ci = 2E, then f(N, E, c) = 1
2
c.

As is stated in the following proposition, extending the dual of f yields the same

solution as taking the dual extension of f .

Proposition 4.2.3 Let f be a bankruptcy rule and let v ∈ CAN . Then (f̄)∗(v) =

f⋆(v).

Proof: Applying the definitions yields

(f̄)∗(v) = m(v) + f̄
(

N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)
)

= m(v) + M(v)−m(v)−

f
(

N,
∑

i∈N

Mi(v)−
∑

i∈N

mi(v)− (v(N)−
∑

i∈N

mi(v)), M(v)−m(v)
)

= M(v)− f
(

N,
∑

i∈N

Mi(v)− v(N), M(v)−m(v)
)

= f⋆(v).

�

Corollary 4.2.4 Let f be a self-dual bankruptcy rule. Then f⋆ = f ∗.

Let f be a bankruptcy rule. Then f is a symmetric bankruptcy rule if for all bank-

ruptcy situations (N, E, c) and all i, j ∈ N such that ci = cj, fi(N, E, c) = fj(N, E, c).

A solution f is a symmetric solution if for all v ∈ TUN and all symmetric players

i, j ∈ N , fi(v) = fj(v). If a bankruptcy rule is symmetric, then it is immediately

clear that its compromise extension is a symmetric solution. The following example

shows that a compromise extension of a symmetric bankruptcy rule, is not necessarily

a core element, not even when the game (N, v) is convex.

Example 4.2.1 Let v ∈ CAN with N = {1, 2, 3, 4, 5} be the game defined by
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S |S| = 1 12
other
|S| = 2 123 124 125

other
|S| = 3 |S| = 4 N

v(S) 0 6 0 6 6 6 2 8 14

In this game, players one and two are symmetric, as are players three, four and five.

The payoff of a coalition S depends on the size of S and on whether {1, 2} is a

part of S. The utopia vector equals M(v) = (6, 6, 6, 6, 6) and the minimum right

vector equals m(v) = (0, 0, 0, 0, 0). Consider a symmetric bankruptcy rule f and its

compromise extension f ∗. Because all players are symmetric with respect to m(v)

and M(v) it holds that f ∗(v) = (14
5
, 14

5
, 14

5
, 14

5
, 14

5
). Since f ∗

1 (v) + f ∗
2 (v) = 28

5
< 6,

f ∗(v) 6∈ C(v). ⊳

4.3 Extending the Talmud rule

Aumann and Maschler (1985) prove that the Talmud rule of a bankruptcy problem is

equal to the nucleolus of the corresponding bankruptcy game, hence for all bankruptcy

situations (N, E, c), TAL(N, E, c) = ν(vE,c). We use this result and the following

important theorem to analyze the nucleolus of compromise stable games.

Theorem 4.3.1 (Potters and Tijs (1994)) Let v, w ∈ TUN be such that v is con-

vex and C(v) = C(w). Then ν(v) = ν(w).

The following theorem shows that the nucleolus for compromise stable games equals

the compromise extension of the Talmud rule.

Theorem 4.3.2 Let v ∈ CAN be compromise stable. Then

ν(v) = m(v) + TAL
(

N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)
)

. (4.1)

Proof: Let v ∈ CAN be compromise stable. Define the additive game a ∈ TUN by

taking ai = mi(v) for all i ∈ N , and define w ∈ TUN as w(S) = v(S) −
∑

i∈S ai,

for all S ⊆ N . Because the nucleolus is relatively invariant with respect to strategic

equivalence, we have

ν(v) = a + ν(w) = m(v) + ν(w).

For w the following assertions can easily be verified: M(w) = M(v)−m(v), m(w) = 0,

w(N) = v(N)−
∑

i∈N mi(v), and C(w) = CC(w).
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Consider the bankruptcy problem defined by E = w(N) and c = M(w). For the

corresponding bankruptcy game vE,c it is true that vE,c(N) = w(N). Let i ∈ N . By

definition of vE,c, Mi(vE,c) = min{E, ci}, and using the convexity of vE,c,

mi(vE,c) = vE,c({i}) = max
{

E −
∑

j∈N\{i}

cj , 0
}

= max
{

w(N)−
∑

j∈N\{i}

Mj(w), 0
}

= 0.

The last equality follows from mi(w) = 0, and mi(w) ≥ w(N) −
∑

j∈N\{i} Mj(w).

The core of vE,c can now be written as

C(vE,c) = CC(vE,c)

=
{

x ∈ RN |
∑

i∈N

xi = E, 0 ≤ xi ≤ min{E, ci}, ∀i ∈ N
}

=
{

x ∈ RN |
∑

i∈N

xi = w(N),

0 ≤ xi ≤ min
{

w(N), Mi(w)
}

, ∀i ∈ N
}

=
{

x ∈ RN |
∑

i∈N

xi = w(N), 0 ≤ x ≤ M(w)
}

= CC(w) = C(w).

Since vE,c and w have the same core, and vE,c is convex, we can apply Theorem

4.3.1. Hence,

ν(w) = ν(vE,c) = TAL
(

N, E, c
)

= TAL
(

N, w(N), M(w)
)

= TAL
(

N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)
)

.

Consequently,

ν(v) = m(v) + ν(w)

= m(v) + TAL
(

N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)
)

. �

Corollary 4.3.3 Let v be a 3-player game with a non-empty core. Then

ν(v) = m(v) + TAL
(

N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)
)

.
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Example 4.3.1 Consider the game of Example 3.2.1. Then M(v) = (2, 4, 6, 3) and

m(v) = (1, 0, 1, 0). For every coalition S inequality (3.2) is valid. Theorem 3.2.3

implies that C(v) = CC(v). Using Theorem 4.3.2, the nucleolus of v is given by

ν(v) = m(v) + TAL
(

N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)
)

= (1, 0, 1, 0) + TAL
(

N, 8, (1, 4, 5, 3)
)

= (1, 0, 1, 0) + (1, 4, 5, 3)− CEA
(

N, 5, (1
2
, 2, 21

2
, 11

2
)
)

= (2, 4, 6, 3)− (1
2
, 11

2
, 11

2
, 11

2
) = (11

2
, 21

2
, 41

2
, 11

2
).

⊳

The following corollary is an application of Theorem 4.3.2 and deals with strongly

compromise admissible games (also known as 1-convex games, cf. Driessen (1988)).

A game v ∈ CAN is strongly compromise admissible if for all S ⊆ N , S 6= ∅,

v(S) +
∑

j∈N\S

Mj(v) ≤ v(N). (4.2)

Corollary 4.3.4 Let v ∈ CAN be strongly compromise admissible. Then v is com-

promise stable and the nucleolus is the barycenter of the core cover:

νi(v) = Mi(v)−
1

|N |

(

∑

j∈N

Mj(v)− v(N)
)

for all i ∈ N .

Proof: It is easily seen with Theorem 3.2.3 that C(v) = CC(v). Hence the compu-

tation of the nucleolus is relatively easy. Let i ∈ N . Since inequality (4.2) holds, it

is true for all S ⊆ N , such that i ∈ S, that

v(S)−
∑

j∈S\{i}

Mj(v) ≤ v(N)−
∑

j∈N\{i}

Mj(v),

and therefore the minimum right of player i is given by

mi(v) = v(N)−
∑

j∈N\{i}

Mj(v)
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The claims of the bankruptcy problems described in formula (4.1) can be computed.

For all i ∈ N

ci = Mi(v)−
(

v(N)−
∑

j∈N\{i}

Mj(v)
)

=
∑

j∈N

Mj(v)− v(N).

The claims are equal for all players. This implies that the compromise value and

the nucleolus coincide (because the proportional rule and the Talmud rule both are

symmetric bankruptcy rules) and for all i ∈ N

νi(v) = mi(v) + TALi

(

N, (|N | − 1)(
∑

j∈N

Mj(v)− v(N)), c
)

= mi(v) +
|N | − 1

|N |
(
∑

j∈N

Mj(v)− v(N))

= v(N)−
∑

j∈N\{i}

Mj(v) +
|N | − 1

|N |
(
∑

j∈N

Mj(v)− v(N))

= Mi(v)−
1

|N |
(
∑

j∈N

Mj(v)− v(N)).

Hence the nucleolus is the barycenter of the core cover. �

We now consider an application of Theorem 3.2.3 and Theorem 4.3.2 with respect

to big boss and clan games. In a clan game a coalition cannot make any profit if a

certain group (CLAN) is not part of this coalition. Formally, a game v ∈ TUN is a

clan game if v(S) ≥ 0 for all S ⊆ N , Mi(v) ≥ 0 for all i ∈ N and if there exists a

non-empty coalition CLAN ⊆ N such that

(i) v(S) = 0 if CLAN 6⊆ S

(ii) v(N)− v(S) ≥
∑

i∈N\S Mi(v), for all S with CLAN ⊆ S.

The last property is also known as the union property . Clan games for which CLAN =

{i∗} are also known as big boss games1, in which case the clan member is the big

boss. In the following corollary several (known) properties of clan games are easily

proved with the aid of Theorems 3.2.3 and 4.3.2.

1This definition differs from the definition of big boss games given in Muto et al. (1988) in the
sense that it is now required that v(S) ≥ 0 for all S ⊆ N and the requirement of monotonicity is
weakened to M(v) ≥ 0. A game v ∈ TUN is monotonic, if v(S) ≤ v(T ) if S ⊆ T .
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Corollary 4.3.5 (cf. Potters et al. (1989) ) Let v ∈ TUN be a clan game with

|CLAN| ≥ 2. Then v ∈ CAN , C(v) = CC(v) and

ν(v) = CEA
(

N, v(N), 1
2
M(v)

)

.

Proof: Let v ∈ TUN be a clan game, with |CLAN| ≥ 2. Then Mi(v) = v(N) for all

i ∈ CLAN. Let i ∈ N and S ⊆ N , such that i ∈ S. If CLAN ⊆ S it can be deduced

from the union property that

v(S)−
∑

j∈S\{i}

Mj(v) ≤ v(N)−
∑

j∈N\{i}

Mj(v) ≤ 0.

The last inequality follows from M(v) ≥ 0 and the fact that Mj(v) = v(N) for at

least one j ∈ N\{i}. Since v(S) = 0 if CLAN 6⊆ S, it follows (by taking S = {i})

that mi(v) = 0 for all i ∈ N . Therefore m(v) ≤ M(v). Because v(N) ≥ 0 and

M(v) ≥ 0 it is true that
∑

i∈N mi(v) ≤ v(N) ≤
∑

i∈N Mi(v). Hence v ∈ CAN .

Let S ⊆ N . If CLAN ⊆ S, then (3.2) is satisfied by condition (ii). If CLAN 6⊆ S,

then v(S) = 0 and formula (3.2) follows from m(v) = 0. Theorem 3.2.3 yields

C(v) = CC(v). Since |CLAN | ≥ 2, we have that
∑

i∈N Mi(v) ≥ 2v(N). Hence by

Theorem 4.3.2 and the definition of the Talmud rule,

ν(v) = CEA
(

N, v(N), 1
2
M(v)

)

.

�

The results of Theorem 3.2.3 and Theorem 4.3.2 can also be used to reprove the

following corollary.

Corollary 4.3.6 (cf. Muto et al. (1988)) Let (N, v) be a big boss game with big

boss i∗. Then v ∈ CAN , C(v) = CC(v), τ(v) = ν(v) and

νj(v) =

{

1
2
Mj(v) if j ∈ N\{i∗}

v(N)− 1
2

∑

k∈N\{i∗} Mk(v) if j = i∗.

Proof: Let v ∈ TUN be a big boss game and let i∗ ∈ N denote the big boss of v.

Then

Mi∗(v) = v(N)− v(N\{i∗}) = v(N).

Let j ∈ N\{i∗} and S ⊆ N such that j ∈ S. If i∗ ∈ S, then

v(S)−
∑

k∈S\{j}

Mk(v) ≤ v(N)−
∑

k∈N\{j}

Mk(v) ≤ 0,
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because of the union property and the fact that M(v) ≥ 0 and Mi∗ = v(N). If i∗ 6∈ S,

then v(S) = 0, in particular this holds true for S = {j}. We conclude that

mj(v) = 0, ∀j ∈ N\{i∗}.

It can be derived from the union property that

v(S)−
∑

j∈S\{i∗}

Mj(v) ≤ v(N)−
∑

j∈N\{i∗}

Mj(v),

for all S ⊆ N and i∗ ∈ S. Hence,

mi∗(v) = v(N)−
∑

j∈N\{i∗}

Mj(v). (4.3)

Since M(v) ≥ 0 it follows that m(v) ≤M(v) and
∑

j∈N mj(v) ≤ v(N) ≤
∑

j∈N Mj(v)

and hence v ∈ CAN .

We have that (3.2) holds for all S with i∗ ∈ S, since (N, v) satisfies the union

property. If i∗ 6∈ S, then v(S) = 0 and (3.2) holds, because mj(v) = 0 for all

j ∈ N\{i∗}. It follows from Theorem 3.2.3 that C(v) = CC(v) and from Theorem

4.3.2 that

ν(v) = m(v) + TAL
(

N, E, c
)

,

with E = v(N)−
∑

i∈N mi(v) and c = M(v)−m(v). Substituting the value of M(v)

and m(v) yields

E = v(N)−
∑

j∈N

mj(v) = v(N)−mi∗(v) =
∑

j∈N\{i∗}

Mj(v),

where the last equality holds because of (4.3). Furthermore

cj =

{

Mj(v) if j ∈ N\{i∗}
∑

k∈N\{i∗} Mk(v) if j = i∗.

Observe that
∑

j∈N cj = 2E. By self-duality of the Talmud rule (cf. Curiel (1988))

and the proportional rule it now follows that

τ(v) = ν(v) = m(v) + 1
2
c.

Substituting the value of c yields for all j ∈ N :

νj(v) =

{

1
2
Mj(v) if j ∈ N\{i∗}

v(N)− 1
2

∑

k∈N\{i∗} Mk(v) if j = i∗.

�

The following diagram summarizes the relations between the different classes of games

we have encountered.
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Compromise admissible

Convex

Compromise stable Bankruptcy

Clan

Big Boss

Figure 4.1: A diagram depicting the relations between several classes of games (up
to strategic equivalence).

4.4 Extending the run-to-the-bank rule

Let v ∈ TUN . The compromise extension of the run-to-the-bank rule, denoted by

RTB∗ is given by

RTB∗(v) = m(v) + RTB
(

N, v(N)−
∑

i∈N

mi(v), M(v)−m(v)
)

Example 4.4.1 Let v ∈ CAN with N = {1, 2, 3} be the game defined by

S 1 2 3 12 13 23 N

v(S) 0 0 0 3 2 4 6

Then M(v) = (2, 4, 3) and m(v) = (0, 1, 0). The larginals are given in the table

below.

σ (123) (132) (213) (231) (312) (321)

ℓσ(v) (2, 4, 0) (2, 1, 3) (2, 4, 0) (0, 4, 2) (2, 1, 3) (0, 3, 3)

The RTB∗ solution equals

RTB∗(v) = (0, 1, 0) + RTB(N, 5, (2, 3, 3))

= (0, 1, 0) + 1
6
(8, 11, 11) = (8

6
, 17

6
, 11

6
).

Note that the RTB∗ solution coincides with the average of the larginals. ⊳

The RTB∗ solution is similar to the Shapley value in the sense that it is the average

of all larginals (rather than marginals)2. This is shown in the following theorem.

2Note however that larginals do not satisfy additivity (i.e., ℓσ(v +w) 6= ℓσ(v)+ ℓσ(w)), since the
minimum right vector m is not additive.
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Theorem 4.4.1 Let v ∈ CAN . Then RTB∗(v) = 1
|N |!

∑

σ∈Π(N) ℓσ(v).

Proof: Consider the game w defined by w(S) = v(S) −
∑

i∈S mi(v) for all S ⊆

N . Then w ∈ CAN and ℓσ(w) = ℓσ(v) − m(v) for all σ ∈ Π(N), m(w) = 0 and

M(w) = M(v)−m(v). Next, it is readily seen that ℓσ(w) = rσ
(

N, w(N), M(w)
)

3 for

all σ ∈ Π(N) and hence,

RTB∗(w) = RTB
(

N, w(N), M(w)
)

=
1

|N |!

∑

σ∈Π(N)

rσ
(

N, w(N), M(w)
)

=
1

|N |!

∑

σ∈Π(N)

ℓσ(w).

As a result of Lemma 4.2.2, RTB∗ is relatively invariant with respect to strategic

equivalence and hence,

RTB∗(v) = m(v) + RTB∗(w) = m(v) +
1

|N |!

∑

σ∈Π(N)

ℓσ(w)

= m(v) +
1

|N |!

∑

σ∈Π(N)

[ℓσ(v)−m(v)] =
1

|N |!

∑

σ∈Π(N)

ℓσ(v).

�

For a bankruptcy game the Shapley value equals the run-to-the-bank rule of the

corresponding bankruptcy problem (cf. O’Neill (1982)), i.e.,

φ(vE,c) = RTB(N, E, c)

for all bankruptcy situations (N, E, c). This raises the question whether there is a

direct connection between the Shapley value and the compromise extension of the

run-to-the-bank rule. Both are similar in the sense that the Shapley value is the

average of all marginals and RTB∗ is the average of all larginals. But, since the

underlying ideas behind the concepts of marginals and larginals are rather different,

a result like Theorem 4.3.2 is not likely. However, since the class of convex and

compromise stable games consists of all games that are strategically equivalent to a

bankruptcy game, it follows readily that

φ(v) = RTB∗(v)

for all convex and compromise stable games v ∈ CAN .

3For the definition of rσ we refer to the preliminaries.
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The RTB rule is the unique bankruptcy rule satisfying the following recursive relation

(cf. O’Neill (1982)):

fi(N, E, c) =
1

|N |

(

min{ci, E}+
∑

j∈N\{i}

fi(N\{j}, E −min{cj , E}, cN\{j})
)

for all bankruptcy situations (N, E, c) and all i ∈ N .

To extend this recursive expression to our framework of compromise admissible

games, we first define a subclass which is closed with respect to “sending one player

away with his claim”. For this, we need a nonnegativity condition (which is harmless

as a result of relative invariance with respect to strategic equivalence) and a weak

version of superadditivity. The class AN ⊂ CAN consists of all TU-games v ∈ CAN

such that for all S ⊆ N ,

(i) v(S) ≥ 0,

(ii) v(S) +
∑

k∈N\S mk(v) ≤ v(N).

We denote A =
⋃

N A
N .

We consider the following recursive property of a solution f on A:

for all N , all v ∈ AN and all i ∈ N we have

fi(v) =
1

|N |
min

{

Mi(v), v(N)−
∑

j∈N\{i}

mj(v)
}

+

1

|N |

∑

j∈N\{i}

(

mi(v) + fi(v
j)

)

, (4.4)

where for all j ∈ N the game vj ∈ TUN\{j} is defined by

vj(S) = max{v(S ∪ {j})−
∑

k∈S

mk(v)−Mj(v), 0}

for all S ⊆ N\{j}.

The game vj is again an element of A, as is shown in the following lemma.

Lemma 4.4.2 Let v ∈ AN and j ∈ N . Then vj ∈ AN\{j}.

Proof: It is immediately clear from the definition of vj(S) that vj(S) ≥ 0 for all

S ⊆ N\{j}, so vj satisfies (i). We first show that we can restrict ourselves to the

case vj(N\{j}) > 0.
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It follows from condition (ii) applied to (N, v) that for all S ⊆ N\{j} we have

v(S ∪ {j})−
∑

i∈S

mi(v)−Mj(v) ≤ v(N)−
∑

i∈N\{j}

mi(v)−Mj(v),

from which it easily follows that

vj(S) ≤ vj(N\{j}). (4.5)

Hence, if vj(N\{j}) = 0, then vj(S) = 0 for all S ⊆ N\{j} and vj ∈ AN\{j} follows

trivially. So, assume that vj(N\{j}) > 0. It remains to prove that vj satisfies

condition (ii) and that vj ∈ CAN\{j}.

Step 1: In order to show that vj satisfies (ii), we calculate M(vj) and m(vj). Let

i ∈ N . If vj(N\{i, j}) = 0, then Mi(v
j) = vj(N\{j}). Otherwise,

Mi(v
j) = vj(N\{j})− vj(N\{i, j})

= v(N)− v(N\{i})−mi(v) = Mi(v)−mi(v).

Combining the two cases, we obtain

Mi(v
j) = min

{

Mi(v)−mi(v), vj(N\{j})
}

.

We now show that mi(v
j) = 0. To do so, we prove that for each S ⊆ N\{j} and

i ∈ S we have

ρS
i ≤ 0, (4.6)

where ρS
i = vj(S) −

∑

k∈S\{i} Mk(v
j). Since mi(v

j) ≥ vj({i}) ≥ 0 this proves that

mi(v
j) = 0.

Let S ⊆ N\{j}, i ∈ S. If vj(S) = 0, then (4.6) follows from the fact that

Mk(v
j) ≥ 0 for all k ∈ N\{j}. Assume that vj(S) > 0. We consider two cases.

Case 1 : Mk(v
j) = Mk(v)−mk(v) for all k ∈ S\{i}. Then

ρS
i = vj(S)−

∑

k∈S\{i}

(

Mk(v)−mk(v)
)

= v(S ∪ {j})−
∑

k∈S

mk(v)−Mj(v)−
∑

k∈S\{i}

(

Mk(v)−mk(v)
)

= v(S ∪ {j})−
∑

k∈S∪{j}\{i}

Mk(v)−mi(v) ≤ 0,

where the inequality follows from the definition of mi(v).
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Case 2 : There exists a k ∈ S\{i} with Mk(v
j) = vj(N\{j}). Then

ρS
i = vj(S)− vj(N\{j})−

∑

ℓ∈S\{i,k}

Mℓ(v
j) ≤ 0,

because of (4.5) and Mℓ(v
j) ≥ 0 for all ℓ ∈ N\{j}.

Hence, ρS
i ≤ 0 for all S ⊆ N\{j}, i ∈ S and m(vj) = 0. Condition (ii) then

directly follows from (4.5).

Step 2: We next show that vj ∈ CAN . We already have m(vj) = 0 ≤ M(vj) and
∑

i∈N\{j} mi(v
j) = 0 ≤ vj(N\{j}). Furthermore, for all k ∈ N\{j} we have

vj(N\{j})−
∑

i∈N\{j}

Mi(v
j) = vj(N\{j})−

∑

i∈N\{j,k}

Mi(v
j)−Mk(v

j)

= ρ
N\{j}
k −Mk(v

j) ≤ 0.

Hence, vj ∈ CAN\{j}.

Because vj also satisfies (i) and (ii), we have vj ∈ AN\{j}. �

The following theorem characterizes RTB∗ on A.

Theorem 4.4.3 RTB∗ is the unique solution on A satisfying the recursive relation

(4.4).

Proof: Let f be a solution on A satisfying (4.4). Then this uniquely determines the

outcome of f for all 1-player games and, by induction, for all games in A. Therefore,

there can only be one rule that satisfies (4.4) on A. Hence, it suffices to show that

RTB∗ satisfies (4.4) on A.

Let v ∈ AN . From O’Neill’s consistency property it follows that for all i ∈ N we

have

RTB∗
i (v) = mi(v) + RTBi

(

N, v(N)−
∑

j∈N

mj(v), M(v)−m(v)
)

= mi(v) +
1

|N |

[

min{Mi(v)−mi(v), v(N)−
∑

j∈N

mj(v)}+

∑

j∈N\{i}

RTBi(N\{j}, E−j, c−j)
]

with E−j = v(N)−
∑

j∈N mj(v)−min{Mj(v)−mj(v), v(N)−
∑

j∈N mj(v)} and c−j =

M−j −m−j = (Mk(v)−mk(v))k∈N\{j}. Note that by construction E−j = vj(N\{j}).
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Then,

RTB∗
i (v) =

1

|N |
min

{

Mi(v), v(N)−
∑

j∈N\{i}

mj(v)
}

+

1

|N |

∑

j∈N\{i}

(

mi(v) + RTBi

(

N\{j}, vj(N\{j}), M−j −m−j

)

)

.

Since (M−j − m−j)k ≥ min{vj(N\{j}), M−j − m−j)} = Mk(v
j) for all k ∈ N\{j},

the truncation property (i.e., for all bankruptcy situations (N, E, c), RTB(N, E, c) =

RTB(N, E, c′) with c′i = min{E, ci} for all i ∈ N) gives

RTB∗
i (v) =

1

|N |
min

{

Mi(v), v(N)−
∑

j∈N\{i}

mj(v)
}

+

1

|N |

∑

j∈N\{i}

(

mi(v) + RTBi

(

N\{j}, vj(N\{j}), M(vj)
)

)

=
1

|N |
min

{

Mi(v), v(N)−
∑

j∈N\{i}

mj(v)
}

+

1

|N |

∑

j∈N\{i}

(

mi(v) + RTB∗
i (v

j)
)

,

where the last equality is true, because m(vj) = 0 for all j ∈ N . Hence, RTB∗

satisfies (4.4). �





Chapter 5

The random concede-and-divide
rule for bankruptcy problems

5.1 Introduction

In a bankruptcy situation with only two claimants, e.g. the run-to-the-bank rule (cf.

O’Neill (1982)), the Talmud rule (cf. Aumann and Maschler (1985)) and the adjusted

proportional rule (cf. Curiel, Maschler, and Tijs (1988)) coincide. Thomson (2003)

refers to this basic or standard rule as the concede-and-divide rule. The concede-

and-divide principle is also known as the contested garment principle (Aumann and

Maschler (1985)). It is based on the idea that each claimant concedes the amount of

the estate that is not claimed by himself to the other claimant. This amount can be

seen as a minimal right of a claimant. Subsequently, the amount left of the estate

after giving both claimants their minimal rights is divided equally. Dagan (1996)

provides several characterizations of the concede-and-divide rule using the properties

of self-duality, minimal right first and invariance under claim truncation. Another

characterization can be found in Moreno-Ternero and Villar (2004) using among

others the property of lower securement. The idea behind the concede-and-divide

rule is appealing, but although Aumann and Maschler (1985)) hint at a possible

extension, it has not been extended conceptually to bankruptcy problems with more

than two claimants.

In this chapter, based on Quant, Borm, and Maaten (2005) we provide a pro-

cedural extension of the concede-and-divide rule. This extension is inspired by the

extension of the standard solution of two person cooperative games to a solution of

cooperative games with an arbitrary finite set of players provided by Ju, Borm, and

47
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Ruys (2004). The underlying idea is that claimants leave the group one by one in

a random order. At each moment a claimant leaves the (remaining) group, he re-

ceives a part of the estate that is left at that stage. The amount he gets is based

on the concede-and-divide rule for a two person bankruptcy situation in which he is

seen as one claimant and the rest of the group together as the other. In this way

the concede-and-divide principle is applied recursively. Taking the average over all

possible orders, one then obtains a new allocation, to which we refer as the random

concede-and-divide rule. Alternatively the random concede-and divide allocation can

be seen as the result of the following procedure. Suppose there is a bank that man-

ages the estate, which knows the total amount of the claims. The bank however is

ignorant of the exact number of claimants. Now the claimants arrive in a random

order at the bank. So at the time a specific claimant arrives, the bank only knows

the remaining estate, the claim of the present claimant and the total of claims of

the possible claimants that are to arrive in the future. Therefore, at that instance,

an application of the concede-and-divide principle seems natural. Averaging over all

possible orders again yields the random concede-and-divide rule.

Aumann and Maschler (1985) hint also at this idea of extending the concede-and-

divide principle. However they only consider a fixed order and restrict themselves to

intermediate sizes of the estate to maintain the property of order preservation.

We first derive a recursive formula for the random concede-and-divide rule. With

help of this recursive formula it can be proved that in a small claims situation, the

outcome of the random concede-and-divide rule coincides with the outcome of the

Talmud and run-to-the-bank rule. Furthermore, the recursive formula is used to

show that the random concede-and-divide rule preserves the main properties of the

concede-and-divide rule in the two claimant case, such as invariance under claims

truncation, self-duality and minimal rights first.

This chapter is organized as follows. In section 5.2 the formal definition of the

random concede-and-divide rule is introduced. Also a recursive formula is provided.

In section 5.3 it is shown that this extension of the concede-and-divide rule preserves

the main properties of the concede-and-divide rule.

5.2 The random concede-and-divide rule

This section formally introduces the random concede-and-divide rule for arbitrary

bankruptcy problems.



5.2. The random concede-and-divide rule 49

Let (N, E, c) be a bankruptcy situation and S ⊆ N . Then the part of E that is

not claimed by N\S can be seen as a right of coalition S and is denoted by

rS(N, E, c) = max{E −
∑

j∈N\S

cj , 0}.

Note that the right of a coalition S coincides with the value of vE,c(S) in the corre-

sponding bankruptcy game.

The concede-and-divide rule (cf. Thomson (2003)), denoted by CD, is only defined

for bankruptcy problems with two claimants. Let |N | = 2, N = {i, j} and (N, E, c)

a bankruptcy situation. Then

CDi(N, E, c) = max{E − cj, 0}+
E −max{E − cj, 0} −max{E − ci, 0}

2
,

or alternatively

CDi(N, E, c) = r{i}(N, E, c) +
E − r{i}(N, E, c)− r{j}(N, E, c)

2
.

The concede-and-divide rule first gives each claimant that part of the estate that

is not claimed by the other. Subsequently the remaining estate is equally divided

among both claimants. If |N | = 2, the concede-and-divide rule can be seen as the

standard solution.

We now introduce an extension of the concede-and-divide rule. This extended

rule is applicable to arbitrary bankruptcy problems and respects the concede-and-

divide principle in its procedural definition. The underlying idea is that claimants

leave the group one by one in a specific (but random) order. If a claimant leaves

the group he receives a part of the estate. The amount given to him is based on the

concede-and-divide rule for bankruptcy problems with two claimants. He himself is

seen as one claimant, while the rest of the group together is viewed as the other. The

part that is distributed to the rest of the group acts as the new estate in the following

step, when the next claimant is leaving. Taking the average over all possible orders,

one obtains the random concede-and-divide allocation.

Let σ ∈ Π(N) be an order of N . This order is interpreted as the order in which

claimants are leaving with a certain amount of the estate. This results in a vector

sσ(N, E, c). Formally the vector sσ(N, E, c) is defined as follows: let k ∈ {1, . . . , |N |}.

Then

sσ
σ(k)(N, E, c) = rσ(k)(M

k, Ek, ck)+
E − rσ(k)(M

k, Ek, ck)− rMk\{σ(k)}(M
k, Ek, ck)

2
,
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here Mk = {σ(k), . . . , σ(|N |)} (the set of claimants who are still present, if k − 1

claimants have left), ck ∈ RMk

is the restriction of the vector c to the claimants in

Mk and E1 = E, Ek = Ek−1 − sσ
σ(k−1)(N, E, c) (2 ≤ k ≤ |N |), Ek can be seen as the

remainder of the estate E after the first k − 1 claimants have left the group.

The random concede-and-divide rule for general bankruptcy problems averages be-

tween all possible orders. The random concede-and-divide rule is defined as

RCDi(N, E, c) =
1

|N |!

∑

σ∈Π(N)

sσ
i (N, E, c)

for all i ∈ N and all bankruptcy situations (N, E, c).

Note that if |N | = 2, the orders σ1 = (12) and σ2 = (21) give rise to the same

allocation. Consequently, one readily verifies that the random concede-and-divide

rule, as defined above, is indeed an extension of the concede-and-divide rule for two

claimant bankruptcy situations.

Example 5.2.1 Let N = {1, 2, 3}, E = 12 and c = (4, 6, 8). Consider the order

σ = (123). Then claimant one is the first claimant who leaves the group. Claimants

two and three together have a total claim of 14. The minimal right of claimant one

equals 0, and claimants two and three have together a minimal right of E − c1 = 8.

Claimant one receives 0+ E−0−8
2

= 2. Now claimant two is leaving and the remaining

estate equals 12 − 2 = 10. The minimal right of claimants two and three equal

r{2}({2, 3}, 10, (6, 8)) = 2 and r{3}({2, 3}, 10, (6, 8)) = 4, respectively. Hence claimant

two leaves with 2+ 10−2−4
2

= 4 and claimant three receives 4+ 10−4−2
2

= 6. This yields

that sσ(N, E, c) = (2, 4, 6).

All vectors sσ(N, E, c), σ ∈ Π(N) are given in the table below.

σ sσ(N, E, c)
(123) (2, 4, 6)
(132) (2, 4, 6)
(213) (21

2
, 3, 61

2
)

(231) (21
2
, 3, 61

2
)

(312) (21
2
, 41

2
, 5)

(321) (21
2
, 41

2
, 5)

Consequently RCD(N, E, c) = 1
6

∑

σ∈Π(N) sσ(N, E, c) = 1
6
(14, 23, 35). ⊳

The approach used to define the random concede-and-divide rule for arbitrary situ-

ations is inspired by Ju et al. (2004), where the standard solution for a two-person
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game is extended to a solution (the consensus value) for arbitrary cooperative games.

The following example illustrates however that the outcome of the random concede-

and-divide rule generally does not equal the consensus value of the corresponding

bankruptcy game.

Example 5.2.2 Consider the bankruptcy problem (N, E, c) with N = {1, 2, 3}, E =

100 and c = (60, 60, 1). The corresponding bankruptcy game is given by

S 1 2 3 12 13 23 N

vE,c(S) 39 39 0 99 40 40 100

The consensus value γ(v) of a game v ∈ TUN is defined as the average of the so-called

individual standardized remainders vectors. According to Ju et al. (2004) another

way to compute the consensus value is given by

γ(v) = 1
2
E(v) + 1

2
φ(v),

where E(v) denotes the equal surplus solution of v, i.e.,

Ei(v) = v({i}) +
v(N)−

∑

j∈N v({j})

|N |
.

Hence,

γ(v) = 1
2

(

(39, 39, 0) + 1
3
(22, 22, 22)

)

+ 1
2
(492

3
, 492

3
, 2

3
) = (48, 48, 4).

For comparison, RCD(N, E, c) = (493
4
, 493

4
, 1

2
). Note that in this case the consensus

value does not even determine a bankruptcy rule, since γ3(vE,c) = 4 > c3. ⊳

The following lemma provides a recursive formula for the random concede-and-divide

rule, similar to the recursive formula for the run-to-the-bank of O’Neill (1982).

Lemma 5.2.1 Let (N, E, c) be a bankruptcy situation. Then for all i ∈ N

RCDi(N, E, c) =
1

|N |

(

r{i}(N, E, c) +
E − r{i}(N, E, c)− rN\{i}(N, E, c)

2

)

+

1

|N |

∑

j∈N\{i}

RCDi(N\{j}, E−j, c−j)
)

where E−j is the amount that is left of the estate if claimant j is the first one to leave,

i.e.,

E−j = E − r{j}(N, E, c)−
E − r{j}(N, E, c)− rN\{j}(N, E, c)

2

and c−j ∈ RN\{j} denotes the claim vector c, in which the claim of j is omitted.
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Proof: Let i ∈ N . We analyze the payoff RCDi(N, E, c) by considering the payoff

of claimant i in all possible orders. There are (|N | − 1)! possible orders in which

claimant i is the first claimant. Let σ ∈ Π(N) be such that σ(1) = i. Then claimant

i achieves

sσ
σ(1) = r{i}(N, E, c) +

E − r{i}(N, E, c)− rN\{i}(N, E, c)

2
,

or shortly, sσ
σ(1) = E − E−i.

Now let j ∈ N\{i}, and σ ∈ Π(N) be such that σ(1) = j and σ̄ ∈ Π(N\{j}) such

that σ̄(k) = σ(k + 1), k ∈ {1, . . . , |N | − 1}. Then sσ
i (N, E, c) = sσ̄

i (N\{j}, E−j , c−j).

This yields that

RCDi(N, E, c)

=
1

|N |!

∑

σ∈Π(N)

sσ
i (N, E, c)

=
(|N | − 1)!

|N |!
· (E − E−i) +

1

|N |!

∑

j∈N\{i}

∑

σ∈Π(N):

σ(1)=j

sσ
i (N, E, c)

=
E − E−i

|N |
+

1

|N |!

∑

j∈N\{i}

∑

σ̄∈Π(N\{j})

sσ̄
i (N\{j}, E−j, c−j)

=
E − E−i

|N |
+

(|N | − 1)!

|N |!

∑

j∈N\{i}

1

(|N | − 1)!

∑

σ̄∈Π(N\{j})

sσ̄
i (N\{j}, E−j, c−j)

=
E − E−i

|N |
+

1

|N |

∑

j∈N\{i}

RCDi(N\{j}, E−j, c−j).

Replacing E − E−i by r{i}(N, E, c) +
E−r{i}(N,E,c)−rN\{i}(N,E,c)

2
yields the required re-

cursive formula. �

By means of Lemma 5.2.1 one readily obtains (by induction) the following result.

Proposition 5.2.2 The random concede-and divide rule is a bankruptcy rule: 0 ≤

RCD(N, E, c) ≤ c for all bankruptcy situations (N, E, c).

5.3 Properties of the random concede-and-divide

rule

In this section we analyze some general properties (cf. Thomson (2003)) of the

random concede-and-divide rule.
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First we derive an explicit formula for the random concede-and-divide rule if

the bankruptcy situation is a small claims situation. Let (N, E, c) be a bankruptcy

situation. Then (N, E, c) is a small claims situation if for all i ∈ N ,
∑

j∈N\{i} cj ≤

E. In a small claims situation (N, E, c) the Talmud rule, the run-to-the-bank rule

and the adjusted proportional rule coincide and claimant i ∈ N will be allocated
1
|N |

(E −
∑

j∈N cj) + ci. The following theorem shows that in a small claims situation

the random concede-and-divide rule prescribes the same allocation.

Theorem 5.3.1 Let (N, E, c) be a small claims bankruptcy situation. Then

RCDi(N, E, c) =
1

|N |
(E −

∑

j∈N

cj) + ci (5.1)

for all i ∈ N .

Proof: The proof is given by an induction argument on the number of claimants,

using the recursive formula of Lemma 5.2.1.

Let |N | = 2, N = {1, 2}. Then (N, E, c) is a small claims situation if c1 ≤ E and

c2 ≤ E. It follows that

RCD1(N, E, c) = E − c2 +
E − (E − c2)− (E − c1)

2
= 1

2
(E − c1 − c2) + c1,

and

RCD2(N, E, c) = E − c1 +
E − (E − c1)− (E − c2)

2
= 1

2
(E − c2 − c1) + c2.

Let k ∈ N. Assume that for all small claims situations with |N | ≤ k, equation

(5.1) is valid for all i ∈ N . Denote
∑

j∈N cj by C. Let (N, E, c) be a small claims

bankruptcy situation such that |N | = k + 1 and let i ∈ N . According to Lemma

5.2.1, combined with the fact that we have a small claims situation, we have

RCDi(N, E, c) =
1

|N |

(

1
2
(E − C) + ci

)

+
1

|N |

∑

j∈N\{i}

RCDi(N\{j}, E−j, c−j),

where for all j ∈ N\{i}

E−j = E − (1
2
(E − C) + cj) = 1

2
E + 1

2
C − cj .

Now consider j ∈ N\{i} and m ∈ N\{j}. Then

E−j −
∑

ℓ∈N\{j,m}

cℓ = 1
2
E + 1

2
C − cj −

∑

ℓ∈N\{j,m}

cℓ

= 1
2
(E −

∑

ℓ∈N\{m}

cℓ) + 1
2
cm ≥ 0.
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Hence (N\{j}, E−j, c−j) is again a small claims situation. Since |N\{j}| = k, the

induction hypothesis implies

RCDi(N, E, c) =
1

|N |

(

1
2
(E − C) + ci

)

+

1

|N |

∑

j∈N\{i}

( 1

|N | − 1
(E−j −

∑

ℓ∈N\{j}

cℓ) + ci

)

=
1

|N |

(

1
2
(E − C) + ci

)

+
1

|N |

∑

j∈N\{i}

( 1

|N | − 1
(1

2
(E − C)) + ci

)

=
1

|N |

(

1
2
(E − C) + ci

)

+
1

|N |
(1

2
(E − C) + (|N | − 1)ci)

=
1

|N |
(E − C) + ci.

�

Dagan (1996) provides a characterization of the random concede-and-divide rule in

the two claimant case. We show that the random concede-and-divide rule still satisfies

these characterizing properties on the domain of all bankruptcy situations.

We first recall the definitions of three properties that are used to characterize the

concede-and-divide rule in the two claimants case. Let f be a bankruptcy rule. The

rule f is invariant under claims truncation if for all bankruptcy situations (N, E, c),

we have f(N, E, c) = f(N, E, c̄), where c̄ ∈ RN is the truncated claim vector, i.e.,

c̄i = min{E, ci} for all i ∈ N . The bankruptcy rule f is self-dual if for all bankruptcy

situations (N, E, c), we have f(N, E, c) = c−f(N,
∑

j∈N cj−E, c). The rule f satisfies

minimal rights first if for all bankruptcy situations (N, E, c), we have f(N, E, c) =

r + f(N, E −
∑

j∈N rj , c − r), where r ∈ RN is the minimal right vector, i.e., ri =

r{i}(N, E, c) for all i ∈ N .

Theorem 5.3.2 (cf. Dagan (1996)) The concede-and-divide rule is the only rule

on bankruptcy situations with two claimants satisfying

(i) invariance under claims truncation and self-duality;

or, alternatively,

(ii) minimal rights first and self-duality.

Theorem 5.3.3 The random concede-and-divide rule satisfies invariance under

claims truncation, self-duality and minimal rights first.
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Proof: (1) Invariance under claims truncation. The proof is given by an induction

argument. Let |N | = 2. Since the random concede-and-divide rule coincides with the

original concede-and-divide rule in the two claimants case, it follows by Theorem 5.3.2

that the random concede-and-divide rule satisfies invariance under claims truncation.

Let k ∈ N, k ≥ 2. Assume that for all bankruptcy situations (N, E, c) such

that |N | ≤ k the random concede-and-divide rule satisfies invariance under claims

truncation. Let N be such that |N | = k + 1 and let (N, E, c) be a bankruptcy

situation. Then for all S ⊆ N ,

rS(N, E, c) = max{E −
∑

j∈N\S

cj , 0} = max{E −
∑

j∈N\S

c̄j, 0} = rS(N, E, c̄).

Let j ∈ N and let c̃ ∈ RN\{j} be defined as c̃i = min{E−j, ci} for all i ∈ N\{j}. Then

c̃i = min{E−j, c̄i}. Using the induction hypothesis twice we find that

RCD(N\{j}, E−j, c−j) = RCD(N\{j}, E−j, c̃) = RCD(N\{j}, E−j, c̄−j).

Using the above observations, the recursive formula of Lemma 5.2.1 directly implies

that RCD(N, E, c) = RCD(N, E, c̄).

(2) Self-duality. First note that it is sufficient to prove that for all σ ∈ Π(N) and all

(N, E, c) we have that

sσ(N, E, c) = c− sσ(N,
∑

j∈N

cj −E, c). (5.2)

For |N | = 2, this is obvious by Theorem 5.3.2. Let k ∈ N, k ≥ 2. Assume that for all

bankruptcy situations (N, E, c) such that |N | ≤ k and all σ ∈ Π(N), formula (5.2)

is satisfied. Let N be such that |N | = k + 1. Take a bankruptcy situation (N, E, c)

and σ ∈ Π(N). Denote
∑

j∈N cj by C. We first prove that

sσ
σ(1)(N, E, c) + sσ

σ(1)(N, C − E, c) = cσ(1). (5.3)

Since σ(1) is the first claimant that leaves the group

sσ
σ(1)(N, E, c) = 1

2
max{E −

∑

j∈N\{σ(1)}

cj, 0}+

1
2
(E −max{E − cσ(1), 0}), (5.4)
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and

sσ
σ(1)(N, C −E, c) = 1

2
max{C − E −

∑

j∈N\{σ(1)}

cj, 0}+

1
2
(C − E −max{C − E − cσ(1), 0}

= 1
2
max{cσ(1) − E, 0}+

1
2
(C − E −max{

∑

j∈N\{σ(1)}

cj −E, 0}). (5.5)

Note that

max{E −
∑

j∈N\{σ(1)}

cj , 0} −max{
∑

j∈N\{σ(1)}

cj − E, 0} = E −
∑

j∈N\{σ(1)}

cj ,

and

max{cσ(1) −E, 0} −max{E − cσ(1), 0} = cσ(1) − E.

Adding equations (5.4) and (5.5) yields

sσ
σ(1)(N, E, c)+sσ

σ(1)(N, C−E, c) = 1
2
(cσ(1)−E)− 1

2
(

∑

j∈N\{σ(1)}

cj−E)+ 1
2
C = cσ(1).

E−σ(1) is the amount that is left of E when σ(1) has left the group first in the

bankruptcy situation (N, E, c) and similarly (C − E)−σ(1) is the amount that is left

of E when σ(1) has left the group first in the bankruptcy situation (N, C − E, c).

From equation (5.3) it follows that

E−σ(1) + (C − E)−σ(1) = C − cσ(1). (5.6)

Let σ̄ ∈ Π(N\{σ(1)}) be the order of all other claimants that is prescribed by σ. Let

i ∈ N\{σ(1)}. Then

sσ
i (N, E, c) = sσ̄

i (N\{σ(1)}, E−σ(1), c−σ(1))

ind.
= ci − sσ̄

i (N\{σ(1)},
∑

j∈N\{σ(1)}

cj − E−σ(1), c−σ(1))

(5.6)
= ci − sσ̄

i (N\{σ(1)}, (C − E)−σ(1), c−σ(1))

= ci − sσ
i (N, C − E, c).
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(3) Minimal rights first.1 Note that it is sufficient to prove that for all (N, E, c) and

all σ ∈ Π(N) we have that

sσ(N, E, c) = r + sσ(N, E −
∑

j∈N

rj, c− r). (5.7)

For |N | = 2, this is obvious by Theorem 5.3.2. Let k ∈ N, k ≥ 2. Assume that for

all bankruptcy situations (N, E, c) such that |N | ≤ k and for all σ ∈ Π(N), formula

(5.7) is satisfied. Let N be such that |N | = k + 1 and let (N, E, c) be a bankruptcy

situation, σ ∈ Π(N). Recall that ri = r{i}(N, E, c) and define R =
∑

j∈N rj. We first

prove that

sσ
σ(1)(N, E, c) = rσ(1) + sσ

σ(1)(N, E − R, c− r). (5.8)

Now,

sσ
σ(1)(N, E, c) = rσ(1) + 1

2
(E − rσ(1) −max{E − cσ(1), 0})

= rσ(1) + 1
2
min{cσ(1) − rσ(1), E − rσ(1)}, (5.9)

and, since r{ℓ}(N, E − R, c− r) = 0 for all ℓ ∈ N ,

rσ(1) + sσ
σ(1)(N, E −R, c− r)

= rσ(1) + 1
2
(E − R−max{E − R− (cσ(1) − rσ(1)), 0})

= rσ(1) + 1
2
min{cσ(1) − rσ(1), E −R}. (5.10)

There are two cases. First if rj = 0 for all j ∈ N\{σ(1)}, then trivially (5.9) and

(5.10) are equal. Second suppose there is a j ∈ N\{σ(1)} such that rj > 0. Then

cσ(1) < E and rj = E −
∑

ℓ∈N\{j} cℓ ≤ E −
∑

ℓ∈N\{σ(1),j} rℓ − cσ(1) indicating that

cσ(1) − rσ(1) ≤ E − R and hence cσ(1) − rσ(1) ≤ E − rσ(1). So also in this case (5.9)

and (5.10) are equal, and (5.8) is established.

From (5.8) and the definition of E−σ(1) and (E −R)−σ(1), it can be concluded that

E−σ(1) − R = (E − R)−σ(1) − rσ(1). (5.11)

Next, define r̃ ∈ RN\{σ(1)} by r̃ℓ = r{ℓ}(N\{σ(1)}, E−σ(1), c−σ(1)) for all ℓ ∈ N\{σ(1)}

and denote R̃ =
∑

ℓ∈N\{σ(1)} r̃ℓ. Note that r̃i ≥ ri, since E−σ(1) ≥ E − cσ(1). Let

1This result can also indirectly be derived from the unpublished manuscript Thomson and Yeh
(2001). For the sake of completeness we provide a direct proof.
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σ̄ ∈ Π(N\{σ(1)}) be the order of all other claimants that is prescribed by σ. Let

i ∈ N\{σ(1)}. Using the induction hypothesis

sσ
i (N, E, c) = sσ̄

i (N\{σ(1)}, E−σ(1), c−σ(1))

= r̃i + sσ̄
i (N\{σ(1)}, E−σ(1) − R̃, c−σ(1) − r̃).

On the other hand,

ri + sσ
i (N, E − R, c− r)

= ri + sσ̄
i (N\{σ(1)}, (E − R)−σ(1), (c− r)−σ(1))

(5.11)
= ri + sσ̄

i (N\{σ(1)}, E−σ(1) − R + rσ(1), (c− r)−σ(1)). (5.12)

Since |N\{σ(1)}| = k, we can apply the induction hypothesis to the bankruptcy

situation in (5.12). For this we first calculate the minimal right r̄ℓ of a claimant

ℓ ∈ N\{σ(1)} in the bankruptcy situation (N\{σ(1)}, E−σ(1)−R+rσ(1), (c−r)−σ(1)).

r̄ℓ = max{E−σ(1) −R + rσ(1) −
∑

j∈N\{ℓ,σ(1)}

(cj − rj), 0}

= max{E−σ(1) − rℓ −
∑

j∈N\{ℓ,σ(1)}

cj , 0}

= max{E−σ(1) −
∑

j∈N\{ℓ,σ(1)}

cj , rℓ} − rℓ

= r̃ℓ − rℓ

The last equality follows since r̃ℓ ≥ rℓ. It follows from (5.12) and the induction

hypothesis that

ri + sσ
i (N, E − R, c− r)

= ri + r̄i + sσ̄
i (N\{σ(1)}, E−σ(1) − R + rσ(1) −

∑

ℓ∈N\{σ(1)}

r̄ℓ, (c− r)−σ(1) − r̄)

= r̃i + sσ̄
i (N\{σ(1)}, E−σ(1) − R̃, c−σ(1) − r̃).

�

The random concede-and-divide rule also satisfies the properties of homogeneity,

resource monotonicity, claims monotonicity and equal treatment of equals. The proof

is rather straightforward (by induction) and is left to the reader. A bankruptcy rule

f satisfies order preservation if for all bankruptcy situations (N, E, c) and all i, j ∈ N

for which ci ≥ cj the following two conditions hold: first fi(N, E, c) ≥ fj(N, E, c)
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and second ci − fi(N, E, c) ≥ cj − fj(N, E, c). Aumann and Maschler (1985) extend

the idea of the concede-and-divide principle in such a way that the extended rule

satisfies order preservation. However, to do so, they had to restrict the extension to

intermediate sizes of the estate. The random concede-and-divide rule satisfies order

preservation on the whole class of bankruptcy situations. Apparently by averaging

over all possible orders, the problems encountered by Aumann and Maschler (1985)

do not longer exist.

We give a short outline of the proof. Let (N, E, c) be a bankruptcy situation and

let i, j ∈ N be such that ci ≥ cj . One can show that RCDi(N, E, c) ≥ RCDj(N, E, c)

by comparing in a smart way the payoffs to claimant i of each order with the payoff

of claimant j in another well chosen order. Let σ ∈ Π(N) be an order and assume

without loss of generality that claimant i comes before claimant j. Furthermore, let

σ∗ be the order arising from σ by only switching claimants i and j. We show that

sσ
i (N, E, c) ≥ sσ∗

j (N, E, c) and sσ∗

i (N, E, c) ≥ sσ
j (N, E, c). It is straightforward to

show that sσ
i (N, E, c) ≥ sσ∗

j (N, E, c), this proof is left to the reader. Note that after

claimant i has left the group in the order σ the estate left is smaller than or equal to the

estate left at the moment claimant j has left the group in the order σ∗. Furthermore,

if one compares these two remaining situations, the only other difference is that in

the order σ claimant j is in the remaining group, whereas in the order σ∗ claimant

i (with a claim as least as much as claimant j) takes the role of j in the remaining

group. Since one can show that all vectors sτ (N, E, c), τ ∈ Π(N), satisfy resource

monotonicity and claims monotonicity, it follows by first using resource monotonicity

and then claims monotonicity that sσ∗

i (N, E, c) ≥ sσ
j (N, E, c). This proves the first

condition of order preservation, since each order appears exactly once in comparing

the payoffs of claimant i to the payoffs of claimant j. Subsequently, the second

condition easily follows from the first condition in combination with the fact that the

concede-and-divide rule satisfies self-duality.





Chapter 6

Minimal overlap rules for
bankruptcy

6.1 Introduction

The seminal paper by O’Neill (1982) on bankruptcy problems starts with a discussion

on a solution proposed by the Talmudic scholar Ibn Ezra. This rule has a natural

interpretation in terms of players putting their claims on specific parts of the available

estate. One drawback of this rule, however, is that it is only defined for situations in

which the estate does not exceed the largest claim.

O’Neill (1982) extends Ibn Ezra’s rule to the class of all bankruptcy situations, the

result of which Thomson (2003) calls the minimal overlap rule. The minimal overlap

rule is based on the following idea. Whereas usually only the sizes of the claims

matter, here the claims are regarded as specific subsets of the estate. Since the total

size of claims exceeds the size of the estate, these subsets tend to overlap. Players’

claims are arranged such that the size of the part of the estate claimed by exactly one

player is maximal, and given this, the size of the part of the estate claimed by two

players is maximal, and so on. Its definition, though natural, is rather implicit. An

explicit formula for the minimal overlap rule is given in Chun and Thomson (2002).

This chapter, based on Hendrickx, Borm, Van Elk, and Quant (2005), presents

a new look on the Ibn Ezra rule and the minimal overlap rule. Some of the results

presented in this chapter can also be found in Alcalde, Marco, and Silva (2002). But

the proofs presented in this chapter are based on a new pictorial way of representing

bankruptcy rules, whereas Alcalde et al. (2002) prove some of the results in a more

laborious way.

61
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We first provide an insightful pictorial way of representing bankruptcy rules in

terms of partial derivatives with respect to the estate. We provide this type of

pictures for several bankruptcy rules. Furthermore, we consider duality in terms of

the representations, which yields a pictorial condition for self-duality.

With the help of these representations, we can decompose the minimal overlap

rule into two parts: for an estate smaller than the largest claim, it coincides with the

Ibn Ezra rule and for larger estates, it is equal to the Ibn Ezra rule on part of the

estate (the largest claim) plus the constrained equal losses rule on the residual claims

and remaining estate.

A natural question arising from this decomposition is what happens if we apply

the constrained equal awards rule rather than the constrained equal losses rule on the

residual part. We provide an interpretation of this rule, which we call the residual

minimal overlap rule, in terms of putting claims on specific parts of the estate. This

interpretation turns out to have a dual flavor to the idea behind the minimal overlap

rule. The residual minimal overlap rule still minimizes overlap lexicographically, but

now the residual claims overlap, contrary to the minimal overlap rule, where the

smallest claims are situated in the overlapping part.

This chapter is organized as follows. In section 6.2, we consider alternative repre-

sentations of bankruptcy rules. In section 6.3, we consider the minimal overlap rule

and show that it can be decomposed into an Ibn Ezra part and a constrained equal

losses part. The residual minimal overlap rule is the topic of section 6.4.

6.2 Bankruptcy rules and representations

Let (N, E, c) be a bankruptcy situation. Throughout this chapter we assume that

N = {1, . . . , |N |} and c1 ≤ c2 ≤ · · · ≤ c|N |. The total of all individual claims is

denoted by C =
∑

i∈N ci.

Recall that a bankruptcy rule is a function f that assigns to each bankruptcy

situation (N, E, c) a payoff vector f(N, E, c) ∈ RN such that 0 ≤ f(N, E, c) ≤ c

(reasonability) and
∑

i∈N fi(N, E, c) = E (efficiency). In this chapter, we only study

bankruptcy rules for fixed N .

We further assume that bankruptcy rules are continuous and componentwise

(weakly) increasing in E, which holds for almost all rules that are known in the

literature. We study the shapes of the payoffs fi, i ∈ N , as function of E, for a fixed

claim vector c. A representation of f is a vector of functions ϕf,c = (ϕf,c
i )i∈N , where
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for all i ∈ N , ϕf,c
i : [0, C]→ R is such that

fi(N, E, c) =

∫ E

0

ϕf,c
i (x) dx

for all E ∈ [0, C]. Given our assumptions, fi is differentiable almost everywhere

(a.e.). Therefore, a representation always exists. Furthermore, it is uniquely de-

fined and non-negative a.e.. Because f is efficient, we have that for all x ∈ [0, C],
∑

i∈N ϕf,c
i (x) = 1 a.e..

A representation of the proportional rule for |N | = 3 is depicted in Figure 6.1.

For each i ∈ N , ϕPROP,c
i is a constant function. In the graph, we indicate for each of

the three functions the corresponding player. Before showing representations of some

0 xC
0

ϕPROP,c(x)

1

c3
C

3

c2
C

2

c1
C

1

Figure 6.1: ϕPROP,c

other bankruptcy rules, we first consider duality. The dual f̄ of a bankruptcy rule

f (cf. Aumann and Maschler (1985)) is defined by f̄(N, E, c) = c − f(N, C − E, c)

for all bankruptcy situations (N, E, c). Define for each representation ϕf,c a dual

representation ϕ̄f,c by ϕ̄f,c
i (x) = ϕf,c

i (C − x) for all x ∈ [0, C] and i ∈ N . Note that

ϕ̄f,c is obtained from ϕf,c by mirroring in the line x = 1
2
C.

Proposition 6.2.1 If ϕf,c is a representation of f , then ϕ̄f,c is a representation of

f̄ .

Proof: Let f be a bankruptcy rule, let c be a claims vector and let ϕf,c be a repre-
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sentation of f . Then for all i ∈ N ,
∫ E

0

ϕ̄f,c
i (x)dx =

∫ C

C−E

ϕf,c
i (x)dx

=

∫ C

0

ϕf,c
i (x)dx−

∫ C−E

0

ϕf,c
i (x)dx

= fi(N, C, c)− fi(N, C −E, c)

= ci − fi(N, C −E, c)

= f̄i(N, E, c).

�

Corollary 6.2.2 A bankruptcy rule f is self-dual (f = f̄) if and only if ϕf,c = ϕ̄f,c

a.e. for every claims vector c.

Figure 6.2 depicts representations of the constrained equal awards rule (CEA) and

the constraint equal losses rule (CEL) for |N | = 4. The CEA rule and CEL rule

are dual bankruptcy rules. We indicate on each line segment the players involved.

Where a player is absent, the value of his representation function is 0. We abbreviate

d1 = c1 +c2 +2c3. Note that in view of Proposition 6.2.1, the representations of CEA

and CEL are each other’s mirror image.

0 xC
0

ϕCEA,c(x)

1

1
4

1234

4c1

1
3

234

c1 + 3c2

1
2

34

d1

4

0 xC
0

ϕCEL,c(x)

1

1
4

1234
1
3

234
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34
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Figure 6.2: ϕCEA,c and ϕCEL,c

The Talmud rule (cf. Aumann and Maschler (1985)) is self-dual and combines

the ideas of constrained equal awards and constrained equal losses. A representation

for |N | = 4 is depicted in Figure 6.3. Note that since TAL is self-dual, the graph is

symmetric in the line x = 1
2
C.

From the examples in this section, one might think that all well-known bank-

ruptcy rules are piecewise linear in the estate. Curiel (1988), however, shows that
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Figure 6.3: ϕTAL,c

the adjusted proportional rule is not. As a consequence, a representation of this rule

is not a step function. Figure 6.2 depicts a representation for the APROP rule for

|N | = 3.
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6.3 The minimal overlap rule

The first bankruptcy rule mentioned by O’Neill (1982) is Ibn Ezra’s solution named

after a Talmudic scholar from the 12th century. This rule, IE, is only defined for

situations in which E ≤ c|N | and draws on the idea that each player has a claim

on a specific part of the estate. O’Neill uses the example with E = 120 and c =

(30, 40, 60, 120). Player one claims 30, but this 30 is claimed by all four players, so

player one should receive only a quarter of his claim. Player two should receive his

part of the 30 plus a third of his residual claim of 10, and so on.

Ibn Ezra’s method is illustrated in Figure 6.5. Each player has a claim on a

specific part of the estate, represented by line segments, and these claims are nested.

Each part of the estate is divided equally among the players having a claim on it.

The outcome for the example in Figure 6.5 is (71
2
, 105

6
, 205

6
, 805

6
).

0 120

1:
30

2:
40

3:
60

4:
120

Figure 6.5: IE(N, 120, (30, 40, 60, 120))

Because Ibn Ezra’s method can only be applied if the estate does not exceed the

largest claim (otherwise part of the estate would remain unclaimed), a representation

only exists on [0, c4]. Claims that are larger than the estate are simply truncated so

that they fit exactly within the estate. Figure 6.6 depicts a representation of the IE

rule.

There are of course various ways to extend the IE rule to the full domain of

estates. O’Neill (1982) presents one natural extension, which is based on a property

he calls “lexicographic minimization of conflict by extent”. The players’ claims (again,

truncated to the estate) are arranged such that the size of the part of the estate

claimed by exactly one player is maximal, and given this, the size of the part of

the estate claimed by two players is maximal, and so on. Obviously, if E does not

exceed the largest claim, then this boils down to Ibn Ezra’s method. O’Neill names

the resulting rule, which he proves to be uniquely determined by this property, the

extended Ibn Ezra rule. We follow Thomson (2003) in calling it the minimal overlap
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Figure 6.6: ϕIE,c

rule, MO.

Let t be the size of the part of the estate that is claimed by at least two players.

Without loss of generality we assume that the first t units of the estate feature overlap

and the remaining units do not. In order to minimize t, it is easy to infer that every

player should claim a part of size min(ci, t) before t and a part of size (ci−t)+ beyond

t. So, to compute the MO solution, which will be illustrated in the next example,

we have to find a t such that

g(t) = E, (6.1)

where g : [0, C]→ R is defined by

g(t) =
∑

i∈N

(ci − t)+ + t

for all t ∈ [0, C]. We have g(0) = C, g is strictly decreasing on the interval [0, c|N |−1],

g(t) = c|N | if c|N |−1 ≤ t ≤ c|N | and g(t) = t if t ≥ c|N |. Hence, in the case that

c|N | ≤ E ≤ C, equation (2.1) has a unique solution on [0, c|N |−1]. If c|N |−1 < E ≤ c|N |

the solution of 6.1 is not unique, but in that case we take t = E.

Example 6.3.1 Consider N = {1, 2, 3, 4}, E = 10 and c = (2, 3, 6, 8). Then t = 4.

The arrangement of the claims is depicted in Figure 6.7.

The payoff to player one equals 2
4

= 1
2
, player two gets 1

2
+ 1

3
= 5

6
, player three

receives 5
6

+ 1
2

+ 2 = 31
3

and the remaining 51
3

is for player four. ⊳

In order to give a representation for MO, we need to know more about the t defined

by (6.1). If E ≤ c|N |, then it follows immediately from claims truncation that t = E.

If E > c|N |, t is computed by applying the inverse function of g to E. For four players,
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Figure 6.7: MO(N, 10, (2, 3, 6, 8))

the piecewise linear function g is depicted in Figure 6.8, as well as the solution of (6.1).

For brevity, d1 = −c2 + c3 + c4 and d2 = −2c1 + c2 + c3 + c4. Using the construction
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Figure 6.8: Determining t for MO

of t in Figure 6.8, we can now find a representation of the MO rule. If the estate

does not exceed the largest claim, the MO rule coincides with the IE rule and hence,

their representations coincide. If E increases from c4 to d1, then t decreases from c3

to c2. So on this interval, the overlapping parts of the claims of players three and four

decrease (at the same speed), while for the other players nothing changes. Hence,

fMO,c
3 (x) = fMO,c

4 (x) = 1
2

for all x ∈ [c4, d1]. Similarly, players two, three and four

receive an equal share when the estate increases from d1 to d2, while on [d2, C], a

rising estate benefits all players. Comparing the representation of the MO rule with

those of the IE rule and CEL rule, we arrive at the following theorem.

Theorem 6.3.1 Let (N, E, c) be a bankruptcy situation. Then

MO(N, E, c) =

{

IE(N, E, c) if E ≤ c|N |,
IE(N, c|N |, c) + CEL(N, E − c|N |, c

′) if E > c|N |,
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Figure 6.9: ϕMO,c

where c′ = c− IE(N, c|N |, c).

Proof: If E ≤ c|N |, then the assertion immediately follows from the construction of

the MO rule. If E > c|N |, then IE|N |(N, c|N |, c)− IE|N |−1(N, c|N |, c) = c|N | − c|N |−1.

Hence, c′|N | = c′|N |−1. (Note also that c′1 ≤ c′2 ≤ · · · ≤ c′|N |−1.) Because the two

largest residual claims are equal, applying CEL to (N, E − c|N |, c
′) results in the

representation of Figure 6.2, without the separate segment for player |N |. So, ϕMO,c′

on [c|N |, C] boils down to ϕCEL,c′ on [0, C − c|N |]. From this, the statement readily

follows. �

6.4 The residual minimal overlap rule

A natural question arising from Theorem 6.3.1 is what happens if we use the CEA

rule rather than the CEL rule to extend the IE rule. Put differently, how can we

interpret the rule whose representation is given in Figure 6.10, and which for reasons

that will become clear later, we call the residual minimal overlap rule (RMO), in

terms of putting claims on specific parts of the estate?

We first provide a definition of the RMO rule and later show that it indeed has

a representation as depicted in Figure 6.10.

For MO, the claims are put in such a way as to minimize total overlap, while

putting the smallest claims in this overlapping part. For RMO, we also minimize

overlap lexicographically, but now the smallest claims are not situated in the over-

lapping part. Rather, the disjoint part of the claim has the same size for all players

(with of course the restriction that this should not exceed the claim itself), while the

residual claims overlap.
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Figure 6.10: ϕRMO,c

Taking t to be the (maximal) size of the disjoint part of a claim, the size of the

overlapping part equals c|N | − t. Hence, we have to find a t such that

h(t) = E, (6.2)

where h : [0, C]→ R is defined by

h(t) =
∑

i∈N

min{t, ci}+ c|N | − t

for all t ∈ [0, C]. We have h(0) = c|N |, h is strictly increasing on the interval [0, c|N |−1]

and h(t) = C if c|N |−1 ≤ t ≤ c|N |. Hence, in the case that c|N | ≤ E ≤ C, equation

(2.2) has a unique solution on [0, c|N |−1].

Example 6.4.1 Consider N = {1, 2, 3, 4}, E = 15 and c = (2, 3, 6, 8). Then t = 21
2
.

The arrangement of the claims is depicted in Figure 6.11. The payoff to player one
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Figure 6.11: RMO(N, 15, (2, 3, 6, 8))

equals 2, player two gets 21
2

+ 1
6

= 22
3
, player three receives 22

3
+ 11

2
= 41

6
and the

remaining 61
6

is for player four. Calculating the minimal overlap rule yields t = 11
3

and MO(N, E, c) = (1, 2, 5, 7).
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Note that for the bankruptcy situation (N, E, c) described in Example 6.3.1, we

have t = 2
3

and RMO(N, E, c) = (1, 11
3
, 25

6
, 45

6
). ⊳

Again, it is readily seen that if the estate is smaller than the largest claim, the RMO

solution and the IE solution coincide.

Figure 6.12 depicts the graph of h(t), as well as the solution of (6.2). If E ≤ c4,

it follows from claims truncation that t = 0 is the solution of (6.2). If c4 < E < C,

the solution is given by the inverse function of h, while for E = C, t = c3 is taken as

the solution. We abbreviate d1 = 3c1 + c4 and d2 = c1 + 2c2 + c4.
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Figure 6.12: Determining t for RMO

Obviously, ϕRMO,c and ϕIE,c coincide on [0, c4]. If E goes from c4 to d1, t increases

from 0 to c1, so on this interval, all players benefit equally and fRMO,c
i (x) = 1

4
for all

i ∈ N and x ∈ [c4, d1]. The remainder of the representation in Figure 6.10 follows

similarly.

The following theorem follows in the same way as Theorem 6.3.1.

Theorem 6.4.1 Let (N, E, c) be a bankruptcy situation. Then

RMO(N, E, c) =

{

IE(N, E, c) if E ≤ c|N |,
IE(N, c|N |, c) + CEA(N, E − c|N |, c

′) if E > c|N |,

where c′ = c− IE(N, c|N |, c).





Chapter 7

Congestion network problems and
related games

7.1 Introduction

Generally speaking, in economic congestion situations there are agents that use fa-

cilities from a common pool. Typically the costs of a facility will depend on the

number of users. Within game theoretic literature the first paper to consider con-

gestion effects is probably Rosenthal (1973). Here congestion effects are analyzed in

a strategic setting. This line of work has been continued by Monderer and Shapley

(1996) establishing a connection between potential games and congestion situations.

An excellent survey of the related literature can be found in Voorneveld (1999).

Rather surprisingly, in cooperative game theoretic literature congestion effects

have been considered far less explicitly. One branch of cooperative literature espe-

cially suited by its very nature to accommodate considerations regarding congestion

is the literature on Operations Research Games as surveyed by Borm, Hamers, and

Hendrickx (2001). An exception is Matsubayashi, Umezawa, Masuda, and Nishino

(2005), where hub-spoke network systems with congestion effects are studied using

cooperative games.

This chapter, based on Quant, Borm, and Reijnierse (2006) and Quant and Reij-

nierse (2004), focuses on a particular extension of a standard operations research

problem: minimum cost spanning network problems where the total costs of a spe-

cific network depend on the actual number of users of the various parts of the network.

In short, we consider congestion network problems. E.g. the congestion of road net-

works fits within this framework. If more vehicles use one particular part of a road the

73
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delay on this part increases and hence costs of using this part increases by means of

congestion effects. Another example can be found in the study of telecommunication

problems. In communication networks telephones are connected to switching centers

to establish connections. The usage of connections can be limited by capacities and

costs of using these connections can depend on the number of users.

In the classical setting, without congestion, this type of problems is known as

minimum cost spanning tree problems. An important topic in this literature is the

issue of a fair cost allocation, firstly pointed out by Claus and Kleitman (1973).

The study on the associated cooperative games has been initiated by Bird (1976),

introducing a cost allocation rule based on the Prim-Dijkstra algorithm (Prim (1957)

and Dijkstra (1959)). Other papers dealing with the issue of cost allocation are

Granot and Huberman (1981), Feltkamp, Tijs, and Muto (1994) and Kar (2002).

Branzei, Moretti, Norde, and Tijs (2004) introduce the P -value which is based on

the Kruskal algorithm (Kruskal (1956)) and leads to a core element in the underlying

minimum cost spanning tree game.

Henriet and Moulin (1996) consider a traffic-based cost allocation method in net-

works. In their model (a telecommunication network with one switching centre) costs

that have to be shared are unrelated to usage. This model could easily be extended to

a congestion network model. In Suijs (2003) a cost allocation based on the Bird rule

for a network with stochastic costs is introduced. In this model costs of a connection

consist of construction costs (deterministic) and maintenance costs (stochastic). A

cost structure in which there are different types of costs (but deterministic) like con-

struction costs and usage costs easily fits in the model of congestion network problems

and typically leads to concave costs.

The aim of this chapter is to analyze congestion network problems from a co-

operative point of view by focusing not only on finding an optimal network for a

specific set of users but also on the problem of how to allocate the associated jointly

generated minimal costs in a fair way among the users. The derived results depend

on the structure of the cost functions.

We first formally introduce congestion network problems and the corresponding

congestion network games. As an example we study congestion network problems

with linear cost functions. It turns out that the results for congestion network prob-

lems with constant cost functions (the traditional minimum cost spanning tree prob-

lems) can be extended to the case of linear cost functions. This results in an algorithm

that yields an optimal network and at the same time generates a core element of the
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associated cooperative game.

Next, we study convex congestion network problems. By means of a relaxation

of the original problem (in the sense that the number of users of an arc need not to

be integer), we are able to prove that congestion network games with convex cost

functions are balanced and hence have a non-empty core. Furthermore, we derive a

condition to check whether a given network is an optimal network. This condition

states that a network is optimal if and only if there is no negative circuit with respect

to a specific length function. This length function is based on the given network and

in fact measures the marginal costs of one additional user of an arc. With the aid

of this result we provide an algorithm that yields an optimal network for the grand

coalition for each convex congestion network problem.

Next we will see that games corresponding to concave congestion network prob-

lems can have an empty core. Contrary to convex congestion network problems,

however, we can prove that there always is an optimal tree network in the case of

concave cost functions.

Finally, we summarize the results for relaxed congestion network problems. In

a relaxed congestion network problem the number of users of each arc need not to

be integer. It is derived that the main results (except the algorithm that yields an

optimal network for convex congestion network problems) for both the convex and

concave non-relaxed congestion network problems carry forward to this setting.

The structure of this chapter is as follows. In section 7.2 we formally introduce

congestion network problems and the corresponding games. As two specific exam-

ples the cases with constant and linear congestion costs respectively are considered.

Section 7.3 analyzes convex congestion network problems and shows that the corre-

sponding transferable utility games have a non-empty core. Furthermore, we solve

the issue of finding an optimal network. Concave congestion network problems are

studied in section 7.4. It is seen that the corresponding games can have an empty

core, but that there always exist optimal network structures without cycles. Finally,

section 7.5 considers relaxed congestion network problems.

7.2 Congestion network problems and games

In a congestion network problem a number of players have to be connected to a source

using the arcs of a directed graph. A player is connected to the source if there is

a directed path from this player towards the source. The costs of using a specific
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arc depend on the actual number of users of this arc. To connect a group of players

to the source a network is chosen such that there is a path towards the source for

each player. If a coalition cooperates, they only have arcs between members of this

coalition and arcs connecting a member of this coalition directly to the source to their

disposal. The aim of a coalition is to find a network with minimal costs such that all

its members are connected to the source.

Formally, a congestion network problem1 is a triple T = (N, ∗, (ka)a∈AN∗ ), where

N is a set of agents/players that has to be connected to the source ∗. The set N∗

denotes N ∪ {∗}. Similarly for all S ⊂ N , S∗ := S ∪ {∗}. The set AS denotes the set

of all arcs between pairs of elements in S ⊆ N∗, i.e., (S, AS) denotes the complete

digraph on S (a digraph is a pair (T, D), where T is a finite set of nodes and D ⊆ T×T

a binary relation on T ). For each arc a ∈ AN∗ the function ka : {0, 1, . . . , |N |} → R+

is a nonnegative (weakly) increasing cost function. The costs of an arc a depend on

the number of users of a. We assume that for all a ∈ AN∗ it holds that ka(0) = 0.

Elements of AN∗ are denoted by a or by (i, j), where i, j ∈ N∗. The arc (i, j) denotes

the connection between i and j in the direction from i to j. If a = (i, j), then a−1

denotes the arc in opposite direction, i.e., a−1 = (j, i). The cost function of an arc

(i, j), i, j ∈ N∗, is denoted by kij. A congestion network problem is symmetric if

kij = kji for all i, j ∈ N∗. For notational convenience all examples in this chapter

consider symmetric congestion network problems. All results, however, apply to a-

symmetric as well as symmetric congestion network problems.

In a congestion network problem all players have to be connected to the source.

A player is connected to the source if there is a path from this player towards the

source. A path from i to ∗ in the digraph (N∗, AN∗) is a sequence of arcs P =
(

(i0, i1),

(i1, i2), . . . , (ip−1, ip)
)

, such that i0 = i, ip = ∗ and ik 6= il for all k, l ∈ {0, . . . , p},

k 6= l.

Let T = (N, ∗, (ka)a∈AN∗ ) be a congestion network problem. A network can be

described by f : AN∗ → {0, . . . , |N |}. A network f assigns to each arc a num-

ber of users of this arc. The indegree for a network f and a node i ∈ N∗ is de-

fined by indegreef (i) =
∑

j∈N∗\{i} f
(

(j, i)
)

. Similarly the outdegree is defined by

outdegreef(i) =
∑

j∈N∗\{i} f
(

(i, j)
)

. For a coalition S ⊆ N the collection of all feasi-

1The term congestion is used here in a broad sense: total costs are increasing in the number of
users.
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ble networks connecting the members of S to the source is given by

FS =
{

f : AN∗ → {0, . . . , |N |} | outdegreef (i)− indegreef(i) = 1 for all i ∈ S,

outdegreef(j) = indegreef (j) = 0 for all j ∈ N\S,

f(a) ∈ {0, . . . , |S|}, ∀a ∈ AN∗

}

.

Note that in a feasible network for S there is a path towards the source for each

player of S, hence each player of S is connected to the source. Furthermore, these

paths consist only of arcs that connect two nodes in S∗.

The costs of a network f ∈ FS is naturally defined by

k(f) =
∑

a∈AN∗

ka

(

f(a)
)

.

The aim of S is to construct a feasible network such that total costs are minimized.

With each congestion network problem T = (N, ∗, (ka)a∈AN∗ ) one can associate a

congestion network (cost) game (N, cT ), such that cT (S) denotes the minimum costs

of a network connecting all players of S to the source:

cT (S) = min
f∈FS

k(f).

Example 7.2.1 Consider a congestion network problem T = (N, ∗, (ka)a∈AN∗ ), such

that cost functions are symmetric and constant in the sense that for all i, j ∈ N∗ and

for all m ∈ {1, . . . , |N |} it holds that kij(m) = kji(m) = kij(1) and kij(0) = 0. So

for all a ∈ AN∗ and for all m ∈ {1, . . . , |N |}: ka(m) = ka(1). It is readily verified

that this congestion network problem is equivalent to a minimum cost spanning tree

problem. The corresponding congestion network game coincides with the minimum

cost spanning tree game. ⊳

Each network f induces a digraph (N∗, Af). Af consists of all arcs used by the

network f :

Af = {a ∈ AN∗ | f(a) > 0}.

Let f be an optimal network for coalition N . A set of arcs A contains a cir-

cuit if there exists a sequence
(

(i1, i2), (i2, i3), . . . , (ip−1, ip)
)

such that i1 = ip and

(im, im+1) ∈ A for all m ∈ {1, . . . , p−1}, and all (intermediate) nodes involved differ.

We can assume that Af does not contain a circuit. To see this, assume that Af
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contains a circuit C. Change the network f in such a way that the number of users

of each arc of C decreases by 1 and the number of users of all other arcs stay the

same. The resulting network is still a feasible network for N , since C is a circuit.

Because the cost functions are increasing functions and f is an optimal network for

N the costs of the resulting network should be the same as the costs of f . This means

that one can change the network in a finite number of steps such that all circuits are

deleted and the network left is still optimal for N .

For an arbitrary arc set A the set E(A) is the set of all undirected edges induced

by A: E(A) =
{

{i, j} | (i, j) ∈ A or (j, i) ∈ A
}

. We say that the digraph (N, A)

contains a cycle if the induced undirected graph
(

N, E(A)
)

contains a cycle. Similarly

the digraph (N, A) is called a tree if
(

N, E(A)
)

is a tree. The following example shows

that optimal networks in a congestion network problem can contain a cycle.

Example 7.2.2 Consider a symmetric congestion network problem, in which N =

{1, 2, 3}. For the arcs, the costs of one, two and three users respectively are given by

k1∗ = (1, 3, 6), k2∗ = (5, 10, 15), k3∗ = (3, 7, 11),
k12 = (3, 6, 9), k13 = (1, 2, 3), k23 = (1, 2, 3).

The optimal network of N is drawn in Figure 7.1, here the number beside an arc

denotes the number of users of this arc. ⊳
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Figure 7.1: Optimal network of the problem given in Example 7.2.2.

If cost functions are constant and symmetric (see Example 7.2.1), then the congestion

network game is a minimum cost spanning tree game and the core will be non-empty

(cf. Bird (1976)). This does not hold for arbitrary cost functions, which is illustrated

in the following example.

Example 7.2.3 Consider a congestion network problem T = (N, ∗, (ka)a∈AN∗ ), with

N = {1, 2, 3} and symmetric functions ka defined by
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k1∗ = (1, 1, 2), k2∗ = (1, 1, 2), k3∗ = (1, 1, 2),
k12 = (0, 0, 0), k13 = (0, 0, 0), k23 = (0, 0, 0).

The game (N, cT ) equals

S 1 2 3 12 13 23 N

cT (S) 1 1 1 1 1 1 2

Obviously, C(cT ) = ∅. ⊳

A cost function ka is linear if for all m ∈ {0, . . . , |N |} ka(m) = m · ka(1). Congestion

network problems with linear costs are very similar to congestion network problems

with constant costs.

It is intuitively clear that if each player i ∈ N chooses a path Pi to the source such

that the costs of this path (which equal
∑

a∈Pi
ka(1)) is minimal, the combination of

these paths yields an optimal network for the problem corresponding to coalition N .

Suppose that each player i ∈ N chooses a “cheapest” path Pi to the source and

pays the costs of this path. A natural question is whether this results in a core

element. To answer this question we consider a relaxation of the problem in which

all arcs are fully public. Now for each coalition S ⊆ N one can consider the relaxed

problem of finding a network with minimal costs, connecting all players of S to the

source. Coalition S is allowed to use any arc to establish this. Hence the set of

feasible networks for S ⊆ N becomes

F̂S =
{

f : AN∗ → {0, . . . , |N |} | outdegreef (i)− indegreef(i) = 1 for all i ∈ S,

outdegreef(j)− indegreef(j) = 0 for all j ∈ N\S,

f(a) ∈ {0, . . . , |S|}, ∀a ∈ AN∗

}

. (7.1)

Denote the corresponding coalitional value by ĉT (S) = minf∈F̂S
k(f). Clearly, for each

coalition an optimal network in this relaxed problem is given by the combination of the

optimal paths of its members. Hence the game is additive and assigning to each player

the costs of its optimal path yields the unique core element. Since cT (N) = ĉT (N)

and cT (S) ≥ ĉT (S) for all S ⊆ N this allocation also yields a core element of the

original congestion network game cT .

The following algorithm constructs an optimal network and at the same time

provides a core element. The algorithm follows the ideas of the Bird rule. It starts

with the source. Then, all players are connected to the source one by one. The first

player to be connected is the one that has the cheapest direct connection towards the
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source. Next, the costs of arcs towards this connected player are increased by the

costs of his direct arc towards the source. In fact costs are shifted in such a way that

if a player establishes the connection towards this player, these connection costs are

as much as the sum of the costs of the arc towards this player and the costs of the

direct arc of this player towards the source. Note that in this case the new player is

connected to the source via the first player.

Generally, in each step another player is connected to the source by connecting

it directly or indirectly via an already connected player. This is done in such a way,

that the player with the cheapest path is chosen to be connected. Each time a new

player is connected, costs of arcs towards this player are shifted in a smart way, such

that the arc towards this player costs as much as the path via this player towards the

source. The player who is just connected, is assigned the (shifted) costs of the last

established arc. This results in an optimal network and each player pays the costs of

his cheapest path to the source.

Algorithm 7.2.1

Input: a congestion network problem T = (N, ∗, (ka)a∈AN∗ ) with linear cost functions.

Output: an optimal arc set A|N | ⊂ AN∗ and a core allocation x.

1. Choose ∗ as root.

2. Initialize t = 0, A0 = ∅, V 0 = {∗} and k0
a = ka(1) for all a ∈ AN∗.

3. Find a minimal cost (with respect to kt
a) arc â = (i, j) ∈ AN∗\At, such that

i ∈ N∗\V t and j ∈ V t.

4. Player i has not been connected previously to the root. Assign the costs kt
â to

player i, hence xi = kt
â.

5. Set At+1 = At∪{â}, V t+1 = V t∪{i}. For each arc a = (x, y) increase its costs

as follows:

kt+1
a =

{

kt
a + kt

â if x = i and y 6∈ V t+1,
kt

a otherwise.

6. If not all vertices are connected (V t+1 6= N), set t := t+1 and return to step 3.

Note that by this specific construction, the resulting optimal network does not contain

a cycle. This algorithm is illustrated in the following example.
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Example 7.2.4 Consider the symmetric congestion network problem T with linear

cost functions as depicted in Figure 7.2, with N = {1, 2, 3}. The numbers at an arc

represent ka(1). The game cT is given by

S 1 2 3 12 13 23 N

cT (S) 7 10 5 16 12 15 21

The cheapest connection to ∗ is the arc (3, ∗), and we get x3 = 5. Now k1
13 = 8+5 = 13

and k1
23 = 9 + 5 = 14, all other costs of arcs stay the same. Furthermore V 1 = {∗, 3}

and A1 = {(3, ∗)}.

The cheapest arc connecting player one or player two to the set {∗, 3} is the

arc a = (1, ∗), we add this arc to A1, which yields A2 = {(1, ∗), (3, ∗)}, and set

x1 = k2
1∗ = 7, V 2 = {∗, 1, 3}. There is only one arc for which the value of k2

a changes

with respect to k1
a: k2

21 = 2 + 7 = 9.

Only player two is not connected to V 2. The cheapest arc to connect player two

is (2, 1), since k2
21 = 9, k2

2∗ = 10 and k2
23 = 14. This yields x2 = 9. All players are

connected to the source, hence the algorithm stops at this moment.

It can easily be checked that x = (7, 9, 5) is indeed a core element of the game

(N, cT ). The optimal arc set equals A =
{

(1, ∗), (2, 1), (3, ∗)
}

. ⊳
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Figure 7.2: Congestion network problem of Example 7.2.4 with linear cost functions.

7.3 Convex congestion

A convex congestion network problem T = (N, ∗, (ka)a∈AN∗ ) is a congestion network

problem in which all ka are convex. A cost function ka, a ∈ AN∗ , is convex if for all

m ∈ {1, . . . , |N | − 1}

ka(m + 1)− ka(m) ≥ ka(m)− ka(m− 1).
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As illustrated in Example 7.2.2, convex congestion network problems can have an

optimal structure containing a cycle.

7.3.1 Balancedness

All congestion network games with convex cost functions have a non-empty core (to

see that these games are not concave in general, the reader is referred to Example

7.3.5), as is stated in the following theorem.

Theorem 7.3.1 Let T = (N, ∗, (ka)a∈AN∗ ) be a convex congestion network problem,

then C(cT ) 6= ∅.

To prove this theorem we consider a specific relaxation in which non integer networks

are allowed. We show that this relaxation gives rise to the same cost game. Finally,

we prove balancedness of the relaxed convex congestion game. These two results, to-

gether with the characterization of balanced games of Bondareva (1963) and Shapley

(1967), immediately lead to the result of Theorem 7.3.1.

A network in this relaxed problem can be described by f : AN∗ → [0, |N |]. The

set of all feasible networks connecting a coalition S ⊆ N to the source is extended to

FS =
{

f : AN∗ → [0, |N |] | outdegree(i)− indegree(i) = 1 for all i ∈ S,

outdegree(j) = indegree(j) = 0 for all j ∈ N\S
}

. (7.2)

One can extend the cost functions ka, a ∈ AN∗ , in a piecewise linear way to

k̄a : [0, |N |]→ R+:2

k̄a(x) := ka

(

⌊x⌋
)

+
(

x− ⌊x⌋
)

·
(

ka

(

⌈x⌉
)

− ka

(

⌊x⌋
)

)

.

Clearly k̄a is convex on [0, |N |]. The costs of a network f ∈ FS are now computed by

k̄(f) =
∑

a∈AN∗

k̄a

(

f(a)
)

.

Moreover, the relaxed congestion network game (N, c̄T ) is defined as

c̄T (S) := min
f∈FS

k̄(f)

2For all x ∈ R the lower entier function is defined by ⌊x⌋ = max{y ∈ Z | y ≤ x}, similarly the
upper entier function is defined by ⌈x⌉ = min{y ∈ Z | y ≥ x}.
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for all S ⊆ N . Note that

c̄T (S) ≤ cT (S),

since for all S ⊆ N it is true that FS ⊂ FS and k̄a extends ka. The following lemma

proves that extending an (arbitrary) congestion network problem in a linear way does

not change the values of the corresponding game.

Lemma 7.3.2 Let T = (N, ∗, (ka)a∈AN∗ ) be a congestion network problem. Then

c̄T (S) = cT (S) for all S ⊆ N .

Proof: Take S ⊆ N . It is sufficient to prove that there exists a network f ∗ ∈ FS such

that c̄T (S) = k̄(f ∗) and f ∗ is integer valued. Let f ∈ FS be such that c̄T (S) = k̄(f)

and let f be such that for all other g ∈ FS such that c̄T (S) = k̄(g) it holds that

|{a ∈ AS∗ | f(a) 6∈ N}| ≤ |{a ∈ AS∗ | g(a) 6∈ N}|.

This means that f is chosen within the set of all optimal networks for S such that

the number of arcs that have a non-integer f -value is minimal.

Let D be the set of arcs that have a non-integer f -value. We show by contradiction

that D is empty. So assume D is not empty. Because the difference between outdegree

and indegree of a node in S∗ is integer, each node is either adjacent to no arcs of D,

or to two or more. So it is possible to find a cycle C inside D.

Choose one of the two orientations of C. Let C+ be the set of arcs in C that

are directed according to this orientation. Let C− = C\C+. Perturb the network f

in two opposite directions. First, consider the network f+, which is obtained from

network f by increasing the number of users through C+ by ε and decreasing the

number of users through C− by ε.

f+(a) :=







f(a) if a ∈ AN∗\C,
f(a) + ε if a ∈ C+,
f(a)− ε if a ∈ C−.

Similarly, define f− by increasing the number of users through C− by ε and decreasing

the number of users through C+ by ε. The value of ε is chosen maximal such that

the following inequalities are true for all a ∈ C:

⌊f(a)⌋ ≤ f+(a) ≤ ⌈f(a)⌉,

⌊f(a)⌋ ≤ f−(a) ≤ ⌈f(a)⌉.
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We have to show that the network f+ is feasible for S. By the definition of ε, it

is non-negative. For an arc (i, j) ∈ AN∗ the node i is called the tail of (i, j) and j the

head of (i, j). Let i be a node on the cycle C. Then there are exactly two arcs in C,

say a1 and a2, adjacent to i. If head(a1) = head(a2) = i, then one of the arcs a1 or a2

is an element of C+ and the other one is an element of C−. Hence, the perturbation

of f causes an increase as well as a decrease of ε to the indegree of i. The outdegree

is not affected. If tail(a1) = tail(a2) = i, the roles of in- and outdegree are switched.

If head(a1) = tail(a2) = i, then a1 and a2 are either both elements of C+ or both

elements of C−. In both cases the indegree and the outdegree of i are both increased

by either ε or −ε. The net indegree remains the same. We conclude that f+ is a

feasible network. In the same way it is proved that f− is feasible for S.

Network f is the average of the two feasible networks f+ and f−. Because of the

definition of ε and the partial linearity of k̄a for all arcs, we have that

k̄(f) = k̄(1
2
f− + 1

2
f+) = 1

2
k̄(f−) + 1

2
k̄(f+).

Because f has minimal costs, this can only be the case if f− and f+ have the same

costs as f .

By definition of ε there is at least one arc â such that f−(â) or f+(â) is integer

valued, say f+(â). This gives that the number of non-integer f+-valued arcs is strictly

less than the number of integer f -valued arcs, contradicting the assumption that f

is minimal with respect to this feature. �

The next lemma proves that the relaxed congestion network game (N, c̄T ) has a

non-empty core if the cost functions are convex. A characterization of games with a

non-empty core is given independently by Bondareva (1963) and Shapley (1967). This

characterization uses the notion of balanced sets and maps. A map λ : 2N\{∅} → R+

is called balanced if
∑

S∈2N\{∅}

λ(S)eS = eN .

The vector eS denotes the characteristic vector for coalition S:

eS
i =

{

1 if i ∈ S,
0 if i ∈ N\S.

A collection B of coalitions is a balanced collection if there exists a balanced map λ

such that

B = {S ∈ 2N\{∅} | λ(S) > 0}.
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A cost game (N, c) is balanced if for each balanced map λ

∑

S∈2N\{∅}

λ(S)c(S) ≥ c(N).

Theorem 7.3.3 (Bondareva (1963) and Shapley (1967)) A transferable utility

game is balanced if and only if it has a non-empty core.

Lemma 7.3.4 Let T = (N, ∗, (ka)a∈AN∗ ) be a convex congestion network problem.

Then (N, c̄T ) is a balanced game and hence C(c̄T ) 6= ∅.

Proof: Let λ be a balanced map and B the balanced collection such that

B = {S ∈ 2N\{∅} | λ(S) > 0}.

For all S ∈ B take a network fS ∈ FS such that c̄T (S) = k̄(fS). Define the network

f : AN∗ → [0, |N |] as

f(a) :=
∑

S∈B

λ(S)fS(a)

for all a ∈ AN∗ . Note that for an arc a ∈ AN∗ , f(a) is a convex combination of fS(a)

for all S ∈ B and 0 and hence f(a) ∈ [0, |N |]. Let i ∈ N . The difference between

outdegree and indegree according to f equals

outdegreef(i)− indegreef (i) =
∑

S∈B

λ(S)
(

outdegreefS

(i)− indegreefS

(i)
)

=
∑

S∈B:i∈S

λ(S)
(

outdegreefS

(i)− indegreefS

(i)
)

=
∑

S∈B:i∈S

λ(S) · 1

= 1.

In the last equality it is used that λ is a balanced map. Since f is also nonnegative

it holds that f ∈ FN . Moreover,

k̄(f) =
∑

a∈AN∗

k̄a

(

f(a)
)

=
∑

a∈AN∗

k̄a

(

∑

S∈B

λ(S)fS(a)
)

≤
∑

a∈AN∗

∑

S∈B

λ(S)k̄a

(

fS(a)
)

=
∑

S∈B

∑

a∈AN∗

λ(S)k̄a

(

fS(a)
)

=
∑

S∈B

λ(S)k̄(fS) =
∑

S∈B

λ(S)c̄T (S).



86 Chapter 7. Congestion network problems and related games

Recall that for all a ∈ AN∗ , f(a) is a convex combination of fS(a) for all S ∈ B and

0. So the above inequality follows from the convexity of the functions and the fact

that k̄a(0) = 0. Since f ∈ FN ,

c̄T (N) ≤ k̄(f)

≤
∑

S∈B

λ(S)cT (S),

proving that (N, c̄T ) is a balanced game. �

Theorem 7.3.1 is a direct consequence of Lemma 7.3.2, Lemma 7.3.4 and Theorem

7.3.3.

7.3.2 Finding an optimal network

We start this section with an example.

Example 7.3.1 Consider a symmetric convex congestion network problem, with

N = {1, 2, 3}. For the arcs, the costs of one, two and three users respectively are

given by

k1∗ = (6, 12, 18), k2∗ = (1, 4, 8), k3∗ = (3, 8, 13),
k12 = (5, 10, 15), k13 = (1, 7, 14), k23 = (1, 5, 9).

The corresponding TU-game cT is given below.

S 1 2 3 12 13 23 N

cT (S) 6 1 3 7 9 4 9

An optimal network of N is drawn in Figure 7.3, the costs of this network are 9. ⊳
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Figure 7.3: Optimal network of the problem given in Example 7.3.1.
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It is not directly clear how the optimal network of Example 7.3.1 can be found, nor

that this indeed is an optimal network. In the sequel we concentrate on determining

whether a network is optimal and how one can find such an optimal network. Example

7.3.1 is revisited at several instances.

First we derive a special condition for a network being optimal for a certain

coalition. This condition is based on finding a negative circuit with respect to a

length function determined by the network.

Let T = (N, ∗, (ka)a∈AN∗ ) be a convex congestion network problem and f ∈ FN .

We assume that the network f satisfies f(a−1) = 0 whenever f(a) > 0 for all a ∈ AN∗ .

Since if both f(a) and f(a−1) are positive, the network remains feasible if both f(a)

and f(a−1) are decreased by one. Because this new network is as least as cheap as

f , it is reasonable to make the above assumption. Furthermore, we assume without

loss of generality that Af does not contain any circuit.

Given f one can define a length function lf on the complete digraph (N, AN∗) as

follows:

lf(a) :=















∞ if f(a) = |N |,
ka(f(a) + 1)− ka(f(a)) if f(a) ∈ {1, . . . , |N | − 1}

or f(a) = 0, f(a−1) = 0,
ka−1(f(a−1)− 1)− ka−1(f(a−1)) if f(a−1) > 0.

This function can be interpreted as the marginal costs of an extra user of an arc.

Note that if the opposite a−1 of an arc is used, an extra user of arc a should be

interpreted as the reduction of the number of users of a−1 by one. The following

lemma proves that if f is not optimal for N , then AN∗ contains a negative circuit3

with respect to the length function lf . Before stating this lemma, we first show the

reverse: an optimal network does not contain a negative circuit with respect to its

length function.

Consider an optimal network f . Suppose that AN∗ contains a negative circuit C

with respect to lf . By the definition of the length function it follows that f(a) < |N |

for all a ∈ C. One can change f by increasing the number of users of the arcs of

C by one. If an arc of C is used in opposite direction, it is meant that the number

of users of the opposite arc is decreased by one. This yields a new network, which

is feasible as well, since the number of users of arcs are nonnegative and does not

exceed |N |. The costs of this new network equal k(f) +
∑

a∈C

(

lf(a)
)

. Since C is a

negative circuit, this contradicts the optimality of f .

3A circuit C is a negative circuit with respect to a length function l if
∑

a∈C l(a) < 0.



88 Chapter 7. Congestion network problems and related games

Lemma 7.3.5 Let T = (N, ∗, (ka)a∈AN∗ ) be a convex congestion network problem.

Let f ∈ FN . If f is not optimal, then AN∗ contains a negative circuit with respect to

the length function lf .

Proof: Let f ∈ FN and suppose that f is not optimal for N . Let f̄ be an optimal

network for N . By comparing f and f̄ we find a negative circuit with respect to lf .

Define the network f̄ ⊖ f , which measures the difference between f̄ and f , as

follows:

f̄ ⊖ f(a) = max{f̄(a)− f(a) + f(a−1)− f̄(a−1), 0}.

It assigns a strictly positive number of users to an arc a ∈ AN∗ if the arc is used more

in f̄ than in f or/and if the arc in opposite direction is used more in f than in f̄ .

Since both f̄ and f are feasible for N , and f̄ ⊖ f measures the difference between f̄

and f , it is true that for all i ∈ N

indegreef̄⊖f(i)− outdegreef̄⊖f(i) = 0.

This implies that Af̄⊖f contains a circuit C. We show that C is a negative circuit

with respect to lf , using the optimality of the network f̄ . To do so, we first partition

the set of arcs C in five different sets.

Let a be an element of C. In the following table the five possibilities of the

presence of a and a−1 in Af̄ and Af are illustrated. An arrow to the right indicates

the presence of a, an arrow to the left the presence of a−1, whereas x indicates that

neither a nor a−1 are present.

C1 C2 C3 C4 C5

Af̄ −→ −→ −→ x ←−
Af −→ x ←− ←− ←−

For example, the arrows in the last column indicate that 0 < f̄(a−1) < f(a−1), since

a ∈ Af̄⊖f and in both networks a is used in opposite direction. Note that there is no

column with a left arrow in the row of Af̄ and a right arrow in the row of Af , since

then a−1 and not a would be present in C. For the same reason, there is no column

with a left arrow and an x nor a column with an x and a right arrow. The set C can

be partitioned into five sets C1, . . . , C5, each corresponding to a column of the table

above.
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Let C−1 be the circuit C in opposite direction, then since f̄ is an optimal network

∑

a−1∈C−1

lf̄(a
−1) =

∑

a∈C1∪C2∪C3

(

ka(f̄(a)− 1)− ka(f̄(a))
)

+

+
∑

a∈C4∪C5

(

ka−1(f̄(a−1) + 1)− ka−1(f̄(a−1))
)

≥ 0. (7.3)

Assume for the time being that inequality (7.3) is strict. We show that C is a

negative circuit with respect to the length function lf . The length of C with respect

to lf equals

∑

a∈C

lf (a) =
∑

a∈C1∪C2

(

ka(f(a) + 1)− ka(f(a))
)

+
∑

a∈C3∪C4∪C5

(

ka−1(f(a−1)− 1)− ka−1(f(a−1))
)

≤
∑

a∈C1∪C2

(

ka(f̄(a))− ka(f̄(a)− 1)
)

+
∑

a∈C4∪C5

(

ka−1(f̄(a−1))− ka−1(f̄(a−1) + 1)
)

+
∑

a∈C3

(

ka−1(f(a−1)− 1)− ka−1(f(a−1))
)

≤ −
∑

a−1∈C−1

lf̄(a
−1)

< 0.

Here the first inequality follows from the convexity of the functions ka and the fact

that f̄(a) ≥ f(a) + 1 if a ∈ C1 ∪ C2 and f(a−1) ≥ f̄(a−1) + 1 if a ∈ C4 ∪ C5.

The second inequality follows from
∑

a∈C3

(

ka−1(f(a−1)− 1)− ka−1(f(a−1))
)

< 0 and

−
∑

a∈C3

(

ka(f̄(a) − 1) − ka(f̄(a))
)

> 0. Consequently C is a negative circuit with

respect to the length function lf .

In the case inequality (7.3) is tight, so
∑

a−1∈C−1 lf̄(a−1) = 0, one can change the

network f̄ as follows: increase the number of users of the arcs of C−1 by one. If

an arc of C−1 is used in opposite direction in f̄ (so a−1 ∈ C−1 and f̄(a) > 0), it is

meant that the number of users of the opposite arc is decreased by one. The resulting

network f̄1 is feasible and costs k(f̄) +
∑

a−1∈C−1 lf̄(a
−1) = k(f̄) and is also optimal,

since f̄ is optimal.
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One can measure the difference between f and f̄1 in a similar way as the difference

between f and f̄ . In comparison to f̄ ⊖ f it is true that for all arcs a ∈ AN∗ ,

f̄1 ⊖ f(a) = f̄ ⊖ f(a) if a 6∈ C and f̄1 ⊖ f(a) = f̄ ⊖ f(a) − 1 if a ∈ C. The set of

arcs Af̄1⊖f also contains a circuit and one can follow the lines of the proof above. If

inequality (7.3) is again tight, one must define networks f̄2, f̄3 and f̄2 ⊖ f , f̄3 ⊖ f

and so on, until a strict inequality arises. Eventually, this will be the case, since the

values of f̄k⊖f(a) are decreasing for all a ∈ AN∗ . Note that f̄k⊖f is the zero network

if and only if f(a) = f̄k(a) for all a ∈ AN∗ . Because f is not optimal, f̄k ⊖ f cannot

be the zero-network; there is a k for which inequality (7.3) is strict. �

Summarizing we find the following theorem.

Theorem 7.3.6 Let T = (N, ∗, (ka)a∈AN∗ ) be a convex congestion network problem.

Then f ∈ FN is optimal if and only if AN∗ contains no negative circuit with respect

to the length function lf .

Note that applying Theorem 7.3.6 to the congestion network problem (S, ∗, (ka)a∈AS∗ )

yields a condition for optimal networks for all coalitions S ⊆ N .

The existence of negative circuits can be detected by a shortest path4 algorithm,

such as e.g. the Floyd-Warshall algorithm (Papadimitriou and Steiglitz (1982), page

132). If the algorithm finds that the ’shortest path’ (cheapest way) to go from some

node to itself has negative costs, there must be a negative circuit containing this

node.

The following example shows that the network f depicted in Figure 7.3 is indeed

optimal for N .

Example 7.3.2 Consider the network f as depicted in Figure 7.3. According to

Theorem 7.3.6 it is sufficient to show that there is no negative circuit with respect

to lf . In Figure 7.4 the complete digraph with length function lf is drawn. The

Floyd-Warshall algorithm finds the following matrix of shortest paths:

∗
1
2
3

∗ 1 2 3








0 -6 -3 -5
6 0 3 1
4 -2 0 -1
5 -1 2 0









.

4A set of arcs P is called a path from i to j if the arcs in P form a sequence
(

(i, i2), (i2, i3), . . . , (ip, j)
)

, such that all nodes involved differ, except possibly i and j themselves.
In the latter case, the path is a circuit.
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There is no negative circuit, since there are only zeros on the diagonal. This proves

that f is indeed an optimal network. ⊳
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Figure 7.4: Digraph (N, AN∗) with length function lf .

In fact Theorem 7.3.6 provides the tools to introduce an algorithm which determines

an optimal network for each convex congestion network problem. This algorithm can

also be derived from Ahuja, Magnati, and Orlin (1993), where an algorithm is given to

solve general flow problems. We provide a detailed description of the algorithm in the

context of convex congestion network problems. Furthermore, we provide a specific

proof for the setting of congestion network problems, showing that the algorithm

indeed yields an optimal structure.

The algorithm described below is based on the following idea. First an order σ is

chosen on N . Players are connected to the source in this order in an optimal way.

It is allowed to use all arcs to establish a connection to the source. The first player,

σ(1), chooses a shortest path to the source, which results in a network. The second

player faces this network and chooses a shortest path to the source. The costs of this

path depend on the path chosen by the first player. If the second player uses an arc

that is also used by the first player, this will induce the marginal costs from one to

two users. If the second player uses an arc that is used by the first player in opposite

direction, this cancels out and yields the benefits of one user less. In general: using

an arc in the same direction yields the marginal costs of a player extra and using an

arc in opposite direction yields a benefit of the marginal costs of one user less. Hence

if a player chooses a shortest path to the root, he faces the length function of the

current network. One can continue until all players are connected. We first give a

small example to illustrate the idea of the algorithm.
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Example 7.3.3 Consider a symmetric convex congestion network problem with two

players, N = {1, 2}. The cost functions are defined by

k1∗ = (5, 10), k2∗ = (1, 4), k12 = (3, 6).

Suppose that player one is the first one to be connected to the source. The cheapest

way to do this is taking the path
(

(1, 2), (2, ∗)
)

. The resulting network is depicted

in Figure 7.5 (left). For player two there are two possible paths to the source. The

first is the direct path
(

(2, ∗)
)

, which costs 3, since (2, ∗) is also used by player one.

The second is the path via player one,
(

(2, 1), (1, ∗)
)

. Since player one is using (2, 1)

in the opposite direction, this cancels the use of (1, 2) and yields a benefit of 3. The

resulting costs are −3+5 = 2. Hence it is better for player two to choose the indirect

path. In fact by choosing this path, he changes the path of player one. The resulting

(optimal) network for the two players is depicted in the right sided network of Figure

7.5. ⊳
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Figure 7.5: Optimal networks for player one (left) and coalition {1, 2} (right) of the
two person convex congestion network problem of Example 7.3.3.

Before giving a formal definition of the algorithm, we provide some additional nota-

tions. Let P be a path. Then fP is the network induced by P :

fP (a) :=

{

1 if a ∈ P ,
0 if a 6∈ P .

Let f1 and f2 be two networks. Then the sum f1 ⊕ f2 is defined by

f1 ⊕ f2(a) := max{f1(a) + f2(a)− f1(a
−1)− f2(a

−1), 0}

for all a ∈ AN∗ . This operation takes into account that the usage of two oppositely

directed arcs cannot be beneficial. If there is two-way traffic between nodes, the

number of users are subtracted instead of added.
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The algorithm can be described in the following way: at some moment a network

is chosen by a group of players. The next player chooses a shortest path with respect

to the length function of the network present at that moment. The combination of

the network and the chosen path leads to a new network. This new network can be

found by adding the network which corresponds to the path and the original network

using the operation ⊕.

Algorithm 7.3.1

Input: a convex congestion network problem T = (N, ∗, (ka)a∈AN∗ ) and an order

σ ∈ Π(N).

Output: an optimal network f |N | ∈ FN .

1. Initialize f 0(a) = 0 for all a ∈ AN∗ and t = 1.

2. Find a shortest path P t in (N, AN∗) from σ(t) to ∗ with respect to the length

function lft−1.

3. Set f t(a) = f t−1 ⊕ fP t.

4. If t 6= |N |, set t := t + 1 and return to step 2.

Finding shortest paths can be done again by the Floyd-Warshall algorithm. In its

purest form, it finds only the values of all shortest paths, but finding the paths

themselves is just a matter of keeping track which arcs optimal paths use. It has a

complexity of order O(|N |3). Since we have to perform it |N | times, the complete

algorithm has a complexity of order O(|N |4).

The following theorem states that this algorithm yields an optimal network for

N .

Theorem 7.3.7 Let T = (N, ∗, (ka)a∈AN∗ ) be a convex congestion network problem

and σ ∈ Π(N) an order. The output f |N | of Algorithm 7.3.1 is an optimal network

for coalition N .

Before giving the proof of Theorem 7.3.7, we first take a closer look at the specific

characteristics of the algorithm. In each step an extra node is connected to the source

and for this node it is allowed to use all arcs. This differs from our approach that a

coalition can only use arcs for which both head and tail correspond to members of

that coalition. In fact this gives rise to a relaxation in which all arcs are fully public.
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In this case the set of feasible networks for a coalition S ⊆ N equals F̂S (see formula

(7.1)).

The aim of a coalition S is to connect all its members to the source, such that

total costs are minimized. Denote the corresponding coalitional value by ĉT (S). Note

that ĉT (N) = cT (N). We have the following generalization of Theorem 7.3.6.

Theorem 7.3.8 Let T = (N, ∗, (ka)a∈AN∗ ) be a convex congestion network problem.

Then f ∈ F̂S is optimal (i.e., ĉT (S) = k(f)) if and only if (N, AN∗) does not contain

a negative circuit with respect to lf .

The proof of this theorem follows exactly the lines of the proof of Lemma 7.3.5 and

is therefore omitted. We can now give the proof of Theorem 7.3.7.

Proof of Theorem 7.3.7: Assume without loss of generality that σ is the identity

and N = {1, . . . , |N |}. It is easy to see that f |N | is feasible for N . At step t the net

degree (which equals the difference between outdegree and indegree) of ∗ decreases

from 1− t to −t, the net degrees of the nodes 1, . . . , t− 1 remain 1, the net degree of

node t increases from 0 to 1 and the net degrees of the nodes t +1, . . . , |N | remain 0.

In the end, all nodes but the root have net degree one, hence f |N | is feasible.

To prove the optimality of f |N | an induction argument is used. Note that it is

sufficient to prove that for all t ∈ {1, . . . , |N |}, the network f t is optimal for the

coalition {1, . . . , t} in the relaxed game, i.e., ĉT ({1, . . . , t}) = k(f t).

If t = 1, then lft−1(a) = ka(1) ≥ 0 for all a ∈ AN∗ . P 1 is the shortest path from 1 to

∗ and trivially ĉT ({1}) = k(f 1).

Let t ∈ {1, . . . , |N | − 1}. Assume that the network f t is optimal for coalition

{1, . . . , t}. There exists a shortest path P := P t+1 from player t+1 to ∗ with respect

to lft . We have to prove that f t+1 is an optimal network for coalition {1, . . . , t + 1}.

According to Theorem 7.3.8 this can be done by showing that there is no negative

circuit with respect to lft+1. This is proved by contradiction.

Suppose that C is a negative circuit with respect to lft+1. The following argument

shows that with the help of C and P a feasible network for coalition {1, . . . , t} can

be found that costs less than f t, which yields a contradiction.

Note that f t+1 = f t ⊕ fP . Let f̂ be the network arising from f t+1 if one user

walks along the circuit C. Then f̂ = f t+1 ⊕ fC and can also be written as f t ⊕ h,
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with h = fP ⊕ fC . Hence, for all a ∈ AN∗

h(a) :=











2 if a is used by both P and C,

1 if a−1 is neither used by P nor C and a is either used by P or C,

0 otherwise.

The net degree outdegreeh(i)−indegreeh(i) of node i is 1 if i equals t+1, −1 if i is the

root and 0 otherwise. It follows that there is a path P̄ ⊆ Ah from t + 1 to ∗. Notice

that if arc a is used by the path and its opposite a−1 by the circuit (or conversely),

then h(a) = h(a−1) = 0. Therefore P̄ is not necessarily the same path as P .

Decompose network h into three 0,1-networks fP̄ , h1 and h2 such that h(a) =

fP̄ (a)+h1(a)+h2(a) (note that here a regular operation + is used). For all a ∈ AN∗ ,

h1+h2 is a circulation network.5 After path P̄ has been chosen, h1 and h2 are defined

by

h1(a) :=

{

1 if h(a)− fP̄ (a) > 0,
0 otherwise.

h2(a) :=

{

1 if h(a)− fP̄ (a) = 2,
0 otherwise,

for all a ∈ AN∗ . We prove that the network f t ⊕ (h1 + h2) is feasible and costs less

than f t. The costs of f t ⊕ (h1 + h2) equal

k(f t ⊕ (h1 + h2)) = k(f t) +
∑

a∈Ah1

lft(a) +
∑

a∈Ah2

lft⊕h1(a).

We show below that
∑

a∈Ah1
lft(a) +

∑

a∈Ah2
lft⊕h1(a) < 0.

The costs to obtain network f̂ from network f t can be computed in two ways.

Firstly,

k(f̂)− k(f t) =
∑

a∈P

lft(a) +
∑

a∈C

lft+1(a), (7.4)

and secondly,

k(f̂)− k(f t) =
∑

a∈P̄

lft(a) +
∑

a∈Ah1

lft⊕fP̄
(a) +

∑

a∈Ah2

lft⊕fP̄⊕h1(a). (7.5)

Since P is the shortest path from t + 1 to ∗,
∑

a∈P lft(a) ≤
∑

a∈P̄ lft(a). From the

fact that C is a negative circuit with respect to lft+1 and equations (7.4) and (7.5)

5A circulation network is a network in which all nodes have net degree zero.
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we conclude that
∑

a∈Ah1

lft⊕fP̄
(a) +

∑

a∈Ah2

lft⊕fP̄⊕h1(a) < 0. (7.6)

We now show that for all a ∈ Ah1: lft(a) ≤ lft⊕fP̄
(a).

Let a ∈ Ah1 (so h(a) > fP̄ (a)). Then a−1 is not used by P̄ , since h(a) > 0 implies

that h(a−1) = 0. If a is neither in P̄ , then lft(a) = lft⊕fP̄
(a). If a is used by P̄ , we

show that lft⊕fP̄
(a) exceeds lft(a). We distinguish between three cases.

Case 1: f t(a) > 0 (this implies that f t(a−1) = 0). Then

lft⊕fP̄
(a) = ka(f

t(a) + 2)− ka(f
t(a) + 1)

≥ ka(f
t(a) + 1)− ka(f

t(a))

= lft(a).

The inequality follows from the convexity of the function ka.

Case 2: f t(a) = 0 and f t(a−1) = 1. It is true that

lft⊕fP̄
(a) = ka(1)− ka(0)

≥ 0

≥ ka−1(0)− ka−1(1)

= lft(a).

Case 3: f t(a) = 0 and f t(a−1) > 1. Then

lft⊕fP̄
(a) = ka−1(f t(a−1)− 2)− ka−1(f t(a−1)− 1)

≥ ka−1(f t(a−1)− 1)− ka−1(f t(a−1))

= lft(a).

The inequality follows from the convexity of the function ka−1.

Hence for all a ∈ Ah1: lft(a) ≤ lft⊕fP̄
(a). Because P̄ ∩ Ah2 = ∅, we have for all

a ∈ Ah2 :

lft⊕fP̄⊕h1(a) = lft⊕h1(a).

We conclude that

k(f t ⊕ (h1 + h2)) = k(f t) +
∑

a∈Ah1

lft(a) +
∑

a∈Ah2

lft⊕h1(a)

≤ k(f t) +
∑

a∈Ah1

lft⊕fP̄
(a) +

∑

a∈Ah2

lft⊕fP̄⊕h1(a)

< k(f t). (7.7)
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On the other hand, because h1+h2 is a circulation network, the network f t⊕(h1+h2)

is feasible for the coalition {1, . . . , t}. Inequality (7.7) contradicts the assumption that

f t is an optimal network. �

In the following example Algorithm 7.3.1 is used to determine an optimal structure

of the convex congestion network problem of Example 7.3.1.

Example 7.3.4 Consider the congestion network problem of Example 7.3.1. Choose

σ to be the identity. Then first player one has to find a shortest path in the first

digraph in Figure 7.6. A number near an arc denotes its length. The path chosen is
(

(1, 3), (3, 2), (2, ∗)
)

. The resulting network f 1 is depicted next to the digraph.

Player two faces the length function lf1 as illustrated in Figure 7.7. His shortest

path is
(

(2, 3), (3, ∗)
)

. Since player two uses arc (2, 3) in the opposite direction of

player one this cancels out. Hence in f 2 the arcs (2, 3) and (3, 2) are both unused.

Finally player three searches for a shortest path with respect to lf2 , which is

depicted in Figure 7.8. His shortest path is given by
(

(3, 2), (2, ∗)
)

. The final network

f 3 is also depicted in Figure 7.8. According to Theorem 7.3.7 this network is optimal,

which also has been shown in Example 7.3.2. ⊳
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Figure 7.6: Left: digraph (N, AN∗) with length function lf0 and right: network f 1.

In this section we provided an algorithm to solve the problem of finding an optimal

network for the grand coalition in a convex congestion network problem. A natural

allocation of the costs of an optimal network would be to allocate in each step the

costs of the path to the source to the player that is connected to the source in that

step (the same idea is used in the Bird rule, Bird (1976) and in algorithm 7.2.1). The
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Figure 7.7: Left: digraph (N, AN∗) with length function lf1 and right: network f 2.
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Figure 7.8: Left: digraph (N, AN∗) with length function lf2 and right: network f 3.

following example however illustrates that this allocation does not necessarily result

in a core element.

Example 7.3.5 Consider a symmetric convex congestion network problem with N =

{1, 2, 3} and cost functions equal to

k1∗ = (1, 2, 3), k2∗ = (1, 2, 3), k3∗ = (0, 0, 1),
k12 = (0, 0, 0), k13 = (0, 0, 0), k23 = (0, 0, 0).

Let σ be any order of N , then the shortest path of σ(1) to the source has length

zero. For σ(2) the shortest path also has length zero. The shortest path of node σ(3)

(given that σ(1) and σ(2) are already connected) has length 1. This means that an

allocation of the costs as described above equals (xσ(1), xσ(2), xσ(3)) = (0, 0, 1). Since

the only core element is (1, 1,−1), it is not possible to choose an order such that the
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corresponding allocation is in the core. Note that this example also illustrates that

congestion network games arising from a congestion network situation with convex

cost functions need not to be concave, since the marginal vector mσ(cT ) = (1, 0, 0) 6∈

C(cT ) for σ = (321). ⊳

7.4 Concave congestion

A congestion network problem T = (N, ∗, (ka)a∈AN∗ ) is a concave congestion network

problem 6 if all functions ka are concave. A cost function ka, a ∈ AN∗ is concave if

for all m ∈ {1, . . . , |N | − 1}

ka(m + 1)− k(m) ≤ ka(m)− ka(m− 1).

In a convex congestion network problem the corresponding digraph of an optimal

network for the grand coalition can contain cycles. The following theorem proves

that concave congestion network problems have at least one optimal network which

induces a tree.

Theorem 7.4.1 Let T = (N, ∗, (ka)a∈AN∗ ) be a concave congestion network problem.

There exists a network f ∈ FN such that k(f) = cT (N) and (N∗, Af) is a tree.

Proof: Let f ∈ FN be such that cT (N) = k(f). This means that f is an optimal

network for N . As before we assume that Af does not contain any circuits. Suppose

that Af is not a tree. Then (N∗, Af) contains a cycle and there exists a node i ∈ N

such that there are two different arcs in Af with both have node i as tail. Since all

paths are directed to the source, there exists a node j ∈ N∗ such that there are two

disjoint paths from i to j. Define P1 as the set of arcs of the first path and P2 as the

set of arcs of the second path, so P1 ∩ P2 = ∅. Define

ε := min
a∈P1∪P2

f(a).

We perturb the network f in two different ways. First consider the network f 1, which

is obtained from f by increasing the number of users of arcs in P1 by ε and decreasing

the number of users of arcs in P2 by ε.

f 1(a) =







f(a) if a ∈ AN∗\(P1 ∪ P2),
f(a) + ε if a ∈ P1,
f(a)− ε if a ∈ P2.

6The term of concave congestion might be somewhat misleading, but it is meant that costs are
increasing in the number of users and costs functions are concave. This means that there are scale
merits: if the number of users increases the average costs per user decrease.
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Note that by the definition of ε, f 1 is nonnegative and integer-valued. The difference

between indegree and outdegree does not change for a node. It follows that f 1 ∈ FN .

Similarly f 2 ∈ FN arises from f by decreasing the number of users through arcs

in P1 by ε and increasing the number of users through arcs in P2 by ε. Hence,

f 2(a) =







f(a) if a ∈ AN∗\(P1 ∪ P2),
f(a)− ε if a ∈ P1,
f(a) + ε if a ∈ P2.

Because f is an optimal network, the following is true:

0 ≤ k(f 1)− k(f)

=
∑

a∈P1

(

ka(f(a) + ε)− ka(f(a))
)

−
∑

a∈P2

(

ka(f(a))− ka(f(a)− ε)
)

≤
∑

a∈P1

(

ka(f(a))− ka(f(a)− ε)
)

−
∑

a∈P2

(

ka(f(a) + ε)− ka(f(a))
)

= k(f)− k(f 2)

≤ 0.

The second inequality follows from the concavity of the functions ka. We conclude

that the costs of the networks f , f 1 and f 2 are all equal. This means that f 1 and f 2

are both optimal networks for N .

By the definition of ε, in f 1 and/or f 2 the number of users of at least one arc in Af

becomes zero. Assume without loss of generality that this is f 1. Then |Af1 | < |Af |.

If f 1 is a tree, then the proof is finished. If not, there is again a cycle in f 1 and we

can repeat the above reasoning. Note that this process will end in a finite number

of steps, because the number of arcs with a positive number of users decreases by at

least one in each step. Hence we will find a network f̂ ∈ FN such that k(f̂) = k(f)

and (N∗, Af̂) is a tree. �

The following example illustrates that the associated cooperative game of a concave

congestion network problem need not be balanced.

Example 7.4.1 Consider a symmetric congestion network problem with six players

(N = {1, 2, 3, 4, 5, 6}). Assume that the cost function of arcs which are not drawn in

Figure 7.9 are too expensive to use in any optimal network. The cost functions for

drawn arcs towards the source equal

ki∗ = (10, 20, 20, 20, 20, 20), i ∈ {1, 2, 3}.



7.5. Relaxed congestion network games 101

For all other edges drawn in Figure 7.9, the cost function is linear with coefficient

10: ka(m) = 10 · m, for all m ∈ {0, 1, . . . , 6}. The value of a coalition can be

easily calculated by using Theorem 7.4.1, just checking all trees connecting S to the

source. This yields that cT ({1, 2, 4, 5}) = cT ({2, 3, 4, 6}) = cT ({1, 3, 5, 6}) = 50 and

cT (N) = 80. The collection B =
{

{1, 2, 4, 5}, {1, 3, 5, 6}, {2, 3, 4, 6}
}

is a balanced

collection with λ(S) = 1
2

for all S ∈ B. It follows that

1

2

(

cT ({1, 2, 4, 5}) + cT ({1, 3, 5, 6}) + cT ({2, 3, 4, 6})
)

≤ cT (N),

which proves that (N, cT ) is not balanced. ⊳
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Figure 7.9: Sketch of the situation of Example 7.4.1.

7.5 Relaxed congestion network games

A specific type of relaxed congestion network games (using a piecewise linear ex-

tension) has been used to prove that congestion network games corresponding to a

situation with convex cost functions are balanced. The main feature of a relaxed

congestion network problem is that feasible networks need not be integer valued. Re-

laxing the integer values requirement can be appropriate in modeling situations in

which nodes use different connections to the source for certain periods of time (as

e.g. in computer networks).

Below we extend some of the results for convex and concave congestion network

problems earlier developed to the relaxed congestion network problems.

A relaxed congestion network problem is given by T = (N, ∗, (ka)a∈AN∗ ) in which

ka : [0, |N |] → R+ is a (weakly) increasing cost function for all a ∈ AN∗ . The
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corresponding relaxed congestion network game is denoted by (N, cT ). For all S ⊆ N

the set of feasible networks is denoted by FS (see formula (7.2)).

A relaxed congestion network problem is called convex if all functions ka are con-

vex. Similarly a relaxed congestion network problem is called concave if all functions

ka are concave.

If a relaxed congestion network problem T = (N, ∗, (ka)a∈AN∗ ) is given, one can

easily find a related congestion network problem by restricting the function ka to

the domain {0, 1, . . . , |N |}. The congestion network problem achieved in this way

is denoted by T (T ). In the following example it is shown that a relaxed congestion

network game can differ from the related congestion network game with the restricted

cost functions.

Example 7.5.1 Consider a symmetric two person congestion network problem as

depicted in the first graph of Figure 7.10, with player set N = {1, 2}. The cost

functions are given by k∗1(x) = 2x2, k∗2(x) = 3x and k12(x) = 0, x ∈ [0, 2]. Note

that cost functions are convex in this example. The optimal networks of the relaxed

problem and the non-relaxed problem can be found in the second and third picture

of Figure 7.10. It can be calculated that cT (N) = 47
8

and cT (T )(N) = 5. ⊳
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Figure 7.10: A two person congestion network problem.

Congestion network games for which all cost functions are convex are balanced games

and therefore have a non-empty core. This result is also valid for relaxed congestion

network games.

Theorem 7.5.1 Let T = (N, ∗, (ka)a∈AN∗ ) be a relaxed convex congestion network

problem. Then C(cT ) 6= ∅.

This follows immediately from Lemma 7.3.4, since in the proof of Lemma 7.3.4 only

the convexity of the cost functions is used and not the assumption on piecewise

linearity of the cost functions.
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Concave congestion network problems always have an optimal network for N

which induces a tree. This remains true for relaxed concave congestion network

problems.

Theorem 7.5.2 Let T = (N, ∗, (ka)a∈AN∗ ) be a relaxed concave congestion network

problem. Then there is at least one network f ∈ FN such that k̄(f) = cT (N) and

(N∗, Af) is a tree.

The proof of this theorem is similar to the proof of Theorem 7.4.1 and is therefore

omitted. As a result of Theorem 7.5.2 it can be proved that restricting a concave

cost function does not change the corresponding congestion network game.

Corollary 7.5.3 Let T = (N, ∗, (ka)a∈AN∗ ) be a relaxed concave congestion network

problem. Then cT (S) = cT (T )(S) for all S ⊆ N .

Proof: Let S ⊆ N . Clearly Theorem 7.5.2 implies that there exists a network

fS ∈ FS such that cT (S) = k(fS) and (S∗, AfS) is a tree. This implies that fS ∈ FS.

Hence,

cT (T )(S) ≥ k(fS)

= cT (S).

Since it always holds that cT (T )(S) ≤ cT (S), it follows that cT (T )(S) = cT (S). �





Chapter 8

Communication and cooperation in
public network situations

8.1 Introduction

This chapter analyzes an allocation problem associated to maintaining a communi-

cation network between various economic agents. Communication links are widely

observed in reality and our framework applies to many of such situations, like telecom-

munication, utilities, computer networks and information technology. The latter ap-

plication is particularly interesting as firms increasingly invest in information technol-

ogy equipment to improve firm-wide availability of divisional-specific (or lower-level)

information. In principle the model assumes that all links within the underlying

communication network are publicly available apart from possible exogenously deter-

mined restrictions. The use of a link however is assumed to be costly: a fixed cost

is imposed on each link independent of who exactly is using this particular link to

establish communication. Next to these communication costs there are also revenues

from communication. These revenues are assumed to be bilateral. This means that

the actual revenues of a group of agents is determined as the sum of the revenues of

the pairs of those agents within this group who can directly or indirectly communi-

cate via a sequence of communication links. The costs of these communication links

are accounted for by the group as a whole. If a group of agents chooses a particular

subnetwork to be operative by paying the corresponding communication costs, this

implicitly determines the total net benefits from communication within this group. So

the problem the agents face is to find an optimal operative network, i.e., an operative

network with highest possible net benefits.

105
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This setting constitutes a typical example in which the fundamental economic

issue of cost and revenue allocation resulting from a cooperative endeavor takes place

in the context of discrete optimization on networks (Sharkey (1971)). This chapter

is based on Suijs, Borm, Hamers, Koster, and Quant (2005). In the same spirit of

determining optimal operative networks and allocating the corresponding net benefits

are, e.g., Claus and Kleitman (1973) and Granot and Huberman (1981) on minimum

cost spanning tree problems and games. This chapter, however, focuses not solely on

costs, but also on finding an optimal compromise between maximizing joint revenues

and minimizing joint costs. Related literature with respect to restricted cooperation

possibilities based on exogenous communication graphs has been initiated by Myerson

(1977), for a survey we refer to Slikker and Van den Nouweland (2001). Closely related

within this stream of literature is Slikker and Van den Nouweland (2000) on network

formation with costs for establishing links. There, however, the costs per link are

assumed to be identical and the focus is not on a bilaterally based revenue structure.

This chapter focuses on a special class of network games in which the underlying

communication structure is a tree. We show that, contrary to the general case, any

optimal network for a specific coalition can be extended to an optimal operational

network for a larger coalition. This result is used to prove that the corresponding

network game is convex.

The outline of this chapter is as follows. Section 8.2 formalizes network situations

and its associated cooperative games. Section 8.3 focuses on network problems with

a tree as its communication structure.

8.2 Network games

In a communication network a number of links are available. Agents can use a network

consisting of (a part of) the available links to establish communication between pairs

of agents. The use of a link, however, is assumed to be costly: a fixed cost is

imposed on each link independent of who exactly is using this particular link to

establish communication. Next to these communication costs there are revenues

from communication between pairs of agents. The actual revenues of a group of

agents are determined to be the sum of the revenues of the pairs of those agents

within this group who can directly or indirectly communicate in the chosen network.

If a group of agents chooses a particular subnetwork to be operative by paying the

corresponding communication costs, this implicitly determines the total net benefits
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from communication within this group.

We now define network games. Let N denote a finite set of agents. The revenues of

communication between two agents i and j are denoted by b{i,j}, with b{i,j} ≥ 0, i, j ∈

N . Let E ⊆
{

{i, j} | i, j ∈ N, i 6= j
}

denote the set of available (communication)

links. The costs of using the link {i, j} ∈ E are denoted by k{i,j}, with k{i,j} ≥ 0.

Whenever we write {i, j} it is implicitly assumed that i 6= j, an assumption that

holds throughout this chapter and which is adopted to avoid unnecessary notational

inconveniences.

For communication, coalition S ⊆ N has the links E(S) ⊆ E at its disposal.

Note that it may be possible that a coalition S is allowed to use links that involve

agents outside S. So, agents i and j do not necessarily possess the ownership rights

of the link {i, j} in the sense that this link can be used by other agents without

the permission, i.e., cooperation, of agents i and j. We make the following natural

assumptions

(i) E connects all players in N ,

(ii) if S ⊆ T , then E(S) ⊆ E(T ),

(iii) E(N) = E .

Two special networks can be considered, being two extreme situations. First, if

each coalition can use all available links, i.e., E(S) = E for all S ⊆ N , the network is

called fully public. Second, if each coalition can only use links that connect players

in that coalition, i.e., E(S) = E ∩
{

{i, j} | i, j ∈ S
}

for all S ⊆ N , the network is

called fully private.

A feasible operative network for a coalition S ⊆ N is represented by a subset

E ⊆ E(S). A communication link {i, j} is used and paid for if and only if {i, j} ∈ E.

Consequently, the total costs of the network E equal
∑

{i,j}∈E k{i,j}. Agents i, j ∈ S

can communicate with each other in the network E if there exists a path from agent

i to agent j. Defining

C{i,j}(E) =

{

1 if agents i and j can communicate with each other in E,

0 otherwise,

the total revenues from communication in the network E equal
∑

{i,j}⊆S:C{i,j}(E)=1 b{i,j}.

Hence, the net (total) benefits equal
∑

{i,j}⊆S:C{i,j}(E)=1 b{i,j}−
∑

{i,j}∈E k{i,j}. Because
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each coalition maximizes the benefits of cooperation, the corresponding cooperative

network game (N, v) is defined by

v(S) = max
E⊆E(S)

{

∑

{i,j}⊆S:C{i,j}(E)=1

b{i,j} −
∑

{i,j}∈E

k{i,j}

}

(8.1)

for all S ⊆ N .

Example 8.2.1 Consider the network given in Figure 8.1 with N = {1, 2, 3, 4} and

E = {{i, j} | i, j ∈ N}. Each link {i, j} comes with two numbers, the first (bold

face) number represents the revenues b{i,j} of communication between agents i and j

while the second number represents the costs k{i,j} of the link {i, j}. So, for example,

b{1,2} = 3 and k{1,2} = 6.

1 3

2

4

3,6

20,40

0,4

8,4

0,40

8,4

Figure 8.1: A network situation

To illustrate the effect of the set E(S) of available links on the corresponding

game, define E1(S) = {{i, j} | i, j ∈ S} for all S ⊆ N . So, each coalition S ⊆ N can

only use links that connect agents in S, i.e., we have a fully private network. For

coalition {1, 3} this results in E1({1, 3}) = {{1, 3}}. Since b{1,3}−k{1,3} < 0, coalition

{1, 3} will not use the link {1, 3} so that in the corresponding game v1 we have that

v1({1, 3}) = 0. Coalition {1, 2, 3} has the links E1({1, 2, 3}) =
{

{1, 2}, {1, 3}, {2, 3}
}

at its disposal. Maximal benefits are obtained if they use the links {1, 2} and {2, 3},

so v1({1, 2, 3}) = b{1,2} + b{1,3} + b{2,3} − k{1,2} − k{2,3} = 13. In a similar way one

obtains the following table.

S 1 2 3 4 12 13 14 23 24 34 123 124 134 234 N

v1(S) 0 0 0 0 0 0 4 0 0 4 13 4 28 4 28
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Note that in the optimal network for coalition {1, 2, 3, 4} the links {1, 4} and {3, 4}

are used. Observe that the optimal network of {1, 2, 3} is not a subset of the optimal

network of {1, 2, 3, 4}. In particular, agent two can communicate with agents one and

three in the optimal network of {1, 2, 3}, while he remains isolated in the optimal

network of {1, 2, 3, 4}. The reason for this is that communication between agents one

and three is profitable only if they communicate indirectly, either via agent two or

via agent four.

Next, define E2(S) = E for all S ⊆ N , i.e., a fully public network situation

and denote the corresponding game by v2. Since coalition {1, 3} now can use the

links {1, 4} and {3, 4}, the maximal benefits that they can obtain equal v2({1, 3}) =

b{1,3} − k{1,4} − k{3,4} = 12. Note that v2({1, 3}) > v1({1, 3}). In a similar way one

obtains that v2(S) = v1(S) for all S ⊆ N , S 6= {1, 3}. ⊳

In Example 8.2.1 it is straightforward to determine an optimal communication net-

work as the number of possible networks that need to be considered is relatively low.

As the number of agents increases though, the number of possible networks grows ex-

ponentially, making the discrete optimization problem in (8.1) more complex. In fact,

we do not know of any constructive algorithm that produces an optimal (communica-

tion) network. Neither have we found any useful (general) relationships between the

optimal networks of different coalitions. In particular, these optimal communication

networks lack some kind of monotonicity. As Example 8.2.1 illustrates, two agents

that can communicate with each other in the optimal network of a certain coalition

S, may no longer be able to communicate with each other if other agents join coali-

tion S. In this respect, cooperative network games differ in complexity from other

network optimization games like minimum cost spanning tree games or standard tree

games.

8.3 Convexity

We consider two special classes of network situations that yield convex network games.

Both focus on network situations in which the underlying graph is a tree.

The following example illustrates that both fully public and fully private network

games need not be convex.

Example 8.3.1 Consider the network presented in Example 8.2.1. The fully private
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network game (N, v1) is not convex since

v1({1, 3, 4})− v1({1, 3}) = 28− 0 > 28− 13 = v1({1, 2, 3, 4})− v1({1, 2, 3}).

Similarly, the fully public network game (N, v2) is not convex since

v2({1, 2, 3})− v2({1, 3}) = 13− 12 > 28− 28 = v2({1, 2, 3, 4})− v2({1, 3, 4}).

⊳

For network situations in which the available communication links form a tree, the

fully public and fully private case lead to convex network games.

Theorem 8.3.1 For any fully public or fully private network situation in which E is

a tree, the corresponding network game is convex.

Before we give the proof, we derive a result about the structure of optimal networks

regarding two coalitions S, T ⊆ N , with S ⊆ T .

Lemma 8.3.2 Consider a network situation where E is a tree. Let S ⊆ T ⊆ N . If

E is an optimal network for S and F is an optimal network for T , then E∪F is also

optimal for T .

Proof: Consider a network situation where E is a tree and denote the corresponding

network game by (N, v). For convenience we denote the set of optimal networks for

coalition U with respect to (8.1) by E∗(U). Let S ⊆ T ⊆ N and take E ∈ E∗(S) and

F ∈ E∗(T ). Partition E into two sets E1 and E2, such that E1 ⊆ F and E2 ⊆ E\F .

We show that E ∪ F ∈ E∗(T ), or equivalently, that E2 ∪ F ∈ E∗(T ). It follows that
∑

{i,j}⊆T :C{i,j}(E2∪F )=1

b{i,j} −
∑

{i,j}∈E2∪F

k{i,j}

=
∑

{i,j}⊆T :C{i,j}(E2)=1

b{i,j} +
∑

{i,j}⊆T :C{i,j}(F )=1

b{i,j} +
∑

{i, j} ⊆ T : C{i,j}(E2 ∪ F ) = 1,

C{i,j}(F ) = 0,

C{i,j}(E2) = 0

b{i,j}

−
∑

{i,j}∈E2

k{i,j} −
∑

{i,j}∈F

k{i,j}

= v(T ) +
∑

{i,j}⊆T :C{i,j}(E2)=1

b{i,j} +
∑

{i, j} ⊆ T : C{i,j}(E2 ∪ F ) = 1,

C{i,j}(F ) = 0,

C{i,j}(E2) = 0

b{i,j} −
∑

{i,j}∈E2

k{i,j}
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≥ v(T ) +
∑

{i,j}⊆S:C{i,j}(E2)=1

b{i,j} +
∑

{i, j} ⊆ S : C{i,j}(E1 ∪ E2) = 1,

C{i,j}(E1) = 0,

C{i,j}(E2) = 0

b{i,j} −
∑

{i,j}∈E2

k{i,j}

= v(T ) +
∑

{i, j} ⊆ S : C{i,j}(E1 ∪ E2) = 1,

C{i,j}(E1) = 0

b{i,j} −
∑

{i,j}∈E2

k{i,j}

= v(T ) + v(S)−
(

∑

{i,j}⊆S:C{i,j}(E1)=1

b{i,j} −
∑

{i,j}∈E1

k{i,j}

)

≥ v(T ).

The first and third equalities hold since E2 ∪ F is a forest, the first inequality is

true since E1 ⊆ F and S ⊆ T and the last inequality follows from the fact that

E1 ∪E2 ∈ E
∗(S). �

In particular, Lemma 8.3.2 implies that within a network situation where E is a

tree, any optimal network for a specific coalition S can be extended to an optimal

operational network for a coalition containing S. Note that with respect to the

network of Example 8.3.1 this is not the case for e.g. S = {1, 2, 3} in both the fully

public and the fully private setting.

Proof of Theorem 8.3.1: Let (N, v) be a network game corresponding to a fully

public or a fully private network situation where E is a tree. Take k ∈ N and let

S ⊆ T ⊆ N\{k}. We show that v(S ∪ {k})− v(S) ≤ v(T ∪ {k})− v(T ).

According to Lemma 8.3.2 we can take optimal operative networks E∗(S), E∗(S∪

{k}), E∗(T ), E∗(T ∪ {k}) corresponding to coalitions S, S ∪ {k}, T, T ∪ {k}, respec-

tively, such that E∗(S) ⊆ E∗(S ∪ {k}) ⊆ E∗(T ∪ {k}) and E∗(S) ⊆ E∗(T ) ⊆

E∗(T ∪ {k}).

Define the set E1 as the set of edges that is contained in E∗(S ∪ {k}) and E∗(T ),

but not in E∗(S):

E1 = {{i, j} ∈ E | {i, j} ∈ E∗(S ∪ {k})\E∗(S), {i, j} ∈ E∗(T )}.

Note that E1 ⊆ E(S) is satisfied directly in fully public but also in fully private

networks. Let E2 be the set of edges that is contained in E∗(S ∪ {k}), but not in

E∗(T ):

E2 = {{i, j} ∈ E | {i, j} ∈ E∗(S ∪ {k}), {i, j} 6∈ E∗(T )}.
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Observe that the definitions of E1 and E2 imply that E∗(S ∪ {k}) can be written as

the union of three disjoint sets, i.e.,

E∗(S ∪ {k}) = E∗(S) ∪ E1 ∪ E2. (8.2)

Next we introduce the following notation. With D1, D2 ⊆ E and {i, j} ⊆ N we

define CD1

{i,j}(D2) = 1 if the unique path between i and j in E is contained in D2 and

this path contains at least one link of D1; otherwise we set CD1

{i,j}(D2) = 0.

We first prove that

∑

{i, j} ⊆ S : C
E1

{i,j}
(E∗(S ∪ {k})) = 1

C
E2

{i,j}
(E∗(S ∪ {k})) = 0

bi,j −
∑

{i,j}∈E1

ki,j ≤ 0. (8.3)

To prove (8.3) note that the revenues to S of the network E∗(S) ∪ E1 ⊆ E(S) is

smaller than or equal to the revenues to S of E∗(S), since E∗(S) is an optimal

network. Hence, the extra revenues to S by adding E1 to E∗(S) are smaller than or

equal to zero,

∑

{i,j}⊆S:C
E1
{i,j}

(E∗(S)∪E1)=1

bi,j −
∑

{i,j}∈E1

ki,j ≤ 0. (8.4)

From equation (8.2) it follows that

{

{i, j} ⊆ S|CE1

{i,j}(E
∗(S) ∪ E1) = 1

}

=

{

{i, j} ⊆ S|CE1

{i,j}(E
∗(S ∪ {k})) = 1, CE2

{i,j}(E
∗(S ∪ {k})) = 0

}

,

which proves (8.3).

Now, we introduce the set E3, which consists of all edges in E∗(T ∪ {k}) that are

not in E∗(S ∪ {k}) and not in E∗(T ),

E3 = {{i, j} ∈ E | {i, j} ∈ E∗(T ∪ {k})\E∗(T ), {i, j} 6∈ E∗(S ∪ {k})}.

Observe that the definitions of E2 and E3 imply that E∗(T ∪ {k}) can be written

as the union of three disjoint sets,

E∗(T ∪ {k}) = E∗(T ) ∪ E2 ∪ E3. (8.5)
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Now, we have

v(S ∪ {k})− v(S)

=
∑

i∈S:C{i,k}(E∗(S∪{k}))=1

b{i,k} +
∑

{i, j} ⊆ S : C{i,j}(E∗(S ∪ {k})) = 1
C{i,j}(E∗(S)) = 0

b{i,j}

−
∑

{i,j}∈E∗(S∪{k})\E∗(S)

k{i,j}

=
∑

i∈S:C{i,k}(E∗(S∪{k}))=1

b{i,k} +
∑

{i, j} ⊆ S : C
E1

{i,j}
(E∗(S ∪ {k})) = 1

C
E2

{i,j}
(E∗(S ∪ {k})) = 0

b{i,j} −
∑

{i,j}∈E1

k{i,j}

+
∑

{i,j}⊆S:C
E2
{i,j}

(E∗(S∪{k}))=1

b{i,j} −
∑

{i,j}∈E2

k{i,j}

≤
∑

i∈S:C{i,k}(E∗(S∪{k}))=1

b{i,k} +
∑

{i,j}⊆S:C
E2
{i,j}

(E∗(S∪{k}))=1

b{i,j} −
∑

{i,j}∈E2

k{i,j}

≤
∑

i ∈ T : C{i,k}(E∗(T ∪ {k})) = 1

C
E3

{i,k}
(E∗(T ∪ {k})) = 0

b{i,k}

+
∑

{i, j} ⊆ T : C
E2

{i,j}
(E∗(T ∪ {k})) = 1

C
E3

{i,j}
(E∗(T ∪ {k})) = 0

b{i,j} −
∑

{i,j}∈E2

k{i,j}

=
∑

i ∈ T : C{i,k}(E∗(T ∪ {k})) = 1

C
E3

{i,k}
(E∗(T ∪ {k})) = 0

b{i,k} +
∑

{i, j} ⊆ T : C
E2

{i,j}
(E∗(T ∪ {k})) = 1

C
E3

{i,j}
(E∗(T ∪ {k})) = 0

b{i,j}

−
∑

{i,j}∈E2

k{i,j} +
∑

{i,j}⊆T :C{i,j}(E∗(T ))=1

b{i,j} −
∑

{i,j}∈E∗(T )

k{i,j} − v(T )

=
∑

{i,j}∈T∪{k}:C{i,j}(E∗(T )∪E2)=1

b{i,j} −
∑

{i,j}∈E∗(T )∪E2

k{i,j} − v(T )

≤ v(T ∪ {k})− v(T ),

where the first equality holds by the definition of a network game, the second equality

follows from (8.2), the first inequality holds by (8.3), the second inequality is a con-

sequence of E∗(S ∪{k}) ⊆ E∗(T ∪{k}) and the definition of E3, the third equality is

true by the optimality of E∗(T ), the fourth equality follows from from (8.5) and the

last inequality holds by the definition of a network game and the fact that E∗(T )∪E2

a feasible network is for coalition T ∪ {k}. �





Chapter 9

Processing games

9.1 Introduction

Consider a situation in which a number of jobs need to be completed. Each job

requires a certain amount of effort (i.e., it has a processing demand). Furthermore

there is a capacity constraint to process jobs. By the capacity constraint jobs cannot

be processed all at once. For each time unit a job is uncompleted it generates a fixed

cost (called the cost coefficient of the job).

The above terminology has been chosen very general in order to let several inter-

pretations fit. Jobs can involve maintenance problems, the manufacturing of prod-

ucts, computational tasks, or investments under periodic budget raises. Capacity

constraints can be induced by limited availability of labor and/or engine power, by

periodic supplies of raw material, by maximum computational speed of a computer

facility, or by budget. In these examples, effort represents performance of people

and/or machinery, or volumes of raw material, computing power or money. In all

cases, capacity means the maximum available effort per time unit. It is assumed

that for each time unit that a job is uncompleted, a fixed cost has to be paid. The

objective is to find a processing schedule, taking the capacity constraint into account,

to perform all jobs such that the total costs are minimized. There are no restrictions

on the schedule with respect to, for instance, pre-emption, semi-activeness or serial

vs. parallel planning. We have named this type of problem a processing problem

with restricted capacity or in short processing problem.

It turns out that in order to minimize costs in a processing problem with restricted

capacity, the jobs have to be performed one by one. So, until all jobs have been

completed, all capacity should be used on one job at a time. Thus, it suffices to

115
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find an optimal order on the jobs. From this observation it follows that from an

operations research point of view, processing problems with restricted capacity and

the well-known sequencing problems with one machine and the aggregated (weighted)

completion time criterium are equivalent. Applying Smith’s rule (Smith (1956), i.e.,

process the jobs in the order of decreasing urgencies, provides an optimal order on

the jobs in both problems. Here, the urgency of a job is defined to be the costs that

it generates per time unit divided by its processing demand.

In this chapter, which is based on Meertens, Borm, Quant, and Reijnierse (2004)

and Quant, Meertens, and Reijnierse (2004), we extend processing problems to sit-

uations in which a number of players, each player endowed with his own capacity,

need to complete a number of jobs. Here a job can be of interest to several players

and a player can have an interest in several jobs. As long as a job is uncompleted

it generates a fixed cost to each player who has an interest in this job. This cost,

however, may be different for each involved player.

Sequencing problems with one machine have been analyzed from a game-theoretical

perspective in several ways, starting from the basic paper of Curiel, Pederzoli, and

Tijs (1989) (cf. Curiel, Hamers, and Klijn (2002) for an overview). In this chapter we

associate games to processing situations. These games are called processing games

and differ from sequencing games. This diversion is due to three main differences be-

tween a processing and a sequencing situation. First of all, in a processing situation

players can have an interest in several jobs and two players can have an interest in

the same job, whereas in sequencing situations there is a one-to-one correspondence

between players and jobs. The second difference is that in a processing situation the

players have individual (and generally different) capacities to handle jobs, while in

a sequencing situation with one machine there are no individual capacities. In fact,

the machine processes all jobs with a constant capacity. The third difference is that

in a processing situation with restricted capacities there is no fixed initial order in

which the jobs stand in line in front of a machine. So, in a processing situation there

are no initial restrictions nor rights on the order in which players may process their

jobs. Maniquet (2003) studies a model in between: queueing problems in which there

is no fixed initial order on the jobs but, in contrast to our model, a fixed capacity to

process jobs and there is still a one-to-one correspondence between the set of players

and the set of jobs.

Let us elaborate on the way players can cooperate in processing situations with

restricted capacities. If a coalition is formed, cost savings can be made by performing
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the jobs together and by choosing a processing order that takes into account the

interest of all members of the coalition. To be more specific, the members of the

coalition have at their disposal the sum of their individual capacities in order to

complete all jobs of interest of the coalition. This situation can be modeled as a

processing problem and as a result one can easily determine an optimal schedule and

its corresponding costs.

However, the problem of minimizing the total costs is supplemented with the

problem of dividing these costs among the players involved. The latter is of a typical

game theoretical nature and in order to solve it, we analyze the complete processing

game with respect to core elements. Here, a processing game is a cooperative cost

game, in which the costs of a coalition equal the costs of an optimal schedule of its

corresponding processing problem.

In this chapter we first consider processing problems with restricted capacity.

We show that it is optimal to process the jobs one by one in an order of decreasing

urgencies. Here the urgency of a job is computed by dividing its cost coefficient by its

processing demand. Next, we introduce processing situations and their corresponding

processing games. As an example we show that maintenance problems can be modeled

as processing situations.

The main topic addressed in this chapter is the allocation of costs if the grand

coalition decides to cooperate. We construct an allocation to divide these costs which

turns out to be an element of the core of the processing game. To do so, we first

consider so-called private and pure processing situations, in which there is a one-to-

one correspondence between the set of players and the set of jobs. In the proposed

allocation each player pays the direct costs associated to his job. Furthermore, for

each job a tax has to be paid by the unique player who has an interest in this job.

The direct costs and the tax of a job are induced by the optimal order to process the

jobs. Finally, the total amount of taxes is redivided among the players proportionally

to their capacities. This means that a player with a large capacity is rewarded for

his cooperation in the grand coalition. To prove that this allocation is indeed a

core element of the corresponding processing game, we use a detour. An exchange

economy can be associated to each processing situation, in such a way that there

exists a price equilibrium that generates the given allocation. Now this allocation

is extended to a core element for games arising from private processing situations,

where each job is of interest to exactly one player, but a player can have an interest

in more than one job.
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Finally, we construct a core allocation for a general processing game with shared

interest. The underlying idea remains the same. Each player pays the direct costs

of any job of his interest and the tax that has to be paid for this job, proportionally

to the cost coefficients of all players having an interest in this job. Furthermore, the

amount of taxes is divided among the players proportionally to their capacities. To

prove that this allocation procedure yields a core element of the corresponding game

we use an induction argument on the number of jobs with shared interest. Note that

if there are no jobs with shared interest, then we have a processing situation with

private interest.

This chapter is organized as follows. In section 9.2 we formally introduce and

analyze processing problems. Section 9.3 considers processing situations and their

corresponding games. Section 9.4 analyzes private processing situations and provides

an allocation procedure that leads to a core element of the corresponding game.

Finally, section 9.5 extends the allocation procedure to obtain a core element for

arbitrary processing games.

9.2 Processing problems with restricted capacity

In a processing problem with restricted capacities, or in short processing problem,

a number of jobs need to be completed. Each job requires its own amount of effort

to be processed. This effort is called the processing demand of a job. The available

amount of effort per time unit to complete jobs is limited. For each time unit a

job is not completed a fixed cost, depending on the job, has to be paid. A schedule

indicates at each moment in time how much effort is devoted to each job. A schedule

is feasible if the capacity restriction is not violated. The objective is to find a feasible

schedule in which all jobs are processed and total costs are minimized.

Formally, a processing problem P can be described by a 4-tuple

P = 〈J, p, α, β〉.

Here, J is a finite set of jobs that need to be completed. The vector p ∈ RJ
++ contains

the processing demands or efforts of the jobs, furthermore α ∈ RJ
+ is the vector of cost

coefficients and β is a strictly positive real number denoting the maximum available

effort per time unit, or in short capacity. The costs for job j ∈ J to be uncompleted

for a period of time t equal αjt.
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Let P be a processing problem. A feasible schedule can be described by a map

F : J × R+ −→ R+, with the following properties

(i) F (j, ·) : R+ −→ R+ is weakly increasing for all j ∈ J ,

(ii)
∑

j∈J

[

F (j, t)− F (j, s)
]

≤ β(t− s) for all s, t ∈ R+ with s ≤ t.

The value F (j, t) can be interpreted as the cumulative amount of effort which has

been used for job j ∈ J up to time t ∈ R+. Property (ii) states that for each segment

[s, t] of time, the total effort spent on all jobs together is restricted linearly in the

length of the segment by the capacity constraint. F denotes the family of all feasible

schedules.

Let F be a feasible schedule and j ∈ J . The completion time Tj(F ) is defined by

Tj(F ) = inf
{

t ∈ R+ | F (j, t) ≥ pj

}

.

We allow Tj(F ) to be infinity. The objective is to find a feasible schedule such that

the sum of costs over all jobs is minimized. This minimum is expressed by

c(P ) = min
F∈F

∑

j∈J

αjTj(F ).

Observe that the minimum exists and therefore the value c(P ) is well-defined for

every processing problem P .

Example 9.2.1 A farmer has to harvest three acres with different types of crops,

say types 1, 2, and 3. The tasks require 20, 30 and 10 days of work for one man

respectively. His workforce consists of himself and 5 employees. He has contracts

with distributors to deliver the types of crop, but he is already late. Every extra

day of delay results in penalties of size 24, 30 and 6 respectively. The farmer wants

to harvest the acres in such a way that the total sum of penalties is minimal. This

problem can be modeled as the processing problem P = 〈J, p, α, β〉, with J = {1, 2, 3},

p = (20, 30, 10), α = (24, 30, 6) and β = 6.

To become familiar with feasible schedules and completion times, we consider two

different feasible schedules. In the first, all jobs are processed at the same time. In

the second, the jobs are completed one by one.
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In the first approach the capacity β is divided over the jobs proportionally to

their processing demands. After 10 days all jobs are finished simultaneously. This

approach corresponds with the schedule F1 defined as

F1(1, t) = 2t, F1(2, t) = 3t and F1(3, t) = t for all t ∈ R+.

The total costs corresponding to this schedule equal 600.

In the second approach, the jobs are finished one after another. Hence, at each

time the capacity is used to process exactly one job. If the jobs are done in the order

(123) (other orders are of course possible), the corresponding schedule F2 is

F2(1, t) =

{

6t if 6t ∈ [0, 20],
20 if 6t ≥ 20,

F2(2, t) =







0 if 6t ∈ [0, 20],
6t− 20 if 6t ∈ [20, 50],
30 if 6t ≥ 50,

F2(3, t) =







0 if 6t ∈ [0, 50],
6t− 50 if 6t ∈ [50, 60],
10 if 6t ≥ 60.

The schedule F2 induces completion times T (F2) = (20
6
, 50

6
, 10), which yield total costs

of 390. ⊳

The example above indicates that it may be profitable to use the total capacity for

exactly one job at a time. The following lemma shows that in order to minimize

aggregate costs in an arbitrary processing problem, one should indeed choose this

approach, and hence it is sufficient to consider only those feasible schedules in which

all jobs are completed one after the other.

Before we state the lemma, we introduce for each order of the jobs the corre-

sponding schedule in which the jobs are processed one by one in the given order.

Let σ ∈ Π(J) be an order. This order is considered as the order in which the jobs

in J are completed. The job at position j in the order σ is denoted by σ(j) and is

processed right after the jobs σ(1) to σ(j − 1) have been completed. In case the jobs

in J are completed in the order σ, we get as the corresponding (feasible) schedule

F σ : J × R+ −→ R+, with

F σ(σ(j), t) :=























0 if βt ≤
∑

k<j

pσ(k),

βt−
∑

k<j

pσ(k) if
∑

k<j

pσ(k) ≤ βt ≤
∑

k≤j

pσ(k),

pσ(j) if
∑

k≤j

pσ(k) ≤ βt.
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Lemma 9.2.1 Let P be a processing problem. Then,

c(P ) = min
σ∈Π(J)

∑

j∈J

αjTj(F
σ).

Proof: Let F ∈ F be an optimal schedule for P . Then Tj(F ) <∞ for all j ∈ J . Let

σ ∈ Π(J) be such that

Tσ(1)(F ) ≤ Tσ(2)(F ) ≤ . . . ≤ Tσ(|J |)(F ).

Then,

Tσ(j)(F ) ≥
1

β

j
∑

k=1

pσ(k) = Tσ(j)(F
σ)

for all j ∈ {1, . . . , |J |}. This yields that

c(P ) =

|J |
∑

j=1

ασ(j)Tσ(j)(F ) ≥

|J |
∑

j=1

ασ(j)Tσ(j)(F
σ).

Since c(P ) = min
F∈F

∑

j∈J

αjTj(F ) and F σ is a feasible schedule, it follows that c(P ) =

∑|J |
j=1 ασ(j)Tσ(j)(F

σ). Hence, c(P ) = min
σ∈P (J)

∑

j∈J

αjTj(F
σ). �

This result in fact shows that a processing problem boils down to a sequencing prob-

lem with one machine. The processing time of a job j can be found by dividing the

processing demand pj by the capacity constraint β. Therefore, the optimal schedule

can be found by applying a well-known rule (Smith’s rule): process the jobs in the

order of decreasing urgencies, in which the urgency of a job is given by
αj

pj
for all

j ∈ J .

Proposition 9.2.2 (Smith (1956)) Let P be a processing problem such that J =

{1, . . . , |J |} and assume that the jobs are numbered such that α1

p1
≥ . . . ≥

α|J|

p|J|
. Then

it is optimal to process the jobs in increasing order and

c(P ) =
1

β

|J |
∑

k=1

αk[p1 + . . . + pk].

Proof: According to Lemma 9.2.1 there exists a σ ∈ Π(J) such that

c(P ) =
∑

j∈J

αjTj(F
σ) =

1

β

|J |
∑

k=1

ασ(k)

(

∑

ℓ≤k

pσ(ℓ)

)

.
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We show that σ can be chosen to be the identity.

Assume for the time being that α1

p1
> . . . >

α|J|

p|J|
. Suppose that

ασ(k+1)

pσ(k+1)
>

ασ(k)

pσ(k)
for

a certain number k with 1 ≤ k < |J |. Let τ ∈ Π(J) be such that,

τ(k) = σ(k + 1), τ(k + 1) = σ(k), and τ(ℓ) = σ(ℓ) for all ℓ 6= k, k + 1.

By the optimality of σ we have

0 ≥
∑

j∈J

αjTj(F
σ)−

∑

j∈J

αjTj(F
τ )

=
ασ(k)

β
[

k−1
∑

ℓ=1

pσ(ℓ) + pσ(k)] +
ασ(k+1)

β
[

k−1
∑

ℓ=1

pσ(ℓ) + pσ(k) + pσ(k+1)]

−
ατ(k)

β
[

k−1
∑

ℓ=1

pτ(ℓ) + pτ(k)]−
ατ(k+1)

β
[

k−1
∑

ℓ=1

pτ(ℓ) + pτ(k) + pτ(k+1)]

=
ασ(k)

β
[
k−1
∑

ℓ=1

pσ(ℓ) + pσ(k)] +
ασ(k+1)

β
[
k−1
∑

ℓ=1

pσ(ℓ) + pσ(k) + pσ(k+1)]

−
ασ(k+1)

β
[

k−1
∑

ℓ=1

pσ(ℓ) + pσ(k+1)]−
ασ(k)

β
[

k−1
∑

ℓ=1

pσ(ℓ) + pσ(k) + pσ(k+1)]

=
1

β
[ασ(k+1)pσ(k) − ασ(k)pσ(k+1)]

> 0.

This contradiction shows that
ασ(k+1)

pσ(k+1)
≤

ασ(k)

pσ(k)
for all k ∈ {1, . . . , |J |}. By the assump-

tion that α1

p1
> . . . >

α|J|

p|J|
, σ must be the identity.

A continuity argument shows that σ still can be chosen to be the identity if we

weaken this assumption to α1

p1
≥ . . . ≥

α|J|

p|J|
. �

9.3 Processing situations and related games

In a processing situation there is a group of players, each with his own capacity.

Furthermore, there is a set of jobs in which players can have an interest. Each player

can have an interest in several jobs and a job can be of interest to more than one

player. Each job requires its own amount of effort to be processed, its so-called

processing demand. As long as a job is uncompleted, it generates costs to players

who have an interest in this job. These costs are job and player specific. Each player

faces the problem to process all jobs of his interest in such a way that his total costs
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are minimized. In doing so, the player is restricted by his own capacity. If a group

of players decides to cooperate, they bundle their capacities to process all jobs in

which at least one player of this group has an interest. Naturally, the costs of an

uncompleted job for a group of players equal the sum of costs of all players in this

group that have an interest in this job.

Formally, a processing situation with shared interest P can be described by a

5-tuple P = 〈N, J, p, A, β〉. Here, N is a finite set of players and J a finite set of

jobs. The vector p ∈ RJ
++ contains the processing demands of the jobs. The vector

β ∈ RN
++ contains the capacities with which the players are endowed. The matrix

A ∈ RN
+ × RJ

+ contains the cost coefficients of all players for all possible jobs. The

number Aij denotes the cost coefficient of player i ∈ N with respect to job j ∈ J . If

Aij = 0 then player i has no interest in job j. Note that a player can have an interest

in several jobs and a job can be of interest to more than one player. Let i ∈ N . The

set of jobs in which player i is interested is denoted by Ji = {j ∈ J | Aij > 0}.

If a coalition S ⊆ N decides to cooperate, its members have a total capacity of

β(S) :=
∑

i∈S βi available in order to construct a schedule which completes all their

jobs, such that total costs are minimized. This situation gives rise to the processing

problem

P (S) := 〈J(S), (pj)j∈J(S), (Aj(S))j∈J(S), β(S)〉,

in which J(S) denotes ∪i∈SJi, the set of all jobs which are of interest to players of S.

Moreover,
∑

i∈S Aij is the accumulative cost coefficient of coalition S for job j and is

denoted by Aj(S).

One can associate a processing game with shared interest , or in short processing

game, cP ∈ TUN to each processing situation P as follows:

cP(S) := c(P (S))

for all S ⊆ N . Hence, the value of a coalition S ⊆ N is determined by the minimal

costs in its corresponding processing problem.

As an example, we show that a processing situation with shared interest can be

derived from a maintenance problem. Suppose a network is given, connecting all

players to the root. The players are situated in the nodes of the tree. Over time the

network has deteriorated (e.g., leakage, delay because of bad roads) and the players

suffer from periodic costs. One day they decide to perform a renovation collectively.

Each edge j in the network needs a specific amount of effort pj to be renovated, e.g.,
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one worker needs pj days to fix edge j. Each player i can contribute βi workers.

Each player i suffers an amount of costs equal to Aij for each day that edge j has

not been repaired yet. Note that it is natural to assume that Aij is positive only if

edge j is along the path of node i to the root. The players have to decide in which

order the edges are repaired. The situation described can be modeled by a processing

game with shared interest cP ∈ TUN with P = 〈N, J, p, A, β〉, where N is the set of

players and J the set of edges. Let us illustrate this further by means of a numerical

example.

Example 9.3.1 Suppose we have a tree network as depicted in Figure 9.1. We

have two players and three edges, one of them used by both. The numbers beside

the edges in Figure 9.1 denote the efforts needed for renovating the edges. Hence,

p = (30, 15, 20), i.e., one worker needs pj days to repair edge j.

1 2

root

30 15

20

Figure 9.1: Tree with two players. The black nodes (including the root) are vacant.

Suppose player one contributes one worker, while player two can contribute two

workers, which means that β = (1, 2). The costs that the players suffer for each day

an edge is not yet fixed, are reflected in the following matrix

A =

(

3 0 1
0 1 2

)

.

Row i denotes the costs of player i with respect to the edges. If player one works by

himself, then he first renovates the edge which requires an effort of 30, and after that

the common edge. Since his capacity equals 1, this yields a total costs of cP({1}) =

3 · 30
1

+ 1 · 20+30
1

= 140. Similarly, the costs for player two equal cP({2}) = 2 · 20
2

+ 1 ·
15+20

2
= 371

2
. If both players decide to cooperate they can contribute three workers

for the renovations. Although the common edge does not require the highest effort,
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it is optimal to repair it first (it is of interest to both players), then the private edge

of player one and finally the private edge of player two. The total minimal joint costs

equal cP(N) = 3 · 20
3

+ 3 · 20+30
3

+ 1 · 20+30+15
3

= 912
3
. ⊳

The following proposition constitutes a basic property of processing games.

Proposition 9.3.1 Processing games are subadditive.

Proof: Let P = 〈N, J, p, A, β〉 be a processing situation and let S and T be disjoint

coalitions with optimal schedules FS and FT , respectively. Note that J(S ∪ T ) =

J(S) ∪ J(T ). It is straightforward to check that FS∪T , defined by

FS∪T (j, t) =











FS(j, t) if j ∈ J(S)\(J(S) ∩ J(T )),

FT (j, t) if j ∈ J(T )\(J(S) ∩ J(T )),

FS(j, t) + FT (j, t) if j ∈ J(S) ∩ J(T ),

is a feasible schedule for coalition S ∪ T . Hence,

cP(S ∪ T ) ≤
∑

j∈J(S∪T )

Aj(S ∪ T ) · Tj(FS∪T )

=
∑

j∈J(S)∪J(T )

(

Aj(S) + Aj(T )
)

· Tj(FS∪T )

=
∑

j∈J(S)\(J(S)∩J(T ))

Aj(S) · Tj(FS∪T ) +
∑

j∈J(T )\(J(S)∩J(T ))

Aj(T ) · Tj(FS∪T )

+
∑

j∈J(S)∩J(T )

Aj(S) · Tj(FS∪T ) +
∑

j∈J(S)∩J(T )

Aj(T ) · Tj(FS∪T )

≤
∑

j∈J(S)\(J(S)∩J(T ))

Aj(S) · Tj(FS) +
∑

j∈J(T )\(J(S)∩J(T ))

Aj(T ) · Tj(FT )

+
∑

j∈J(S)∩J(T )

Aj(S) · Tj(FS) +
∑

j∈J(S)∩J(T )

Aj(T ) · Tj(FT )

=
∑

j∈J(S)

Aj(S) · Tj(FS) +
∑

j∈J(T )

Aj(T ) · Tj(FT )

= cP(S) + cP(T ).

The first equality can be derived from S ∩ T = ∅. The second equality follows

from the definition of J(S): if j 6∈ J(S), then Aj(S) = 0 for all S ⊆ N . The

second inequality can be deduced from the fact that for all j ∈ J(S ∪ T ) we have

Tj(FS∪T ) ≤ min{Tj(FS), Tj(FT )}. �
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9.4 Processing games with private interest

An important issue is the allocation of costs if the grand coalition in a processing

situation decides to cooperate. A core allocation of the corresponding processing

game provides a stable allocation in such a way that no coalition can improve by

splitting off the grand coalition. The main question is whether we can find such a

core element to allocate the costs. To answer this question we first consider processing

situations with private interest, which means that a job is only of interest to exactly

one player.

〈N, J, p, A, β〉 is a processing situation with private interest if Ji ∩ Jk = ∅ for all

i, k ∈ N , i 6= k. Furthermore, we call 〈N, J, p, A, β〉 a processing situation with private

and pure interest , or in short a private and pure processing situation, if each job is

only of interest to exactly one player and if each player has an interest in exactly

one job. Hence, the matrix A can be transformed into a diagonal matrix. In this

case we denote for all i ∈ N the job that is of interest to player i by j(i) and the

corresponding (unique) strictly positive cost coefficient Aij(i) by αj(i). In the following

we first consider processing games with private and pure interest and then turn to

processing games with private interest.

Example 9.4.1 Reconsider the situation of Example 9.2.1. Assume that this time

the three acres are owned by three different farmers. Farmers one and two have small

farms and no employees. Farmer three has 3 employees. Each farmer has an interest

in its own acre, but no interest in the acres of the other farmers. Note that there is

a one-to-one correspondence between jobs and players, so we deal with a private and

pure processing situation.

In the processing situation P comporting with the story, the player set equals

N = {1, 2, 3} and we denote the job set by J = {j(1), j(2), j(3)}. The vector of

processing demands of the acres is given by p = (20, 30, 10), the matrix of cost

coefficients equals

A =





24 0 0
0 30 0
0 0 6





and the individual capacities of the players equal β = (1, 1, 4). Note that the jobs are

numbered in such a way that
αj(1)

pj(1)
≥

αj(2)

pj(2)
≥

αj(3)

pj(3)
. According to Proposition 9.2.2,
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the value of the grand coalition can be calculated by

cP(N) =
24 · 20

6
+

30 · (20 + 30)

6
+

6 · (20 + 30 + 10)

6
= 390.

The corresponding processing game (N, cP) is given by

S 1 2 3 12 13 23 N

cP(S) 480 900 15 990 132 228 390

Observe that cP(N)− cP({2, 3}) = 162 > 90 = cP({1, 2})− cP({2}), so the game is

not concave. Furthermore, if x ∈ C(cP), then

x1 + x3 ≤ 132,

x2 + x3 ≤ 228,

x1 + x2 + x3 = 390.

Hence, 390 + x3 = x1 + x2 + 2 · x3 ≤ 360. As a result, this yields x3 < 0. Note that

this means that player three is rewarded for his participation in every core allocation

because of his relatively large capacity. It is left to the reader to verify that the

allocation (195, 310,−115) is contained in the core C(cP). ⊳

The following theorem shows that a processing game with private and pure interest

has a non-empty core by providing an explicit core element.

Theorem 9.4.1 Let P = 〈N, J, p, A, β〉 be a private and pure processing situation.

Then the allocation x ∈ RN given by

xi =
αj(i)

β(N)

i
∑

k=1

pj(k) +
pj(i)

β(N)

[

1
2
αj(i) +

|N |
∑

k=i+1

αj(k)

]

(9.1)

−
βi

β(N)

|N |
∑

k=1

pj(k)

β(N)

[

1
2
αj(k) +

|N |
∑

ℓ=k+1

αj(ℓ)

]

(9.2)

for all i ∈ N , is an element of the core C(cP), provided that N = {1, . . . , |N |} and
αj(1)

pj(1)
≥ . . . ≥

αj(|N|)

pj(|N|)
.

Before we turn to the proof we give an interpretation of this core allocation. Since

the urgencies are in a decreasing order it is optimal for the grand coalition N to first

use the total capacity β(N) on the job of player one, then on the job of player two
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and so on. According to this schedule, the job of player i remains uncompleted for a

period of time with length 1
β(N)

∑i

k=1 pj(k). As a result the direct costs with respect

to his job are

αj(i)
1

β(N)

i
∑

k=1

pj(k). (9.3)

If player i would pay this amount (note that player i is the only player with an

interest in job j(i)), the costs are divided in an efficient way. It would not be very

fair though. A player whose job is placed at the end of the line should be compensated.

Furthermore, players who have a relatively large capacity should be rewarded. For

this reason, besides the actual costs (9.3), a tax is introduced on the jobs. The tax

of a job is paid by the player who owns this job. The tax proceeds are used to

subsidize the players with large capacities. More particularly, the sum of the tax

deposits is redivided proportionally to the capacities of the players. We now explain

the reasoning behind the explicit format of the tax deposits. At each moment in time

t, a cost-rate is introduced. The player whose job is in process must pay this rate.

The cost-rate at time t equals

∑

k∈N

αj(k) · [the proportion of job j(k) that has not been finished yet at time t].

During a period of time with length
pj(i)

β(N)
, all players use their capacities to work on

the job of interest of player i. Player i must pay αj(k)
pj(i)

β(N)
for each job j(k) that is

still waiting to be processed. This is exactly the loss of player k because of the fact

that the job of player i is processed before his own job. Additionally, player i has to

pay 1
2
αj(i)

pj(i)

β(N)
, since the mean proportion of his own job that has not been finished

yet during its processing time equals 1
2
. The sum of these amounts equals the tax

deposit τj(i) of the job of player i:

τj(i) =
pj(i)

β(N)

[

1
2
αj(i) +

|N |
∑

k=i+1

αj(k)

]

. (9.4)

Finally, the total amount of collected tax money is returned to the players, propor-

tional to their individual capacities. This yields a subsidy for player i of

βi

β(N)

|N |
∑

k=1

τj(k). (9.5)
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Subtracting expression (9.5) from the sum of the expressions (9.3) and (9.4) yields

the amount player i has to pay according to the core allocation x:

xi =
αj(i)

β(N)

i
∑

k=1

pj(k) + τj(i) −
βi

β(N)

|N |
∑

k=1

τj(k). (9.6)

The outline of the proof1 is as follows: given a processing situation with private and

pure interest, we construct an exchange economy. In this economy an (initially) empty

agenda is given. This agenda is a two-dimensional commodity. Time is one dimension,

the other one is effort per time unit. In principle, there is no time restriction. The

amount of effort per time unit is bounded by the capacity β(N) of the grand coalition.

At each moment in time, one can buy any (measurable) part of the capacity available.

Because of the two dimensions, it is customary to speak of land rather than of an

agenda. So, we consider a Debreu-type of exchange economy (Debreu (1959)) in

which each player initially owns a part of a perfectly divisible good; land. This type

of economies have been studied in e.g., Legut, Potters, and Tijs (1994). In order to

complete their jobs, players must make reservations in the agenda. Only if a player

books a block of time and effort per time unit sufficiently large to process his job, it

will be completed. A price can be chosen such that the market clears, i.e., no part of

the agenda is booked by more than one player. This gives rise to a feasible schedule

F . Clearing the market leads, as usual, to a price equilibrium, which is situated in

the core of the exchange economy. Finally, it is converted to the core element of the

processing game as given in (9.6). This ends the proof2.

Let P = 〈N, J, p, A, β〉 be a processing situation with private and pure interest. We

assume, without loss of generality, that N = {1, . . . , |N |} and that
αj(1)

pj(1)
≥ . . . ≥

αj(|N|)

pj(|N|)
. Let E(P) := 〈N, (L,B, λ), (Ei, Vi)i∈N 〉 be an exchange economy with land , in

which

• a commodity, modeled by a measure space (L,B, λ) has to be reallocated among

the group of players N . Here, L := [0, β(N)] × R+ denotes a piece of land, B

is the Borel-σ-algebra of L and λ : B −→ R+ denotes the Lebesgue-measure on

L.

1A similar technique has been used in Klijn, Tijs, and Hamers (2000) to construct core elements
of permutation games.

2So far, we have not found a direct proof.
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• each player i ∈ N has endowment Ei := [βi] × R+ in which [βi] denotes the

interval [
∑

k<i βk,
∑

k≤i βk]. Observe that
⋃

i∈N Ei = L and λ(Ei ∩ Ek) = 0 for

all i, k ∈ N with i 6= k.

• each player i ∈ N has a reservation value Vi(B) for all sets B ∈ B defined by

Vi(B) = −αj(i)Tj(B),

in which Tj(B) := inf{t ∈ R+ |
∫ t

0

∫ β(N)

0
1B(x, τ) dxdτ ≥ pj}. Here, 1B(·) is

the indicator-function of set B. Tj(B) denotes the moment of time at which

job j is finished in the case that part B of the land (agenda) is used to work

on this job. In case subset B is not sufficient, Tj(B) equals infinity. Note that

Tj(B) is also infinite when the job is completed in infinite time. However, in

the proofs it is not necessary to distinguish between these two cases, since in

optimal schedules all jobs are always completed in finite time.

• player i has a quasi-linear utility function Ui : B × R −→ R that denotes his

valuation for bundles of land and money. It is defined by

Ui(B, y) = Vi(B) + y for all B ∈ B and y ∈ R.

Let S ⊆ N be a coalition. An S-redistribution is a set {Bi}i∈S of λ-measurable

subsets of L, with
⋃

i∈S Bi ⊆
⋃

i∈S Ei and λ(Bi ∩ Bj) = 0 for all i, j ∈ S, i 6= j.

Let {Bi}i∈S be an S-redistribution and z ∈ RS such that
∑

i∈S zi = 0. Then the set

{(Bi, zi)}i∈S is called an S-reallocation.

If {(Bi, zi)}i∈N is an N -reallocation then an S-reallocation {(Ci, yi)}i∈S is called

an improvement upon {(Bi, zi)}i∈N if Ui(Ci, yi) > Ui(Bi, zi) for all i ∈ S. An N -

reallocation {(Bi, zi)}i∈N is a core allocation if no coalition S has an improvement

upon {(Bi, zi)}i∈N .

An N -reallocation {(Bi, zi)}i∈N is called a price equilibrium if there exists a price

density function π : L −→ R such that

(i) Pπ(Bi) + zi = Pπ(Ei) for all i ∈ N , (budget constraints)

(ii) If Ui(C, y) > Ui(Bi, zi) for certain C ⊆ L, y ∈ R and i ∈ N ,

then Pπ(C) + y > Pπ(Ei), (maximality conditions)

in which Pπ(B) :=
∫ ∞

0

∫ β(N)

0
1B(x, t)π(x, t) dxdt for all B ⊆ L.
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Given an exchange economy with land E(P) we define the game vE(P) ∈ TUN as

vE(P)(S) = sup
{

∑

i∈S

Vi(Ci) | {Ci}i∈S is an S-redistribution
}

for all S ⊆ N , i.e., the maximum social welfare in the sub-economy in which only

the actions of the players in coalition S are considered.

The TU-game (N, vE(P)) is in fact the TU-game 〈N,−cP〉, as the following lemma

states.

Lemma 9.4.2 vE(P)(S) = −cP(S) for all S ⊆ N .

Proof: Let S ⊆ N , say S := {i1, . . . , i|S|} with i1 < . . . < i|S|. Define, for all

k ∈ {1, . . . , |S|},

Bik =
⋃

i∈S

[βi]×
1

β(S)
[pj(ik)],

in which [pj(ik)] denotes the interval [
∑

ℓ<k pj(iℓ),
∑

ℓ≤k pj(iℓ)] with length pj(ik). Clearly,

{Bik}1≤k≤|S| is an S-redistribution. It can be interpreted as a feasible schedule for

players in S to complete their jobs. During the period of time 1
β(S)

[pj(ik)] all capacity

of coalition S is used to process job j(ik). This results in

vE(P)(S) ≥

|S|
∑

j=1

Vik(Bik) = −

|S|
∑

k=1

αj(ik)Tj(ik)(Bik)

= −

|S|
∑

k=1

αj(ik)

β(S)
[pi1 + . . . + pik ]

= −cP(S).

Since cP(S) equals the minimal amount of costs over all feasible schedules and each

S-redistribution {Cik}1≤k≤|S| corresponds to a feasible schedule, it follows that also

the converse vE(P)(S) ≤ −cP(S) is valid. �

The following lemma provides a relation between the existence of a price equilibrium

in the exchange economy E(P) and the non-emptiness of the core of the TU-game

(N, vE(P)).

Lemma 9.4.3 If {(Bi, zi)}i∈N is a price equilibrium of the exchange economy E(P),

then (Ui(Bi, zi))i∈N ∈ C(vE(P)).
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Proof: Let {(Bi, zi)}i∈N be a price equilibrium supported by the price density func-

tion π : L −→ R. We prove that (Ui(Bi, zi))i∈N ∈ C(vE(P)).

Suppose there exists a coalition S ⊆ N such that

∑

i∈S

Ui(Bi, zi) < vE(P)(S).

Let {Ci}i∈S be an S-redistribution such that vE(P)(S) =
∑

i∈S Vi(Ci) and
⋃

i∈S Ci =
⋃

i∈S Ei. Define for all i ∈ S

yi = Ui(Bi, zi)− Vi(Ci) +
1

|S|

∑

k∈S

[Vk(Ck)− Uk(Bk, zk)].

It is straightforward to verify that the S-reallocation {(Ci, yi)}i∈S is an improvement

upon the price equilibrium {(Bi, zi)}i∈N . Hence, according to the maximality condi-

tions

Pπ(Ci) + yi > Pπ(Ei) for all i ∈ S.

Taking the sum over all i ∈ S yields a contradiction. �

So, the existence of a price equilibrium in E(P) implies non-emptiness of the core of

the TU-game (N, vE(P)) = (N,−cP) and thus also non-emptiness of C(cP). Therefore,

the proof of Theorem 9.4.1 boils down to the following proposition.

Proposition 9.4.4 The exchange economy with land E(P) has a price equilibrium.

Proof: Denote for all i ∈ N the interval 1
β(N)

[
∑

k<i pj(k),
∑

k≤i pj(k)] with length
pj(i)

β(N)

as [pj(i)/β(N)] and define

µ(t) =

{

αj(i)

pj(i)
if t ∈ [pj(i)/β(N)]

0 if t > 1
β(N)

∑

i∈N pj(i).

Observe that µ : R+ −→ R+ is weakly decreasing. Let {Bi}i∈N be the N -redistribution

defined by

Bi = [0, β(N)]× [pj(i)/β(N)].

Furthermore, we define the price density function π : L −→ R by

π(x, t) =

∫ ∞

t

µ(τ)dτ.
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We prove that the N -redistribution {Bi}i∈N can be extended to a price equilibrium

supported by this price density function. To do so, we need to calculate the prices of

Ei and Bi. Let us first calculate the price of Bi for all i ∈ N . Let i ∈ N . Then

Pπ(Bi) =

∫ ∞

0

∫ β(N)

0

1Bi
(x, t)π(x, t) dxdt =

∫

[
pj(i)
β(N)

]

∫ β(N)

0

π(x, t) dxdt

=

∫

[
pj(i)
β(N)

]

∫ β(N)

0

∫ ∞

t

µ(τ) dτdxdt = β(N)

∫

[
pj(i)
β(N)

]

∫ ∞

t

µ(τ) dτdt.

Note that

∫

[
pj(i)
β(N)

]

∫ ∞

t

µ(τ) dτdt

=

∫

[
pj(i)
β(N)

]

(

∫ 1
β(N)

P
k≤i

pj(k)

t

µ(τ) dτ +

|N |
∑

k=i+1

∫

[
pj(k)
β(N)

]

µ(τ) dτ
)

dt

=

∫

[
pj(i)
β(N)

]

αj(i)

pj(i)

( 1

β(N)

∑

k≤i

pj(k) − t
)

dt +

∫

[
pj(i)
β(N)

]

|N |
∑

k=i+1

αj(k)

β(N)
dt

=
[

−
1

2

αj(i)

pj(i)

( 1

β(N)

∑

k≤i

pj(k) − t
)2

]

t∈[
pj(i)
β(N)

]
+

pj(i)

β(N)

|N |
∑

k=i+1

αj(k)

β(N)

=
1

2

1

β(N)2

αj(i)

pj(i)
(pj(i))

2 +
pj(i)

β(N)2
(αj(i+1) + . . . + αj(|N |))

=
pj(i)

β(N)2
(1

2
αj(i) + αj(i+1) + . . . + αj(|N |)). (9.7)

From equation (9.7) it follows that for all i ∈ N ,

Pπ(Bi) = β(N)

∫

[
pj(i)
β(N)

]

∫ ∞

t

µ(τ) dτdt

=
pj(i)

β(N)
(1

2
αj(i) + αj(i+1) + . . . + αj(|N |)) = τj(i).

So, for all i ∈ N the price of Bi equals the tax deposit τj(i) of his job. Similarly, it

can be derived that for every i ∈ N the price of Ei equals the subsidy for player i.
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Indeed,

Pπ(Ei) =

∫ ∞

0

∫ β(N)

0

1Ei
(x, t)π(x, t) dxdt

=

∫ ∞

0

∫

[βi]

π(x, t) dxdt

= βi

∫ ∞

0

∫ ∞

t

µ(τ) dτdt

= βi

∑

k∈N

∫

[
pj(k)
β(N)

]

∫ ∞

t

µ(τ) dτdt

= βi

∑

k∈N

pj(k)

β(N)2
(1

2
αj(k) + αj(k+1) + . . . + αj(|N |))

=
βi

β(N)

∑

k∈N

τj(k).

The fifth equality can be derived exactly along the lines of equation (9.7). Define for

all i ∈ N

zi = Pπ(Ei)− Pπ(Bi) =
βi

β(N)

∑

k∈N

τj(k) − τj(i).

Then {(Bi, zi)}i∈N is an N -reallocation which clearly satisfies the budget constraints

with respect to the price density π : L −→ R. We prove that the maximality

conditions also hold.

Suppose there exists a C ⊆ L, y ∈ R and i ∈ N such that

Ui(C, y) > Ui(Bi, zi) and Pπ(C) + y ≤ Pπ(Ei).

Because Pπ(Ei) = Pπ(Bi) + zi, these two inequalities yield

Vi(C)− Pπ(C) > Vi(Bi)− Pπ(Bi). (9.8)

By the definition of the reservation value Vi(C), Vi(C) is finite if there exists a t ∈ R
such that

∫ t

0

∫ β(N)

0
1C(x, τ) dxdτ ≥ pi. Because of inequality (9.8) Vi(C) is finite

and there exists a t∗ ∈ R such that Vi(C) = −αj(i)t
∗. Recall that the price density

function π(x, t) is weakly decreasing and does not depend on x. We can assume

without loss of generality that C = Ct∗ := [0, β(N)] × [t∗ −
pj(i)

β(N)
, t∗] since Ct∗ is the

cheapest piece of land such that Vi(C) = −αj(i)t
∗.



9.4. Processing games with private interest 135

Define the function f : [
pj(i)

β(N)
,∞) −→ R by

f(t) = Vi(Ct)− Pπ(Ct) = −αj(i)t−

∫ ∞

0

∫ β(N)

0

1Ct
(x, τ)π(x, τ)dxdτ

= −αj(i)t− β(N)

∫ t

t−
pj(i)
β(N)

∫ ∞

τ

µ(ζ)dζdτ.

Observe that f is differentiable on [
pj(i)

β(N)
,∞) and

f ′(t) = −αj(i) − β(N)[

∫ ∞

t

µ(ζ)dζ −

∫ ∞

t−
pj(i)
β(N)

µ(ζ)dζ ]

= −αj(i) + β(N)

∫ t

t−
pj(i)
β(N)

µ(ζ)dζ.

Hence, f ′ is also differentiable on [
pj(i)

β(N)
,∞) and

f ′′(t) = β(N)[µ(t)− µ(t−
pj(i)

β(N)
)] ≤ 0,

where the inequality follows from the fact that µ is weakly decreasing. So, f is a

concave function. Therefore, its maximal value is taken in the point t where f ′(t) = 0.

It is easily verified that f ′(t) = 0 if t = 1
β(N)

∑

k≤i pj(k). We conclude that

f(t) ≤ f( 1
β(N)

∑

k≤i

pj(k)) = Vi(Bi)− Pπ(Bi) for all t ∈ R+.

This contradicts equation (9.8) and as a result the N -reallocation {(Bi, zi)}i∈N is a

price equilibrium supported by the price density function π. �

The proof of Theorem 9.4.1 is now straightforward.

Proof of Theorem 9.4.1: Because the exchange economy with land E(P) has a price

equilibrium, the TU-game 〈N,−cP〉 has a non-empty core according to Lemma 9.4.2

and Lemma 9.4.3 . Hence, the cost-game 〈N, cP〉 has a non-empty core. According

to Lemma 9.4.3, the vector − (Ui(Bi, zi))i∈N , in which Bi and zi are defined for all

i ∈ N as in the proof of Proposition 9.4.4, is a core allocation of the cost-game

〈N, cP〉. Working out this vector provides the allocation x given in Theorem 9.4.1.

�

Let us return once more to the processing situation in Example 9.4.1 and calculate

the corresponding core allocation as given in Theorem 9.4.1.
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Example 9.4.2 Let P = 〈N, J, p, A, β〉 be the private and pure processing situation

with N = {1, 2, 3}, J = {j(1), j(2), j(3)}, p = (20, 30, 10), β = (1, 1, 4) and

A =





24 0 0
0 30 0
0 0 6



 .

Note that the players are numbered in such a way that
αj(1)

pj(1)
≥

αj(2)

pj(2)
≥

αj(3)

pj(3)
. Hence

the optimal order to process the jobs is (j(1), j(2), j(3)). We already stated that the

allocation (195, 310,−115) is a core allocation of the corresponding processing game.

We now show that this is the core element that arises from equation (9.6).

This allocation arises as follows. The first part consists of the direct costs of the

job of a player (expression (9.3)). The job of player one is the first one to be processed.

Hence, after a period of
pj(1)

β(N)
= 20

6
the job of player one is completed, which yields

direct costs of 24 · 20
6

= 80. Then, the job of player two is processed. It takes a period

of 30
6

to process his job and during the processing time of job one, work cannot be

done on his job. This results in direct costs of 30 · 20+30
6

= 250, paid by player two.

Similarly the directs costs of the job of player three equal 6 · 20+30+10
6

= 60. The tax

that the players have to pay is equal to (expression (9.4))

τj(1) = 20
6
[1
2
· 24 + 30 + 6] = 160,

τj(2) = 30
6
[1
2
· 30 + 6] = 105,

τj(3) = 10
6
[1
2
· 6] = 5.

For example the tax of the job of player one contains the costs arising from the fact

that during the period of time of 20
6
, when all capacity is used to process his job,

both other jobs are still waiting. Furthermore, the mean proportion of his own job

that has not been finished yet equals 1
2
, which explains the factor 20

6
[1
2
· 24]. The sum

of tax deposits equals 270. This sum is distributed among the players proportional

to their individual capacities, see expression (9.5). Hence, the players are subsidized

270(1
6
, 1

6
, 4

6
) = (45, 45, 180). The core allocation x becomes

(80 + 160− 45, 250 + 105− 45, 60 + 5− 180) = (195, 310,−115).

⊳

Observe that the direct costs as well as the tax deposits in the allocation x as given

in equation 9.6 are based on the given optimal order of decreasing urgencies. So, at

first sight, the core allocation x depends on the optimal order chosen. The following

proposition shows that this is not the case.
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Proposition 9.4.5 Let 〈N, J, p, A, β〉 be a private and pure processing situation. The

core allocation x as given by (9.6) is independent of the optimal order chosen.

Proof: Assume without loss of generality that N = {1, . . . , |N |}. Two optimal orders

can be obtained from each other by a series of switches of two adjacent jobs with equal

urgencies. It is sufficient to show that x does not change at each of these switches.

Assume that one optimal order is (j(1), . . . , j(|N |)) and that the jobs of players i and

i+1 have equal urgencies:
αj(i)

pj(i)
=

αj(i+1)

pj(i+1)
. We have to show that x and x̄ coincide, with

x and x̄ denoting the allocations which correspond to the orders (j(1), . . . , j(|N |))

and (j(1), . . . , j(i− 1), j(i + 1), j(i), j(i + 2), . . . , j(|N |)) respectively. The vectors of

taxes corresponding to these orders are denoted by τ and τ̄ respectively.

We first show that the total amount of taxes paid in both orders is the same.

Note that for players k not equal to i and i + 1, the taxes of their jobs τj(k) and τ̄j(k)

coincide. It is shown below that the sum of the taxes paid by i and i + 1 for their

jobs does not change either.

τj(i) + τj(i+1)

=
pj(i)

β(N)
(1

2
αj(i) +

|N |
∑

ℓ=i+1

αj(ℓ)) +
pj(i+1)

β(N)
(1

2
αj(i+1) +

|N |
∑

ℓ=i+2

αj(ℓ))

=
pj(i)

β(N)
(1

2
αj(i) +

|N |
∑

ℓ=i+2

αj(ℓ)) +
pj(i)

β(N)
αj(i+1) +

pj(i+1)

β(N)
(1

2
αj(i+2) +

|N |
∑

ℓ=i+2

αj(ℓ))

=
pj(i)

β(N)
(1

2
αj(i) +

|N |
∑

ℓ=i+2

αj(ℓ)) +
pj(i+1)

β(N)
αj(i) +

pj(i+1)

β(N)
(1

2
αj(i+1) +

|N |
∑

ℓ=i+2

αj(ℓ))

= τ̄j(i) + τ̄j(i+1).

The third equality follows from the fact that the jobs of player i and i + 1 have

equal urgencies. Since the total sum of amount of taxes is equal in both orders, it is

immediately clear that xk = x̄k for all k not equal to i and i + 1. We now prove that

xi = x̄i.

xi =
αj(i)

β(N)

i
∑

k=1

pj(k) + τj(i) −
βi

β(N)

|N |
∑

k=1

τj(k)

=
αj(i)

β(N)

i
∑

k=1

pj(k) +
pj(i)

β(N)
· αj(i+1) +

pj(i)

β(N)
(1

2
αj(i) +

|N |
∑

k=i+2

αj(k))−
βi

β(N)

|N |
∑

k=1

τ̄j(k)
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=
αj(i)

β(N)

i
∑

k=1

pj(k) +
pj(i+1)

β(N)
· αj(i) + τ̄j(i) −

βi

β(N)

|N |
∑

k=1

τ̄j(k)

= x̄i.

The third equality uses the fact that the jobs of player i and i + 1 have the same

urgency. In the same way it can be proved that xi+1 and x̄i+1 coincide. �

Because of this result, the allocation x is uniquely determined by α, β and p. It is

clear that x is continuous in points with just one optimal order. Proposition 9.4.5

shows that it is also continuous in points with more than one optimal order.

Corollary 9.4.6 The core allocation x is continuous in α, β and p.

Until now we only considered processing situations with private and pure interest and

provided a core allocation of the corresponding game. We now turn to processing

situations with private interest, i.e., players can have an interest in more than one

job, but a job cannot be of interest to more than one player. We show that the core

allocation given in 9.6 can be extended in a natural way to a core allocation of a

processing game of a situation with private interest.

Theorem 9.4.7 Let P = 〈N, J, p, A, β〉 be a processing situation with private inter-

est. Then x ∈ C(cP), where for all i ∈ N

xi =
∑

j∈Ji

Aij

β(N)

j
∑

k=1

pk +
∑

j∈Ji

τj −
βi

β(N)

∑

j∈J

τj , (9.9)

provided that J = {1, . . . , |J |} and A1(N)
p1
≥ . . . ≥

A|J|(N)

p|J|
.

Note that the jobs are numbered in such a way that it is optimal for the grand

coalition to process the jobs in increasing order. This allocation is an extension of

the core allocation described in 9.6. The part
Aij

β(N)

∑j

k=1 pk resembles the direct costs

of a job j ∈ J , since in the optimal schedule the job remains uncompleted for a period

of time with length 1
β(N)

∑j

k=1 pj. This costs are paid by the unique player that has

an interest in this job. Hence, a player pays the direct costs of each job in which

he has an interest. Furthermore, this player pays the taxes for all jobs in which he

has an interest. Finally, the sum of the tax deposits is redivided proportionally to

the capacities of the players. Since we deal with a processing situation with private

interest, this indeed yields an efficient allocation.
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Proof of Theorem 9.4.7: Let (N, cP) be the processing game associated to P =

〈N, J, p, A, β〉. Note that Ji∩Jk = ∅ for all i, k ∈ N with i 6= k, because we deal with

private interest. Define a new private and pure processing situation 〈J(N), J, p, Ā, β̄〉,

which we call P̄ , as follows: for each job in J a player is created. So the player set of

P̄ is J(N), with J(N) = J . Each job j ∈ J keeps its processing demand pj. The cost

coefficient matrix becomes a diagonal matrix, such that Ājj = Aij > 0 for all j ∈ J ,

in which i is the unique player such that Aij > 0. The capacity βi of a regular player

i ∈ N is split equally over all new players originating from his job set Ji, resulting in

β̄j :=
βi

|Ji|
for all i ∈ N, j ∈ Ji.

Let S ⊆ N . Then β(S) = β̄(J(S)), J(S) = J
(

J(S))
)

and for each j ∈ J(S),

Aj(N) = Āj(N). Since the processing demand of a job remains unchanged, it follows

that

cP(S) = cP̄
(

J(S)
)

. (9.10)

According to Theorem 9.4.1, the game 〈J(N), cP̄〉 has a core allocation y ∈ RJ(N),

see equation (9.6). Define x ∈ RN by xi =
∑

j∈Ji
yj for all i ∈ N . This yields exactly

the allocation x as described in equation (9.9). Since equation (9.10) is valid and

y ∈ C(cP̄), it follows that x ∈ C(cP). �

9.5 Processing games with shared interest

Let P = 〈N, J, p, A, β〉 be a processing situation with shared interest. We already

proved that there exists a core element if this is a situation with private (and pure)

interest. The ideas behind the core elements described in (9.6) and (9.9) can be

extended to obtain an allocation regarding a general situation with shared interest.

Assume without loss of generality that J = {1, . . . , |J |} and A1(N)
p1
≥ . . . ≥

A|J|(N)

p|J|

(this means that if the grand coalition cooperates, the jobs are performed in the order

(1, . . . , |J |)). The direct costs of a job j ∈ J equal
Aj(N)

β(N)

∑j

k=1 pk. In the situation of

private interest, this costs are paid by the unique player that has an interest in this

job. In a situation with shared interest, a job can be of interest to more than one

player and the direct costs are divided among those players proportionally to their

cost coefficient. In fact each player pays his personal direct costs, arising from his

own cost coefficient. Furthermore, also the taxes of a job are paid by all players who
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have an interest in this job, again this is done in a proportional way. Finally, the sum

of the tax deposits is redivided proportionally to the capacities of the players. This

results in the following allocation:

xi =
(

∑

j∈J

Aij

β(N)

j
∑

k=1

pk

)

+
(

∑

j∈J

Aij

Aj(N)
τj

)

−
βi

β(N)

∑

j∈J

τj (9.11)

for all i ∈ N . The value τj becomes for every j ∈ J

τj =
pj

β(N)
[1
2
Aj(N) +

|J |
∑

k=j+1

Ak(N)].

Note that the element x is independent on the optimal order chosen. Namely, equa-

tion (9.11) can be rewritten as

xi :=
∑

j∈J

Aij

Aj(N)

(Aj(N)

β(N)

j
∑

k=1

pk + τj

)

−
βi

β(N)

∑

j∈J

τj , (9.12)

The independence now follows immediately from the proof of Proposition 9.4.5, since

there it is shown that if another optimal order is used, the total amount of taxes paid

does not change, and neither does the term
Aj(N)

β(N)

∑j

k=1 pk + τj for each j ∈ J .

The following theorem states that this allocation is indeed an element of the core

of the corresponding processing game.

Theorem 9.5.1 Let P = 〈N, J, p, A, β〉 be a processing situation with shared interest.

Then x ∈ C(cP), with for all i ∈ N

xi =
(

∑

j∈J

Aij

β(N)

j
∑

k=1

pk

)

+
(

∑

j∈J

Aij

Aj(N)
τj

)

−
βi

β(N)

∑

j∈J

τj , (9.13)

provided that J = {1, . . . , |N |} and A1(N)
p1
≥ . . . ≥

A|J|(N)

p|J|
.

The proof of Theorem 9.5.1 is built along the following lines: first it is shown that

it is sufficient to prove that the allocation x as described in formula (9.13) is a core

allocation in case |N | = 2. Then we prove that x is an element of the core of a

processing situation for all processing situations in which |N | = 2. The second part

of the proof is given by an induction argument on the number of jobs for which both

players have a positive cost coefficient. Note that if this number equals zero, we have
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a processing situation with private interest of which a core element is already provided

in (9.9), this allocation boils down to the allocation given in (9.13). In the induction

step, a job with shared interest is split into two jobs, both with private interest. With

the help of this new processing situation on which the induction hypothesis can be

applied the result is proved.

Proof of Theorem 9.5.1: Without loss of generality we assume that J = {1, . . . , |J |}

and A1(N)
p1
≥ . . . ≥

A|J|(N)

p|J|
. Let x be the allocation as described in equation (9.13).

Step 1: in this step we show that is sufficient to prove that x is a core allocation if

|N | = 2.

Suppose that the processing situation P is such that x 6∈ C(cP). Then there exists

a coalition S ⊂ N such that x(S) =
∑

i∈S xi > cP(S). We construct a new processing

situation which we call P̄, with player set N̄ = {1, 2} and show that for this new

situation the corresponding allocation x̄ is not a core element.

Define a two person processing situation P̄ with shared interest as follows: P̄ =

〈N̄ = {1, 2}, J, p, Ā, β̄〉. The job set and the vector of processing demands remain

unchanged. Player one can be seen as a representative of coalition S and player two

as a representative of coalition N\S. The matrix of cost coefficients Ā is defined as

follows: the cost coefficient Ā1j of player one and job j equals the total cost coefficient

for coalition S: Ā1j = Aj(S). Similarly, the cost coefficient Ā2j of player two and

job j equals the total cost coefficient for coalition N\S: Ā2j = Aj(N\S). The vector

of capacities β̄ is given by β̄ = (β(S), β(N\S)). Note that the coalitions N and N̄

perform exactly the same jobs and for each job j ∈ J , Aj(N) = Āj(N̄). Hence,

the optimal orders of the processing problems coincide. The same is true for the

coalitions S and {1}, and N\S and {2}. Hence

cP(N) = cP̄(N̄), cP(S) = cP̄({1}), cP(N\S) = cP̄({2}).

Let x̄ be the allocation corresponding to P̄ (as described in (9.13)). Since Ā1j =
∑

i∈S Aij and Ā2j =
∑

i∈N\S Aij, it follows from equation (9.12) that

x(S) = x̄1,

x(N\S) = x̄2.

This indicates that x̄ is not a core allocation of the game 〈N̄ , cP̄〉. Hence, if there

exists a processing situation in which x is not a core allocation of the corresponding

game, then there exists also such a situation with only two players.
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Step 2: in this step we prove that for all processing situations with two players, the

allocation x as described in (9.13) is a core element.

Assume that N = {1, 2}. Let ℓ(P) be the number of jobs for which both players

have a strictly positive cost coefficient (i.e., ℓ(P) := |{j ∈ J | A1j > 0 and A2j > 0}|).

We prove our statement by induction on ℓ(P).

If ℓ(P) = 0 we deal with a processing situation with private interest. In this case,

x coincides with the allocation that is a core element of the corresponding processing

game according to Theorem 9.4.7.

Let k ∈ N. Assume that for each two person processing game with shared interest

for which ℓ(P) does not exceed k, x is a core element. Let P = 〈N = {1, 2}, J, p, A, β〉

be a processing situation such that ℓ(P) equals k + 1. We prove that x ∈ C(cP),

which completes the induction argument.

Let j be a job with shared interest. Without loss of generality we assume that

the processing demand of job j equals its total cost coefficient: pj = Aj(N) (this is

just a matter of scaling). So the urgency of job j equals 1. Define another processing

situation P̄ = 〈N, J̄, p̄, Ā, β〉 as follows. P̄ arises from P by splitting j into two jobs

ja and jb with private interest, both having urgency 1, like j. This yields

J̄ = {1, . . . , j − 1, ja, jb, j + 1, . . . , |J |},

p̄ = {p1, . . . , pj−1, A1j , A2j , pj+1, . . . , p|J |},

Ā =

(

A11 . . . A1(j−1) A1j 0 A1(j+1) . . . A1|J |

A21 . . . A2(j−1) 0 A2j A2(j+1) . . . A2|J |

)

.

Let x̄ be the allocation defined by equation (9.13) that corresponds to P̄. By the

induction hypothesis it holds that x̄ ∈ C(cP̄). Hence cP̄({i})−x̄i ≥ 0 for all i ∈ {1, 2}.

Note that it is sufficient to prove that cP({i})−xi ≥ cP̄({i})−x̄i, since this guarantees

that x is a core element. It is equivalent to show that

cP({i})− cP̄({i}) ≥ xi − x̄i. (9.14)

In order to prove inequality (9.14), we prove two statements:

cP({i})− cP̄({i}) ≥
A1jA2j

βi

, (9.15)

xi − x̄i =
A1jA2j

2β(N)
(9.16)

for all i ∈ {1, 2}. Inequality (9.14) immediately follows from inequality (9.15), equal-

ity (9.16) and the fact that βi < β(N).
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Proof of inequality (9.15): let i = 1. Note that the job set of player one in the new

situation can be written as J̄1 = (J1\{j}) ∪ {ja}. Let σ be the optimal order of

player one for the processing problem P ({1}) and let σ̄ be the same order as σ, but

job j is replaced by ja. This means that player one completes the jobs in the old

order σ, but instead of job j, job ja is performed. Order σ̄ is a possible order to

solve the processing problem P̄ ({1}). We compare the costs of σ with the costs of σ̄.

Since the processing demands of jobs j and ja are not equal (contrary to their cost

coefficients!), this yields a cost reduction of at least

1

β1
(pj − pja

)A1j =
1

β1
(Aj(N)− A1j)A1j =

A1jA2j

β1
.

Note that the ready times of jobs beyond j become smaller in σ̄, which yields an extra

cost reduction. Hence the value found above is a lower bound for the cost reduction.

It is possible that for player one another order becomes optimal when facing P̄ ({1}),

so

cP̄({1}) ≤ c(σ̄) ≤ cP({1})−
A1jA2j

β1

,

where c(σ̄) denotes the costs if player one performs his job in the order σ̄. A similar

argument holds for player two, which proves inequality (9.15).

Proof of inequality (9.16): jobs ja and jb have equal urgency for coalition N . Since

x does not change if jobs with the same urgency are switched, we assume that the

order corresponding to x̄ equals (1, . . . , j−1, ja, jb, j +1, . . . , |J |). Let τ̄ be the vector

of taxes corresponding with x̄. Before calculating the difference between the two

allocations, we first show that the total amount of taxes paid in the new situation,

equals the amount of taxes paid in the old situation:
∑

k∈J̄ τ̄k =
∑

k∈J τk.

Denote
∑

k>j Ak(N) by s. The following equations are valid:

τ̄k = τk for all k ∈ J̄\{ja, jb},

τ̄ja
=

A1j

β(N)
(1

2
Āja

(N) + Ājb
(N) + s)

τ̄jb
=

A2j

β(N)
(1

2
Ājb

(N) + s)

Because Āja
(N) = A1j , Ājb

(N) = A2j and pj = A1j + A2j, we have

τ̄ja
+ τ̄jb

=
1

β(N)
(1

2
A2

1j + A1jA2j + A1js + 1
2
A2

2j + A2js)
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=
1

β(N)
(1

2
(A1j + A2j)

2 + (A1j + A2j)s)

=
pj

β(N)
(1

2
pj + s) = τj .

This implies that the total amount of taxes paid does not change.

We can now calculate the difference between the two allocations x1 and x̄1, and

x2 and x̄2. Recall that

x1 =
∑

ℓ∈J

A1ℓ

β(N)

ℓ
∑

k=1

pk +
∑

k∈J

A1k

Ak(N)
τk −

β1

β(N)

∑

k∈J

τk,

x̄1 =
∑

ℓ∈J̄

Ā1ℓ

β(N)

ℓ
∑

k=1

p̄k +
∑

k∈J̄

Ā1k

Āk(N)
τ̄k −

β1

β(N)

∑

k∈J̄

τ̄k.

Since p̄ja
+p̄jb

= pj and p̄k = pk for all k ∈ J̄\{ja, jb}, the completion times of all other

jobs remain unchanged. Furthermore, recall that Ā1ja
= A1j , Ā1jb

= 0 and Ā2ja
= 0,

Ā2jb
= A2j and pj = A1j + A2j , p̄ja

= A1j and p̄jb
= A2j and τj =

Aj(N)

β(N)
(1

2
Aj(N) + s).

Hence,

x1 − x̄1 =
A1j

β(N)

j
∑

k=1

pk +
A1j

Aj(N)
τj −

Ā1ja

β(N)

ja
∑

k=1

p̄k −
Ā1ja

Āja
(N)

τ̄ja

=
A1j

β(N)
pj −

A1j

β(N)
p̄ja

+
A1j

Aj(N)
τj − τ̄ja

=
A1jA2j

β(N)
+

A1j

β(N)
(1

2
Aj(N) + s)−

Ā1ja

β(N)
(1

2
Āja

(N) + Ājb
(N) + s)

=
A1jA2j

β(N)
+

A1j

β(N)
· 1

2
(A1j + A2j)−

A1j

β(N)
(1

2
A1j + A2j)

=
A1jA2j

2β(N)
.

Similarly,

x2 =
∑

ℓ∈J

A2ℓ

β(N)

ℓ
∑

k=1

pk +
∑

k∈J

A2k

Ak(N)
τk −

β2

β(N)

∑

k∈J

τk,

x̄2 =
∑

ℓ∈J̄

Ā2ℓ

β(N)

ℓ
∑

k=1

p̄k +
∑

k∈J̄

Ā1k

Āk(N)
τ̄k −

β2

β(N)

∑

k∈J̄

τ̄k.
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Now

x2 − x̄2 =
A2j

β(N)

j
∑

k=1

pk +
A2j

Aj(N)
τj −

Ā2jb

β(N)

jb
∑

k=1

p̄k −
Ā2jb

Ājb
(N)

τ̄jb

=
A2j

β(N)
pj +

A2j

Aj(N)
τj −

Ā2jb

β(N)
(p̄ja

+ p̄jb
)− τ̄jb

=
A2j

Aj(N)
τj − τ̄jb

=
A2j

Aj(N)
(
Aj(N)

β(N)
(1

2
Aj(N) + s))−

A2j

β(N)
(1

2
Ājb

(N) + s)

=
A2j

β(N)
(1

2
(A1j + A2j) + s)−

A2j

β(N)
(1

2
A2j + s)

=
A1jA2j

2β(N)
.

This proves equation (9.16) and the theorem. �





Chapter 10

Multicriteria games

10.1 Introduction

Multicriteria games were first analyzed by Blackwell (1956). Here, contrary to clas-

sical strategic form games, players face multiple objectives and the payoffs according

to the different objectives of a player cannot be compared.

The notion of equilibrium in non-cooperative games in strategic form was intro-

duced by Nash (1951). The set of Nash equilibria can be quite large, or can contain

outcomes that are not suitable. To deal with this problem various refinements of

Nash equilibria have been provided. For example Selten (1975) introduces the notion

of perfect equilibria, i.e., equilibria that are resistent against small mistakes in the

actions of the players. Proper equilibria are introduced by Myerson (1978). These

equilibria are based on the idea that players assure that costly mistakes occur with

smaller probability than less costly mistakes. A survey can be found in Van Damme

(1987). Fiestras-Janeiro, Borm, and Van Megen (1998) study protective and prudent

behavior in non-cooperative games in strategic form. They prove that for matrix

games the set of protective equilibria coincides with the set of proper equilibria.

Shapley (1959) introduces (Pareto) equilibria for two person multicriteria games

and shows the correspondence with Nash equilibria of so-called trade-off games. Since

payoffs of different criteria cannot be compared, the set of equilibria can be quite

large, but rather surprisingly, refinements of Pareto equilibria do not receive much

attention in the literature. Borm, Van Megen, and Tijs (1999) extend the notion of

perfect equilibria to multicriteria games, prove existence and provide several char-

acterizations. They also hint at an extension of proper equilibria to a multicriteria

setting.

147
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This chapter is based on Quant, Borm, Fiestras-Janeiro, and Van Megen (2004).

In this chapter we focus on a two person setting. First of all we recall the main

aspects of equilibria in bimatrix games and multicriteria games for our use. In the

process we introduce a helpful graphical method to find all equilibria in multicriteria

games in which both players face two criteria and in which both players have two

pure strategies at their disposal.

Then, we turn to a contribution to the theory of refinements of equilibria of

multicriteria games. We analyze three extensions of the notion of proper equilibria

based on different types of domination. These types are based on pure domination

(or vector domination) and two forms of level domination, in which the strategies are

divided in different levels of best replies. It is seen that the set of proper equilibria

based on pure domination contains the set of proper equilibria of trade-off games

as a subset. Furthermore, it contains both sets of proper equilibria based on level

domination. The extensions are illustrated by means of an example, clarifying the

differences between the three types of domination.

Finally, we study an extension of protective and prudent behavior to multicriteria

games. Basically, protective and prudent strategies of a player deal with (lexico-

graphic) maximization of his worst possible payoff with respect to all pure strategy

combinations of the other player. The two concepts differ in case of inconclusiveness.

A protective strategy then also searches for minimality in terms of inclusion of the

sets of pure strategy combinations which give rise to this worst payoff, whereas a

prudent strategy aims to minimize the cardinality of the sets of pure strategy combi-

nations causing this worst payoff. We show that protective behavior coincides with

prudent behavior, and prove existence. Two examples illustrate some special aspects

of protective behavior in a zero-sum like environment and, in particular, the difference

with proper equilibria.

This chapter is organized as follows. Section 10.2 introduces the theory of Nash

equilibria in bimatrix games and (Pareto) equilibria in two person multicriteria games.

In section 10.3 we develop a graphical method to find the set of equilibria in mul-

ticriteria games in which each player has two pure strategies and faces two criteria.

Section 10.4 introduces and analyzes three types of proper equilibria in multicrite-

ria games. Finally, in section 10.5 we study protective behavior in a multicriteria

environment.
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10.2 Equilibria of multicriteria games

In this chapter we consider mixed extensions of two person finite strategic multicri-

teria games, in which player one can choose from m and player two from n pure

strategies. The sets {e1, . . . , em} and {f1, . . . fn} contain the pure strategies of play-

ers one and two respectively. Players one and two take into account r and s criteria

respectively. Let A = (A1, . . . , Ar) and B = (B1, . . . , Bs) be two vectors of real val-

ued m × n matrices in which the rows correspond to pure strategies e1, . . . , em and

the columns to pure strategies f1, . . . , fn. The matrix At (Bt) can be interpreted

as the payoff matrix of player one (two) with respect to criterium t. A two per-

son multicriteria game is described by a 4-tuple Γ = 〈∆m, ∆n, u1, u2〉. Here ∆m,

shorthand for ∆{e1, . . . , em}, denotes the set of mixed strategies of player one and

∆n (= ∆{f1, . . . , fn}) is the set of mixed strategies of player two. The (relative)

interior of e.g. ∆m is denoted by ∆̊m: it represents the set of all completely mixed

strategies. The functions u1 and u2 are the (vector) payoff functions of players one

and two. For all (p, q) ∈ ∆m ×∆n

u1(p, q) = (pA1q, . . . , pArq), u2(p, q) = (pB1q, . . . , pBsq),

or, in short notation,

u1(p, q) = pAq, u2(p, q) = pBq.

We usually describe a two person multicriteria game by Γ = 〈∆m, ∆n, A, B〉. The

set of all r × s multicriteria games of this type is denoted by MG(r × s, m× n).

We now briefly consider the classical case where both players face one criterium:

r = 1, s = 1. In this case we deal with bimatrix games. Let Γ = 〈∆m, ∆n, A, B〉 be a

bimatrix game. Then both A and B are m× n matrices. Matrices A and B contain

the payoffs of players one and two respectively for all pure strategy combinations.

Let p ∈ ∆m and q ∈ ∆n. Then (p, q) is a Nash equilibrium of Γ if

(i) pAq ≥ p̄Aq for all p̄ ∈ ∆m, and

(ii) pBq ≥ pBq̄ for all q̄ ∈ ∆n.

In a Nash equilibrium unilateral deviation does not pay. The set of all Nash equilibria

of Γ is denoted by NE(Γ).
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There are various ways to describe the set of Nash equilibria using the notions of

carriers, (pure) best reply sets and best reply functions. We first provide the necessary

definitions before we summarize the results on alternative characterizations of Nash

equilibria.

Let Γ = 〈∆m, ∆n, A, B〉 be a bimatrix game and (p, q) ∈ ∆m ×∆n be a strategy

combination. The carrier of p, q is defined as

C(p) = {i ∈ {1, . . . , m} | pi > 0},

C(q) = {j ∈ {1, . . . , n} | qj > 0}.

A strategy is a best reply of player one against q in Γ if no other strategy in ∆m

achieves a higher payoff against q. The set of pure best replies PB1(A, q) to q of

player one contains all pure strategies that are a best reply to q in Γ if player one

only considers pure strategies. Similarly, the pure best reply set PB2(B, p) of player

two can be defined. This results in

PB1(A, q) = {i ∈ {1, . . . , m} | eiAq = max
k∈{1,...,m}

ekAq},

PB2(B, p) = {j ∈ {1, . . . , n} | pBfj = max
l∈{1,...,n}

pBfl}.

The best reply set B1(A, q) of player one contains all best replies against q and

B2(B, p) contains all best replies of player two to p. Mathematically,

B1(A, q) = {p ∈ ∆m | pAq = max
p̄∈∆m

p̄Aq},

B2(B, p) = {q ∈ ∆n | pBq = max
q̄∈∆n

pBq̄}.

It can easily be deduced that

B1(A, q) = conv({ei | i ∈ PB1(A, q)}),

B2(B, p) = conv({fj | j ∈ PB2(B, p)}).

In fact the function that assigns to each q the set B1(A, q) can be viewed as the best

reply (multi)function of player one. Similarly, the function that assigns to each p the

set B2(B, p) is the best reply function of player two. Denoting the graphs of these

functions by G1 and G2 respectively, we have

G1 = {(p, q) | p ∈ PB1(A, q)},

G2 = {(p, q) | q ∈ PB2(B, p)}.

The following proposition provides some elementary characterizations of Nash equi-

libria.
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Proposition 10.2.1 Let Γ = 〈∆m, ∆n, A, B〉 be a bimatrix game and (p, q) ∈ ∆m ×

∆n. The following four statements are equivalent.

(i) (p, q) ∈ NE(Γ).

(ii) C(p) ⊆ PB1(A, q) and C(q) ⊆ PB2(B, p).

(iii) p ∈ B1(A, q) and q ∈ B2(B, p).

(iv) (p, q) ∈ G1 ∩G2.

If both players only have two pure strategies, the set of equilibria can easily be

found by drawing the graphs of the best reply functions. This is illustrated in the

following example.

Example 10.2.1 Consider the bimatrix game 〈∆2, ∆2, A, B〉 with

A =

(

0 1
1 0

)

and B =

(

1 1
1 0

)

.

The best reply curves of player one (thick line) and two (dashed line) are drawn in

Figure 10.1. The horizontal axis denotes the strategy space of player one, while the

vertical axis reflects the strategy space of player two.

As an example we construct the best reply function of player one. If player

two plays f1 with probability 1
2
, player one is indifferent between e1 and e2. If the

probability is less than a 1
2
, the best reply of player one is e1 and if the probability

larger than 1
2
, then the best reply is e2.

e1

f1

e2
f2

1
2
f1 + 1

2
f2

Figure 10.1: Best reply curves of player one (thick line) and two (dashed line).
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According to Proposition 10.2.1 the set of Nash equilibria equals the set of inter-

section points of both best reply curves. This yields

NE(Γ) = {(e2, f1)} ∪ {e1} × conv({1
2
f1 + 1

2
f2, f2}).

⊳

We now turn to the theory of equilibria in multicriteria games. Analogously to the

equilibria in bimatrix games, the (Pareto) equilibria of multicriteria games can be

described by the notion of best reply functions.

Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. Take strategies p ∈ ∆m and

q ∈ ∆n. Then p is a best reply to q (p ∈ B1(A, q)) if there is no strategy p̄ ∈ ∆m such

that pAq < p̄Aq (i.e., (pAq)t < (p̄Aq)t for all t ∈ {1, . . . r}). Similarly, q is a best

reply to p (q ∈ B2(B, p)) if there is no strategy q̄ ∈ ∆n such that pBq < pBq̄. The

strategy combination (p, q) is a (Pareto) equilibrium of Γ if p is a best reply to q and

q is a best reply to p. The set of all equilibria of Γ is denoted by E(Γ). Note that

we use the notion of strong dominance, which results in weak (Pareto) equilibria. If

both players face one criterium the set E(Γ) coincides with NE(Γ), hence the notion

of equilibria in multicriteria games is an extension of the concept of Nash equilibria

in unicriterium games.

There is a direct connection between multicriteria games and their corresponding

trade-off games in which the various criteria of each player are weighted.

Let Γ = 〈∆m, ∆n, A, B〉 ∈ MG(r × s, m× n) be a two person multicriteria game

and let λ1 ∈ ∆r, λ2 ∈ ∆s be trade-off (or weight) vectors for players one and two

respectively. Denote λ = (λ1, λ2). The unicriterium trade-off game Γ(λ) is defined as

the bimatrix game with mixed strategy spaces ∆m and ∆n and m×n payoff matrices

A(λ1), B(λ2) given by A(λ1)ij =
∑r

t=1(λ1)t(At)ij and B(λ2)ij =
∑s

t=1(λ2)t(Bt)ij .

The following theorem states that each equilibrium of a multicriteria game Γ can

be found as a Nash equilibrium of a unicriterium game, derived from Γ by using a

suitable trade-off vector.

Theorem 10.2.2 (Shapley (1959)) Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria

game. Then

E(Γ) = {(p, q) ∈ ∆m ×∆n | (p, q) ∈ NE(Γ(λ)) for some λ ∈ ∆r ×∆s)}.
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Borm, Van Megen, and Tijs (1999) provide a characterization of (Pareto) equilibrium

points in terms of carriers and efficient best reply sets. Let (p, q) ∈ ∆m × ∆n.

The set I ⊆ {1, . . . , m} is efficient for player one with respect to q in Γ if for all

strategies p ∈ ∆m with C(p) ⊆ I it holds that pAq is undominated in the polytope

P1(Γ, q) := conv({eiAq | i ∈ {1, . . .m}}) ⊂ Rr of all possible payoff vectors with

respect to q. This means that ∄ p̄ ∈ ∆m such that pAtq < p̄Atq for all t ∈ {1, . . . r}.

Note that if I ⊆ {1, . . . , m} is efficient, then each subset K ⊆ I is efficient too.

I ⊆ {1, . . . , m} is an efficient pure best reply set for player one with respect to q

in Γ if I is efficient with respect to q in Γ and there does not exist an efficient set

K ⊆ {1, . . . , m} such that I ⊆ K and I 6= K. The set of all efficient pure best reply

sets of player one with respect to q in Γ is denoted by E1(Γ, q). In the same way one

can define efficient sets and efficient pure best reply sets for player two. The following

theorem shows the connection between best replies and efficient pure best reply sets.

Theorem 10.2.3 (Borm et al. (1999)) Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria

game and (p, q) ∈ ∆m × ∆n. Then p ∈ B1(A, q) if and only if C(p) ⊆ I for some

I ∈ E1(Γ, q) and q ∈ B2(B, p) if and only if C(q) ⊆ J for some J ∈ E2(Γ, p).

Since (p, q) ∈ ∆m×∆n ∈ E(Γ) if and only if p ∈ B1(A, q) and q ∈ B2(B, p), Theorem

10.2.3 also provides a characterization of the equilibria of a multicriteria game.

10.3 Equilibria of (2× 2,2× 2) games

Consider a (2× 2, 2× 2) multicriteria game Γ = 〈∆m, ∆n, (A1, A2), (B1, B2)〉. Based

on the fact that both players have two strategies and both face only two criteria,

we can develop a graphical method to find the set of equilibria. This method uses

Theorem 10.2.3 and the best reply curves of both players with respect to each of the

single payoff matrices (A1 and A2 for player one, and B1 and B2 for player two).

As illustrated in Example 10.2.1 these best reply curves can easily be drawn in a

two-dimensional picture.

Let us first study the structure of the efficient best reply sets. Let (p, q) ∈ ∆2×∆2

Since both players face two criteria, the sets E1(Γ, q) and E2(Γ, p) contain exactly one

element. Denote these unique efficient pure best reply sets by I1(Γ, q) for player

one and I2(Γ, p) for player two. The following lemma characterizes the sets I1(Γ, q)

and I2(Γ, p) in terms of the pure best reply sets with respect to each of the criteria

separately.
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Lemma 10.3.1 Let Γ = 〈∆2, ∆2, (A1, A2), (B1, B2)〉 ∈MG(2×2, 2×2) and (p, q) ∈

∆2 ×∆2. Then

I1(Γ, q) = PB1(A1, q) ∪ PB1(A2, q), (10.1)

I2(Γ, p) = PB2(B1, p) ∪ PB2(B2, p). (10.2)

Proof: We only proof equality (10.1). Equality (10.2) can then be found by inter-

changing the roles of players one and two. We distinguish between three cases.

Case 1 : PB1(A1, q) = {1, 2} and/or PB1(A2, q) = {1, 2}. For all strategies p̄, p̃ ∈ ∆2

the payoff with respect to at least one criterium is equal. This indicates that all

strategies are undominated strategies and therefore I1(Γ, q) = {1, 2}.

Case 2 : PB1(A1, q) = PB1(A2, q) 6= {1, 2}. Assume without loss of generality that

PB1(A1, q) = PB1(A2, q) = {1}. Then for all p̄ ∈ ∆2, such that p̄ 6= e1, the following

inequalities are valid: e1A1q > p̄A1q and e1A2q > p̄A2q. Hence p̄ is dominated by e1

and I1(Γ, q) = {1}.

Case 3 : PB1(A1, q) ∩ PB1(A2, q) = ∅. Assume without loss of generality that

PB1(A1, q) = {1} and PB1(A2, q) = {2}. We show that all strategies are undomi-

nated. Let p̄ = (p̄1, 1− p̄1) ∈ ∆2 and p̃ = (p̃1, 1− p̃1) ∈ ∆2 be such that p̄ 6= p̃. There

are two possibilities:
{

p̄1A1q > p̃1A1q and p̄1A2q < p̃1A2q, if p̄1 > p̃1,
p̄1A1q < p̃1A1q and p̄1A2q > p̃1A2q, if p̄1 < p̃1.

We conclude that p̄ is undominated. The efficient pure best reply set equals I1(A, q) =

{1, 2}. �

A direct consequence of Lemma 10.3.1 and Theorem 10.2.3 is the following description

of best reply sets.

Corollary 10.3.2 Let Γ = 〈∆m, ∆n, (A1, A2), (B1, B2)〉 ∈ MG(2 × 2, 2 × 2) and

(p, q) ∈ ∆2 × ∆2. Then B1(A, q) = conv({B1(A1, q) ∪ B1(A2, q)}) and B2(A, p) =

conv({B2(B1, p) ∪ B2(B2, p)}).

Corollary 10.3.2 provides the tools to draw the graphs of the best reply functions.

First one draws for each player the best reply functions with respect to each single

criterium. Next, one determines the best reply function for the multicriteria game as

follows from Corollary 10.3.2. Finally the intersection points of the graphs of the best

reply functions yield the Pareto set of equilibria. This graphical method is illustrated

in the following example.
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Example 10.3.1 Consider the multicriteria game Γ = 〈∆2, ∆2, (A1, A2), (B1, B2)〉

with

A = (A1, A2) =

((

0 1
1 0

)

,

(

1 0
0 3

))

,

and

B = (B1, B2) =

((

1 1
1 0

)

,

(

1 0
0 1

))

.

The best reply curves of player one can be found in Figure 10.2. The first picture is

the best reply curve with respect to A1, the second with respect to A2 and the third

with respect to A. Note that for each q the best replies of player one, taking into

account both criteria, can be found by taking all convex combinations of best replies

with respect to q for each criterium separately. In a similar way the best reply curves

of player two are drawn in Figure 10.3.

e1

f1

e2
f2

1
2

e1

f1

e2
f2

2
3

e1

f1

e2
f2

1
2

2
3

Figure 10.2: Best reply functions of player one.

e1

f1

e2
f2 e1

f1

e2
f2

1
2

e1

f1

e2
f2

1
2

Figure 10.3: Best reply multifunctions of player two.

The set of equilibrium points coincides with the intersection of the graphs of the

best reply functions of players one and two. This is illustrated in Figure 10.4. The
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e1

f1

e2
f2

2
3
f1 + 1

3
f2

1
2
f1 + 1

2
f2

1
2
e1 + 1

2
e2

Figure 10.4: Equilibria of Γ.

set of equilibria equals

E(Γ) = conv({1
2
e1 + 1

2
e2, e2})× conv({1

2
f1 + 1

2
f2, f2}) ∪

conv({1
2
e1 + 1

2
e2, e2})× conv({f1,

2
3
f1 + 1

3
f2}) ∪

{e2} × conv({1
2
f1 + 1

2
f2,

2
3
f1 + 1

3
f2}) ∪ conv({e1,

1
2
e1 + 1

2
e2})× {f1} ∪

{e1} × conv({f1,
2
3
f1 + 1

3
f2}) ∪ {e1} × conv({1

2
f1 + 1

2
f2, f2}).

⊳

10.4 Proper equilibria

Borm et al. (1999) introduce perfect equilibria of multicriteria games, generalizing the

notion of perfect Nash equilibria introduced by Selten (1975). Let Γ = 〈∆m, ∆n, A, B〉

be a two person multicriteria game. Take ε > 0. A strategy combination (p, q) ∈

∆̊m × ∆̊n is called an ε-perfect pair if there exists an I ∈ E1(Γ, q) and a J ∈ E2(Γ, p)

such that pi ≤ ε, for all i 6∈ I and qj ≤ ε for all j 6∈ J .

A strategy combination (p, q) is a perfect equilibrium of Γ if there exists a se-

quence {εt}
∞
t=1 ⊂ (0,∞) converging to zero and a sequence {(pt, qt)}∞t=1 ⊂ ∆̊m × ∆̊n

converging to (p, q), such that (pt, qt) is an εt-perfect pair for all t.

Another refinement of Nash equilibria is the set of proper equilibria, introduced

in Myerson (1978). Let Γ = (∆m, ∆n, A, B) be an m × n bimatrix game, i.e., Γ ∈

MG(1 × 1, m× n). Take ε ∈ (0, 1). Then a strategy combination (p, q) ∈ ∆̊m × ∆̊n

is an ε-proper pair if for all i, k ∈ {1, . . . , m}, j, l ∈ {1, . . . , n} we have

eiAq < ekAq ⇒ pi ≤ εpk,

pBfj < pBfl ⇒ qj ≤ εql.
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A strategy combination (p, q) ∈ ∆m ×∆n is a proper equilibrium of Γ if there exist a

sequence {εt}
∞
t=1 of positive numbers converging to zero and a sequence {(pt, qt)}∞t=1

of completely mixed strategy combinations converging to (p, q) such that (pt, qt) is

an εt-proper pair for all t ∈ N. The set of all proper equilibria of Γ is denoted by

PR(Γ).

The idea behind proper equilibria is that costly mistakes occur with relatively

smaller probabilities than less costly mistakes, whereas in perfect equilibria mistakes

are not compared at all. Note that in unicriterium games any two pure strategies

can be compared and as a consequence the set of pure strategies can be partitioned

into well-defined levels of quality, given a strategy of the opponent. In a multicriteria

environment we do not have this completeness. There are several options on how to

deal with this. We introduce three types of proper equilibria in multicriteria games

each based on another way of comparing pure strategies. To do so, we first introduce

some terminology.

Let Γ = 〈∆m, ∆n, A, B〉 ∈ MG(r × s, m × n) and take q ∈ ∆n. The first level

of best replies of player one against q is the set of all pure strategies contained in

some efficient pure best reply set with respect to q. The t-th level of best replies

is constructed by considering the best replies with respect to q taking into account

all strategies that are not in the first t − 1 levels. Formally this boils down to the

following definition.















M1(q) := {1, . . . , m}, m1(q) := m
Γ1

1(q) := Γ = 〈∆m, ∆n, A, B〉
E1

1 (Γ, q) := E1(Γ
1
1(q), q)

L1
1(q) := {i ∈M1(q) | i ∈ I for some I ∈ E1

1 (Γ, q)},

recursively, for each t ∈ N, t ≥ 2:















M t(q) := M t−1(q)\Lt−1
1 (q), mt(q) := |M t(q)|

Γt
1(q) := 〈∆mt(q), ∆n, A

t, Bt〉
E t

1(Γ, q) := E1(Γ
t
1(q), q)

Lt
1(q) := {i ∈M t(q) | i ∈ I for some I ∈ E t

1(Γ, q)}.

Here ∆mt(q) = ∆({ei}i∈M t(q)) is the restricted mixed strategy space and At and Bt

are the corresponding vectors of mt(q)× n submatrices of the vectors of matrices A

and B corresponding to the rows in M t(q). Note that there is a unique z ∈ N such

that Mz(q) 6= ∅ and Mz+1(q) = ∅. In the same way one can define N t(p), nt(p),

Γt
2(p), E t

2(Γ, p) and Lt
2(p) for all p ∈ ∆m.
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Let ε ∈ (0, 1) and Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. The completely mixed

strategy combination (p, q) ∈ ∆̊m × ∆̊n is

• a pure domination ε-proper pair of Γ if for all i, k ∈ {1, . . . , m} such that

eiAq < ekAq it holds that pi ≤ εpk and if for all j, l ∈ {1, . . . , n} such that

pBfj < pBfl it holds that qj ≤ εql.

• a level domination ε-proper pair if for all i ∈ Lt
1(q): if there is a p̄ ∈ ∆m and

I ∈ E t−1
1 (Γ, q) with C(p̄) ⊆ I such that eiAq ≤ p̄Aq, then pi ≤ εpk for all k ∈ I

and if for all j ∈ Lt
2(p): if there is a q̄ ∈ ∆n and J ∈ E t−1

2 (Γ, p) with C(q̄) ⊆ J

such that pBfj ≤ pBq̄, then qj ≤ εql for all l ∈ J .

• a level ε-proper pair if for all i, k ∈ {1, . . . , m}: if i ∈ Lt
1(q) and k ∈ Lt−1

1 (q),

then pi ≤ εpk and if for all j, l ∈ {1, . . . , n}: if j ∈ Lt
2(p) and l ∈ Lt−1

2 (p), then

qj ≤ εql.

We now introduce three types of proper equilibria in multicriteria games. The

differences between the three types of proper equilibria are due to the different no-

tions of domination between pure strategies used. The first type of proper equilibria

is based on standard vector domination in all coordinates (criteria), this leads to

pure domination proper equilibria. In the second type of domination a strategy ei

dominates ek, if ei is contained in an efficient pure best reply set of a lower level

such that there exist a mixed strategy (with carrier within this pure best reply set)

such that ek is dominated in all coordinates by this mixed strategy. This second

type of proper equilibria is called level domination proper equilibria. Finally, in the

third type of domination a strategy of a higher level is dominated by all strategies of

lower levels. This leads to level proper equilibria. Note that in unicriterium games all

three concepts of domination coincide. The idea of level proper equilibria is briefly

mentioned in Borm et al. (1999).

Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. The strategy combination

(p, q) ∈ ∆m × ∆n is a pure domination proper equilibrium of Γ if (p, q) is a perfect

equilibrium of Γ and there exists a sequence {εt}
∞
t=1 ⊂ (0, 1) converging to zero and a

sequence {(pt, qt)}∞t=1 ⊂ ∆̊m×∆̊n converging to (p, q), such that (pt, qt) is a dominated

εt-proper pair for all t. Similarly the strategy combination (p, q) ∈ ∆m×∆n is a level

domination proper (level proper) equilibrium of Γ if (p, q) is a perfect equilibrium of

Γ and there exists a sequence {εt}
∞
t=1 ⊂ (0, 1) converging to zero and a sequence
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{(pt, qt)}∞t=1 ∈ ∆̊m × ∆̊n converging to (p, q), such that (pt, qt) is a level domination

(level proper) εt-proper pair for all t.

The set of pure domination proper equilibria of a multicriteria game Γ is denoted

by PDP (Γ). The sets of level domination proper equilibria and level proper equilibria

are denoted by LDP (Γ) and LP (Γ) respectively.

Proposition 10.4.1 Let Γ be a multicriteria game. Then LP (Γ) ⊆ LDP (Γ) ⊆

PDP (Γ).

Proof: It suffices to note that each level ε-proper pair is a level domination ε-proper

pair and each level domination ε-proper pair is a pure domination ε-proper pair. �

In the following theorem it is shown that the set of pure domination proper equilibria

contains the set of proper equilibria of all trade-off games.

Theorem 10.4.2 Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. Then we have

that

{(p, q) ∈ ∆m ×∆n | ∃λ ∈ ∆r ×∆s : (p, q) ∈ PR(Γ(λ))} ⊆ PDP (Γ).

Proof: Let λ = (λ1, λ2) ∈ ∆r × ∆s and (p, q) ∈ PR(Γ(λ)). We first show that

(p, q) ∈ PE(Γ). This follows immediately from Theorem 5.3 in Borm et al. (1999)

and the fact that in unicriterium games the set of proper equilibria is contained in

the set of perfect equilibria.

Furthermore, since (p, q) is a proper equilibrium in the unicriterium game Γ(λ),

there exist sequences {εt}
∞
t=1 ⊂ (0, 1) and {(pt, qt)}∞t=1 ⊂ ∆̊m × ∆̊n such that

limt→∞ εt = 0 and limk→∞(pt, qt) = (p, q) and (pt, qt) is εt-proper in Γ(λ) for all t ∈ N.

Let t ∈ N and let i, k ∈ {1, . . . , m} be such that

eiAqt < ekAqt.

Clearly we are finished if we can show that pt
i ≤ εtp

t
k.

Since λ1 ≥ 0 it is true that

eiA(λ)qt =
r

∑

d=1

(λ1)deiAdq
t

<
r

∑

d=1

(λ1)dekAdq
t

= ekA(λ)qt.
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From the fact that (pt, qt) is εt-proper in Γ(λ) it then follows that

pt
i ≤ εtp

t
k.

�

Now the existence of pure domination proper equilibria easily follows from the exis-

tence of proper equilibria in unicriterium games as proved in Myerson (1978).

Corollary 10.4.3 For every multicriteria game, the set of pure domination proper

equilibria is non-empty1.

The following example illustrates the differences between the three concepts of proper-

ness.

Example 10.4.1 Consider a (2× 1, 5× 4) multicriteria game Γ with payoff matrix

A and B given by

A =













(2, 3) (2, 3) (2, 3) (2, 3)
(0, 3) (0, 3) (0, 3) (0, 3)
(6, 0) (6, 0) (6, 0) (6, 0)
(3, 2) (3, 2) (3, 2) (3, 2)
(2, 1) (2, 1) (2, 1) (2, 1)













,

and

B =













1 1 1 1
2 0 1 1
1 1 0 1
0 2 2 0
1 1 1 2













,

respectively. Note that the vector payoff of player one is independent on the strategy

chosen by player two. The set of possible payoff vectors of player one, conv({eiAq |

i ∈ {1, . . . , 5}}), does not depend on q and is drawn in Figure 10.5. From this figure

it is immediately clear that for all q ∈ ∆4 the set of first level efficient pure best

reply sets is given by E1
1 (Γ, q) = {{1, 2}, {1, 3}}, second, that E2

1 (Γ, q) = {{4}} and

1We conjecture that the sets of level domination proper and level proper equilibria are non-empty
as well.
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E3
1 (Γ, q) = {{5}}. It can easily be verified that the set of perfect equilibria equals the

set of Nash equilibria:

E(Γ) = conv({e1, e3})× conv({f1, f2, f4}) ∪

conv({e1, e2})× {f1} ∪

{e1} × conv({f1, f2, f3, f4})

= PE(Γ).

To find all pure domination proper equilibria, note that the strategy e5 of player one is

strictly dominated by e4. Let ε > 0 and (p, q) a pure domination ε-proper pair. For ε

sufficiently small it holds that f4 is dominated by at least one strategy: pBf1 > pBf4

or pBf2 > pBf4, (or both), from which it follows that for a pure domination proper

equilibrium (p, q) it holds that q4 = 0. By choosing suitable sequences, one can show

that all remaining equilibria are pure domination proper. Therefore the set of all

pure domination proper equilibria equals

PDP (Γ) = conv({e1, e3})× conv({f1, f2}) ∪

conv({e1, e2})× {f1} ∪

{e1} × conv({f1, f2, f3}).

To find all level domination proper equilibria, note that for all q ∈ ∆4, e4 is

dominated by p̄ = 7
10

e1 + 3
10

e3 and the carrier of p̄ equals {1, 3}. Hence if (p, q) is a

level domination ε-proper pair, then it holds that p5 ≤ εp4, p4 ≤ εp1, p4 ≤ εp3. It

follows that pBf3 < pBf1 for small ε. If p2 = p4, both f1 and f2 are best replies.

The set of level domination proper equilibria becomes

LDP (Γ) = conv({e1, e3})× conv({f1, f2}) ∪

conv({e1, e2})× {f1} ∪

{e1} × conv({f1, f2}).

Suppose (p, q) is a level ε-proper pair. Then the following inequalities are true

p5 ≤ εp4 and p4 ≤ εpk, with k ∈ {1, 2, 3}. Consequently pBf2 < pBf1, pBf3 < pBf1,

pBf4 < pBf1 and the set of level proper equilibria is given by

LP (Γ) = conv({e1, e3})× {f1} ∪ conv({e1, e2})× {f1}.
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0 1 2 3 4 5 6
0

1

2

3
e2 e1

e4

e5

e3

Figure 10.5: Possible payoff vectors of player one (independent on player two’s strat-
egy choice).

10.5 Protective behavior

Protective and prudent strategies for mixed extensions of finite games are introduced

in Fiestras-Janeiro et al. (1998). Generally speaking a protective strategy of a player

maximizes his worst possible payoff with respect to all pure strategy combinations of

the other players. In case of inconclusiveness it also searches for minimality in terms

of inclusion of the sets of pure strategy combinations which give rise to this worst

payoff. A prudent strategy also maximizes the worst possible payoff with respect

to all pure strategy combinations of the other players, but on the secondary level it

aims to minimize the cardinality of the sets of pure strategy combinations causing

this worst payoff.

Fiestras-Janeiro et al. (1998) show that the notions of prudent and protective are

in fact equivalent and prove existence. Moreover, it turns out that for matrix games

the set of protective strategy combinations coincides with the set of proper equilibria.

In this section we introduce protective and prudent strategies for our setting of

(two-person) multicriteria games. Let θ : Ru → Ru be the map that assigns to any

z ∈ Ru the vector θ(z) which orders the coordinates of z in a weakly increasing order.

Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game and p̄ ∈ ∆m. The pure strategies

of player two are compared on the basis of a worst case scenario taking all criteria

into account with equal importance. Hence the payoffs corresponding to the several

criteria are ordered in a weakly increasing order and then compared by using the

lexicographic ordering (�L). Recursively, we define the vector at(p̄) ∈ Rr and the

sets Zt(p̄) and J t(p̄) by
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(i) for t = 1,

Z1(p̄) = {z ∈ Rr | there is a k ∈ {1, . . . , n} such that p̄Afk = z

and such that θ(p̄Afk) �L θ(p̄Afj) for all j ∈ {1, . . . , n}}

a1(p̄) = 2 θ(z) for all z ∈ Z1(p̄), and

J1(p̄) = {j ∈ {1, . . . , n} | p̄Afj ∈ Z1(p̄)}.

(ii) for t > 1,

Zt(p̄) = {z ∈ Rr | there is a k ∈ {1, . . . , n}\ ∪t−1
l=1 J l(p̄) such that

p̄Afk = z and such that θ(p̄Afk) �L θ(p̄Afj) for all

j ∈ {1, . . . , n}\ ∪t−1
l=1 J l(p̄)}

at(p̄) = θ(z) for all z ∈ Zt(p̄), and

J t(p̄) = {j ∈ {1, . . . , n} | p̄Afj ∈ Zt(p̄)}.

If Zt(p̄) = ∅, then J t(p̄) = ∅ and we define at(p̄) = (∞, . . . ,∞). Similarly one can

define the vector bt(q̄) ∈ Rs and the sets Zt(q̄) and I t(q̄).

Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. Let p̄, p ∈ ∆m. We say that p̄

protectively dominates p, in notation, p̄ ≻pro p, if there exists an l ∈ N such that

(i) at(p̄) = at(p) and J t(p̄) = J t(p) for all t ∈ N, t < l, and

(ii) al(p̄) ≻L al(p) or, both al(p̄) = al(p) and J l(p̄)  J l(p).

A mixed strategy p ∈ ∆m is called protective for player one in Γ if there does not

exist a mixed strategy p̄ ∈ ∆m such that p̄ ≻pro p. In a similar way one can define

protective strategies for player two.

Even though the protective dominance relation need not be complete, the lemma

10.5.1 reveals that a protective strategy is dominant, up to payoff equivalence, with

respect to the relation ≻pro. Here, two strategies are payoff equivalent if they yield

the same payoff with respect to all criteria and all pure strategies of the other player.

For this we first need a technical lemma.

2Note that this vector is well-defined, since θ(z) = θ(z̄) for all z̄ ∈ Z1(p̄)
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Lemma 10.5.1 Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. Consider p̄, p ∈

∆m and define p̂ = αp̄ + (1− α)p for some α ∈ (0, 1). Moreover, let j ∈ {1, . . . , n}

be such that p̄Afj 6= pAfj. Then either θ(p̂Afj) ≻L θ(p̄Afj) or θ(p̂Afj) ≻L θ(pAfj).

Proof: Assume without loss of generality that θ(p̄Afj) ≥L θ(pAfj), so we have to

prove that θ(p̂Afj) ≻L θ(pAfj).

The proof is by induction on r. If r = 1, then p̄Afj > p̂Afj > pAfj and we are

done. Suppose that r > 1 and that the statement holds for games in which player

one has less than r criteria. We have

min
i∈{1,...,r}

{(p̂Afj)i} = min
i∈{1,...,r}

{(αp̄Afj + (1− α)pAfj)i}

≥ α min
i∈{1,...,r}

{(p̄Afj)i}+ (1− α) min
i∈{1,...,r}

{(pAfj)i}

≥ min
i∈{1,...,r}

{(pAfj)i}.

If one of the inequalities is strict, we find in particular θ(p̂Afj) ≻L θ(pAfj).

The first inequality is tight if and only if

argmin
i∈{1,...,r}

{(p̂Afj)i} = argmin
i∈{1,...,r}

{(p̄Afj)i} ∩ argmin
i∈{1,...,r}

{(pAfj)i}.

The second inequality is tight if and only if

min
i∈{1,...,r}

{(p̄Afj)i} = min
i∈{1,...,r}

{(pAfj)i}.

So in the case of two equalities, there exists a criterium k ∈ argmini∈{1,...,r}{(p̂Afj)i}

with (p̂Afj)k = (p̄Afj)k = (pAfj)k. Criterium k is does not distinguish at all when

deciding which of the vectors is lexicographically worst. Hence, we might as well

leave this criterium out and then apply the induction argument. �

Lemma 10.5.2 Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. Let p̄ be a protec-

tive strategy for player one and let p ∈ ∆m. Then, either p̄ and p are payoff equivalent

for player one or p̄ ≻pro p.

Proof: Suppose that p̄ and p are not payoff equivalent and that p̄ does not protec-

tively dominate p. Let α ∈ (0, 1) and define p̂ := αp̄ + (1 − α)p. It is shown below

that the strategy p̂ protectively dominates p̄, yielding a contradiction.

Because of our assumptions, there exists an l ∈ N such that

at(p̄) = at(p) and J t(p̄) = J t(p) for all t ∈ N, t < l, and (10.3)

al(p̄) = al(p), J l(p̄) \ J l(p) 6= ∅ and J l(p) \ J l(p̄) 6= ∅. (10.4)
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We first prove that for all j ∈ J t(p̄), with t < l it holds that p̄Afj = pAfj and hence

p̄Afj = pAfj = p̂Afj . Suppose this does not hold: pick the smallest t < l for which

we can find j ∈ J t(p̄) = J t(p) such that p̄Afj 6= pAfj. Since j ∈ J t(p) = J t(p̄),

it holds that θ(pAfj) = θ(p̄Afj). It follows from Lemma 10.5.1 that θ(p̂Afj) ≻L

θ(p̄Afj) = θ(pAfj). Let k ∈ {1, . . . , n}\ ∪t
ℓ=1 J ℓ(p̄). Then θ(p̄Afk) ≻L at(p̄), and

θ(pAfk) ≻L at(p) = at(p̄). Using Lemma 10.5.1 yields θ(p̂Afk) ≻L at(p̄). Clearly for

all u < t: au(p̂) = au(p̄), and Ju(p̂) = Ju(p̄) = Ju(p). Furthermore at(p̂) ≻L at(p̄) or

at(p̂) = at(p̄) and J t(p̂) ⊂ J t(p̄) (since j ∈ J t(p̄), but j 6∈ J t(p̂)). We can conclude

that p̂ ≻pro p̄, yielding a contradiction.

Similarly, for all j ∈ J l (p̄) ∩ J l (p) we have p̄Afj = pAfj as well.

There are now two cases: J l(p̄)∩J l(p) = ∅ and J l(p̄)∩J l(p) 6= ∅. Assume first that

J l(p̄)∩ J l(p) = ∅. Take j ∈ J l(p̄), then there is a u > l such that j ∈ Ju(p). Because

of Lemma 10.5.1, θ(p̂Afj) ≻L θ(p̄Afj) = al(p̄). Let j ∈ Ju(p̄), with u > l. Then

θ(p̄Afj) ≻L al(p̄) and θ(pAfj) �L al(p̄). Applying Lemma 10.5.1 gives θ(p̂Afj) ≻L

al(p̄). We can conclude that

θ(p̂Afj) ≻L al(p̄) (10.5)

for all j ∈ {1, . . . , n}\ ∪l−1
k=1 Jk(p). Hence, al(p̂) ≻L al(p̄) and p̂ ≻pro p̄.

Now assume J l(p̄) ∩ J l(p) 6= ∅. Then there is also a level of p̂ with the same

vector value, since for all j ∈ J l(p̄) ∩ J l(p) 6= ∅, it holds that θ(p̂Afj) = θ(p̄Afj) =

θ(pAfj) = al(p̄). As we have seen before it follows from Lemma 10.5.1 that for all

j 6∈ ∪l
t=1(J

t(p̄) ∩ J t(p))

θ(p̂Afj) ≻L al(p̄).

Hence al(p̂) = al(p̄) and J l(p̂) $ J l(p̄). So p̂ ≻pro p̄, establishing a contradiction. �

Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game and p, p̄ ∈ ∆m. We say that p̄

prudently dominates p, in notation, p̄ ≻pru p, if there exists an l ∈ N such that

(i) at
1(p̄) = at

1(p) and |J t(p̄)| = |J t(p)| for all t ∈ N, t < l, and

(ii) al
1(p̄) ≻L al

1(σ) or both al
1(σ̄) = al

1(σ) and
∣

∣J l(p̄)
∣

∣ <
∣

∣J l(p)
∣

∣.

A mixed strategy p ∈ ∆m is called prudent for player one in Γ if there does not exist

a mixed strategy p̄ ∈ ∆m such that p̄ ≻pru p.

Notice that any prudent strategy is also protective, since if a strategy is protec-

tively dominated, it is also prudently dominated by the same strategy. The following

lemma proves the converse by means of Lemma 10.5.2.
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Lemma 10.5.3 In any multicriteria game, a mixed strategy for player one is pro-

tective if and only if it is prudent.

Proof: Let Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. It remains to prove that

any protective strategy is also prudent. Let p ∈ ∆m be a protective strategy and

suppose p is not a prudent strategy. Then, by definition, there exists a strategy p̄

such that p̄ ≻pru p. This means that p and p̄ are not payoff equivalent. By Lemma

10.5.2, p ≻pro p̄, from which follows that p ≻pru p̄. This is a contradiction. �

The following theorem guarantees the existence of a prudent (protective) strategy

combination in any two person multicriteria game.

Theorem 10.5.4 Every multicriteria two-person game has at least one prudent strat-

egy combination.

Proof: It suffices to prove the existence of a prudent strategy for player one. Let

Γ = 〈∆m, ∆n, A, B〉 be a multicriteria game. Define the sets

M1 = {p ∈ ∆m | a
1(p) �L a1(p̄) for every p̄ ∈ ∆m},

P 1 = {p ∈ M1 | |J1(p)| ≤ |J1(p̄)| for any p̄ ∈M1}, and

for every t > 1,

M t = {p ∈ P t−1 | at(p) �L at(p̄) for every p̄ ∈ P t−1}, and

P t = {p ∈M t | |J t(p)| ≤ |J t(p̄)| for any p̄ ∈M t}.

It follows from Lemma 10.5.1 that M1 and P 1 are non-empty closed, convex sets.

By induction it follows that M t 6= ∅, P t 6= ∅ and closed and convex for any t ∈ N.

Moreover, for every p, p̄ ∈ M t we have at
1 (p) = at

1 (p̄) and for every p, p̄ ∈ P t it

holds that al(p) = al(p̄) and |J l(p̄)| = |J l(p)|, for all l ∈ {1, . . . , t}. Since player two

has finitely many pure strategies, there exists an s ∈ N such that for all p ∈ P s:

∪s
l=1J

l(p) = {1, . . . , n} and |Js(p)| > 0. Note that for all l > s, P l = P s, al(p) =

(∞, . . . ,∞) and J l(p) = ∅ for all p ∈ P l. By definition the set P s is precisely the set

of prudent strategies for player one. �

In the following two examples the notion of protective strategy combinations is

illustrated in a zero-sum like environment. In the first example it is shown that

in a game with a large set of equilibria protectiveness picks the intuitively logic

strategic combination. In the second example it is shown that a protective strategy

combination need not necessarily be a (Pareto) equilibrium.
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Example 10.5.1 Consider the two person multicriteria game (∆2, ∆2, A, B), where

B = −A and

A =

(

(0, 1) (1, 0)
(1, 0) (0, 1)

)

The set of Pareto equilibria equals ∆2 × ∆2, so each strategy combination is an

equilibrium. Let p̄ = (p, 1 − p), with p ∈ [0, 1] be a strategy of player one. Then

θ(p̄Af1) = θ(p̄Af2) = (p, 1− p) if p ≤ 1
2

and θ(p̄Af1) = θ(p̄Af2) = (1− p, p) if p ≥ 1
2
.

Hence for player one, only the strategy
(

1
2
, 1

2

)

is protective. Obviously,
(

1
2
, 1

2

)

is also

the only protective strategy of player two. ⊳

Example 10.5.2 Consider the two person multicriteria game (∆2, ∆2, A, B), where

A =

(

(0, 0) (3,−2)
(1, 1) (5,−3)

)

and B =

(

0 −3
−1 −5

)

.

Clearly, the only protective strategy of player one is e1. the only protective strategy

of player two is f1. The unique protective strategy combination (e1, f1) is not an

equilibrium, since player one can deviate to e2, achieving a higher payoff in both

criteria. ⊳
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Interactief gedrag in
conflictsituaties

Samenvatting

Speltheorie analyseert conflictsituaties waarin tenminste twee economische agenten

(met mogelijk uiteenlopende belangen) beslissingen moeten nemen. Deze economi-

sche agenten worden in het algemeen als “spelers” aangeduid. Speltheorie houdt zich

daarbij vooral bezig met wiskundige modellen en samenwerking. Het doel en de daar-

bij behorende uitdaging is om een wiskundig model, ook wel het “spel” genoemd, te

maken en te analyseren die alle belangrijke aspecten van het onderliggende probleem

weergeeft. Er zijn hierbij twee benaderingen mogelijk: niet-coöperatieve speltheorie

en coöperatieve speltheorie. Niet-coöperatieve speltheorie behandelt conflictsituaties

vanuit een strategisch oogpunt: spelers kunnen van tevoren afspraken met elkaar

maken, maar deze zijn niet bindend. Coöperatieve speltheorie houdt zich vooral

bezig met situaties waarin spelers afspraken maken over mogelijke samenwerking.

Door samen te werken kunnen spelers meer winst genereren of kosten besparen in

vergelijking met de situatie waarin elke speler alleen handelt. Een belangrijk aspect

in de coöperatieve theorie is de vraag hoe deze winsten of bespaarde kosten verdeeld

moeten worden als er daadwerkelijk samengewerkt wordt.

Dit proefschrift houdt zich vooral bezig met coöperatieve speltheorie, dit beslaat

de hoofdstukken 2–9. Het laatste hoofdstuk behandelt een onderwerp uit de niet-

coöperatieve speltheorie.

Hoofdstuk 2 introduceert een aantal belangrijke begrippen in de speltheorie die in

het proefschrift regelmatig zullen worden gebruikt. Verder wordt er in dit hoofdstuk

aandacht besteed aan bankroetproblemen. In bankroetproblemen is er een zeker

bedrag beschikbaar is en er zijn een aantal personen die ieder een gedeelte van dit

bedrag opeisen. Het probleem hierbij is dat het beschikbare bedrag niet voldoende is
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om iedereen het bedrag te geven dat geëist wordt. We introduceren het bijbehorende

spel en geven een overzicht van de meest voorkomende bankroetregels.

De hoofdstukken 3–6 zijn alle gerelateerd aan bankroetproblemen en/of bankroet-

spelen. Allereerst analyseert hoofdstuk 3 de core cover. Deze verzameling kan worden

gezien als een verzameling van compromis vectoren. Hierbij ontvangt iedere speler

een zeker minimum (ook wel minimum recht genoemd), maar een speler kan niet meer

verkrijgen dan een bepaalde utopiawaarde. We omschrijven de extreme punten van

de core cover door middel van zogenaamde larginale vectoren. Vervolgens gebruiken

we deze larginale vecoteren om de klasse van compromis stabiele spelen, spelen waar-

voor de core gelijk is aan de core cover, te karakteriseren. Een andere belangrijke

klasse van spelen is de klasse van convexe spelen. Deze klasse van spelen kenmerkt

zich doordat de core gelijk is aan de Weber set. We laten zien dat de klasse van

compromis stabiele en convexe spelen precies bestaat uit bankroetspelen of spelen

die strategisch equivalent hiermee zijn.

Het belang van compromis stabiele spelen komt naar voren in hoofdstuk 4. Daarin

introduceren we een nieuwe klasse van oplossingsconcepten voor spelen met over-

draagbaar nut. We gebruiken de eerder gëıntroduceerde bankroetregels, de minimum

rechten en de utopiawaarden om nieuwe oplossingsconcepten te introduceren. Deze

uitbetalingsvectoren komen altijd terecht in de core cover en worden daarom ook wel

compromis extensies genoemd. Het blijkt dat de compromis extensie van de Talmud

regel overeenkomt met de nucleolus indien het spel compromis stabiel is. Dit is een

interessant resultaat, omdat dit een expliciete formule voor de nucleolus geeft, terwijl

deze in het algemeen zeer lastig te berekenen is. We bestuderen ook de compromis

extensie van de run-to-the-bank regel en laten zien dat deze overeenkomt met het

gemiddelde van de larginale vectoren.

In bankroetsituaties met slechts twee schuldeisers komen de belangrijkste bank-

roetregels, zoals de Talmud regel, de run-to-the-bank regel en de aangepaste propor-

tionele regel met elkaar overeen. Deze regel wordt ook wel de concede-and-divide regel

genoemd. Het idee achter deze regel is als volgt: allereerst geeft iedere schuldeiser dat

deel van het beschikbare geld dat niet door hemzelf geclaimd wordt aan de andere

speler. Het gedeelte dat daarna overblijft wordt vervolgens eerlijk gedeeld tussen

beide spelers. In hoofdstuk 5 wordt het idee achter deze regel gebruikt en uitgebreid

tot een regel voor willekeurige bankroetproblemen. Het achterliggende idee is dat

spelers de groep in een willekeurige volgorde verlaten. Op het moment dat een speler

de groep verlaat, ontvangt hij een gedeelte van het geldbedrag dat op dat moment
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nog over is. De hoogte van dit geldbedrag wordt bepaald door de concede-and-divide

regel waarbij de speler die de groep verlaat als één schuldeiser wordt gezien en de

overblijvende spelers samen als de andere schuldeiser. Natuurlijk hangt de uitbetaling

voor iedere speler af van de gekozen volgorde. We middelen over alle mogelijke volg-

orden om te komen tot de random concede-and-divide regel. Het blijkt dat in deze

uitbreiding alle belangrijke eigenschappen van de oorspronkelijke concede-and-divide

regel behouden blijven.

In de voorgaande hoofdstukken lag de nadruk vooral op de expliciete formules van

bankroetregels. Hoofdstuk 6 bekijkt deze regels vanuit een ander gezichtspunt. We

maken plaatjes om bankroetregels te representeren. Deze plaatjes geven de verande-

ring in uitbetaling weer met betrekking tot de grootte van het beschikbare geldbedrag

door middel van partiële afgeleiden. We tekenen deze plaatjes voor verscheidene bank-

roetregels. Het blijkt dat deze representatie helpt om de minimale overlap regel te

ontbinden in twee stukken, die ieder gebruik maken van een meer bekende bankroet-

regel.

De hoofdstukken 7–9 besteden aandacht aan verscheidene operations research

problemen en de daarbij behorende spelen. In hoofdstuk 7 wordt een uitbreiding

van het minimum kosten opspannende boom probleem bekeken. Er zijn een aan-

tal spelers die verbonden moeten worden met een bron. Om dit te kunnen doen

kunnen ze gebruik maken van verbindingen. In tegenstelling tot het originele pro-

bleem hangen de kosten van het gebruik van een verbinding in deze uitbreiding af

van het aantal gebruikers van deze verbinding. Deze problemen worden congestie

netwerk problemen genoemd. We construeren een spel bij dit soort type problemen

en analyseren verschillende soorten kostenfuncties. We laten allereerst zien dat er

een relatief eenvoudig algoritme is om de optimale structuur te vinden als er sprake

is van lineaire kostenfuncties van de verbindingen. Bovendien kan dan tegelijkertijd

natuurlijke verdeling van de kosten gegenereert worden die tevens een element van

de core van het onderliggende spel oplevert.

Vervolgens bekijken we het geval waarbij de kostenfuncties convex zijn. We be-

wijzen dat het bijbehorende spel in dit geval altijd een core element heeft. Bovendien

construeren we een algoritme dat ons in staat stelt om de optimale structuur van

een congestie netwerk probleem met convexe kostenfuncties te vinden. Wanneer de

kostenfuncties concaaf zijn, blijkt het niet zo gemakkelijk om een optimale structuur

te vinden. Er bestaat in dit geval, in tegenstelling tot het geval waar de kostenfunc-

ties convex zijn, wel altijd een optimale structuur die een boom is. We laten door
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middel van een voorbeeld zien dat de core van het onderliggende spel leeg kan zijn.

In hoofdstuk 8 bekijken we publieke netwerksituaties en de daarbij behorende

spelen. In publieke netwerksituaties is er een aantal spelers en er is een netwerk. Van

iedere verbinding in het netwerk is bekend wat het kost om deze te gebruiken. Hierbij

is het zo dat als deze kosten eenmaal betaald zijn, er vervolgens geen beperking aan

het gebruik van deze verbinding zit. Een groep spelers kan gebruik maken van (een

deel van) het bestaande netwerk om zo communicatie tussen de spelers te bewerk-

stelligen. Dit levert opbrengsten op. Deze opbrengsten worden bepaald door alle

paren van spelers die in de betaalde structuur kunnen communiceren. De werkelijke

winst van een groep wordt dus bepaald door de opbrengsten van paren in deze groep

die in de gekozen structuur direct of indirect kunnen communiceren minus de kosten

van de gekozen structuur. We construeren een spel bij dit type probleem en laten

zien dat als de onderliggende structuur een boom is, dan is het bijbehorende spel

convex. Verder geldt dat een willekeurige optimale structuur van een groep spelers

in dit geval altijd uitgebreid kan worden tot een optimale structuur voor een grotere

groep spelers die deze kleinere groep bevat.

Hoofdstuk 9 analyseert zogenaamde processing situaties en de daarbij behorende

processing spelen. In een processing situatie moeten er verschillende opdrachten ver-

werkt worden. Verder is er een verzameling spelers, ieder met een eigen capaciteit

om opdrachten te verwerken. Voor de spelers is het belangrijk dat de opdrachten

waar zij belang bij hebben zo snel mogelijk worden afgerond. Zo lang een opdracht

niet verwerkt is, veroorzaakt deze kosten voor elke speler die belang heeft bij deze

opdracht. We nemen aan dat deze kosten lineair zijn in de tijd. Wanneer een groep

spelers samenwerkt, hebben zij de beschikking over hun gezamelijke capaciteit. We

construeren een processing spel bij iedere processing situatie. Hierbij is het allereerst

van belang om, wanneer een groep besluit samen te werken, een optimale volgorde

van de opdrachten te bepalen waarin deze verwerkt worden. Het blijkt dat het opti-

maal is om de opdrachten in volgorde van aflopende urgentie te verwerken. Wanneer

de complete groep besluit samen te werken, is het een belangrijke vraag hoe de totale

kosten verdeeld dienen te worden. We construeren een kostenallocatie die een ele-

ment van de core van het bijbehorende processing spel is. In dit core element betaalt

iedere speler de directe kosten met betrekking tot zijn eigen kostencoëfficiënt van elke

opdracht waarin hij belang stelt. Vervolgens betaalt iedere speler ook een zekere be-

lasting voor elke opdracht, deze belasting is proportioneel naar de kostencoëfficiënten

van de spelers voor iedere opdracht. Uiteindelijk wordt de totale hoeveelheid aan
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gëınde belansting herverdeeld over de spelers proportioneel naar de capaciteit.

Het laatste hoofdstuk, hoofstuk 10, houdt zich bezig met niet-coöperatieve spelthe-

orie met betrekking tot multicriteria spelen. We analyseren in dit hoofdstuk tweeper-

soons multicriteriaspelen. In deze spelen hebben de spelers te maken met meerdere

criteria die niet onderling te vergelijken zijn. In een tweepersoons multicriteria

spel kunnen spelers kiezen uit verscheidene strategieën (of combinaties daarvan) en

elke strategieëncombinatie van beide spelers leidt tot een zekere uitbetaling met be-

trekking tot ieder criterium voor elke speler. We introduceren een grafische methode

om Pareto evenwichten te vinden voor multicriteriaspelen waarbij beide spelers twee

pure strategieën en twee criteria hebben. De verzameling van Pareto evenwichten

kan erg groot zijn. Daarom introduceren we een aantal verfijningen die gebaseerd

zijn op verfijningen van Nash evenwichten. Allereerst besteden we aandacht aan de

uitbreiding van propere evenwichten. Afhankelijk van de gebruikte dominantiestruc-

tuur kunnen we drie soorten propere evenwichten definiëren. We laten zien dat de

verzameling van pure propere evenwichten de verzameling van propere Nash even-

wichten van trade-off spelen bevat. Bovendien bevat deze verzameling ook de beide

andere uitbreidingen van propere evenwichten. Als laatste breiden we de begrippen

van beschermend en voorzichtig gedrag uit naar de context van multicriteriaspelen.

We bewijzen dat er altijd beschermende en voorzichtige strategieën bestaan en dat

deze strategieën met elkaar overeenkomen.
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